Operator Theory
Advances and Applications
Vol. 180

HISNVHIYIE

Optimal Domain and
Integral Extension
of Operators

Acting in Function Spaces

Susumu Okada
Werner J. Ricker
Enrique A. Sanchez Pérez



BIRKHAUSER



Operator Theory: Advances and Applications

Vol. 180

Editor:
I.Gohberg

Editorial Office:

School of Mathematical
Sciences

Tel Aviv University
Ramat Aviy, Israel

Editorial Board:

D. Alpay (Beer-Sheva)

J. Arazy (Haifa)

A. Atzmon (Tel Aviv)

J. A.Ball (Blacksburg)

A. Ben-Artzi (Tel Aviv)

H. Bercovici (Bloomington)
A. Bottcher (Chemnitz)
K. Clancey (Athens, USA)
L. A. Coburn (Buffalo)

R. E. Curto (lowa City)

K.R. Davidson (Waterloo, Ontario)

R. G. Douglas (College Station)
A. Dijksma (Groningen)

H. Dym (Rehovot)

P.A. Fuhrmann (Beer Sheva)
B. Gramsch (Mainz)

J. W. Helton (La Jolla)

M. A. Kaashoek (Amsterdam)

H. G. Kaper (Argonne)

S.T. Kuroda (Tokyo)

P. Lancaster (Calgary)

L. E. Lerer (Haifa)

B. Mityagin (Columbus)

V. Olshevsky (Storrs)

M. Putinar (Santa Barbara)
L. Rodman (Williamsburg)

J. Rovnyak (Charlottesville)
D. E. Sarason (Berkeley)

I. M. Spitkovsky (Williamsburg)
S. Treil (Providence)

H. Upmeier (Marburg)

S. M. Verduyn Lunel (Leiden)
D. Voiculescu (Berkeley)

D. Xia (Nashville)

D. Yafaev (Rennes)

Honorary and Advisory
Editorial Board:

C. Foias (Bloomington)
T. Kailath (Stanford)

H. Langer (Vienna)

P.D. Lax (New York)

H. Widom (Santa Cruz)



Optimal Domain and
Integral Extension
of Operators

Acting in Function Spaces

Susumu Okada
Werner J. Ricker
Enrique A. Sadnchez Pérez

Birkhauser
Basel - Boston - Berlin



Authors:

Susumu Okada Werner J. Ricker

Centre for Mathematics and Mathematisch-Geographische Fakultat

its Applications Katholische Universitat Eichstatt-Ingolstadt
Australian National University 85072 Eichstatt

Canberra ACT 2600 Germany

Australia e-mail: werner.ricker@ku-eichstaett.de

e-mail: okobrien@grapevine.com.au

Enrique A. Sanchez Pérez

Instituto de Matematica Puray Aplicada
Universidad Politécnica de Valencia
Camino de Vera s/n

46022 Valencia

Spain

e-mail: easancpe@mat.upv.es

2000 Mathematical Subject Classification: 28B05, 28C10, 43A15, 43A25, 46A16, 46E30,
46G10,47B07,47B34,47B38

Library of Congress Control Number: 2007942644

Bibliographic information published by Die Deutsche Bibliothek.
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data is available in the Internet at http:/dnb.ddb.de

ISBN 978-3-7643-8647-4 Birkhauser Verlag AG, Basel - Boston - Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, re-use of
illustrations, recitation, broadcasting, reproduction on microfilms or in other ways, and
storage in data banks. For any kind of use permission of the copyright owner must be
obtained.

© 2008 Birkhé&user Verlag AG

Basel - Boston - Berlin

P.0. Box 133, CH-4010 Basel, Switzerland

Part of Springer Science+Business Media

Printed on acid-free paper produced from chlorine-free pulp. TCFoo
Printed in Germany

ISBN 978-3-7643-8647-4 e-ISBN 978-3-7643-8648-1
987654321 www.birkhauser.ch



Dedicated to our three pillars of strength:
FEileen, Margit and Maria José



Contents

Preface . . . . . . . .. ix
1 Introduction . . . . . . . . .. .. ... 1

2 Quasi-Banach Function Spaces

2.1 General theory . . . . . . ... L 18
2.2 The p-th power of a quasi-Banach function space . . . . . .. . .. 38
2.3 Completeness criteria. . . . . . . . . ... 50
2.4 Completely continuous operators . . . . . . . .. ... .. ..... 55
2.5 Convexity and concavity properties of linear operators . . . . . . . 62

3 Vector Measures and Integration Operators

3.1 Vector measures . . . . . . . . . . ... 104
3.2 Bochner and Pettis integrals . . . . . . ... ... L. 148
3.3 Compactness properties of integration operators . . . . . . .. .. 152

3.4 Concavity of L'(v) and the integration operator I,
for a vector measure v . . ... ... Lo 168

4 Optimal Domains and Integral Extensions

4.1 Set functions associated with linear operators

on function spaces . . . . .. ... Lo Lo 182
4.2 Optimal domains . . . . . . . ... ... 185
4.3 Kernel operators . . . . . ... Lo 199

5 p-th Power Factorable Operators

5.1 p-th power factorable operators . . . . . . .. .. ... ... ... 210
5.2 Connections with LP(mp) . . . . . . ... . Lo 214
5.3 Optimality . . . .. . . . 222

5.4 Compactness criteria . . . . . . . . .. ... 229



viii Contents
6 Factorization of p-th Power Factorable Operators through L4-spaces
6.1 Basicresults. . . . . . .. ... 239
6.2 Generalized Maurey—Rosenthal factorization theorems . . . . . . . 248
6.3 Bidual (p, ¢)-power-concave operators . . . . . .. ... ... ... 267
6.4 Factorization of the integration operator . . . . . . . ... ... .. 283
7 Operators from Classical Harmonic Analysis
7.1 The Fourier transform . . . . ... ... ... .. ... ....... 298
7.2 Convolution operators acting in LY(G) . . . . ... ... .. ... .. 319
7.3 Operators acting in LP(G) via convolution with functions . . . . . 335
7.4  Operators acting in LP(G) via convolution with measures . . . . . 347
7.5 p-th power factorability . . .. ... ... ... ... .. 367
Bibliography . . . . . . . ... 379
List of Symbols . . . . . . . . . .. .. 389



Preface

Operator theory and functional analysis have a long tradition, initially being
guided by problems from mathematical physics and applied mathematics. Much
of the work in Banach spaces from the 1930s onwards resulted from investigating
how much real (and complex) variable function theory might be extended to func-
tions taking values in (function) spaces or operators acting in them. Many of the
first ideas in geometry, basis theory and the isomorphic theory of Banach spaces
have vector measure-theoretic origins and can be credited (amongst others) to
N. Dunford, I.M. Gelfand, B.J. Pettis and R.S. Phillips. Somewhat later came the
penetrating contributions of A. Grothendieck, which have pervaded and influenced
the shape of functional analysis and the theory of vector measures/integration ever
since.

Today, each of the areas of functional analysis/operator theory, Banach
spaces, and vector measures/integration is a strong discipline in its own right.
However, it is not always made clear that these areas grew up together as cousins
and that they had, and still have, enormous influences on one another. One of
the aims of this monograph is to reinforce and make transparent precisely this
important point.

The monograph itself contains mostly new material which has not appeared
elsewhere and is directed at advanced research students, experienced researchers
in the area, and researchers interested in the interdisciplinary nature of the mathe-
matics involved. We point out that the monograph is self-contained with complete
proofs, detailed references and (hopefully) clear explanations. There is an empha-
sis on many and varied examples, with most of them having all the explicit details
included. They form an integral part of the text and are designed and chosen to
enrich and illuminate the theory that is developed. Due to the relatively new na-
ture of the material and its research orientation, many open questions are posed
and there is ample opportunity for the diligent reader to enter the topic with the
aim of “pushing it further”. Indeed, the theory which is presented, even though
rather complete, is still in its infancy and its potential for further development and
applications to concrete problems is, in our opinion, quite large. As can be gleaned
from the above comments, the reader is assumed to have some proficiency in cer-
tain aspects of general functional analysis, linear operator theory, measure theory
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and the theory of Banach spaces, particularly function spaces. More specialized
material is introduced and developed as it is needed.

Chapter 1 should definitely be read first and in its entirety. It explains com-
pletely and in detail what the monograph is all about: its aims, contents, phi-
losophy and the whole structure and motivation that it encompasses. The actual
details and the remainder of the text then follow in a natural and understandable
way.

Chapter 2 treats certain aspects of the class of spaces on which the linear
operators in later chapters will be defined. These are the quasi-Banach function
spaces (over a finite measure space), with the emphasis on C-valued functions. This
is in contrast to much of the existing literature which is devoted to spaces over R.
Of particular importance is the notion of the p-th power X[, 0 < p < oo, of a given
quasi-Banach function space X. This associated family of quasi-Banach function
spaces X, which is intimately connected to the base space X, is produced via a
procedure akin to that which produces the Lebesgue LP-spaces from L' and plays
a crucial role in the sequel.

Let X be a quasi-Banach function space and T : X — FE be a continuous
linear operator, with F' a Banach space. Then mr : A +— T(x,), for A a mea-
surable set, defines a finitely additive E-valued vector measure with the property
that T'(s) = [ s dmy for each C-valued simple function s € X. Under appropri-
ate conditions on X and/or T, it follows that mr is actually o-additive and so
[ f dmy € E is defined for each mp-integrable function f € L'(mr). The crucial
point is that the linear map I, : f — [ f dmr is then typically defined for
many more functions f € L!(mr) than just those coming from the domain X of T
(which automatically satisfies X C L'(mr)). That is, I,,, is an E-valued exten-
sion of T'. This is one of the crucial points that pervades the entire monograph. In
order to fully develop this idea, it is necessary to make a detailed study of the Ba-
nach lattice L!(m7) and the related spaces LP(mr), for 1 < p < oo, together with
various properties of the integration operator I,,,,. : L'(mr) — E. This is system-
atically carried out in Chapter 3, not just for m¢ but, for general E-valued vector
measures v. Of course, there is already available a vast literature on the theory
of vector measures and integration, of which we surely make good use. However,
for applications in later chapters we need to further develop many new aspects
concerning the spaces LP(v) and the integration operators .y (v) — E, for
1 < p < o0, in particular, their ideal properties in relation to compactness, weak
compactness and complete continuity.

Chapter 4 presents a detailed and careful analysis of the particular extension
Iy, : LY(m7) — E of an operator T : X — E. In addition to always existing, the
remarkable feature is that L!(mr) and I,,, turn out to be optimal, in the sense
that if Y is any o-order continuous quasi-Banach function space (over the same
measure space as for X) for which X CY continuously and such that there exists
a continuous linear operator Ty : Y — FE which coincides with T on X, then
necessarily Y is continuously embedded in the Banach function space L'(mr)
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and Ty coincides with I,,,. restricted to Y. The remainder of the monograph then
develops and applies the many consequences that follow from the existence of this
optimal extension.

For instance, a continuous linear operator T': X — F is called p-th power
factorable, for 1 < p < oo, if there exists a continuous linear operator 1j,) : X, —
E which coincides with 7" on X C X{,. There is no a priori reason to suspect
any connection between the p-th power factorability of T and its associated F-
valued vector measure mp. The purpose of Chapter 5 is to show that such a
connection does indeed exist and that it has some far-reaching consequences. The
spaces LP(mr), for 1 < p < oo, which are treated in Chapter 3, also exhibit certain
optimality properties and play a vital role in Chapter 5. Many operators of interest
coming from various branches of analysis are p-th power factorable; quite some
effort is devoted to studying these in detail.

According to the results of Chapter 5, a p-th power factorable operator
T : X — FE factorizes through LP(my). However, whenever possible, the factor-
ization of T through a classical LP-space (i.e., of a scalar measure) is preferable.
The Maurey—Rosenthal theory provides such a factorization, albeit under various
assumptions. In Chapter 6 we investigate norm inequalities in the following sense.
Let 0 < ¢ < coand 1 < p < oo be given and X be a g-convex quasi-Banach
function space. Then T is required to satisfy

(S iruangr) < o| (S i)
= j=1

for some constant C' > 0 and all finite collections f1,..., f, of elements from X.
This inequality already encompasses the main geometrical condition of p-th power
factorability. In fact, we will treat a more general inequality which can be applied
even when X is not g-convex, namely

(; i) < o g I . 02)

; (0.1)

where [|-[[5,x,, is a suitable seminorm which is continuous and defined on the quasi-
Banach function space X{,. If X is g-convex, then (0.1) and (0.2) are equivalent;
if, in addition, p = 1, then (0.2) reduces to g-concavity of T. In this case, we
are in the (abstract) setting of the Maurey—Rosenthal Theorem, a version due to
A. Defant. The main aim of Chapter 6 is to establish various equivalences with
(0.2), thereby providing factorizations for a subclass of the p-th power factorable
operators for which the required hypotheses of the Maurey—Rosenthal Theorem
are not necessarily fulfilled. In view of the fact that the spaces LP(mr) are always
p-convex, this has some interesting consequences for the associated integration
operator L(ff; : LP(mp) — E.

Chapter 7 is the culmination of all of the ideas in this monograph applied to
two important classes of operators arising in classical harmonic analysis (over a
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compact abelian group G). One class of operators consists of the Fourier transform
F from X = L?(G), for 1 < p < oo, into either E = ¢o(') or E = ¢ (),
where T is the dual group of G and % + ﬁ = 1. Concerning the optimal domain
L'(mp) and an analysis of the extension I,,,,. : L*(mp) — E, the situation depends
rather dramatically on whether p = 1 or 1 < p < co and whether E = ¢y(T") or
E =1 (T"). This is particularly true of the ideal properties of I,,,,. and whether or
not the inclusion LP(G) C L'(mp) is proper. The second class of operators consists
of the convolution operators C : LP(G) — LP(G) defined via f +— A« f, where X is
any C-valued, regular Borel measure on G. Again there are significant differences
depending on whether p =1 or 1 < p < oo and whether X is absolutely continuous
or not with respect to Haar measure on G. Also relevant are those measures A
whose Fourier—Stieltjes transform A belongs to ¢g(T"). There is also a difference for
certain features exhibited between the two classes of operators. For instance, with
E = ¢ (T') the Fourier transform map F : LP(G) — E is (for certain groups G)
never ¢-th power factorable for any 1 < ¢ < oo. On the other hand, the ¢-th
power factorability of the convolution operator C) : LP(G) — LP(QG) is completely
determined as to whether or not A is a so-called L"-improving measure (a large
class of measures introduced by E.M. Stein). Many other questions are also treated,
e.g., when is L*(m¢,) = LY(G) as large as possible, when is L'(m¢,) = LP(G)
as small as possible, what happens if the vector measure mr or mc, has finite
variation, and so on?

During the preparation of this monograph (circa 3 years!) we have been
helped by many colleagues. A partial list of those to whom we are especially grate-
ful for their special mathematical effort is: O. Blasco, G.P. Curbera, A. Defant,
P.G. Dodds, F. Galaz-Fontes, G. Mockenhaupt, B. de Pagter and L. Rodriguez-
Piazza. We also thank J. Calabuig for his invaluable technical assistance in relation
to BTEX and “matters computer”. The first author (S. Okada) also wishes to ac-
knowledge the support of the Katholische Universitit Eichstatt-Ingolstadt (via the
Maximilian Bickhoff-Stiftung and a 19 month Visiting Research Professorship), the
Universidad Politécnica de Valencia (for a 12 month extended research period via
grants CTESIN-2005-025, Generalitat Valenciana, MTM2006-11690-C02-01, Min-
isterio de Educacién y Ciencia, Spain, FEDER, and 2488-1+D+1-2007-UPV), the
Universidad de Sevilla (for a 12 month extended research period via the Spanish
Government Grant DGU # SAB 2004-0206) and the Centre for Mathematics and
its Applications at the Australian National University in Canberra. And, of course,
for the real driving force, motivation and moral support needed to undertake and
complete such an extensive project, we are all totally indebted to our wonderful
partners Eileen O’Brien, Margit Kollmann and Maria José Arnau, respectively.

The Authors November, 2007



Chapter 1

Introduction

Let g € L?([0,1]) and fix 2 < r < oo. The corresponding multiplication operator
T : L"([0,1]) — L'([0,1]) defined by T : f ~ gf, for f € L"([0,1]), is surely
continuous. Indeed, if %—i— % =1, then g € L" ([0, 1]) and so, by Ho6lder’s inequality

1
ITfll o) = / @) g(t)] dt

<lgl

o, 1 1z o,17)

for f € L"([0,1]). Accordingly, ||T'[| < (|9l ((o,17)- Somehow, this estimate awak-
ens a “feeling of discontent” concerning 7. It seems more natural to interpret 7'
as being defined on the larger domain space L%([0,1]), that is, still as f — gf
(with values in L*(]0, 1])) but now for all f € L?([0,1]). Again Hélder’s inequality
ensures that the extended operator T : L?([0,1]) — L*([0,1]) is continuous with
IT[l = llgll2q0,11) = lgll L (j0,17)- OF course, for each 2 < p < r, we can also con-
sider the L([0,1])-valued operator T as being defined on LP([0,1]). In the event
that g ¢ Uy <o L9([0,1]), the space L2([0,1]) is the “best choice” of domain
space for T amongst all L”([0, 1])-spaces in the sense that it is the largest one
that T maps into L'([0,1]). For, suppose that there exists p € [1,2] such that
gf € L'([0,1]) for all f € LP([0,1]), in which case T : f +— gf is continuous by the
Closed Graph Theorem. Since & : h — fol h(t) dt is a continuous linear functional
on L([0,1]) it follows that the composition £ o T : f fol f(t)g(t)dt is a contin-
uous linear functional on LP([0,1]) and so g € L? ([0,1]) with zlv + # = 1. Since
2 < p’ < 00, this is only possible if p = 2 (by the assumption on g). Can there exist
another function space Z (over [0,1]), even larger than L?([0,1]), which contains
L"([0,1]) continuously and such that the initial operator T : L"([0,1]) — L([0,1])
has a continuous L!([0, 1])-valued extension to Z? If so, then we have just seen
that Z cannot be an LP([0, 1])-space.
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Consider now the kernel operator T : L?([0,1]) — L?([0,1]) given by

Tf:t»—>/0f(s)ds, te0,1], feLX0,1]). (1.1)

For each t € [0, 1], Holder’s inequality gives

’/Otf(s)ds

) 1/2
and so (fo (TF)(t)? dt) < [[fll2(f0,17); this shows that T is continuous with

|T|| < 1. For f € LY([0,1]), we see from (1.2) that [(Tf)(t)| < Ilfllz1(o,17) for
1/2

all t € [0,1] and so (fol (TF)(t)? dt) < [[fllz1(0,1])- Hence, the operator T'

can be continuously extended to the larger domain space L'([0,1]) 2 L?([0,1])

while maintaining its values in L?([0,1]). Now, the function f(s) :=1/(1 — s), for

s € [0,1), does not belong to L'([0,1]). However, for each 0 < t < 1 we have

f(f f(s)ds = —In(1 — t) and an integration by parts (twice) shows that

/01 /Otf(s)ds

Accordingly, T'f is defined pointwise on [0, 1) by (1.1) and satisfies T f € L?([0, 1]).
So, the vector space Z consisting of all measurable functions f on [0, 1] such that
T|f| is defined pointwise a.e. on [0,1] (via (1.1)) and belongs to L?([0,1]), has
the property that it contains both L2([0,1]) and L([0, 1]) and is genuinely larger
than L'([0,1]). Can we put a topology on Z so that Z becomes complete and
T : Z — L?([0,1]) becomes continuous? If so, then again Z is, in some sense, the
largest function space which contains the domain space of the original operator
T : L%*([0,1]) — L*([0,1]) and such that 7" has a continuous L?([0, 1])-valued
extension to Z.

1
< / £()lds < 1fl] 2o (12)
0

2 1
dt:/ In?(1 —t)dt =2 < .
0

The phenomena exhibited by the two operators T above, namely the possi-
bility to extend T to some sort of maximal or optimal domain (but, keeping the
codomain space fixed) has been studied in various contexts within the general the-
ory of kernel operators, differential operators etc. for some time; see for example
(8], [24], [50], [93], [114], [126], [155], [156] and the references therein. In more re-
cent years this idea has also turned out to be fruitful in the investigation of other
large classes of operators (in addition to kernel and differential operators), such
as convolutions, the Fourier transform and the Sobolev embedding; see [25], [28],
[29], [113], [123], [124], for example. Let us formulate the basic idea more precisely.
Given are a function space X (1) equipped with a linear topology (1 > 0 is some fi-
nite measure), a Banach space E and a continuous linear operator 7" : X (u) — E.
One seeks the largest function space Z(u) over u, usually within a given class,
for which X () C Z(p) with a continuous inclusion and such that there exists a
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continuous linear operator from Z(u) into E (again denoted by T') which coincides
with the initial operator T' on X (p). If it exists, Z(u) is called the optimal domain
for T' (within the given class). The aim is then to answer certain natural questions:
which properties of 7" on X (1) are transferred (or not) to the extended operator T
on Z(u), can one identify Z(u) more concretely, what properties does Z(u) have,
does the space Z(u) always exist, is it always genuinely larger than X (u), and so
on? Of course, one hopes to better understand the initial operator T on X (u),
whenever one has “good information” about its maximal extension T : Z(u) — E.
These aims form one of the central themes of this monograph and are worth elab-
orating on in more detail. In particular, it will (hopefully!) become apparent that
the ideas are not as abstract as the first impression above may suggest, that they
have some worthwhile and far-reaching consequences, and that they apply to a
large, diverse and interesting class of operators which arise in various branches of
analysis.

So, what is this “mysterious” optimal domain space? To describe it more
explicitly, let (2, X, i) be a positive, finite measure space and X (u) be a complete
space of C-valued functions on § (relative to some lattice quasi-norm || - [| x ) for
the pointwise p-a.e. order) such that the space sim X, consisting of all ¥-simple
functions, is contained in X (u) and the quasi-norm || - || x(,) is o-order continuous
(i-e., limy, o || fullx(u) = O whenever f, | 0 in X(u)). As a consequence of the
o-order continuity of || - || x(,), the space sim ¥ is necessarily dense in X (u). Let £
be a (complex) Banach space and T : X (u) — E be a continuous linear operator.
Then the finitely additive set function my : ¥ — E defined by

mr(A) =T(x,), A€z, (1.3)

is actually o-additive, again due to the o-order continuity of || - || x(,), that is, mr
is an E-valued vector measure. Moreover, for each s € sim 3, it follows from (1.3)
that

/ sdmp =T(s) (1.4)
Q

with the integral fQ sdmyp € E defined in the obvious way. Assume now that u
and myp have the same null sets, a mild restriction in practise. Then it is possible
to extend (1.4) from sim ¥ to the space of all mp-integrable functions, denoted
by L'(mz) and equipped with an appropriate lattice norm || - L1 (mr) (see (1.9)
below with v := mr), in such a way that:

(T-1) L'(mr) is a Banach function space (over i), with o-order continuous
norm and containing X (u) continuously and densely,

(T-2) T has an E-valued, continuous linear extension to L!(mz), namely
the integration operator L, : f+— fﬂ fdmy, and

(T-3) if Y(p) is any quasi-Banach function space (over u) with a o-order
continuous quasi-norm and containing X (u) continuously such that T has an E-
valued, continuous extension from X (u) to Y (1), then Y (u) € L'(m7z) continu-
ously.
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Remarkably, under the mild assumptions on X (u) and 7" mentioned above,
we automatically have the existence (unique up to isomorphism) of the optimal
domain space of T, namely L!(m7) and, simultaneously, also the mazimal exten-
sion of T', namely I,,,.. As a bonus, much of the general theory of vector measures
and integration needed is already available and rather well developed, [42], [86].
However, to apply it explicitly in the above context requires us to further develop
some new aspects of the theory. This is the aim of Chapter 3. In particular, we
require the theory of the spaces

LP(mr) := {f S-measurable : |f|P € L'(mr)}, (1.5)

for 1 < p < 00 (needed in Chapter 5 and later chapters), equipped with the norm

1 lzomey = NFPN € D7), (1.6)

We also develop important criteria related to various ideal properties of integration
operators, such as compactness, weak compactness and complete continuity.

Another important notion that is mentioned above, if only in passing, is that
of a quasi-Banach function space. The general theory of quasi-Banach spaces is
by now well established; see [83], [87], [88], [135], for example, and the references
therein. However, we need its specialization to function spaces, where the existing
literature is rather sparse. Moreover, those results which are actually available,
are often only for spaces over R. For applications occurring later in the book, we
really need the theory over C. Accordingly, a major effort is invested in Chapter 2
with the aim of developing the theory of quasi-Banach function spaces over C, at
least to the extent needed in later chapters. Perhaps the most important concept
in this chapter is that of the p-th power

X(u)yp == {f S-measurable : [f|'/? € X (1)} (1.7)

of a given quasi-Banach function space X (), defined for 0 < p < oo and equipped
with the quasinorm

||f||X(,u)[p H |f|l/pH)((# f S X(/J')[p] (18)

These spaces, introduced in [61, Definition 1.9] and [30, p. 156], are crucial for
the factorization results of Chapters 5-7. It is clear from (1.5) and (1.6) that the
Banach function spaces LP(mr) = (Ll(mT))[l/p] for 1 < p < oo are particular
examples of such spaces.

As also noted above, one is under the assumption that g and mp have the
same null sets. This property assures that L!(mr) is a Banach function space
relative to the same scalar measure p over which the domain space X () of T' is a
quasi-Banach function space; when this property holds, we say that the operator
T : X(u) — E is p-determined. For a general vector measure v : ¥ — E it is
difficult to identify the Banach function space L!(v) in a more concrete way, other
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than that due simply to its definition. Namely, a ¥-measurable function f : Q@ — C
is v-integrable whenever [, |f|d|(v,z*)| < oo for each z* belonging to the dual
space E*, of E (the space of such functions is denoted by L. (v)) and, additionally,
for each A € ¥ there exists a vector in E, denoted by [ 4 [ dv, satisfying

([swa)= [ rava) o er

Here, (v,2*) denotes the complex measure A — (v(A),z*) and |[(v,z*)| is its
variation measure. The norm in L!(v) is then given by

1o == sup /Q fldw.z),  feIlw). (1.9)

llz* [l g+ <1

However, for vector measures of the particular form v = myp, for some p-deter-
mined operator T : X(u) — FE, it is often possible to identify L!(ms) more
explicitly, which then provides the possibility to study the maximal extension
Ly, @ LY(m7) — E, of T, in some detail. Chapter 4 is devoted to an analysis of
the optimal domain spaces L'(mr) and the extended operators I,,,, in the setting
of u-determined operators T'. Many (and varied) examples are presented, each one
exhibiting its own particular features. For instance, for operators 1" of the form

(Tf)(x) = / K(z.y)f(y) du(y), € [0,1],

acting on functions f : [0, 1] — R coming from some Banach function space X (u),
where p is Lebesgue measure in [0,1] and K : [0,1] x [0,1] — R is a suitable
kernel, it is possible to characterize precisely when T is p-determined in terms of
certain properties of K. Moreover, in this case, it is often also possible (e.g., if
X () is rearrangement invariant) to describe L!(m7) rather precisely via interpo-
lation theory (e.g., using the K-functional of Peetre), [24]. A particular instance
is the Volterra operator (i.e., the kernel operator T' given by (1.1)), studied in
[129]. An important example from classical analysis, which fits precisely into the
above context, arises from the Sobolev kernel (introduced in [50]); see [25]. The
approach to analyzing this Sobolev kernel operator via the methods suggested
above, that is, based on an investigation of its optimal domain, its maximal exten-
sion operator and vector integration, has already been carried out with significant
consequences for compactness and other properties of the Sobolev embedding in
rearrangement invariant function spaces over bounded domains in R™, [28], [29].
A further important class of operators, arising in harmonic analysis and which is
susceptible to our methods, consists of the Fourier transform maps from LP(G)
to 7' (I') and convolution operators from L?(G) to LP(G) for 1 < p < oo, where
G is a compact abelian group with dual group I'; these are treated separately and
in depth in Chapter 7. The main feature of Chapter 4 is, of course, the “Opti-
mality Theorem” itself, as formulated via (T-1)—(T-3) above. But, this is not all:
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a natural question is whether the optimal domain L!(m7) is always larger than
X (u), that is, whether the integration operator I, is a genuine extension of
T? In general, no! For instance, whenever X () is a Banach function space and
the p-determined operator T': X (u) — E is semi-Fredholm, then it is shown that
LY(mr) = X (), that is, T is already defined on its optimal domain and no further
FE-valued extension is possible. This result is applied to the finite Hilbert transform
in LP((—1,1)) for p # 2, certain Volterra type operators, and multiplication oper-
ators which arise as the “evaluation of a spectral measure”, for example. It is also
used in Chapter 7 to show that various convolution operators are already defined
on their optimal domain (e.g., all translation operators in LP(G) for 1 < p < o).
In the last part of Chapter 4 there is also a discussion of operators T : X (u) — E
which are not p-determined. It is shown that these can actually be reduced to
p-determined operators if we are prepared to work with the restriction of T' to
a closed (even complemented) subspace of X (u). Curiously, there also exist non-
trivial quasi-Banach function spaces X (u) on which no p-determined operators
exist at all (into any non-zero Banach space E)! For instance, this is the case if
X (p) has trivial dual.

Chapter 5 is, perhaps, the core of the monograph. Let X (u) be a quasi-
Banach function space (over a finite, positive measure space (€2, 3, u)), henceforth
assumed to have a o-order continuous quasi-norm |- || x . Its p-th powers X (1),
(see (1.7)) satisty X (1) € X (u)pp) for 1 < p < oo and X (u)) € X () for 0 <p <
1, with continuous inclusions; see Chapter 2. Moreover, the og-order continuity of
the quasi-norm ||| x (), (see (1.8)) is inherited from that of X (y1). Let 1 < p < oo
and E be a Banach space. A continuous linear operator T : X (u) — E is called
p-th power factorable if there exists a continuous linear operator Tjy : X (@) — £
which coincides with 7" on X (1) € X (p)(p). In other words, Tj, is an E-valued
continuous linear extension of 7' to the quasi-Banach function space X (u1)f, (in
which X (u) is always dense). Hence, the following diagram commutes:

X (1) L E
\ % (1.10)
X (1) p)

where i, @ X(u) — X (p)p denotes the natural (and continuous) injection. Of
course, (1.10) is equivalent to the existence of a constant C' > 0 such that

It should be mentioned that there exist operators T': X () — E which are not p-
th power factorable for any 1 < p < oo and others which are p-th power factorable
for some, but not all p. Since X (u);q) € X (p)}p) continuously whenever ¢ € [1,p],
it follows that T is g-th power factorable for all g € [1, p] whenever it is p-th power
factorable.
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There is no a priori reason to suspect any connection whatsoever between
the p-th power factorability of an operator T : X (u) — E and its associated
vector measure mrp as specified by (1.3). So, it is somewhat remarkable that
there is indeed a connection between the two and, with some far-reaching con-
sequences. Now, there surely exist p-th power factorable operators which are
not p-determined; our primary concern is, however, those which are. So, given
1 < p < oo, let us denote by Fp,)(X(u), E) the set of all y-determined, p-th
power factorable operators from X () into E. Consider now a p-determined op-
erator T : X(u) — E. It was already noted earlier that the Banach function
spaces LP(my) satisfy LP(my) = L'(mq)p ) for all 1 < p < oo or, equivalently,
that L'(mg) = LP(mg)p,). Moreover, the restriction map I,(,f; : LP(mr) —» E
of the integration operator I,,, : L'(mr) — E to LP(mg) C L'(mg) satisfies
Iﬁ,f; € Fp)(LP(mr), E). Indeed, S := L(ff; is u-determined, because its associated
vector measure mg : X — FE coincides with m, and S admits a continuous linear

extension to L?(my)p, = L'(mr), namely the integration operator Spy) := In,.

So, for every 1 < p < oo, we always have I,(ﬁ% € Fip)(LP(mr), E) together with
the commutative diagram:

1(®)
mp

LP(mr) E.

\ (1.12)
i[p] L

Lp(mT)[p] = Ll(mT)

However, even though (1.12) always holds, it does not follow in general that the

map L(ffl : LP(mr) — FE is an extension of the original operator T'. The problem
is that the containments X (u) C L'(mz) and LP(mr) C L'(mr), which always
hold, do not necessarily imply that X (1) C LP(mq). However, if we are in the sit-
uation that X (i) C LP(my) does hold, then we should be rather pleased! Firstly,
T would have an F-valued extension to LP(m7), a space which is intimately con-
nected to the operator T itself (indeed, it is actually constructed from T'), whereas
X () has no features that it inherits directly from T'. Secondly, LP(mr) has
the advantage that it is a Banach function space, whereas X (i), may only be a
quasi-Banach function space, a class of spaces which is typically not so well un-
derstood as Banach spaces and whose duality theory may be severely restricted.
Thirdly, LP(mr) is always a p-convex Banach lattice with o-order continuous
norm and possessing further desirable properties (see Chapter 3). So, operators
defined on it would be expected to have additional properties. Furthermore, the
particular extension of T' that we are dealing with (when it exists) is the inte-

gration operator L(f% corresponding to a vector measure (of course, restricted to

LP(mr) C LY(mr)), a class of operators about which many detailed properties are
known; see Section 3.3 of Chapter 3. This detailed information is then available for
a thorough analysis of T itself. As a sample: for each 1 < p < oo it is known that
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I(P)

the operator I, : LP(my) — E is always weakly compact (a result in Chapter 3)

and so, if T factors via Lgf;, that is, if the commutative diagram

X(p) B E

LP(mr)

is valid, where J;p ) denotes the (assumed) inclusion of X (u) into LP(my), then
T is necessarily weakly compact! For all of these reasons one of the main aims
of Chapter 5 is to establish the following important result: for 1 < p < oo,
a p-determined operator T : X(u) — E is p-th power factorable if and only
if X(u) C LP(my) or, equivalently, if and only if L(,IL’T : LP(mr) — E is an
extension of T. That is, T € Fp, (X (p), E) if and only if X () € L' (myr) and
the following commutative diagram is valid:

/E

(1.13)

(») %
x Ly

mT)

The remainder of Chapter 5 is then devoted to developing various conse-
quences of this result, many of which play a vital role in Chapters 6 and 7. It
should be pointed out that the spaces LP(mr) also possess an important optimal-
ity property: this property, for p > 1, is somewhat more involved than for p = 1,
as we now explain. So, let 7" € Fp, (X (u), E). Suppose that Y'(u) is a o-order
continuous quasi-Banach function space such that X (1) C Y (u) continuously and
that there exists a continuous linear operator Ty, : Y (1) — E which coincides
with T"on X (u) and belongs to F, (Y (1), £). Then necessarily Y (u) € LP(mr),
with a continuous inclusion, and

Ty (f) = 1) / fdmr,  feY(u) C LP(mr).

In view of the main result mentioned above, this can be reformulated as follows: if
T € Fip) (X (u), E), then LP(m7) is maximal amongst all o-order continuous quasi-
Banach function spaces Y (i) which continuously contain X (u) and such that T
has a linear and continuous E-valued extension Ty, : Y (1) — E which is itself
p-th power factorable.
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A few final comments concerning Chapter 5 are in order. Firstly, if 3 contains
a sequence of pairwise disjoint, non-p-null sets, then the containment LP(my) C
LY(mr) is proper for all 1 < p < oo; this is a general result in Chapter 3. Accord-
ingly, the factorization of T through L?(mr), when possible, rather than through
LY(m7) (always possible), genuinely provides additional information about 7. For
instance, as noted above, T' must be weakly compact. As a further sample, we men-
tion (for 1 < p < oo) that if T' € Fp, (X (1), E), if its associated vector measure
mr has o-finite variation, and if the integration operator I,,, : L'(m7) — E is
weakly compact (automatic if E is reflexive, say), then T is actually compact. Or,
if £ is a Banach lattice and T : X (u) — E is positive and p-th power factorable,
then T is a p-convex operator. There is also a careful treatment of the special case
when the variation measure |myp| : ¥ — [0,00] of mr is finite. For instance, in
this case a p-determined operator T : X (1) — E has an extension to the classical
space LP(|mr|), rather than LP(mr), if and only if X (u) C LP(Jmy|) continuously

or, equivalently, if the Radon—Nikodym derivative dIZLT‘ belongs to the Kothe dual
of the quasi-Banach function space X (1)[,. As in other chapters, many detailed
and illuminating examples are also presented.

The Maurey—Rosenthal factorization theory establishes a link between norm
inequalities for operators and their factorization through classical LP-spaces. Al-
though there exist some earlier related results, this theory essentially has its roots
in the work of Krivine, Maurey and Rosenthal, [92], [99], [106], [137]. In the
notation of the previous paragraphs, let 1 < p < oo and T € Fp,(X(p), E).
According to the results of Chapter 5, the operator T then factorizes through
L?(my). Of course, whenever available, the factorization of T' through a classical
LP-space (i.e., of a scalar measure) is preferable. Under certain conditions, such as
|mo|(Q) < oo, it was noted that T' can indeed be factored through such a classical
LP?-space, namely through LP(|m7|). However, many interesting and important
p-determined operators T fail to satisfy |mr|(©) < oco. Accordingly, there is a
need to seek a different type of factorization for such operators than that offered
by the results of Chapter 5 alone. The Maurey—Rosenthal theory provides such
a factorization, albeit under various assumptions. One version can be abstractly
formulated as follows (cf. [30, Corollary 5]). Let 0 < ¢ < oo and X (u) be a o-
order continuous g-conver quasi-Banach function space with g-convexity constant
M@ [X (11)]. Consider a Banach space E and a ¢-concave operator T : X () — E
with g-concavity constant M 4)[T]. Then there exists g € L'(u) satisfying

su (/‘fwgdu)lm < MO [X(u)]- M, [7]

Hf”x(u) <1

and the operator T satisfies

1/q
MWHE(/uwmQ L FeX(u),
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an inequality which should be compared with (1.11). The factorization version of
these inequalities for T' can be formulated via the commutative diagram

where S is a continuous linear operator and M/, is the continuous L?(u)-valued
multiplication operator f — ¢'/9f defined on X (1) and satisfying the inequality
| Mool - S]] < M@X ()] - Mg [T].

Recall now the paradigm of a p-th power factorable operator. Namely, for
any finite measure u > 0 and each ¢ > 1, set X (u) := L9(u) and E = L(p)
and let T' := i, denote the natural inclusion of X (p) into E. If 1 < p < g, then
T e Fip(X(u ) E) with LP(mr) = LP(u) and X (p1)pp) = L9/? (1) where 1 < 1<q
Then |m7|(Q) < co and the factorization given by (1.13) reduces to

= L9?(u

/ w;p
E =LY
= LP(u)

That is, we produce the trivial factorizations of i, via the inclusion maps through
LP(p) and L9/P(y). However, these factorizations actually imply stronger proper-
ties for T = i, than those coming merely from the condition that i, € Fy (X (1), E).
Indeed, if fi,...,fn € X(u) = L9(u), then combining with Holder’s inequality
yields

X(p) =

(1) -

- ; / s(N a/p

3 i < () (;/Qw Ivdp)

I
j=1

La(u)’

where s = q/(pr) and r satisfies (¢/p)~t +7r71 = 1.

In Chapter 6 we investigate inequalities of the previous kind for general
spaces X (u) and E and operators T : X (u) — E (in place of i, : L9(u) — L*(p)).
More precisely, we consider vector norm inequalities in the following sense. Let
0 <g<ooand 1l < p < oo be given and X (u) be a g-convex quasi-Banach
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function space. Then T is required to satisfy

()" < (), 00

for some constant C' > 0 and all finite collections fi, ..., f, of elements from X (y).
This inequality already encompasses the main geometrical condition of p-th power
factorability. In fact, we will treat a still more general inequality which has the
advantage that it can be applied even when X (u) is not g-convex, namely

(ZHT )" < CHZWWHZZ(# (1.15)

here || - ||y, x(u),, is a suitable seminorm which is continuous and defined on the
quasi-Banach function space X (j1)[4. This seminorm and its properties are treated
in Chapter 2. If X (u) is g-convex, then (1.14) and (1.15) are actually equivalent;
if, in addition, p = 1, then (1.15) reduces to g-concavity of the operator 7. In
this case, we are back to the abstract version of the Maurey—Rosenthal Theorem
mentioned above.

The main aim of Chapter 6 is to establish various equivalences with (1.15),
thereby providing factorizations for a subclass of operators T' € F, (X (u), E) for
which the required assumptions of the Maurey—Rosenthal theory are not neces-
sarily fulfilled. It turns out that these factorizations still pass through classical
L"-spaces and via multiplication operators. So, the main result can be viewed as
a significant extension and abstraction of the Maurey—Rosenthal theory and, si-
multaneously, incorporates the factorization features associated with p-th power
factorability. In view of the fact that the spaces LP(myr) are always p-convex,
this result also has some interesting consequences for the integration operator
I,(,f; LP(mr) — E associated to each T' € F1,;(X(u), E). For instance, suppose
that E is a Banach lattice and T is a positive operator. Then, for p > 1, the

integration operator Im; LP(my) — F is p-concave if and only if

(S i) < (S 1))

for some constant C' > 0 and all finite collections s1, . . ., s, of elements from sim X..
Applications to other classes of operators are also given.

Chapter 7 is the culmination of all of the ideas in this monograph applied to
various important operators arising in classical harmonic analysis. It highlights the
fruitfulness of the notions and concepts involved, provides a detailed analysis of
the operators concerned, and provides myriad problems worthy of further research.

To fix the setting, let G be any (infinite) compact abelian group with dual
group I'. Normalised Haar measure in G is denoted by p and is defined on the
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o-algebra ¥ := B(G) of all Borel subsets of G. The corresponding spaces LP(u)
are indicated rather by LP(G), for 1 < p < oco. Since I' is a discrete space, its
associated LP-spaces are denoted by the more traditional notation ¢P(I"). As usual,
¢o(T") denotes the Banach space of all functions on I' which vanish at infinity and
is a proper closed subspace of £°°(T"). For each v € T, the value of the character
~ at a point « € G is denoted by (z,~). Finally, the space of all C-valued, regular
measures defined on B(G) is denoted by M(G) and is a Banach space relative to
its usual total variation norm [|A||az(qy := |A|(G). The Fourier-Stieltjes transform

X:T = C of a measure A € M(G) is defined by
M= [ Toaxa).  yer.

in which case A € £°° (). If A < p is absolutely continuous, then it follows from the
Radon-Nikodym Theorem that there exists h € L*(G) whose indefinite integral

pp o A / hdu, A € B(G), (1.16)
A
coincides with \. In this case, Nis equal to the Fourier transform T of h defined by
R = [ EAh@) duto). e,

and the Riemann-Lebesgue Lemma ensures that i € co(T).

The Fourier transform map Fy : L*(G) — ¢°°(T") defined by f ~ f is linear
and continuous. If we wish to consider F as being co(I")-valued rather than £°°(T")-
valued, then we will denote it by F . Since

[flleory < fllzrey < fllee, — f e LP(G),

for each 1 < p < o0, it follows that the Fourier transform map is also defined,
simply by restriction, on each space LP(G) and maps it continuously into cy(I').
We denote this operator by Fp o : LP(G) — ¢o(I"). Actually, more is true: it turns

out that fe o’ (T"), whenever 1 <p <2 and f € LP(G), with

1l 0y < IfllLey,  f € LP(G),

where % + % = 1. This is the Hausdorff-Young inequality. The continuous linear

operator f — fso—deﬁned is denoted by F), : LP?(G) — o’ ("), foreach 1 < p < 2.

Section 7.1 of Chapter 7 is devoted to an analysis of the Fourier transform
maps described above. That is, in the notation of earlier chapters, either T' := F}, o
for 1 < p < oo with X (p) := LP(G) and E := ¢o(T") or, T := F, for 1 < p < 2
with X (1) :== LP(G) and E := 7' (). In all cases T is p-determined. For T = F, o



Chapter 1. Introduction 13

with 1 < p < oo arbitrary but fixed for now, it turns out that its associated vector
measure myp has finite variation (actually, |my| = u). Moreover, concerning its
optimal domain space we have

Ly (mr) = L' (mr) = L'(Imz]) = LY(G)

and the maximal extension of T': LP(G) — ¢o(I") is precisely the Fourier transform
map Fio : L'(G) — ¢o(T). In particular, LI(mr) = LI(G) for all 1 < g < oo.
The maximal extension I, = Fj o is neither weakly compact nor completely
continuous. Finally, for 1 < r < 2 fixed, the operator F, o : L"(G) — co(I") is p-th
power factorable if and only if 1 < p < r. If we change the codomain space from
co(T) to 4 (I), that is, we now consider T = F, with 1 < p < 2 fixed, then the
situation changes dramatically and is significantly more involved. For instance,
even though the vector measure mr : B(G) — £ (T') has the same null sets as
i, it now has infinite variation (not even o-finite). Moreover, for 1 < p < 2, the
optimal domain space L'(mr) is no longer an L"(G)-space for any 1 < r < oo,
yet it is a proper subspace of L!(G) and, for certain groups G, contains LP(G)
as a proper subspace, [113]. The maximal extension I, : L*(mp) — 7 (') of T
is neither compact nor completely continuous (it is weakly compact as o’ (T) is
reflexive). An interesting and alternate description of the optimal domain space is
also presented, namely

LYmr) = {f € LNG) : (fx )€ ' (T) forall A€ B(G)}.

It turns out that L!(mr) is always weakly sequentially complete and hence, ac-
cording to the results of Chapter 3, we have that L% (my) = L"(mg) for all
1 < r < oo and that L"(my) is reflexive for all 1 < r < oo. If G is metrizable,
then L!(mr) is separable. Most importantly, these optimal domain spaces, even
though they are not L"(G)-spaces, are nevertheless ideally suited to harmonic
analysis: they are homogeneous Banach spaces in the sense of Y. Katznelson, [84],
and so translation, convolution and Fourier transform maps act continuously in
them. For p = 2, the operator T : L?(G) — ¢*(T') is an isomorphism (due to the
Plancherel Theorem) and so, by the results of Chapter 4, L?(mr) = L*(G), that
is, no further £2(T")-valued extension of Fj is possible as it is already defined on
its optimal domain. Unlike for the operators Fy. o : L"(G) — ¢o(I'), if 1 < r < 2,
then for certain groups G the operator F,. : L"(G) — e (T") fails to be p-th power
factorable for every 1 < p < oco.

The remainder of Chapter 7 deals with convolution operators Cip ) L*(G) —
LP(G) defined by f— fx A for 1 <p < oo and A € M(G). Because of the well-

known inequality
If* Moy < NIMare 1 flleays f e LP(G),

each operator Cip) is continuous. If A := 4, is the Dirac measure at a point a € G,
then Cg) is precisely the operator 7, : LP(G) — LP(QG) of translation by a, that
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is, for each f € LP(G) we have
Tof :x— f(x —a), z € G.

The case p = 1 is treated separately. In the notation of earlier chapters, for
A € M(G) fixed, we consider T = C\" with X (1) = L'(G) and E = L*(G). Then
|mr| is a finite measure (actually, a multiple of ) and so L'(|mr|) = L*(G) for
A #£ 0. Actually, it turns out that

Ly (mg) = L' (mr) = L*(Im|) = L'(G)

for every A € M(G)\{0}. Hence, C’g\l) is already defined on its optimal domain and
I, = T. The interest in the much studied class of operators {Cg\l) :AeM(G)}
arises from the fact that a continuous linear operator S : L*(G) — L'(G) satisfies
Sor, =71508 for all @ € G if and only if S = Cgl) for some A € M(G). Our
particular interest here is to identify certain ideal properties of T', which separate
into essentially two cases. For the case A < p (see (1.16)), a result of Akemann, [1],
states that this is equivalent to C/(\l) being compact which, in turn, is equivalent to
C’g\l) being weakly compact. By Costé’s Theorem, [42, pp. 90-92], these conditions
are also equivalent to C’g\l) having an integral representation via a Bochner p-
integral density Fy : G — L*(G). We present some further equivalences of a rather
different nature, mostly in terms of the function Ky : G — M(G) defined by

Ky:x— 6 %A, z € G,

but also in terms of a Pettis p-integrable density Hy : G — L*(G). Here we
mention only two equivalences to A < u : (i) the range of K is a norm compact
subset of M(G) and, (ii) there exists A € B(G) with u(A) > 0 such that its image

K (A) is norm separable in M(G). It is to be noted that M(G) itself is always

) involves the

non-separable. The second main result concerning the operators C’g\l
proper subalgebra

Mo(G) :={\ € M(G) : X € co(I)}

of M(G); it is known that My(G) in turn contains L!(G) as a proper subalgebra.
Our result presents several equivalences to the condition that A € My (G), of which
we again mention just two: (i) the operator T' = C;l) is completely continuous and,
(i) the range of the associated vector measure my : B(G) — L'(G) is a relatively
compact set. The two mentioned theorems provide non-trivial and important ex-
amples of continuous linear operators in Banach spaces (indeed, of integration
operators I, : L'(v) — E corresponding to a vector measure v) which are com-
pletely continuous but, fail to be either compact or weakly compact. Namely, all
operators Cg\l) with A € Mo(G) \ L'(GQ) are of this kind, which is a non-trivial
statement as Mo(G) \ L'(G) is always non-empty.
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A large part of Chapter 7 also deals with the operators Cg\p) for1 <p< oo.In

this setting, for p fixed and A € M(G), we consider T' = C)(\p) with X (u) = LP(G)
and F = LP(G). Again mr and p are mutually absolutely continuous (for A # 0)
and the natural inclusions

LP(G) € L'(mr) = Ly(mr) € L'(G) (1.17)

hold and are continuous. The question of my having finite variation or not is
now a major result. Namely, |mr|(G) < oo if and only if A = pj, (see (1.16))
for some h € LP(G) which, in turn, is equivalent to I, : L'(mr) — LP(G)
being a compact operator and this, in turn, is also equivalent to the optimal
domain space L'(mr) = L'(G) being as large as possible! What about measures
A ¢ LP(G)? Another major result provides some insight: A € My(G) if and only if
the original operator T = C’g\p ) is compact or, equivalently, the range of the vector
measure myp : B(G) — LP(G) is a relatively compact set. Since the space My(G)
is independent of p, the previous equivalences hold for all 1 < p < oo as soon as
they hold for some p. A rather concrete description of the optimal domain space,
for arbitrary A € M(G), is also given, namely

L'(myp) = {f € LY(G): (fx,)* A€ LP(G) forall A € B(G)}

with the norm of f € L'(mr) given by
lsmry = s { [ 111l Xldn s & LG, el < 1};

here X : A — A(—A) denotes the reflection of the measure A. For measures A €
Mp(G)\ {0} it turns out that the first inclusion in (1.17), that is, LP(G) C L (mr)
is always proper so that I, : L*(mr) — LP(G) is a genuine extension of T' = C’/(\p).
On the other hand, the optimal domain space L' (mr) is the largest possible, that is,
equals L'(G), precisely when \ = iy, for some h € LP(G). Accordingly, the second
inclusion in (1.17), namely L*(mr) C LY(G) is proper whenever A € M (G)\ LP(G).
In particular, for every A € My(G) \ LP(G) it follows that

LP(G) S L'(mr) S LY(G). (1.18)
A major effort is also invested in identifying measures A for which L!(my) =
L?(G), that is, T is already defined on its optimal domain (by the criteria for
(1.18) we must have A ¢ My(G) in this case). As examples of measures A for
which L(m7z) = LP(G) we mention:

e \ =0, +n where n € M(G) satisfies supp(n) # G and a ¢ supp(n).

e \= Z;L Bjda; where {a;}32; C G is a sequence converging to the identity
element of G' and {3;}32, € £*.

e )\ € M(QG) is a positive measure satisfying A({a}) # 0 for some a € G.
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Let 1 < g < 00. A measure A € M(G) is called Li-improving if there exists
r € (¢, 00) such that
Ax fe L"(G), f e LYG),

briefly, A « LY(G) C L"(G). If A is Li-improving for some 1 < ¢ < oo, then it is
Li-improving for every 1 < ¢ < oco. Such measures were introduced by E.M. Stein,
[152], and have played an important role in harmonic analysis ever since. The final
section of Chapter 7 is devoted to a consideration of such measures which, from
the viewpoint of this monograph, lead to an extensive and non-trivial collection of
p-th power factorable operators. For instance, if 1 < p < oo and u € (1, p) satisfies
% + % = % + 1 for a given 1 < r < p, then the convolution operator T" = C’fﬁ? is
Li-improving and £-th power factorable and satisfies

LP(G) G L"(G) C L' (my),

for every h € L"(G) \ LP(G). Or, let A € M(G) be an Li-improving measure
and 1 < r < oo be arbitrary. Then there exists 1 < s < r such that C)(\T) is
p-th power factorable for all 1 < p < s. One of the main results states that
A € M(G) is Li%-improving if and only if for every 1 < r < oo there exists
1 < p < oo such that Cy) is p-th power factorable. If a measure A € M(Q)
fails to be L%-improving then, for each 1 < r < oo, it turns out that L"(G)
is the largest amongst the spaces {L"(G)}1<u<co which is contained in L!(m7),
where T = C;T). For such a measure A, additionally satisfying A € My(G) (such
a A exists!), it is the case that L"(G) & L'(mr). So, even though A does not
convolve L*(G) into L"(G) for any u < r, it does convolve L!'(mz), which is
genuinely larger than L"(G), into L™(G). Accordingly, for the class of convolution
operators, the optimality of the spaces L'(m7) has an alternate formulation: given
any X € M(G) and 1 < r < oo, the space L*(mr) corresponding to T = Cy) is the
largest Banach function space X (u) with o-order continuous norm which contains
L™(G) and such that A+ X (u) C L"(G). Hence, the notions of optimal domain and
p-th power factorable operator, when applied to particular concrete operators,
may reduce to important classical and well-established concepts. This provides
us with the opportunity to conclude this introductory chapter to the monograph
by recalling a comment made at its beginning but now with more justification,
perhaps: ... “it will (hopefully!) become apparent that the ideas are not as abstract
as the first impression may suggest, that they have some worthwhile and far-
reaching consequences, and that they apply to a large, diverse and interesting
class of operators which arise in various branches of analysis”. If this is indeed
the case, then we have achieved our aim: so, enjoyable reading and stimulating
thoughts.



Chapter 2

Quasi-Banach Function Spaces

Quasi-Banach spaces are an important class of metrizable topological vector spaces
(often, not locally convex), [70], [83], [87], [88], [105], [135]; for quasi-Banach lat-
tices we refer to [82, pp. 1116-1119] and the references therein. In the past 20
years or so, the subclass of quasi-Banach function spaces has become relevant to
various areas of analysis and operator theory; see, for example, [29], [30], [32], [50],
[59], [61], [87], [126], [152] and the references therein. Of particular importance is
the notion of the p-th power Xp,, 0 < p < oo, of a given quasi-Banach function
space X. This associated family of quasi-Banach function spaces X[, which is
intimately connected to the base space X, is produced via a procedure akin to
that which produces the Lebesgue LP-spaces from L! (or more generally, produces
the p-convexification of Banach lattices (of functions), [9], [99, pp. 53-54], [157]).

Whereas the theory of real Banach function spaces is well developed, this is
not always the case for such spaces over C; often one reads “the case for complex
spaces is analogous” with no further details provided, or no mention of the complex
setting is made at all. Similarly, the literature on quasi-Banach function spaces is
rather sparse, both over R and C. The natural setting of this monograph concerns
spaces over C which are often only equipped with a quasi-norm rather than a norm
and operators acting in such spaces (e.g., we have chapters on vector integration,
harmonic analysis and factorization of operators). Accordingly, we devote quite an
effort in this chapter to carefully developing those aspects of the theory of quasi-
Banach function spaces over C (with detailed proofs) which are needed in later
chapters. In particular, this includes aspects of the theory of g-convex operators
and g-concave operators acting between such spaces. We have also included several
examples to illustrate the differences that occur when passing from the normed to
the quasi-normed setting. It is time to begin.
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2.1 General theory

Let Z be a complex vector space. A function || - || : Z — [0,00) is called a
quasi-norm, [88, §15.10], if

(Q1) ||z|| = 0 if and only if z = 0.
(Q2) |laz|| = || -||z| for &« € C and z € Z, and

(Q3) there is a constant K > 1 such that [|z1 + 22| < K (||z1]| + ||22]|) for all
21, 22 € Z.

In this case, Z is called a quasi-normed space; it admits a countable base of neigh-
bourhoods of 0, namely, {z € Z : ||z|]| < 1/n} for n € N. So, Z is a metrizable
topological vector space, [88, §15,11.(1)]. The closed unit ball {z € Z : ||z|| < 1}
of Z is denoted by B[Z]. A subset of Z is bounded (in the sense of topological
vector spaces) if and only if it is contained in a multiple of B[Z]. Of course, if we
can take K = 1 in (Q3), then || - || is a norm, i.e., Z is a normed space. Every
quasi-normed space is necessarily locally bounded as a topological vector space,
that is, it possesses a bounded neighbourhood of 0, [88, p. 159].

The given quasi-norm on a quasi-normed space Z is usually denoted by || - ||z
unless stated otherwise. If we need to emphasize the quasi-norm, then we may say
that (Z,] - ||z) is a quasi-normed space. The classical examples of such spaces are
the Hardy spaces H? for 0 < p < oo (not normable if 0 < p < 1), [83, Ch. III],
[153], and the Lebesgue spaces ¢ and LP([0,1]) for 0 < p < oo (not normable if
0<p<1),[83 Ch.II], [88, §15.9].

A linear map T : Z — W between quasi-normed spaces is continuous if and
only if

|T|| := sup { |[Tz|lw : z € B[Z]} < o0, (2.1)

(83, p. 8]. It follows from (Q2) that ||Tz|lw < ||T| - ||z]|z for all z € Z. The
collection of all continuous linear maps from Z into W is denoted by £(Z, W). We
will write £(Z) := L(Z, Z). If W happens to be a normed space, then (2.1) defines
a norm in £(Z, W), which we call the operator norm. If, in addition, W happens
to be a Banach space, then £(Z, W) is also a Banach space for the operator norm.
For Z and W real quasi-normed spaces, the collection of all continuous linear
operators from Z to W is still denoted by £(Z, W).

Throughout this chapter we fix a positive, finite measure space (2, %, u);
that is, p is a finite, non-negative measure defined on a o-algebra ¥ of subsets of a
non-empty set (). It is always assumed that p is non-trivial, that is, its range is an
infinite set. The characteristic function of a set A € ¥ is denoted by x 4 Let sim ¥
denote the vector space of all C-valued Y-simple functions. By L°(u) we denote
the space of all (equivalence classes of) C-valued Y-measurable functions modulo
p-null functions. Unless otherwise stated explicitly, we identify an individual X-
measurable function with its equivalence class in L°(u). The space L°(u) is a
complex vector lattice. Indeed, it is the complexification of the real vector lattice
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LY(p) == {f € L°u) : f is R-valued p-a.e.} equipped with its p-a.e. pointwise
order. The positive cone of L°(u) is denoted by L°(u)T. The real vector lattice
LY%(p) is super Dedekind complete in the sense that every bounded set W C L (1)
has a supremum in L3(u) and contains a countable subset Wy with sup W =
sup Wy, [102, Definition 23.1, Example 23.3(iv)].

Relative to the translation invariant metric

o lf =g 0
dt.9) = [ It dn fge L),
the space L°(u) is a complete, metrizable, topological vector space with the prop-
erty that a sequence {f,}22, C L%u) converges to f € L%(u) if and only if it
converges in p-measure to f; see [88, pp. 157-158] and [160, Ch. 5, §6], for ex-
ample. Accordingly, we also refer to the topology in L°(u) as the “topology of
convergence in measure”. Define || - || : L°(u) — [0, 00) by

1= a0 = [ f e ()

It is routine to verify that || - || is an F-norm on L°(u), in the sense of [88, p. 163].
That is, it satisfies the following axioms:
(F1) 7l = 0,
(F2) f=0if and only if | f|| = 0,
(F3) [IAfIl < I/l whenever [A] <1,
(F4) Nf + gl < WS+ llgll,
(E5) A frll — O whenever || .|| — 0, and
(F6) || Anf]l — O whenever |A,| — 0.
The collection of sets B. := {f € L°(u) : |f|| < e}, with € > 0 arbitrary,

forms a base of neighbourhoods of 0 in L°(y). The following result shows that the
topology of L°(u) cannot be given by any quasi-norm.

Lemma 2.1. The complete, metrizable, topological vector space L°(u) is not locally
bounded.

Proof. We need to show that B fails to be a bounded set for every € > 0. So, fix
e > 0. It is required to exhibit a neighbourhood U; of 0 such that B. ¢ p U, for
every p > 0. That is, for every p > 0 there exists f, € B. with p~1f, ¢ U..

The first claim is that there exist d(¢) > 0 and a set A € ¥ satisfying

26(e) < p(A) < min{e, n(Q)}. (2.2)

Indeed, for y non-atomic, if we let §(¢) := 4=t min{e, u(2)}, then the inequalities
2§(e) < min{e, p(N)} < w(Q) hold, from which it is clear that a set A € ¥
satisfying (2.2) exists. If u is purely atomic, then p has countably many atoms,
say A1, As,.... Since D07 u(A,) = u(Q) < oo, there exists N € N such that
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1(Ay) < min{e, () }. Choose any 6(¢) € (0, 27 ' u(Ay)). Then A := Ay satisfies
(2.2). For p not purely atomic, let v denote the non-atomic part of . Then there
exists Qna € 3 such that Q, := Q\ Qp, is the union of all the atoms of p with
v(,) =0 and v(F) = u(F) for all F € Q,, N X. By the previous argument there
exist A € Q. N3 and §(e) > 0 such that 26(¢) < v(A) < min{e, ¥(Qna)}. Since
w(A) = v(A) and v(Qua) < p(Q) we again have (2.2). This establishes the stated
claim.

For any p > 0, define f, := px, with A and d(¢) as given by (2.2). Then

(2.2) yields || f,|| = (ﬁ) pu(A) < u(A) <e, that is, f, € B.. On the other hand,

(2.2) also gives o~ foll = Ix \ll = p(A)/2 > 3(e), that s, p~Lf, ¢ Bsz)- So, the
neighbourhood Ue := Bj.y of 0 has the required property. (|

Let X (1) be an order ideal of the vector lattice L°(u), that is, a vector
subspace such that f € X(u) whenever f € L°(u) satisfies |f| < |g| for some
g € X(u). Note that Xg(u) := L(1) N X (u) is an order ideal of the real vector
lattice LY () and that X (p) is the complexification of Xg(u). That is, X (u) =
Xr(p)+iXr(p) and [f| = Vocgoon |(cos@)-Re (f) + (sin)-Im (f)|, [165, Ch. 12,
§91]. The positive cone of X (u) is then denoted by X (u)* := X () N L°(u)*. We
say that a positive function e € X (u) is a weak order unit of X (u) if f A (ne) T f
for every f € X (M)Jr7 that is, e is a weak order unit of the real vector lattice
Xr(p); see, for example, [2, p. 36]. A quasi-norm || - || x(,) on X (u) is said to be a
lattice quasi-norm if

Ifllx(w < lgllxy  whenever f,g€ X(u) and |f| <|gl|. (2:3)

In particular, || f|lx = |fllx() = H |f] HX(#) for all f € X (i), where f is the

complex conjugate function of f. The restriction of || - || x(,) to Xr(u) is also a
lattice quasi-norm and || - || x(,) is the complexification of the (real) lattice quasi-
norm || - [ x, () so that || fllx) = |||/l HXR(#) for all f € X(u). In this case,

(X (), | - I x (), or simply X (u), is called a quasi-normed function space based
on (€, %, u). If the lattice quasi-norm || - || x(,) happens to be a norm, then X (u)
is, of course, called a normed function space. As we now show, the quasi-normed
function space X (i) is continuously embedded into L°(u) whenever sim ¥ C X (u).
Our proof relies on a well-known construction of a particular F-norm arising from
a given quasi-normed space (Z, | - ||z). Indeed, let K > 1 satisfy (Q3) and choose
r > 0 according to 2/" = K. Then the formula

=]l = inf{z Hz,HTZ Dz :sz, z;€Z(j=1,...,n), n€ N}, z € Z,
j=1 j=1

(2.4)
defines an F-norm on Z generating the same topology as || - || z, and satisfying
A=l < el < Izl z€ 2, (255)

[83, Theorem 1.2].
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Proposition 2.2. Let (X (u), | - [|x(u) be a quasi-normed function space based on
(Q, 3, 1) such that sim® C X (u).

(i) The natural inclusion map from (X (u), || - | x(w) into L°(w), equipped with
its topology of convergence in measure, is continuous.

(ii) Every Cauchy sequence in (X (p), |- || x () admits a subsequence converging
p-a.e.

(iii) Let {fn}nZy be a sequence in X (u) such that lim, oo || fnllx(uy = 0. Then
{fn}52, admits a subsequence converging u-a.e. to 0.

(iv) L>(u) C X (u) with a continuous inclusion.
(v) The constant function x, is a weak order unit of X ().

(vi) There exists > 0, depending on || - || x ), such that, if {fn}ply C© X(u) is
any sequence converging to a function f € X(u) relative to the quasi-norm

I Ix (), then
4_1/T11713L8012p||fn\|X(u) < fllxg < 41/Tlinn_1)iof<1>f||fn||xw)- (2.6)
Proof. (i) Let || - || : X(u) — [0,00) denote the F-norm defined by (2.4) with
Z := X (p) and an appropriate r > 0, so that (2.5) gives
N Mg < IFE < IF gy, f e X () (2.7)

Assume that the natural inclusion map i : X (u) — L°(u) is not continuous.
Then there exist a sequence { f,}52; in X (p) and positive numbers ¢, ¢ such that,
with A(n) :={w € Q: |fn(w)| > €}, we have

w(An)) > 6 and  |fallxqy < 27"e for all n € N. (2.8)
It follows from (2.7) and (2.8) that
Peamll < xallixgy < 17 allxy = Ifallxqy <277 (29)

for n € N because x ,,,) < le7! fu]. Let A:=(,—; Upe,, A(k). Since

( D A(k)) > p(A(n)) >0 forall neN,

we have

u(A) = lim M( U A(k)) > 4. (2.10)

n— oo
k=n

We now show that p(A) = 0. Let B(k) := A(k) N A for k € N, so that
A= UEO:] B(k) for each j € N. Given j,n € N with n > j and defining the sets
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C(j,n) = Z:j B(k) C UZ:;‘ A(k), we have, via (F4), (2.7) and (2.9), that

HZXAk
p ®) 1 x ()

4Z”|XA(I§)”’ 422 P 2mIt, (2.11)
k=j

=Jj

|||Xc(j,n) ”| < HXC(j,n)HTX(u)

<4 v
k=j

because X (; ) < doh—j Xpy < > hej X 4k~ For each j € N, select n(j) €
N with n(j) > j such that u(A\ C(j,n(j))) < 277, which is possible because
{C(j,n)}p2; is increasing with union A. Letting C := (;Z, U2, (A\ C(j,n(5)))
we have p(C) = 0, because

<§:uA\C], 223 27k 0
j=k

as k — oo. Given k € N, let D(k) := ;24 C(j,n(j)). Then for every j > k we
have, via (2.7) and (2.11), that

IA

|||XD(k) | < HXD(k) H;(u) = HXC(jm(j)) ||g<(u) <4 |||XC(j7n(j)) | <4@7*) -0
as j — oo. So, |HXD(k)||| =0, ie., Xpy = 0 (p-a.e.), and hence u(D(kz)) = 0 for
all k € N. Since A = C U (U2, D(k)) and p(C) = 0, we have p(A) = 0. This
contradicts (2.10). Therefore, the inclusion map i is continuous.

(ii) Let {frn}o2, be a Cauchy sequence in X (1). By part (i), it is also Cauchy
in the complete, metrizable topological vector space L°(u) and hence, converges
in LO(u). That is, {f,}5°; converges in measure, and therefore it admits a subse-
quence converging i-a.e.

(iii) This is clear from (i).

(iv) Since x, € sim ¥ C X (u) and |f| < [|fleo - xg, for f € L>®(p), it follows
from the ideal property of X () in L%(p) that L>(u) € X (u). The continuity of
the inclusion map follows from (Q2) and (2.3) which yield || f{|x ) < lIXqllx () -
[flloc for f € L(p).

(v) It is clear that (f A nxQ) 1 f for every f € X(u)". Then apply [108,
Proposition 1.2.6(ii)] and the fact that X (1) = Xr(p) + i Xr(p).

(vi) Recall the F-norm || - || and r > 0 as given in the proof of part (i). Since
I - || satisfies the triangle inequality, it follows that lim,, . || fn]| = ||f]| and hence,
also that limy, o [|full*/" = [ f]|*/". This and (2.7) give

timsup | follxy < 4Y7 Tnn [fal7 = 47F1Y < 4 f L
n—0oo
and [ fllxy < ALAYT = 4V i AT < 4 i |l .

So, (2.6) is established. O
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Remark 2.3. (i) Since X (u) is an order ideal in L°(u), we see that sim ¥ C X (p)
if and only if x, € X(p).

(ii) Let p : M (1) — [0, 00] be a function norm in the sense of general normed
function spaces (also called normed Ko6the function spaces), [164, Ch. 15], where
M™(u) is the space of all (u-equivalence classes of) [0, oo]-valued, Y-measurable
functions on Q. Then any f € M™(u) satisfying p(f) < oo is necessarily finite
p-a.e., [164, Ch. 15, §63, Theorem 1], and hence, belongs to L°(x). Then, in our
sense,

Ly = {f € L(n) : p(If]) < oo} (2.12)
is a normed function space equipped with the norm f — p(|f]), for f € L,, and is
continuously embedded into L°(u), [101, Theorem 6.9]. Conversely, given a normed
function space (X (u), || - [|x(u)) in our sense, define p : M T () — [0, 00] by

= Wl i F € X
p(f): {oo if feM@p™\X(w™.

Then p is a function norm in the sense of [164, Ch. 15] and L, = (X (u), ||| x(u))-

In the case of a quasi-normed function space X (1) whose lattice quasi-norm
| - I x () fails to be a norm, there is a genuine difficulty in adapting the arguments
from [101], because the equivalent F-norm || - || (see (2.4)) may not be compatible
with the order (i.e., | f]| < |lg| may not hold for some f,g € X(u) satisfying
[f] < |g|). Therefore, we have adopted a different approach although the idea for
our proof has been drawn from [101]. O

An order ideal X (1) of L%(p) is called a quasi-Banach function space (briefly
g-B.f.s.) based on the measure space (Q,%,u) if sim¥ C X (p) and if X () is
equipped with a lattice quasi-norm |[|-|| x(,) for which it is complete. In other words,
(X(), |l - lIx(u) is a complete quasi-normed function space such that sim¥ C
X (p). If, in addition, |- || x(.) happens to be a norm, then X (u) is called a Banach
function space (briefly B.f.s.). Well-known examples of ¢-B.f.s.” (which are non-
normable) include LP([0,1]) and (weighted) ¢7, for 0 < p < 1, (see Examples 2.10
and 2.11 below, and [83, Ch. II]), certain Lorentz spaces, [30, p. 159], [87], Orlicz
spaces, [30, p. 159], and certain mixed (p1, p2)-norm Lebesgue spaces on product
spaces, [30, p. 159]. Our definition of a ¢-B.f.s. differs from that in [30, p. 155] which
requires two additional properties. The requirement that sim¥ C X (u), crucial
for the analysis that we develop in later chapters, is assumed in the definition of a
B.f.s. or g-B.f.s. by some authors (e.g., [13, p. 2], [99, p. 28]) but not by all (e.g.,
[30, p. 155], [101, p. 42], [164, Ch. 15]). The closed ideal

X(p) == {f € L>([0,1]) : f vanishes at 0}

of L>(]0,1]) is an example of a complete normed function space which fails to
contain the simple functions; here “f vanishes at 0” means that for every ¢ > 0
there exists 6 > 0 such that ||fx[0 ] loo <e.

Given a g-B.f.s. X (p), let X (u)p, := sim ¥ denote the closure of sim 3 in X (u).
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Lemma 2.4. For any ¢-B.f.s. X(u) the subspace X (u)p is a closed order ideal in
X(u). In particular, X (u)y, is a ¢-B.f.s.

Proof. 1t is clear that X (u)p is complete and the restriction of || - || x () to X (1)
is a quasi-norm. It remains to verify that this restricted quasi-norm has the lattice
property (2.3).

Given f, g € X(u), the inequality ‘ |f1— 19l | < |f — g| (which holds pointwise
on 2) together with the lattice property of || - || x(,) imply that

heX(py = [k €X(wh. (2.13)

An examination of the proof of Proposition 3.10 in Chapter 1 of [13] shows that
it does not require the properties (P3) and (P5) listed on p. 2 of [13] (properties
which we do not assume) and that the proof given there also applies in the setting
of a g-B.f.s. This observation, together with an examination of that part of the
proof of Theorem 3.11 in Chapter 1 of [13] establishing that X (u)y, is an ideal
in X (p) (which again does not use properties (P3) and (P5)), shows that in the
setting of a q-B.f.s. we also have the property that g € X (u)y, whenever f € X (u)y,
and g € L%(pu) are R-valued functions satisfying |g| < |f| (u-a.e.). The case for
C-valued f, g then follows from the R-valued case, the property (2.13) and the
inequalities 0 < |Re(g)| < |g| < |f| and 0 < |Im (g)| < |g| < |f|. For more precise
details we refer to [89]. O

Let (X(u), || - |lx(u)) be a B.f.s. Recall that X (u) is the complexification of
the real B.f.s. Xg(p) := X (p) N LY (1) equipped with its given norm | - || x,
and that [ - ||x,(,) coincides with the restriction of || - ||x(.) to Xr(u), that is,
1 flx ) = H |f] HX]R(#) for every f € X(u). Our setting is, of course, a special case
of the complexification of a real Banach lattice. It is time to be more precise. A real
Banach lattice is by definition a complete real normed lattice. Since we are mainly
dealing with vector spaces over C, vector spaces over R are called real vector
spaces. Real Banach lattices are simply called Banach lattices in the literature
and we refer to [2, 99, 108, 149, 165] for their properties. In order to give a formal
definition of the complexification of a real Banach lattice Xg (1) according to [165,
Exercise 100.15], let (Zg, || - ||zz) be a real Banach lattice. The complexification
Z := Zg + 1Zy of the real vector lattice Zg is a complex vector lattice with

|z| = \/ ‘(cos@)m—i— (sin@)y}, z=x+iy € Z with z,y € Zg; (2.14)
0<6<2r

[165, Ch. 14, §91], [109]. Since Zg is uniformly complete, [165, Exercise 100.15],
and Archimedean, [165, p. 282], the supremum in (2.14) necessarily exists, [165,
Theorem 91.2]. Define a norm || - ||z on Z by [|z]z := || |2] HZR for z € Z. Then
the normed space (Z,|| - ||z) is complete and || - ||z is a lattice norm, that is,
Izl z < ||w||z whenever z,w € Z with |z| < |w|. We say that the pair (Z, ] - ||z)
is a complex Banach lattice and is the complexification of the real Banach lattice
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(Zg, || - | z2)- Unless we need an emphasis, complex Banach lattices are also simply
called Banach lattices. We sometimes call Zg the real part of the Banach lattice
Z. From the monotonicity of the norm || - || 7, it follows that

[ellze < llz+iyllz and |[lyllz. <[z +iylz  whenever z,y€ Zr, (2.15)

for which we require the inequalities |z| < |z +iy| and |y| < |z +1iy| for =,y € Zg,
[165, Theorem 91.2].

The quasi-norm || - ||x(,) of a g-B.f.s. X (u) is called o-order continuous
(briefly, o-o.c.) if, for every decreasing sequence

{fupzy in X(p)" with (fn) =0 (ie, ful0),

inf
neN
we have lim,, oo || fnl x(u) = 0. We also say that X (u) or, more explicitly, that
(X (), | - I x(uy) is @ 0-0.c. g-B.f.s. The class of spaces which are g-o.c. is rather
large. Typical examples which fail to be g-o.c. are L>([0,1]), the Zygmund space
Lexp, the Lorentz spaces L”*°([0,1]) for 1 < p < oo and certain Marcinkiewicz
spaces; for the definition of such spaces, see [13], [91], for example.

Remark 2.5. We define a g-B.f.s. (X(u), || - [[x(x)) to be order continuous (briefly
o.c.) if, for every downward directed net {fo}o in X(u)* with inf,(fa) =0 (i.e.,
fa 1 0), we have lim,, || fo || x () = 0. The concepts of order continuity and o-order
continuity for general Banach lattices have long been investigated. In the case of
a g-B.f.s. X (u), these concepts coincide. Indeed, order continuity clearly implies
o-order continuity. Assume conversely that X (u) is o-order continuous. Let f, | 0
in X (u)". Since the real vector lattice LY(p), which contains X (u)*, is super
Dedekind complete, [102, Example 23.3(iv)], we can select a decreasing sequence
{fam)}Z, from the net {fo}o such that f,(,) | 0. So

0 < igf”faHX(u) < Tillégnfa(n)HX(,u) = 0.

In other words, lim,, || fa || x () = 0, that is, X () is order continuous. O

Remark 2.6. Let X (1) be a g-B.f.s. which is 0-0.c. Then sim ¥ is dense in X (u).
To see this, suppose first that f € X (). Choose X-simple functions 0 < s,, T f
pointwise on Q. Then (f —s,) | 0 in the order of X (x) from which it follows that
lim,, o0 | f = Snllx(u) = 0, that is, s, — f in X(u). The case for an arbitrary
f € X(n) follows from the identity

f = (Ref)" = (Ref7)) + i((Imf)* — (Imf)7)

and the lattice property of || - || x . (see (2.3)).
We point out that the same proof applies in a quasi-normed function space
which is 0-0.c. and contains sim XJ; the completeness of the space is not used.
The space L (u) is not o-o.c., yet sim X is dense in it. O
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Lemma 2.7. Let X (p) and Y (p) be two ¢-B.f.s.” such that X () C Y () as vector
sublattices of L°(u). Then the natural inclusion map from X (u) into Y (u) is
continuous.

Proof. Take a sequence {f,}52; € X(u) C Y(u) such that f, — f in X(u)
and f, — g in Y (u). By Proposition 2.2(iii), select a subsequence { f,)}3e; of
{fn}sZy such that limg oo fr k) (w) = f(w) for p-a.e. w € Q. Choose a subsequence
of {fn(k)}il, which p-a.e. converges to g, again via Proposition 2.2(iii). So, we
have f = g (p-a.e.). The inclusion map is then closed and hence continuous via
the Closed Graph Theorem, [88, §15.12.(3)], applied in the complete metrizable
topological vector spaces X (i) and Y (u). O

The duality between a g-B.f.s. X (1) and its (topological) dual space X (u)* =
L(X(n), C) is denoted by

(f,€) = &), feX(p), §eX(w"

Then X (u)* is equipped with the dual norm

I Ixgo- =€ — s {[(£,0] : F € BIX@)}, €€ X (216)

*

Note that || - ||x(.)- is indeed a norm for which X (u)* is complete because C is a

Banach space and because of the inequality

ILO1 < Iflxwlélx g feX (), §€X(p)" (2.17)

Let Xg(p)* denote the dual space of the real -B.f.s. Xg(u), that is, Xg(p)* is the
real vector space consisting of all continuous R-linear functionals from Xg(u) into
R. As in the case of X (u)*, the real vector space Xg(u)* is a real Banach space
with respect to the corresponding dual norm || - || x,(u)-- We define an order on
Xgr(p)* by saying that a functional n € Xg(u)* is positive if (f,n) > 0 for every
feXe(p)"

Lemma 2.8. Let X () be a ¢g-B.f.s. Then the following assertions hold.

(i) The dual space (Xr(p)*, || | xp(u)=) of the real ¢-B.f.s. (Xr(i), |- | xp(u)) @5 @
real Banach lattice with respect to the order defined just prior to the lemma.

(ii) The dual space (X (p)*, || - lIx(u=) of the ¢-B.fs. (X (), |l - I xu)) is the
Banach lattice given by the complezification of the real Banach lattice
(X () 1 N xe ()

Proof. (i) This is a well-known fact for the case when Xg(u) is a real Banach
lattice. The proof of this standard result can be found in many places in the liter-
ature and we can adapt it to the case of a ¢-B.f.s. For example, a straightforward
adaptation of the corresponding proof of [165, Theorem 85.6] establishes part (i).
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(ii) This can be proved by adapting the argument in [165, pp. 323-324] which
establishes our claim whenever X (u) is a B.f.s. (indeed, even for Banach lattices).
Such an adaptation requires us to establish the equality

€l xq = sup {(f, €y : F€BIXWINX(T ), g€ X",

for the g-B.f.s. X (u); this can be proved as in [165, pp. 323-324] because the
triangle inequality is not used there. O

If X(p) is a B.f.s., then X (u)* is, of course, non-trivial and separates points
of X (u). This is not always the case for a ¢-B.f.s.; see Example 2.10 below. But,
let us record a general fact first.

Lemma 2.9. A ¢-B.f.s. X (u) has trivial dual if and only if L(X (n), E) = {0} for
every/some Banach space E # {0}.

Proof. Suppose that X (u)"={0} and E is any Banach space. Let T'€ L(X (n),E).
Then, for each * € E* we have * o T € X(u)" and hence, z* o T = 0. That
is, for fixed f € X (u) we have (T'(f), *) = 0 for all z* € E* and so T(f) = 0.
Accordingly, T = 0.

Suppose that E # {0} and £(X(u),E) = {0}. Fix x € E \ {0}. For each
€€ X ()", the map f — (f, &)z for f € X (u) belongs to L(X (i), E) and hence,
is identically zero. Since x # 0, we conclude that (f,&) = 0 for all f € X (u), that
is, £ =0. g

Example 2.10. If i : ¥ — [0, 00) is a non-atomic measure, then for L™(u) we have
L"(p)* = {0} whenever 0 < r < 1, [83, Theorem 2.2]. According to Proposition
2.2(i) it follows that L°(u)* C L"(u)* = {0}, that is, LO(u)* = {0}; see also
[83, Theorem 2.2]. In particular, L°(u) cannot be locally convex and hence, it is
non-normable.

A direct consequence of the identity L"(u)" = {0} is that £(L"(n), E) = {0}
for every/some Banach space E (see Lemma 2.9). O

If p is purely atomic, then every non-trivial g-B.f.s. over (2, %, 1) admits a
non-trivial dual. We present such g-B.f.s.”, which are order ideals of the vector
lattice CN consisting of all C-valued functions on N. Here CV is endowed with the
pointwise order in the sense that f € CY is non-negative if and only if f(n) > 0
for each n € N.

Example 2.11. Take a function ¢ € £* such that ¢(n) > 0 for every n € N. Define
a finite measure p : 2V — [0, 00) by
p(A) = > pn), Ae2v (2.18)
neA

Then
CN = L) and 0% = L*(u). (2.19)
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The first equality in (2.19) is meant both in the sense of vector lattices and also
topologically, where CN is equipped with the topology of coordinatewise conver-
gence (in which case it is a complete, metrizable, locally convex topological vector
space). Indeed, it follows easily from Proposition 2.2(iii) and the fact that there
are no non-trivial y-null sets, that the identity map from L°(u) onto CN is closed
and hence, continuous (by the Closed Graph Theorem, [88, §15.12.(3)]). Then the
Open Mapping Theorem, [83, Corollary 1.5], ensures that the identity map is an
isomorphism. Hence, L°(y) is precisely the locally convex space CN and, in par-
ticular, LO(u)* = coo(N) = (CV)*. An immediate consequence of this is that every
a-B.f.s X (1) # {0} over the measure space (N,2Y, 1) has a non-trivial dual be-
cause X (u) is continuously embedded into L°(u) = CY (which has a non-trivial
dual). Now, let us discuss some specific cases.
Let 0 < r < 0o. To emphasize that p is purely atomic, let us write

)= 1), (2.20)
The order ideal ¢"(u) of CY is equipped with the quasi-norm

oo 1/ 1/r
e () = <n§_:1f(n)| @(n)> = (/N|f| du) . fel(w),

(2.21)
so that £"(p) is a q-B.f.s. based on the finite measure space (N, 2N, 11). Of course,
if 1 <r < oo, then £"(u) is a B.f.s. Since

() =@ Y m = {o Vg gely, (2.22)

the g-B.f.s. £"(u) is order and isometrically isomorphic to ¢” via the canonical map
O {"(u) — £ defined by

fr—=Ilf

O(f) = 7f,  fel(w). (2.23)

Now, let 0 < r < 1. Since (£")* = £, [83, Theorem 2.3], the dual space
£ (p)* of €7 (u) is the weighted ¢*°-space

pl/r 0= {p!Tg g € £}
with the duality

(f, '7g) Z P!/ (n)g(n)), felti(p), get=, — (224)

induced by the canonical map ®. So, ¢"(u)* is non-trivial and separates points of
€ (p).

Now, still for 0 < r < 1, let us prove that £" (1) does not admit any equivalent
norm. On the contrary, if there is an equivalent norm || - ||-(,) on £"(u), then there
exist positive constants C; and C5 such that

Cullfllerquy < || f] oy < Collf ey fel(u).
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With f, := cp_l/’"x{n}, for each n € N, it follows for every k € N that

k k
< n < n
r(p) ‘H nz::l f ) 712::1 |||f

Cik'" = S
n=1

£r ()
k
<Y [l = O
which is impossible. O
Let X (u) be a general g-B.f.s. For each f € X(u), define
£l = sup{ [(£.9)] + € € BIX(]}. (225)

This seminorm will play an important role in Chapter 6. A natural way to view it
is via the canonical map J from X (p) into its bidual X (u)** := (X (u)*)*. Indeed,
for each f € X (u) define J(f) to be the linear functional £ — (f, &) on X (u)*.
According to (2.17) we see that J(f) is continuous with [|J(f)||x = < IIf]lx (-
Moreover, || f{lb,x () = [[J(f)|lx(u=; see (2.25). If X (1) happens to be a B.fs.,
then J is a linear isometry, and hence || - || x(un) = || - [[x(u)- In the case when
X(p)* = {0}, then J = 0, and so || - ||p,x(u) is identically zero. To present basic
properties of the seminorm || - ||, x(,), we require some preliminary results. Recall
that X () is the complexification of its real part Xg(p) = X (u) N L (p). As in
the case of the dual Xg(p)*, the bidual X (u)** = Xgr(p)** + iXg(p)** is the
complexification of Xg(u)** := L(Xr(p)*,R). Let Jg : Xr(p) — Xgr(p)*™* denote
the natural embedding. Then J(f + ig) = Jr(f) + iJr(g) whenever f,g € Xg(u).
In other words, J is a unique C-linear extension of Jg (see [149, p. 135]). Note
that Jr is a positive operator.

Lemma 2.12. Let X (p) be a o-order continuous q-B.f.s. over (Q, 2, u). Then

J(f) = I FeXn).
Proof. First we assume that f € Xg(p) and show that

Je(f1) = |[J=(f)] (2.26)

We shall verify this as in the proof of Theorem 5.4 in [2], although this theorem
itself may not be applicable to our case because the topological bidual Xg(u)** of
Xr(p) may not coincide with the order bidual of Xg(p). Fix € € (XR(H)*)+- By
[2, Theorem 1.18], we have

Je(If1)©) = (If],§) = max n(f),

where the maximum is taken over all R-linear functionals 7 : Xg(u) — R satisfying
—£<n<¢ (le,ne[=£E]). It is routine to check that such an 7 is continuous,
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that is, 5 € Xg()*. Choose fy € [~€,€] € Xz (u)* such that Ja(|f])(€) = m(/)-

Then
0<J(If)E) = Jr(f)m) = [Jr(F)no)| < [Tr()]E),

which implies that Jg(|f]) < |Jz(f)| because ¢ € (Xr(p)")T is arbitrary. Since
the reverse inequality Je(|f|) > |Jr(f)]| is clear, we have established (2.26) for
all f € Xg(p). Therefore, Jg is a lattice homomorphism, that is, it preserves the
order operations (see [2, Theorem 7.2]).

Now take a C-valued function f € X(u). To prove the inequality |J(f)| >
J(|f]), let F be the collection of all finite subsets of the interval [0,27) ordered
by inclusion. Let g := Re(f) and h := Im(f). Then, by [149, p. 134], we have, in
the complex vector lattice X (u), that |f| = Vycg2n) |(cos@)g + (sin0)h|. The fact
that X (u) is o.c. (see Remark 2.5) yields

1=\ (\/ ’(cos@)g—l—(sin&)h‘)

AEF  0eA

= lim (9\6/A|(c0s0)g+ (Sin@)h)|>.

A€F

Now, since Jg is a continuous lattice homomorphism and since
((cosB)g + (sinf)h) € Xg(u) for 6 € [0,2m),
we have that

Jr(|f]) = lim Jg \/ |(cosf)g + (sinf)hl
A€EF
0eA

- [1\1311? 0\€/A (JR(‘(cosﬁ)g + (sin@)h‘))

= /1\1é111? \/ ‘(COSQ)J}R(Q) + (sinG)JR(h)’.
(AN

On the other hand, from [149, Ch. IV, Theorem 1.8] applied to the continuous
linear functional

J(f) = Jalg) + iJe(h) € X(n)™ = L(X(1)*,C),
it follows that
A=\ |(cosb)n(g) + (sind)Ji(h)],

0e[0,2m)

and hence,

[7(£)] = lim \/ |(cos8) Julg) + (sind)Ja(h)| = Ja(If]) = J(If]).
0eA

Conversely, [J(f)| < |J|(|f]) = J(If]) (see [149, Ch. IV, Definition 1.7]). So,
the lemma has been established. O
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Some basic properties of the seminorm || - ||, x(,) are now presented.

Proposition 2.13. Let X (u) be a ¢-B.f.s. based on (2, X, u). The following state-
ments hold for the seminorm || - |l x () : X (1) — [0,00) defined by (2.25).

(i) We have

0 < |7l

b,X(n) — HJ(f)HX(u)** < ”f”X(u)v fGX(/,L). (2'27)

(ii) Let X (u) be either a B.f.s. or a o-order continuous g-B.f.s. Then the semi-
norm || - [|b,x () s @ lattice seminorm, namely || fllv, x () < l9llb,x () when-
ever f,g € X(p) and [f| < |g].

(iii) The seminorm || - ||y, x(u) s identically zero on X (u) if and only if X (u)* =
{0}.

(iv) The space (X (w), || - | x(u)) @s @ B.f.s. if and only if || fllo,x () = Il x () for
all f € X(u).

(v) The following conditions are equivalent.
(@) [+ llb,x(u) is @ norm on X (i).
(b) The linear map J : X (p) — X (u)** is injective.
(¢) The closed unit ball B[X (u)*] separates points of X (u).

(vi) Let X(u) be either a B.f.s. or a o-order continuous ¢-B.f.s. Then the following
conditions are equivalent.

() (X (1) I lb,x () s @ B.f.s.
() Il Ixquy and || - [[b,x(u) are equivalent on X (u).
(c) X(u) admits a lattice norm equivalent to || - || x (-
(vii) Let X (p) be either a B.f.s. or a o-order continuous q-B.f.s. and f € X (u)™T.
Then there exists £ € B[X (u)*] N (X(/,L)*)+ such that (f,&) = || fllb,x ()

Proof. Statement (i) has already been verified and (iii) is clear from (2.25).

(ii) If X(p) is a B.fs., then || - ||y x(u) = || - | x(n) is a lattice norm.

So, assume that X (i) is a o-order continuous q-B.f.s. Let f, g € X (p) with
|f| < |g|. Since [| - || x ()=~ is a lattice norm, Lemma 2.12 yields

1 . x ) = 1T xe - = ITEO e = 1A DN x -+

b, x () < HJOQDH){(M)**' Since J(|f]) < J(]g]), it follows that

Similarly, ||g

I llb,x ) < llgllb,x ()

which verifies part (ii).
(iv) The “ounly if” portion has already been established. The “if” portion

follows because || - ||x ¢y = || - [|b,x () implies that || - ||, x(,) and hence, also
Il - lx(u), is & norm, which is necessarily a lattice norm by (ii).
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(v ) Since we already know that || - ||, x(,) is a seminorm, (a) < (b) follows
from (2.27) and (a) < (c) follows from the respective definition.

(vi) (a) = (b). By (2.27), the topology defined by the quasi-norm || - || x ()
on X (u) is stronger than that defined by || - || x (). Condition (a) enables us to
apply the Closed Graph Theorem, [88, §15, 12(3)], to deduce (b).

(b) = (c). Since || - ||p,x () is a lattice seminorm (by (ii)), this is clear.
(c) = (a). Let || - [ x () be a lattice norm which is equivalent to || - || x(,) on
X (). Select constants Cy, Cy > 0 such that
Cillfllxe = Ifllxw < Collflxqn, — f € X(w). (2.28)
We shall show that
Cillflxg < Ifllbxew < Callfllx fe X (2.29)
To prove the first inequality, let || - ||x(,)- denote the dual norm on the space

X(p)* = (X(p), | - Ix(u)*- Given £ € X ()", it follows from (2.28) that

(LT < I lxquy - Nl (- < CT M Iy - Bl x oy = (CT M IENx () £ Il x 0
for every f € X (u), which implies that

1€l x Gy < CT M€l x (- (2.30)

because
1€l x(y- = inf {C > 0: [(f,)] < C|Ifllx(u forall feX(u)},

which follows routinely from (2.16). Now, fix f € X (u). The Hahn-Banach The-
orem applied in the Banach space (X (p), || - [l x(.)) guarantees that there exists
§o € X(w)* with [|Sollx (- < 1 for which [[fllx.) = [{f )| Therefore, the
definition of || f[[p,x (. (see (2.25)) yields that

Cullflx g = I, Créo)l < [ f 1l x ()

because [|C1éollx ()« < lollx(uy- < 1 via (2.30) (with £ := &). So, the first
inequality in (2.29) is established.
On the other hand, from (2.27) and (2.28), we have

[fllb.x ) < Ifllx@ < Collfllxqn, e Xw),

so that the second inequality in (2.29) also holds.

Since (X (), || - lx(n)) is @ B.f:s. and || - ||, x () is a lattice seminorm (by
(ii)), it follows that (X (u), || - [Ib,x () is a B.fs.

(vii) Recall that X (u)* is a Banach space (relative to (2.16)), possibly equal-
ing {0}. The weak* closed subset

BT [X ()] = B[X ()] N (X ()")"
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of the weak* compact set B[X (u)*] (see [142, Theorem 3.15]) is also weak* com-
pact. Moreover, || fly x(u) = SuPeep+[x ()< (f§)- Indeed, (2.27) implies that

||f||b,X(;¢):||J(f)||X(p)**:g sup (& I(f)] = sup ([, 9)]

eB[X (u)*] EEB[X (p)*]
< sup  (|fLIE) = sup  (|fl;n)
£EB[X (n)*] nEBT[X (1)*]
< A b x = 1 lb,x 000

where the last equality follows from part (ii). The scalar function & — (f, ), for
¢ € BT[X(pn)*], which is continuous on BT[X (u)*] equipped with the relative
weak* topology, attains its maximum at some point of BT [X (u)*]. O

Example 2.14. Let the notation be as in Example 2.11 with 0 < r < 1. Then,

given f € ¢"(p) we have

1/r

HbeZT(,u) = |fe HeL

Indeed, for every h € £"(p)* = /7 - £°° we have ||h|[gr(uy- = [~/ hll¢=. So,
(2.24) gives

1 Wy = sup { [(f, )| = b€ BI€™(12)"] }

= sup{| i_oj (/")) - @™ "))+ b e BIE ()] |

=sup{ | D (£ ) - 9(m) | : g € BIEXT} = £ .
n=1

Note that || - |per¢ is a lattice norm on £7(u), but surely not equivalent to
[ ller (- O

Let X(u) be a g-B.f:s. over (Q, %, ). Given a non-p-null set A € X, let ua
denote the restriction of p to X N A. Let

X(pa) ={fla: fe X}

where f|4 denotes the restriction of each function f € X (u) to A. The functional
I I x(ua) : X(pa) — [0,00), defined for each f|4 by

I lallxgeay = 1 x4 llx s (2.31)

for all f € X(u) satisfying f = f on A, is clearly a well-defined lattice quasi-
norm in X (pa). Given g € X(pa), let the element ia(g) € X (u) be defined by
ia(9)(w) = g(w) for every w € A and by g(w) := 0 for every w € Q\ A. Then
the so-defined linear map i4 : X (ua) — X (u) is positive and an isometry onto its
range because

191l xua) = 1a(9) - Xullxon = llial@lxg, g€ X(pa) (2.32)
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Lemma 2.15. Let X () be a q-B.f.s. over (2,2, ). Let A € ¥ be a non-u-null set.

(i) The function space X (pa) equipped with the quasi-norm || - ||x (., defined by
(2.31) is a q-B.f.s. over the finite measure space (A, XN A, pa). Moreover,
X (pa) is o-0.c. whenever X (u) is o-o.c.

(ii) The dual operator i* : X (u)* — X(pa)* of ia: X(pa) — X (1) satisfies
73 (BIX(1)]) = B[X(na)"].

(iii) We have

b, X ()5 g€ X(pa). (2.33)

Proof. (i) The first statement follows from the fact that i4 is a linear isometry
from X (p4) onto the closed sublattice x , - X (u) 1= {XAf cf e X(p} of X(u)
which preserves the order operations.

Suppose now that X (p) is 0-o.c. Let f, | 0 with {f,}5%; C X (pa)™. Then
{iA(fn)}Zozl C X ()" with i4(f,) | 0. Hence, |iA(fn)HX(#) 1 0 and, by (2.32),

also Hf”HX(uA) 1 0. Accordingly, X (p4) is also o-o.c.
(ii) Let € € B[X (1)*]. Then (2.32) gives

gl x () = llialg)

g, ia€)] = [(ia(9), O] < lial@lx = l9llxqus), 9 € X(na),

which implies that Hij,(f)HX(M)* <1, that is, i%(¢) € B[X (za)*]. So,

4 (BIX (1)']) € BIX(s4)"]

Conversely, let 7 € B[X (u4)*]. Define a linear functional 7 : X (u) — C by
n(f) :== (fla, n) for every f € X(u). Then 7 € X (u)* and satisfies 7] x .- < 1
because

()| = [fla m| < Wflalxgn) = Ixlxe <Uflix@w,  FeXw).

Moreover, given g € X (ua), we have

(g, (@) = (ialg), M) = (ia(9)|a, n) = (g, n),

which implies that n = i% (77) € % (B[X(1)*]). So, we have established part (ii).
(iii) This is a straightforward application of part (ii) and (2.25), applied to
both X (u) and X (pa). O

Given a ¢-B.f.s. X(u) and a non-p-null set A € X, the linear operator
ia: X(pa) — X(p) is an isometry via (2.32) and its range is the closed sub-
lattice x4 - X (1) of X(p). So we can have the identification

X(pa) = xa-X(n) (2.34)
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via i4. With this identification we may rephrase (2.32) as

1 X 4 lxen) = X 4llx )5 feX(p). (2.35)

Moreover, we may then rewrite (2.33) in Lemma 2.15 above as
||fXA||b,X(;LA) = ||fXA||b,X(;L)’ feXu. (2.36)

Let us return to a general q-B.f.s. X (p). Given g € L%(u), let

g-X(p):={gf:fe X}

The Kdthe dual of X (1), also called the associate space of X (u), [102, 164], is the
order ideal of L°(y) defined by

X(p) ={geLn):g-X(u) € L (1)}

Since both X () and L'(u) are order ideals with x, € X(u), it follows that
X(u) C LY(p). Given g € X (u), the linear functional

€ [ /Q ofdu,  feX(), (2.37)

is necessarily continuous, that is, £, € X (u)*. Indeed, the multiplication operator
My : f — gf, for f € X(u), is a closed operator (cf. Proposition 2.2(iii)) from
X (u) into L'(p) and hence, is continuous via the Closed Graph Theorem, [88,
§15.12.(3)]. So, &, is continuous because it is the composition of M, with the
continuous linear functional h — [, hdp on L' (p).

Next, observe that the linear map

g—&, geX(u), (2.38)

from X (p)" into X (u)* is injective. Indeed, suppose that £ = 0. Since sim¥ C
X (p), we have &,(x ,) = J49dp=0forall AeX. But, ge L'(p) and so g = 0.
Hence, we can define a norm on X (1) for which the canonical map (2.38) becomes
an isometry, namely

9l x )y = N€gll x ()= geX(p)

Clearly, || - ||x(u) is a lattice norm. Accordingly, (X (u)’, || - || x(u)) is a lattice
normed function space over (Q, 3, u).

Proposition 2.16. Let (X (u), | - ||x(u)) be a ¢-B.f.5. over (Q,%, ).

(i) The Kéthe dual (X (p)',[ - || x () of X (i) is a complete, normed function
space. Consequently, if X (u)" contains all ¥-simple functions, then X (u) is
a B.f.s.
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(i) If, in addition, X (u) is o-o.c., then the linear isometry (2.38) is surjective.

(iii) Assume that X (u) is a B.f.s. Then the linear isometry (2.38) is surjective if
and only if X (u) has o-o.c. norm.

To prove this we shall use the following Vitali type convergence theorem as
given in [97, Lemma 2.3].

Lemma 2.17. Let A : ¥ — C be a complex measure. Then a X-measurable function
f:Q — C is X-integrable (i.e., [ |f|d|A] < oo, where |\| is the variation measure
of \) if and only if there exist f, € L*()\), for n € N, such that f, — f pointwise
as n — oo and, for each A € 3, the complex sequence {fA fn dA}S2, converges.
In this case we have

/fdy: lim/fnd/\, AeX.
A n— 00 A
Proof of Proposition 2.16. Observe first that
st < Ixglxgo lollxer. o€ X (239)

Let {g,}224 be a Cauchy sequence in X (p)". By (2.39) we have that

/Q lgn = gkl dp < lIXgllx(w lgn — 9kl xy,  nk €N,

and so the sequence {g,}°; is Cauchy in L!(u). Hence, there is a subsequence
{9n() 1521 converging p-a.e. to a function g € L' (p).
Let € > 0. Choose N € N such that

190Gy = Iny I x () < € J. k> N. (2.40)

Fix f € X(u). Then g,y f — gf pointwise p-a.e. as j — oo and, given A € %,
the scalar sequence { / (G f) dy};il converges due to the inequalities

‘/A(gn(j)f_gn(k)f) du‘ S/A|gn(j)f—gn(k)f|du < N fllxw & 4 keN,
(2.41)

which follows from (2.40). By Lemma 2.17 we can conclude that gf € L'(u),
Moreover, Fatou’s Lemma and (2.41) give, for all j > N and f € B[X(u)], that

‘/(gnm—g)fdu‘ S/ l9n() — 91+ |1 dpe
Q Q
:/ im [gnj) = gy | - [fldp < 1iminf/ 19n(j) — Gno)| - [fldp < e.
Qk‘—N)O k—oo 9]

Therefore, g is the limit of the subsequence {g,; }72; and hence, also of {gn};%,
in the norm of X (u)’. So, (i) is proved.
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To prove (ii), let n € X (u)*. Define a set function A, : A — (x,, n), for
A € ¥. Then ), is a complex measure because, for every sequence {A(n)}52; C ¥
decreasing to the empty set, we have |(XA(n),n>| < ”XA(n)”X(u) 171l x ()= — 0 as
n — 0o because | - || x () is 0-0.c. If A € ¥ is p-null (i.e., u(A) = 0), then x , =0
in X (p) € L°(p), and hence, X, (A) = (x ,,n) = 0. So, A, is absolutely continuous
with respect to p; see [42, Ch. I, Theorem 2.1]. Let g € L' (1) denote the Radon—
Nikodym derivative d,/dp, that is, A,(A) = [, gdp for A € X. We claim that
g€ X(p) and [, fgdu = (f,n) for every f € X(u). In fact, fix f € X(u). Since
X () is o-0.c., we can choose a sequence {s,}52; from sim ¥ such that |s,| < |f]
for all n € N and lim,, .o s, = f both pointwise and in the quasi-norm || - || x,.);
see Remark 2.6. So, s,g — fg pointwise as n — oo, and the limit

(fXqom = lim (spx,,n) = lim Spdh, = lim / Sng dp
n—oo n—oo n—oo A
exists for all A € ¥. Then Lemma 2.17 applies to conclude that fg € L'(u) and
Jo fadu = (f,n). Accordingly, g € X (p)" (because f € X(u) is arbitrary) and
n =&, (see (2.37)). This establishes (ii).
(iii) This is well known; see for example [164, §72, Theorem 5] where the
setting is B.f.s.” over R and C. O

Remark 2.18. (i) We can regard X (u)" as a subspace of X (u)* via the linear
isometry (2.38); that is, we identify each g € X(u)" with §, € X(p)*. With
this identification, part (i) of Proposition 2.16 means that the Kéthe dual X ()’
is a closed subspace of the (topological) dual X (u)*, and part (ii) means that
X(p)' = X(p)"

(ii) If X(u) is a o-order continuous B.f.s. of the form L, for some function
norm p : M (u) — [0, 00], then (L,)" = (L,)*; see [164, Ch. 15, Theorem 15].

(iii) Part (iii) of Proposition 2.16 is well known for real B.f.s., [108, Theorem
2.4.2]. This result may fail in a ¢-B.f.s.; see Example 2.19 below. ]

When 2 happens to be a topological Hausdorff space, we denote by B(2) the
Borel o-algebra of ), that is, the o-algebra generated by all the open subsets of 2.

Example 2.19. Let p : B([0,1]) — [0,1] denote the Lebesgue measure. Define
A(n) := [(n+1)7', n7!) for n € N. Let X(u) denote the order ideal in L°(y)
consisting of all f € L%(u) such that

||f||X(N) = Slég ||fXA(n)||L1/2(#) < o0. (242)
The functional defined on X (x) by (2.42) is a quasi-norm satisfying

1 + gl < 2(1f e +lglxg)s  Fo€ X ).
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It is routine to check that X (u) is complete relative to || - || x(,). Since sim¥ C
X (p), we conclude that (X (u), || - [|x () is a ¢-B.f:s. based on ([0, 1], B([0, 1]), ).
Moreover, L'/?() € X (u) and the natural inclusion map is continuous because
£l x ) < 1 flp1r2q for all f e L'/2(). Therefore,

X(p)* € LY = {0}

see Example 2.10. Hence, X (1)’ = X (u)* = {0}. However, X (i) is not o-o.c. In
fact, for each k € N, define

> —1
Jr = Z HXA(n)||L1/2(u) “XAm)
n==k

Then || fxllx( = 1 for all k& € N whereas fi | 0. So, the quasi-norm || - || x(,) is
not o-o.c. O

2.2 The p-th power of a quasi-Banach function space

The following inequalities for a, b € [0, 00) will be useful in subsequent arguments:

(a+b)" < a" 40" for 0<r <1, (2.43)
a"+b" < (a+b)" < 27 a" +b") for r>1, and (2.44)
la” —b"| < r-]a" "t 0" - o — b) for r>1. (2.45)

Given 0 < p < oo, we define the p-th power X (u)p C L%(u) of a g-B.fs.
(X (1), | [Ix (), according to [61, Definition 1.9] and [30, p. 156]; see also [104].
Namely,
X () = {f € L) : |V € X (n)} (2.46)
and
P
1 x @ = NP e F € X (2.47)

The term “p-th power” is derived from the fact that
Ifl € X(u) <= |fI” € X(n)y  provided [ e L(u), (2.48)

which is clear from the definition. It follows from (2.43) and (2.44) that X (u)}) is
an order ideal of the vector lattice L%(x), with sim ¥ C X (1)), and that (2.47)
defines a quasi-norm ||| x(,),,,; see Lemma 2.21 below. Of course, X (u)1) = X (1)
Even when X (1) is a B.f.s., the space X (u1)[,) may only be a quasi-normed function
space (for some p). For instance, if X (u) := L'([0,1]) and 1 < p < oo, then
X(W)p = LY?(]0,1]) with 0 < (1/p) < 1 and so is a non-normable q-B.fs.,
whereas for 0 < p < 1 we see that X (1), = LY/?([0,1]) with 1 < (1/p) < oo is

actually a B.f.s. The proof of the following lemma is routine.
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Lemma 2.20. Let X (u) be a ¢-B.f.s. based on (Q, 3, u).

(i) For all 0 < p,r < oo we have (X(,u)[p])[r] = X (1) (pr]-

(ii) Given a g¢-B.f.s. Y (1) over (Q,%, 1), we have X (u) C Y (u) if and only if
X () € Y () for some/every p € (0,00).

Given ¢-B.f.s.” X (p) and Y (i) over (Q,%, 1), let us adopt the convention

X(u)-Y(u):={fg:feX(n) and g Y(n)}.
The following result collects together some useful facts concerning X (i) ).

Lemma 2.21. Let (X (), || - [ x () be a ¢-B.f.s. based on (2,3, 1) and K > 1 be a
constant satisfying

1+ Pollxgy < K(IAlxe + Ilxew)s A€ X, (249)

(i) Let q,r,5 >0 be numbers such that ¢ = r+s. If f € X (u);,) and g € X (1)),
then fg € X (u)jq and

179l x ) < KN x o 1911 x oy - (2.50)

Conversely, given h € X(u)jq, there exist functions f € X(u);) and
g € X(u)(s such that h = fg. Consequently,

X (g = X (W - X (1) (2.51)

(ii) Let 0 < p < oo. The p-th power X (1)) of X (1) is an ideal of the vector lat-
tice L°(p) with sim ¥ C X () (). Moreover, the function ||- | x (), defined by
(2.47) is a lattice quasi-norm on X (w)py) satisfying, for all f,g € X (1)),

1+l < K21 xgoy, + l9lx,) — when 0<p<1, (252)
and

1+ gl < 27K (I xoy + lollxgo,) — when 1<p<oc.

(2.53)

(iii) If the quasi-norm of X (u) is 0-o.c., then the quasi-norm of X (), is also

o-o.c. for every 0 < p < oo. In particular, sim ¥ is dense in X (j1)[p) for every
0<p<oo.

(iv) If 0 < p < q < oo, then X(u) € X (p)q and the natural inclusion map is
continuous. Indeed,

IN

[fllx < Kxols oy 1flxay, — f€ X

In particular, X(u) € X(u)p for 1 < p < 0o and X(u)p S X(u) for
0<p<l1.
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Proof. (1) We adapt the standard proof of Holder’s inequality as done in [61,
Proposition 1.10]. In order to establish (2.50) it suffices to assume that || f||x (), =

1= ||gllx(u.; see (Q2). Let F := [f['/7 € X (p)r/q and G := |g|'/9 € X (1)(s/q)-
Then FG € X (1) because (r/q) + (s/q) = 1 yields

FG — (Fq/r)r/q (Gq/S)s/q < Lpury Zqass
q q
with both F%/7 G9/* € X (u). This inequality and (2.49) give

T ” s s
IFGlxgr < K (CIF™ g + 216" Ny,,) = &

because ||Fq/7on(M) = | ‘f|1/er(u) = 1 and HGq/sHX(u) = | |g|1/s||X(p) = L
Observing that fg € X (u)q, we have, via |fg|'/9 = FG € X (u), that
q
179l x = I1FCIxq = K%

which establishes (2.50).

Concerning the converse, let h € X (u)[q. Define a function sgnh : Q@ — C by
(sgnh)(w) := h(w)/|h(w)| for every w € Q with the understanding that 0/0 = 0.
Then the function f := (sgnh)-|h|"/9 belongs to X (1), because IfIY/™ = |n|V/9 e

X (p). Similarly, the function g := |h|*/? belongs to X(p)y because lg|/s =
|n|'/ € X (). Therefore, since 1 = (r/q) + (s/q), we have that
ho= (sgnh)-|h| = (sgnh) - [R"/7- BT = fg € X(n)y - X ().

So, (2.51) holds.
(ii) Clearly X (u)(y) is closed under scalar multiplication. Let f,g € X ()
Then by applying (2.43) and (2.44) we have

|f +g|1/p < g(l/p)fl(‘fp/p + |g|1/p) and |f+g|1/p < |f|1/p + |g|1/p

[p]-

when 0 < p < 1 and 1 < p < oo, respectively. In both cases, f +g € X ()], that
is, X (u)[p) is a linear subspace of L%(u). So, from the definition of X (1), it is
clear that X (u) is an ideal of L°(u) with sim ¥ C X (u).

A straightforward adaptation of the proof of Proposition 1.11 in [61] estab-
lishes (2.52) and (2.53) as follows. When 0 < p < 1, we have, from (2.49) and part
(i) with r :=p, s := (1 — p) and ¢ := 1, that

H |f+g‘1/p HX(M) = H If +gl- |f+g|(1/p)71 HX(M)
<E( 1117 +01P gy + ol 1 +0YP 7 )

S KQ( ||f||X(u)[p] + ||gHX(;L)[p]) : || |f +g|(1/p)_1 HX(H) N

[1—p]

The fact that || |f +g|t/P—1 HX(M)[lfp] =1 +g|t/P ||;(Z) gives (2.52).
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Next, let 1 < p < oo. Then (2.43), (2.44) and (2.49) yield

1F + 9llx g = 11 +9glVP [ < A7+ 1917 % )
< K7 (A | g + a7 [ )"

< 2 R (U g+ 1 11 )

that is, (2.53) holds.
(iii) Fix 0 < p < oo. Suppose the sequence f, | 0 in (X(u)[p])Jr. Then
also fo/? | 0in X (u)* and hence, ||f%/p||X(M) — 0. Consequently, || fullx (), =

Hfrlz/pni(u) — 0, showing that || - ||x(),, is o-o.c. Since sim¥ C X(u)y), the
density of sim Y follows from Remark 2.6.
(iv) Let f € X (u)p)- Since x, € X (p1)[q—p), we have from (i) that the function

f=1xq € X(u)g and
||f||X(p)[q] = ||fXQHX(u) lal < K1 ||XQHX(H)[47;,] ”f”X(u)[p]

Since || statement (iv) holds. O

XQHX(M)[q— ||XQ||X( )?

]

Given 0 < p < oo and a q-B.f.s. X (u), by applying the fact that X (u)p) is a
vector space (cf. Lemma 2.21(ii)), it follows from (2.46) and (2.48) that

1/p
(Z|f1 ) €X(uw),  fi,....fneX(p), neN (2.54)

We now establish the important fact that the p-th power of X (u) is always com-
plete. This is stated in [61, Proposition 1.11], without proof, for the special case
when X (i) is a B.f.s.

Proposition 2.22. Let X (u) be any ¢-B.f.s. based on (Q, %, ). Then its p-th power
X (u)pp s complete for every 0 < p < oo. In particular, X (u)(y) is again a ¢-B.f.s.

Proof. Thanks to Lemma 2.21, the only remaining thing to be proved is the com-
pleteness of X (1), To this end let { f,, }52; be a Cauchy sequence in X (u),). Due
to the ideal property, both sequences {Ref,}52; and {Imf,}5  are also Cauchy
in X (p)pp)- The ideal property and the equality |a —b] = [a* —bT| +[a™ — b~ | for
real numbers a, b then ensures that the sequences {(Refn) +}n o {(Refn)~ }n »
{Imf,)* }:;1 and {(Imf,) }2021 are all Cauchy in X (u)fp. This allows us to
assume that f,, € X (u)[;], for all n € N, without loss of generality.

Assume that 0 < p < 1. Fix n,k € N. By (2.45) with r := 1/p we have

s 1/p‘ <z |f(1/p f;il/p)_l‘ N fa = Sl (2.55)
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The function |f(1/p) ! f(l/p) 1‘ belongs to X (1)j1—p)- So (2.55) and Lemma
2.21(i) with ¢ :=1, r —(1— p) and s —pensurethat

Hfﬁ/p /pHX(u) = _Hf(l/p + f S HX(u)l »] 1 - kaX(M)[] (2:56)

Since (1/p) — 1 = (1 — p)/p, the inequality (2.52) implies that

Hf1(11/10)—1 +f(1/p)71HX(M - < KQ( Hf7(L1_p)/pHX(u)[1 ; Hf(l P /pHX(u " ,,)
(1-p)/
= 21237 + 15" xc) < 2K%sup |51l x Gy - (257)

This inequality and (2.56) show that {fn/p}n 1 is Cauchy in the ¢-B.f.s. X (p)
and hence, has a limit g € X (p). Proposition 2.2(ii) implies that g > 0 (p-a.e.).
We now use the inequality |a — b|*/? < |a'/P — b/?| for positive numbers a and b,
which, for instance, follows from (2.44). This and the ideal property of X (u) give

£ = ngX(M)m = |1fa - 9p|1/p|‘§((#) = ||fvll/p - 9“?{(@ —0

as n — o0. Since g” € X (), this implies the completeness of X (1))

Now assume that 1 < p < co. We can again suppose that each f,, € X(u )[p]

for n € N. The inequality |a'/? —b/?| < |a —b|'/? for non-negative numbers a and
b (this can be derived from (2.43)) gives

/
15277 = £ Ny = W = 5" ey < W= Frll NGy n.k€N.
(2.58)

Therefore, {f%/p};’f:l is Cauchy and has a limit h € X (u). Again by Proposition
2.2(ii) we have h > 0. Clearly h? € X (u)p, and h?~! € X (u)[p—1j- Fix n € N. By
(2.45) with r := p, we have

[p

[ = BPL < p FE7D 4 B[ f27 = ). (2.59)

Apply Lemma 2.21(i) with ¢ :==p, r := (p — 1) and s := 1 to the right-hand side
of (2.59) to obtain

Pl 4 g~ )
<pKP? ||f7(1p71)/p + hp71||X(u)[p_1] HleL/p _ h”X(u)

It (2.60)

Moreover, Lemma 2.21(ii) gives, with oy = max{Q(p_Q)K(p_l), KQ}, that

Hf’(Lpil)/p+hp71||X(ﬂ)[p—11 S @ ( ||f(p71)/p||X(u)p 1] + thAHX(u)[p—ﬂ)

= oy (17 + IIRl) -



2.2. The p-th power of a quasi-Banach function space 43

This inequality, together with (2.59) and (2.60), yield
o = W21y < pEPap | sup (157 + WA ) | - LAY7 = Al

for n € N. That is, f, — h? in X (u),) as n — oo, and hence X (u)p, is complete.

O

[p]

It is of interest to determine when the p-th power of a q-B.f.s. (X (1), ||| x ()
is normable.

Let 0 < ¢ < 0o. The g-B.f.s. X(p) is called g¢-convez if there is a constant
¢ > 0 such that

(1) = (S 1505) ™ 26

Jj=1

for all n € N and f1,..., fn € X(u); see [30, p. 156] for the case of a real g-B.fs.
The smallest constant satisfying (2.61) for all such n € N and f;’s (j =1,...,n)
is called the g-convezity constant of X (i) and is denoted by M(9)[X (1)]. Letting
n:=1in (2.61) yields

MO[X ()] > 1. (2.62)

Proposition 2.23. Let X (1) be a ¢-B.f.s. with quasi-norm || - || x(u)-

(1) Let 0 <p < L. If || lIx(u) i a norm, then || - [|x(u),, @ @ norm and hence,
(X(N)[p]v H ) HX(,[L)[,)]) is a B.f.s.

(ii) Let 0 < p < oo. Then the ¢-B.f.s. X () is p-convez if and only if its p-th
power X (p)p) admits a lattice norm equivalent to || - || x (), - Moreover, it is
possible to select an equivalent lattice norm ny,) on X (u)p,) satisfying

M) () < I lxgoy < MPX D" 0y (), feX(w)y). (2.63)

(iii) Assume that X (u) is p-convex for some 0 < p < co. Then the lattice quasi-
norm || - || x(u),, @ a norm if and only if M® X (p)] = 1.

(iv) If X(u) is p-convex for some 1 < p < oo, then X (u) admits a lattice norm
equivalent to || - || x .-

Proof. (i) The fact that || - [|x (), is a norm is known, [61, Proposition 1.11]. For
the completeness of X (1), see Proposition 2.22.
(ii) Suppose that X (u) is p-convex. Define

N (f) = inf{z £l x Gy 1FI S D16 £ € X, G=1,...,m, n€ N}
j=1 j=1

(2.64)
for every f € X (u)p). That ) : X(u) — [0,00) is a lattice norm equivalent to
the quasi-norm || - [[x(y),, is stated in [30, Lemma 3] without a proof and with
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extra properties required of the quasi-norm. So, we provide a proof for our more
general setting.
From the definition of 5y, it follows, for a € C and f,g € X(u)(y), that

w(af) = lalng (f) and 9 (f + 9) < 0 (f) + ) (g). It is easy to verify that
Nip) (f) < npp)(9) whenever f,g € X (u)[y with [f] < [g]. We now claim that

M () < Iflxny < MPX@WD" -np(F),  FeX (W) (2.65)

The first inequality in (2.65) is clear from (2.64). To prove the second inequality,
fix f € X(u)p). Given € > 0 select n € N and fi,..., fn € X(u)p such that

If] < 2?71 |f;] and
ZHfJHX(p,) < np(f) + e (2.66)

The p-convexity of X (u) gives

||f||X(M)[p] = |||f|1/p I X(pw) — H(Zm) /pHim)
_ H( 1) < ol (ZH 1417 )
— (MO[x (an]nm) ) < MO (1) + ©)-

Since € > 0 is arbitrary, it is clear that the second inequality in (2.65) holds. It
follows from (Q1) and (2.65) that 7y, (f) = 0 if and only if f = 0. Therefore, 7y,
is a lattice norm on X (u)p, equivalent to || - [[x (), -

Assume now that X (u)[p] admits an equivalent lattice norm p, that is, there
exist C'1, Cy > 0 such that

Cillfllx )y < P() < Call fllx(uy s fe Xy (2.67)

Fixne Nand fi,..., fn € X(u). From (2.67) and the triangle inequality for the
norm p, it follows that

(1) L, =X 1501,

< (e (X)) < (5 ip 15m)"
j=1 =1

< (e S l,) = (e (Sllh)
j= J=

So, X (u) is p-convex and we have established part (ii).
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(iii) Assume that M®[X (u)] = 1. Then the lattice norm 7y, defined by
(2.64) equals || - [ x(,),, because ny, satisfies (2.63) as verified in the proof of part
(ii). Consequently, || - | x (), is a norm.

Conversely, assume that || - |[x(u),, is a lattice norm and take arbitrary
fioooo, fa € X(p) with n € N. Then, the triangle inequality of [ - ||x (), im-
plies that

(1)
j=1

B " P 1/p
X(n) H ; ul HX(#)[,,]

n 1/p n 1/p
< (I g, ) = (S Millg)
j=1 j=1

Thus, M®)[X (1)] < 1, which together with (2.62) imply that M®[X (u)] = 1.
(iv) By part (ii), the g-B.f.s. X (u),) admits an equivalent lattice norm
given by (2.64) and satisfying (2.65). Define

nx(l,‘)(f) = (77[;0] (|f|p) )1/137 f S X(,u)

1/p . .
For f € X(u), note that (n[p](|f|p)) is precisely HfH()N((N)[p])[l/p]7 where

)Z’(p)[p] denotes the B.f.s. (X (1), nyp)), after observing (by Lemma 2.20) that
(X (1) p))/p) = X () as vector lattices. By part (i), with 1/p € (0, 1] in place of p
and )?(u)[p] in place of X (u), we conclude that X () is a lattice norm on X (u).
Given g € X (i), substituting f := |g|? € X (), into (2.65) yields

M@ < llgllxen < MPX ()] -0y, (9).

®)

This shows that 7+ and || - [|x() are equivalent. O

A natural question is whether or not the p-th power X (u)p, of a q-B.fs.
X () is different from the original space X (u). If X (u) is the B.f.s. L>(u), then
X(p)p = X(u) for all p € (0,00). The converse also turns out to be valid. To
verify this we need the following Lemma 2.24. Given g € L*°(u) and any g-B.f.s.
X (), let My : X(p) — X (p) denote the multiplication operator defined by

My(f) =g/, feX). (2.68)

Since [g| < ||g||_ xq and || - | x () is a lattice quasi-norm, it follows that

My (D xw) < Nglloc | Fllxuy  forall f e X (),

that is, M, is continuous.
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Lemma 2.24. Let X (u) be a ¢-B.f.s. based on a positive, finite measure space
(Q,%, 1) and suppose that T € L(X () satisfies T o My, = My, o T for every
A€ 3. Then the function T(x,,) € L*(u).

Proof. Let ¢ :=T(x,,). We show that

lel < AT xg, - (2.69)

Suppose that p({w € Q : |o(w)| > |T[|}) > 0. Then there exists ¢ > 0 such that
the set A := {w € Q: |p(w)| > e+ ||T||} satisfies ;1(A) > 0. Observe that

|‘pXA| = ‘(MXA oT)(XQ)’ = ’(TOMXA)(XQ)‘ = ‘T<XA)‘

and, by definition of A, that |80XA| > (e 4+ |IT) x4 It follows that |T(XA)| >
(e + ||T||)XA and hence, by the lattice property of || - || x(,), that

17O x g = T Oy = (€ ITI) x4l o)
On the other hand, by the definition of ||T||, it follows that
HT(XA)HX(;L) < NTN - x4l x -

Since ||X 4[| x(u) > 0, the previous two inequalities are contradictory to one another.
Accordingly, {w € Q : [p(w)| > ||T||} is a p-null set, from which (2.69) follows
immediately. In particular, ¢ € L (). O

Remark 2.25. Let T' € L£(X(u)) satisfy the hypothesis of Lemma 2.24. Then
ToMs= MsoT for every s € sim¥ and, with ¢ denoting T'(x,,) € L*>(n), we
have T'(s) = ¢s = M,(s) for s € sim . From this formula, the continuity of both
T and M, on X (u), and the fact that sim ¥ is dense in X (p)p, it follows that

T(f)=¢f,  feX(wh. (2.70)

In particular, if X (1) = X(u)y, (e.g., if || - || x () is 0-0.c.), then T' = M, on X (u).
However, if sim Y is not dense in X (u), then it is not possible to conclude, via
topological means, that (2.70) holds for arbitrary f € X (u). However, using the
Dedekind completeness of Lg°(p) it can be shown via an order argument that
(2.70) does hold, in general, for all f € Xr(p) and T € L(Xr(n)) satisfying the
hypothesis of Lemma 2.24; see [38, Proposition 2.2] for the B.f.s. setting (and more
general measures 1) and [89, Ch. 3] for the g-B.f.s. setting (both over R). It would
be interesting to know if these arguments extend to spaces over C. O

Proposition 2.26. Let X (u) be a ¢-B.f.s. based on (2,3, ). Then the following
statements are equivalent.

(i) X(p) = L>(n).

(i) X (1) = X (1) for every p € (0,00).
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(iii) There exists p € (0,1) U (1,00) such that X (i) = X ().
(iv) The ¢-B.f.s. X () is an algebra of functions with respect to (u-a.e.) pointwise
multiplication.

Proof. The implications (i) = (ii) = (iii) are clear.
(iii) = (iv). Mathematical induction and Lemma 2.20(i) yield

X (1) ey = X (), n€N. (2.71)

Assume first that 0 < p < 1. Then p?¥ < 1/2 < oo for some N € N. Then, Lemma
2.21(iv) and (2.71) with n := N give

X(ppyz =X () (2.72)

because X (1) = X(u)pvy € Xz © X(p)y = X(p). Next assume that
1 <p <oo. Then X (1) = (X (1)p))p/p) = X (1)[1/p)> via Lemma 2.20(i) and our
hypothesis that X (u),) = X(u). Using the fact that (1/p)" < 1/2 for a large
enough n € N, we can again deduce (2.72).

Let f € X(u). Then, f € X (u)p/9 via (2.72). So, | f|* € X (u) by definition.
Hence, |f?| = |f|? € X(u) and, since X (u) is a lattice, also f2 belongs to X (u).
Since f is arbitrary, the general identity 4gh = (g + h)? — (g — h)? for g, h € X (p)
yields statement (iv).

(iv) = (i). Let g € X (1) be arbitrary, but fixed. Since X (1) is an algebra, we
have gf € X (u) for every f € X (u). An application of Proposition 2.2(iii) and the
Closed Graph Theorem, [88, §15.12.(3)], implies that the operator T defined (on
all of X (u)) by f — g¢f is continuous. Since T clearly satisfies To M, , = M, , 0T,
for every A € X, it follows from Lemma 2.24 that g = T'(x,) € L>(u). O

Let X(u) and Y (i) be ¢-B.f.s.” based on (2, X, ). Define an order ideal of
L) by
M(X (), Y (1) := {g € L) = g- X (1) CY (1)} (2.73)
Two special cases have already been considered. Indeed, if Y (u) = L' (), then it
follows from the definition of the Kéthe dual X (u)" that

M(X (), L (1) = X ()" (2.74)
Moreover, if X (u) =Y (), then
M(X (), X (1) = L= (1) (2.75)

Indeed, the inclusion L>(u) € M (X (), X (1)) is clear.
Conversely, if g € M(X (1), X (,u)) then the usual “closed graph argument”

shows that the linear map T : X (u) — X (u) defined by f +— gf is continuous.
Then Lemma 2.24 implies that g € L>(u).
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We now investigate the general case from the viewpoint of p-th powers and
Kothe duals; see also [104]. Each g € M (X (u),Y (1)) corresponds to the multi-
plication operator M, : X (u) — Y (u) defined by

My(f) = gf, feX(p). (2.76)

This M, is continuous via the Closed Graph Theorem, [88, §15, 12.(3)]. So,
there is a one-to-one correspondence between M(X (1), Y(,u)) and the subspace
of L(X(u),Y (p)) which consists of all multiplication operators.

The following useful fact will be needed later.

Proposition 2.27. Let X (1) and Y () be ¢-B.f.s.” over (0,2, ) with Y (u) being
o-o0.c. Suppose that g € M(X(n),Y (1)) satisfies g # 0 (u-a.e.). Then the range
R(M,), of My, is dense in Y ().

Proof. According to Remark 2.6 it suffices to show that x , € Y (1) belongs to the
closure R(My) of R(My) (in Y (p)) for each A € 3 with p(A) > 0. Observe that
An)={weA:|jgw)>n""} 1 {we A: gw) #0},

that is, Xa(n T X 4 Since x , € Y (u) and Y (u) is o-0.c., it follows that Xam) — Xa
in the topology of Y(p). Moreover, g_le(n) € L*°(u) € X(u) for all n € N and
SO Mg(g_IXA(n)) = Xa(n) € R(M,) for all n € N. Accordingly, x , € R(M,), as
required. O

In Proposition 2.27, the condition that Y () is o-o.c. is necessary.

Example 2.28. Let X (u) = Y (u) = L°°(]0,1]) with u denoting Lebesgue measure
on Q := [0,1], in which case Y (u) is not o-o.c. Define g € M (X (p),Y (1)) by
g(w) == w for w € Q. To show that R(M,) # Y (1), consider the constant function
1=x,€Y(n) If1e R(M,), then there exists a function f € X (u) such that
11— g fllzo(0,1) < 1/2 and hence, also ||1 — gRe(f)|z([0,1)) < 1/2. So, we may
assume that f is R-valued. It then follows from the inequalities

—-1/2<wf(w)—1<1/2 prae. w €
that actually f > 0. So, f satisfies
0<wf(w) < w|fllL=qoi),  Hae we,
from which it follows that
11 =g fllo = sup {1 = wllfllzeqo : 0<w < AANFILxo))} =1

This contradicts |1 — g f|lz(0,1) < 1/2 and so no such f can exist, that is,
1 ¢ R(,). O
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Given 0 < p < oo, define the p-th power of the order ideal M (X(,u)7 Y(u)) by

M(X (1), Y (1), = {9 € L) = 191"/ € M(X (), Y (1)) }
as for the case of the p-th power of a q-B.f.s. Then we have
M(X (1), Y (1) = MX (W), Y (1)) )- (2.77)

Given g € LO(p)*, we have from (2.77) that ¢*/? € M (X (p),Y () if and only
if g € M(X (1)), Y (1)) ) Let pg : £ — [0,00] denote the indefinite integral
A~ [,gdp, for A € X. The following result will be useful in Chapter 6. Its
proof will be omitted as it is a direct application of the definitions, of (2.77) with
Y(pu) := LP(u) and of (2.74) with X (1), in place of X (u).

Proposition 2.29. Let X (u) be a ¢-B.f.s. over (2,3, 1) and let 0 < p < co. The
following statements for a function g € L*(u)™ are equivalent.

) [y lflPgdp = [ |fg'/?|" du < oo for all f € X(u).
(11) 9" € M(X (1), LP (1))
(il) g"/P € M(X (W), LP/" (1)) for some/every 0 < r < oo.
(iv) g € (X(w)p)"-

Given 1 < w < oo, we have from Holder’s inequality that
M(L* (), L () = L (@) = L (p), (2.78)

where (1/w)+(1/w’) = 1 (with the understanding that 1 /0o = 0). Let us generalize
this in Example 2.30(i) below.

Example 2.30. (i) Let 0 < p, ¢, < oo satisfy

1 1 1
We claim that
M(LP (), L7 (1)) = LI(p). (2.80)

In fact, if any one of p,q,r is infinity, then (2.80) is clear. So assume that 0 <
p,q,r < oo. Then (2.79) gives (p/r)~! + (¢/r)~! = 1. Since 1 < (p/r) < oo, we
have from (2.78) with w := (p/r) that M(LP/"(p), L' (1)) = L9/ (). This and
(2.77) imply that

M(LP(p), L7 (1)) = M(LP" ()10, L (1))
= M(Lp/r(/‘)v Ll(M))[l/r] = Lq/T(M)[l/r] = L(u).

(ii) Let 0 < r < 1 < p < 00. Choose 0 < ¢ < oo to satisty (2.79), in which
case (2.80) holds. Hence, g - LP(u) = My(LP(p)) € L"(p) for all g € L(p). In
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particular, the choice g := x,, gives that LP(u) C L"(u), that is, the B.f.s. LP(u)
is contained in the g-B.f.s. L™ (p).
On the other hand, the space M(L"(p), LP(p)) is not as rich as

M(LP(p), L™ (p)) = L ().

To see this, assume first that p is non-atomic. Then, M(L"(u), LP(n)) = {0}.
Indeed, let h € M(L"(p), LP(p)). To show that h = 0, we may assume that
h > 0. Apply Proposition 2.29 with g := h? and X(u) := L"(u) to obtain that
W€ (L' (n)y,) = L7/P(u)'. But, L"/?(n)’ = L™/?(u)* = {0} because (r/p) < 1
(see Example 2.10 and Remark 2.18(i)). So, M(L"(u), LP (1)) = {0}.

Suppose now that p is purely atomic. To make the presentation simpler,
assume that p : 2 — [0, 00) is a finite measure, with p({n}) > 0 for every n € N
and that p = 1. Then, M(£"(u), 0" (1)) # {0} because M(€"(p), £* (1)) > x4
for every non-empty finite set A € N. Of course, M(€"(u), £* (1)) 7 x, because

) ¢ ¢*(u). However, for a suitable choice of the measure y and the weight
function v on N, we can have the inclusion

O (dp) C 0 (w); (2.81)

in other words, the q-B.f.s. £"(¥)du) is contained in the B.f.s. ¢1(p). We shall deal
with similar cases in Chapter 6. Here, ¥ du denotes the scalar measure defined by

A— > " wm)p({n}), Ae2W (2.82)

neA

Let us present an explicit u and ¢ which satisfy (2.81). Choose ¢ € ¢" C ¢! such
that ¢(n) > 0 for all n € N. Define o by u(A) := 3 ., ¢(n) for A € 25, and let

P(n) == (u({n}))ri1 for n € N. Then

%) 00 r 00

> |u{n}:Z[ mlu(tn))]” (Z mlu(tn))’) "

(i ({”})) = fllerpan < o0

for all f € ¢"(¢ du), which establishes (2.81). We have used the fact that the
inequality ||g||s1/» < ||g||¢r holds for every g € 1. O

2.3 Completeness criteria

Proposition 2.22 shows that the spaces X(,u)[p], for 0 < p < oo, have the important
property that they are complete whenever the g-B.f.s. X (i) is complete. We now
present a criterion which ensures the completeness of X (u) itself; see Proposition
2.35 below. The criterion applies to an extensive class of spaces and is well known
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for normed function spaces; we are unaware of any such results for lattice quasi-
norms.

The proof proceeds via several lemmata, and relies on the existence of an
F-norm || - || on X (x) which generates the same topology as the original topology
and satisfies various useful inequalities.

Lemma 2.31. Suppose that (X (u), || - ||) is a lattice quasi-normed function space.
Let || - || : X(p) — [0,00) be the F-norm defined via (2.4) with Z := X () and for
an appropriate r > 0, so that (2.5) gives

i I < A< 1A feXu). (2.83)

(i) The inequality || f|| < 4 |lgll holds whenever f,g € X (u) satisfy | f| < |g|.
(i) For all f € X(n) we have

illl A< AN < 40 1f1- (2.84)

(iii) For each o € C and f € X (u) we have

"

I < llafll < 4lad™ AT (2.85)

(iv) For each 8> 0 and f € X (p) we have

glllflll < 18" £l < 481If1- (2.86)

Proof. (i) According to (2.83), if f,g € X(u) satisfy |f| < |g|, then the lattice
property (2.3) implies that

A< A7 < llgll™ < 4llgll,

which is precisely the inequality in part (i).

(ii) Since [f| < |f|, part (i) yields both [[f]| < 4] [f[ ] and 471 [f[ ]| < IIf]l
These two inequalities together form (2.84).

(iii) Using (Q2) and (2.83) we have

lecf Il < Nleaf [I” = e "[[FI" < 4" £1]

and also ) o] N
al” ol

> — r=1- >l .

ol > 7 lasIm =S 100 > 0

These two inequalities give (2.85).
(iv) Substitute a := §'/7 into (2.85) yields (2.86). 0
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Let X(u) be an order ideal in L°(u) and n : X(u) — [0,00) be either a
quasi-norm or an F-norm. We say that (X(u),n) has the weak Fatou property
if, whenever {u,}2°, C X ()" with u, 1 and sup,cy7(us) < oo, there exists
u € X(u)* such that u, 1 u (u-a.e.). Since u € X (u)* C L°u), we note that
U = SUP,,cy Un is finite-valued p-a.e.

Remark 2.32. (a) Let X (u) be an order ideal in L°(p1). Given any lattice quasi-
norm || - || on X (u), let || - || be the F-norm defined by (2.4) with Z := X (1) and
for an appropriate r > 0. In view of (2.83), we see that (X (u), | - ||) has the weak
Fatou property if and only if (X (u), | - ||) has the weak Fatou property.

(b) Let p: M*(u) — [0,00] be a function norm; see Remark 2.3. With the
definitions

X(u) = {f € L) : p(|f) < o} = L,

and n(f) = p(|f]) for f € X(u), it follows that the normed function space
(X (u),n) has the weak Fatou property, as defined above, precisely when it pos-
sesses this property in the classical sense, [164, p. 446]. O

Let || - || be any F-norm defined on an order ideal X () of L°(p). We say that
(X (), II) has the Riesz—Fischer property if, whenever {u, }52; C X (u)" satisfies
Yoo 1 Nun|l < oo, there exists u € X (u)* such that u =" | u, pointwise p-a.e.
on Q. Since u € X (u)* C L%u), we note that Y-, u, is finite-valued p-a.e. In
the case when || - || is a lattice norm, it is known that the normed function space
(X (@), || - ) is complete if and only if it has the Riesz—Fischer property (see, for
example, [164, Ch. 15, Theorem 2]).

Lemma 2.33. Let X (1) be an order ideal in L°(i1) and || - || be an F-norm on X (p)
with the weak Fatou property. Then (X (u),| - ||) has the Riesz—Fischer property.

Proof. Let {u,}22, C X (p)* satisfy Y07 | |Jun| < co. Define s,, := 2?21 uj, for

n € N, in which case s, 1 in X (u)". By the triangle inequality (F4) for F-norms

we have
n o0
Isall <D sl <D Jusll < oo, neN.
j=1 j=1
Then the weak Fatou property ensures the existence of u € X () such that s, T u
(e, u= Z;’Ozl Up) pointwise p-a.e. on . O

The converse of the previous lemma is not valid, in general; for instance,
see Example 3.34. The following result provides an appropriate substitute (for a
particular F-norm) for the infinite triangle inequality in lattice normed function
spaces possessing the Riesz—Fischer property.

Lemma 2.34. Let X (p1) be an order ideal in L°(n) and || || be a lattice quasi-norm
on X (). Let || - || be the F-norm on X (u) defined via (2.4) with Z := X (u) and
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for an appropriate v > 0. If (X(u), Il - |||) has the Riesz—Fischer property, then

1> | <163 funl
n=1 n=1

for every sequence {u,}5° 1 C X (u)t whose pointwise p-a.e. sumy_ - uy belongs
to X(p)*.

Proof. Assume the contrary, that is, there exists a sequence {u,}>; C X(u)*
whose pointwise p-a.e. sum Y~ | u, belongs to X ()" but

(o) (o)
] > 163
n=1 n=1

Note that Y7 [Jun| < oo since Y07 un, € X ()T implies that | Y07 ua| <
oo. Choose € > 0 such that

oo
|5
n=1

For k € N, set i := 4k /e and then multiply (2.87) by Sk to get

oo
Bk ‘H Z Unp,
n=1

By (2.86) we conclude that

>e 416 Juall. (2.87)
n=1

> Ak + 16 8 Y Jlunll- (2.88)
n=1

Bi) Sounf| <4 D28 (2.89)
n=1 n=1
and also that
4k + 16 ﬁk L (2.90)
for all £ € N. Combining (2.88), (2.89) and (2.90) yields
— 1/r 1/r
4’”2[3k U keN.
1/r + o (k) _ pl/r
That is, with v = 3, u, € X(u)" we have Y 7 jvn’ = B D07 jun €
X(p)* and
m R ’ Sk+ 3 [od ke N. (2.91)
n=1 n=1
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For each k € N, subtract the inequality ||| Zfl_:ll ’ugﬁ) ||| < Zfl_:ll |||11§Lk) |||7 valid for all
j > 2, from (2.91) to conclude that

|26+ Sl 522 (2.02)
n=j n=j

For each k € N, choose ji > 2 such that Zf;jk mvﬁlk) |H < 1/k%. Also, with j := jj,
in (2.92), we have || Y07 i ot | > k. By rearranging indices we see that there is a

sequence {wy  }oo—; 0 X (u)* whose p-a.e. pointwise sums y -2 | wn x € X ()T,
for k € N, satisfy

3 Jwnill < 1/82 and m 3 wnkw > k. (2.93)
n=1 n=1

But, > 00 Yo0r lwnkll < Yo 1/k* < co and so, by the Riesz—Fischer property,

n=1
there exists w € X (u)* such that w =Y 7", _; Wy, pointwise p-a.e. In particular,

lw|| < oc. On the other hand, since w > >"°7 | wy, j for each k € N, we have, by
(2.93) and Lemma 2.31(i), that

1 — k
bl 2 7| S wasl| > 7 kew
n=1

This contradicts |Jw]| < co. O

Finally, the promised completeness criterion for X ().

Proposition 2.35. Let X (u) be an order ideal in L°(u) and || - || be a lattice quasi-
norm on X (u) such that (X (u),| -1|) has the weak Fatou property. Then X (i)

is complete relative to || - ||. If, in addition, X (u) 2 sim X, then (X (u), | - |) is a
q-B.f.s.

Proof. Let || - || be the F-norm on X () defined via (2.4) with Z := X (u) and an
appropriate r > 0. According to Remark 2.32(a), the F-norm | - || also has the

weak Fatou property and hence, by Lemma 2.33, has the Riesz-Fischer property.
Let {fn}52; be any Cauchy sequence in (X (u), || - ||). Choose a subsequence
{fru }72, satistying

I fugerty = Faiell < 1/2, keN,

which is possible by (2.83). Define uy, := |fn(k+1) — fak)| for & € N. Then (2.84)
yields

oo o0
Do lunll <4 fngerry = famll < oo
k=1 k=1
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By the Riesz-Fischer property, thereis u € X ()" such that u = Y 7o | uy (p-a.e.).
Set

@) = fay @) + 3 (Faren @) = Fa(@))

k=1
for all w € Q satisfying u(w) = > ;- ux(w). Now, fix j € N. Then we have

@) = Fagen@) = D (Fatesny @) = fagy @)

k=j+1

for p-a.e. w € Q. So, by parts (i) and (ii) of Lemma 2.31 we have

(oo} (oo}
If = fagenll <4 m ’ > (Fatrsr) — fn(k:))’ W <16 w > Vi) = Faii] ‘”
k=j+1 k=j+1
Now apply (2.84) and Lemma 2.34 to conclude that

If = FaGenll <16 > | fngers) = Fa ! ]

k=j+1
<4167 D Wfagery) — Faml <47 275
k=j+1 k=j+1
Accordingly, fui+1) — f in (X(u) |- as j — oo. Since {£,}32, is | -J-Cauchy,
we conclude that fiy — f as k — oo (with respect to | - ||) because
I = £ < Wfx = el + 1fng4n) = £l
for all k,j € N. By (2.83), also fr — fin (X (u), |- ||) as k — oo. O

2.4 Completely continuous operators

A continuous linear operator between Banach spaces is called completely continu-
ous if it maps every weakly convergent sequence to a norm convergent sequence.
This is equivalent to the condition that the operator maps every weakly compact
set to a relatively compact set, thanks to the Eberlein-Smulian Theorem. Com-
pletely continuous operators are often called Dunford-Pettis operators. Compact
operators are always completely continuous. The converse is not valid, in general,
unless the domain of the operator is reflexive. A well-known example is the natural
inclusion map from ¢! into ¢? which is completely continuous but not compact;
see Example 2.44 below.

The following conditions for a continuous linear operator T' from the B.f.s.
L'(u) into a Banach space E are equivalent:

(a
(b

T is completely continuous.
The set {T'(x ,) : A € X} is relatively compact in E.

)
)
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This fact is, for example, an immediate consequence of [67, Fact 2.9]. If we replace
L'(u) with a general B.f.s., then condition (b) is necessary for complete continuity
but, in general, is no longer sufficient as can be seen from the following example.

Example 2.36. Let the measure p and the notation be as in Example 2.11 and
1 < r < oco. Then the canonical isometry ® : ¢"(u) — ¢" defined by (2.23) is
surely not completely continuous because its image B[¢"], of the weakly compact
subset B[¢"(u)] of £" (1), is non-compact. On the other hand, the bounded subset
W= {®(x,) : A €2V} = {p""x, : A € 2V} of " is compact. In fact, since
||gp1/7’XA||gr < |l 7| for every A € 2V, we see that

. 1/r(: N
JE&Z 1" ()x, ()| =0
J=n
uniformly with respect to A € 2N, and hence, it follows from [46, Ch. IV, Exercise

13.3] that W is relatively compact. Clearly W is closed, and therefore, is compact.
O

We proceed to identify those continuous linear operators T defined on a
general ¢-B.f.s. which satisfy condition (b) above; see Proposition 2.41 below. Our
proof will follow the lines of [42, p. 93].

We say that a subset K of a g-B.f.s. X () is uniformly u-absolutely continuous
if sup e [fx4llx) — 0 as  pu(A) — 0. More precisely, for every e > 0 there
exists > 0 such that sup;c g || fx 4 [lx(u) < € for all A € X satisfying p(A) < 4.
This property is called “uniformly equi-integrable” in [20, p. 6]. For X (u) = L(u),
uniform p-absolute continuity is precisely uniform p-integrability in the sense of
[42, p. 74]. If X (u) is o-o.c., then its subset {x , : A € ¥} is always uniformly
p-absolutely continuous as will be shown in Lemma 2.37 below. Let us adopt the
following notation (which is standard in the case of real Banach lattices):

[—g.9l:={feX(w:IfI<g}, geX(W)"
Lemma 2.37. Let X () be a ¢-B.f.s. with o-o.c. quasi-norm.

(i) For each € > 0 there exists 6 > 0 such that u(A) < e whenever A € 3
satisfies [|X 4[| x(u) < 0.
(ii) For each g € X (p) we have lim,ay_o[lgx 4 |lx () = 0-
(iii) The following conditions for a subset K C X (u) are equivalent.
(a) The set K is bounded and uniformly p-absolutely continuous.
(b) For every e > 0, there is N € N such that

K C [-Nxg, Nxg] + eB[X(p)]. (2.94)
(c) For every e > 0, there is g € X (u)™ such that
K C [-g,9] + eB[X(p). (2.95)
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Proof. (i) Assume that the claim is false. Then we can select ¢ > 0 and a sequence
{A(j)};’il C ¥ such that

||XA(]‘)HX(#) < j7' and p(A(j)) > e for every jeEN. (2.96)

The natural injection from X (1) into LY(u) is continuous by Proposition 2.2(i).
From this and the first inequality in (2.96), it follows that the sequence {x , (j)};";l

converges to zero in measure. Therefore,
jhﬁrgo p({weQ: |XA(j)(w)| >271) = 0. (2.97)

However, A(j) = {w € Q: ‘XA(j) (w)| > 271} for every j € N. So, (2.97) means
that lim;_,o (A(j)) = 0, which contradicts the second inequality in (2.96).

(ii) Assume that the claim is false. Then there exist g € X(u), € > 0 and a
sequence {B(j)}32; C X such that

n(B(j)) < 277 and lgxpllx@ >e  for jeEN. (2.98)

With C(n) := .2, B(j) for n € N, let C := (>, C(n). Then C(n) | C and so

J=n

C) = lim p(C(n)) < lim B(j)) < lim 27" = 0,
M( n—oo l’L n—oo M j n—oo

Jj=n
that is, x, = 0 (u-a.e.). Hence, |9|X0(n) 1 0 (p-a.e.) in the o-o.c. space X (u) and
therefore ||gxc(n)|\X(#) — 0 as n — oo. This is impossible because (2.98) yields
||9X0(n)||X(;L) > HgXB(n)HX(,u) > ¢ for every n € N.

(iii) (a) = (b). Fixe > 0. Let B(f,n) := {w € Q : |f(w)| > n} forevery f € K
and n € N, and let ¢ := sup g || fx(u) < oo. Since Xy < |fXB(f,n)‘ <|fl,
we have that

||XB(f7n)HX(p.) < Cnilv f €K, nel

By uniform p-absolute continuity of K, we can select §; > 0 satisfying

sup [[fX 4 llxq < € (2.99)
feK

whenever A € 3 satisfies u(A) < 6;. By part (i) there exists d > 0 such that
p(A) < 61 whenever A € ¥ and |x,llx() < 02. Choose N € N for which

eN=1 < 4y, so that ”XB(fN)”X(#) < ¢N~! < §,. Then, for every f € K, we
have M(B(f, N)) < 01. Consequently, with A := B(f, N), (2.99) gives

fer 17Xl < & (2.100)
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Thus, for every f € K, we have that
F=IXasny T MXpigny € [FNXg NXgl + eBIX ()]

That is, (b) holds.

(b) = (c). Clear.

(¢) = (a). Let € > 0. Choose g € X (u)T satisfying (2.95). Apply part (ii)
to select § > 0 such that [[gx 4[|x(u) < € whenever A € X satisfies u(A4) < J. Fix
f € K. By (2.95) there exists h € B[X (u)] such that |f — eh| < g. Consequently,
if A€ X satisfies pu(A) <, then ||fx \Ix) < lox,llxw + ellhx,lx < 2e.
Since f € K is arbitrary, this shows that (a) holds. O

Remark 2.38. (a) Note that part (i) of Lemma 2.37 does not require X (1) to be
0-0.C.; see its proof.

(b) By part (iii) of Lemma 2.37, if X () is a real B.f.s., then the bounded, uni-
formly p-absolutely continuous subsets are exactly the L-weakly compact subsets
of X (u). For this, see the definition of L-weakly compact sets in a real Banach
lattice and its equivalent formulation in [108, Ch. 3, §3.6]. Moreover, L-weakly
compact sets are necessarily relatively weakly compact in real Banach lattices,
[108, Proposition 3.6.5]. Instead of extending this to the case of complex Banach
lattices via the usual complexification, we prefer to give an elementary and di-
rect proof applicable to B.f.s.” with o-o.c. norm over R or C; see the following
result. (]

Proposition 2.39. Let X (u) be a B.f.s. with o-o0.c. norm.

(i) The order interval [—x,, X] s weakly compact in X ().

(i1) Every bounded, uniformly u-absolutely continuous subset of X (1) is relatively
weakly compact.

Proof. (i) Let J : L*°(u) — X (u) be the natural embedding; it will be shown to be
weakly compact. We claim that its dual operator J* : X (u)* — L>°(u)* satisfies
J*(X(p)*) € L'(w) with L'(p) considered as a closed subspace of L>(p)* in a
natural way. In fact, let g € X (u)* = X(u)’ € L'(u1) (see Remark 2.18(i)). For
every f € L*(u) we have

(f:7(9)) = (J().g) = /

Q

J(f)gdp =/Qfgdu,

which implies that J*(g) = g € L*(p). This establishes the claim.
The following fact will be needed.

Fact A: LetY and Z be Banach spaces. If the dual operator T* : Z* — Y™** of an
operator T € L(Y*, Z) satisfies T*(Z*) CY as subspaces of Y**, then T is weakly
compact.
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Let us verify this. The set T*(B[Z*]) is o(Y**, Y*)-relatively compact by Alaoglu’s
Theorem, [46, Ch. V, Theorem 4.2], because T*(B[Z*]) C ||T| - B[Y**]. By as-
sumption T*(B[Z*]) C Y and hence, T*(B[Z*]) is o(Y, Y *)-relatively compact,
that is, T* : Z* — Y is weakly compact. Since the inclusion of Y into Y™** is
weakly continuous, it follows that T*(B(Z*)) is o(Y**, Y***)-relatively compact
in Y**. Now Gantmacher’s Theorem, [46, Ch. VI, Theorem 4.8], proves Fact A.

By applying Fact A with 7 := J, Y := L'(u) and Z := X (), we see that J
is weakly compact, and so [—x, X] = J (B[L™(1)]) is relatively weakly compact.
As [=Xq Xq] 18 clearly a closed convex subset of X (u), statement (i) holds.

(ii) Let W be a bounded, uniformly u-absolutely continuous subset of X ().
Lemma 2.37 implies that, given € > 0, there is N € N for which

Since [~Nxq, Nxgo) = N-[—Xq: X) is weakly compact by (i), we conclude that W/
is relatively weakly compact via [2, Theorem 10.17]; this reference is for spaces over
R but, an examination of its proof shows that it is also true for spaces over C. [

The converse of Fact A in the above proof is false, i.e., there are weakly
compact operators T' € L(Y™*, Z) which do not satisfy T*(Z*) C Y. For instance,
consider the case of Y := cg, Z = C and the operator T : ¢ — C given by T(y) :=
o2 L o(n), for ¢ € £1. Then T* : C — (> is given by T*(a) = (o, a, ... ) = al
for « € C = C*. In fact, for p € Y* and « € C, we have

(o, T @) = (T(p), @) = (D n), a) =ad" o) = {p,al).
n=1 n=1

Thus, T*(Z*) = T*(C) € ¢op =Y whereas the operator T is even compact.

Remark 2.40. (i) According to Dunford’s Theorem, [42, Ch. II,Theorem 2.15], a
bounded subset of L'(p) is uniformly p-absolutely continuous if and only if it is
relatively weakly compact. In the case of real B.f.s.” there is a class of B.f.s.” having
this property. A real Banach function space X (p) is said to have the positive Schur
property if every positive weakly null sequence is norm-convergent. It is known
that every weakly compact subset of a real B.f.s. X (i) is uniformly p-absolutely
continuous if and only if X (1) has the positive Schur property; see [144, Theorem
1.16] and [145, Theorem 1].

(ii) Weak compactness of the order intervals characterizes order continuity
in the case of general real Banach lattices. Indeed, a real Banach lattice Z is order
continuous if and only if, for every pair {y,z} in Z with y < z, the order interval
ly,z) ={r € Z:y <z <z} is weakly compact, [99, Theorem 1.b.16]. O

Proposition 2.41. Let X (i) be a ¢-B.f.s. with o-o.c. quasi-norm and E be a Banach
space. For each T € L(X (1), E) the following assertions are equivalent.
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i maps every bounded, uniformly p-absolutely continuous subset of X (p) to

i) T bounded, uni l bsolutel ti bset of X (u) t
a relatively compact subset of E.

(ii) The set {T'(x,): A € X} is relatively compact in E.

(iii) The restriction of T to the Banach space L>=(pn) C X (u) is a compact oper-
ator from L*°(u) into E.

Proof. (i) = (ii). This implication is a consequence of Lemma 2.37(ii) from which
it follows (with g := x,) that the bounded subset {x, : A € X} of X(u) is
uniformly p-absolutely continuous.

(ii) = (iii). By considering pointwise limits of functions from sim X it is easy
to check that B[L>°(u)] € 4bco{x, : A € ¥}, where bco stands for the closed,
balanced, convex hull. So T'(B[L*>(n)]) € 4%{T(XA) :AeXx}

(iii) = (i). Take a bounded, uniformly p-absolutely continuous subset K of
X (p). Let € > 0 and select N € N satisfying (2.94), so that

T(K) € T(NBIL®(n)]) + eT(B[X(n)]). (2.101)

For every a > 0 and vector x € E, let Uy(z) := {y € E : ||xr —y||lg < a}. By
(iii), the set T'(NB[L>(u)]) is relatively compact and hence, totally bounded in
E. Thus, there exist k£ € N and x1,...,x, € F such that

k
T(NB[L®(p)]) C UUa(xj). (2.102)

It follows from (2.101) and (2.102) that T'(K) C U?:1 Uei4 7)) (24)- So, T(K) is
totally bounded as ¢ is arbitrary. In other words, T'(K) is relatively compact in
the Banach space E, and hence, (i) holds. O

The above proposition, of course, applies to the case when X () := L*(p).
Let us formally record this.

Corollary 2.42. Let p be a positive, finite measure, E be a Banach space and
T € L(L(1n), E). Then the following statements are equivalent.

(i) T is completely continuous.
(ii) The subset {T(x,): A € X} of E is relatively compact.

(iii) The restriction of T to the Banach space L™(u) C L'(u) is a compact oper-
ator from L (u) into E.

Proof. All we require is Dunford’s Theorem; see Remark 2.40(i). O

The above characterization can be extended to the setting of L'()) for any
[0, oo]-valued measure \; see Corollary 2.43 below. Although L!()) is not a B.f.s.
in our sense, such a characterization seems to be interesting and, moreover, it will
be needed later when X is the variation of a vector measure (see Chapter 3).
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Corollary 2.43. Let E be a Banach space, A : ¥ — [0,00] be a measure and
T € L(L*(N), E). Then T is completely continuous if and only if, for every A € ¥
with M(A) < oo, the set {T'(x ) : B € XN A} is relatively compact in E.

Proof. Suppose that T' is completely continuous. Let A € ¥ with A(A) < oo. The
restriction A4 of A to the measurable space (4,%X N A) is a finite measure and
the restriction T4 of T to L*(Aa) is also completely continuous. Hence, the set
{T(xp): BeXN A} ={Ta(xy): B € XN A} is relatively compact in E.

For the converse, first observe that 7" is completely continuous if and only
if, for each B € ¥ with o-finite A-measure, the restriction of T' to L*(Ag) is
completely continuous.

This follows from the definition of completely continuous operators because,
for any weakly convergent sequence {f,,}5; in L'()), there exists a set B € X
with o-finite A-measure off which each f,, for n € N, vanishes (A-a.e.). So, we may
assume that A is o-finite. Hence, we can take an infinite X-partition {A(n)}52; of
Q such that 0 < A(A(n)) < oo for every n € N. Define a ¥-measurable function
g:Q — (0,00) by

g:= i [2”(14(”))} 71XA(n)~

n=1

Let )\, denote the indefinite integral of g with respect to A, i.e., Ag(4) = [, gdA
for A € X. Since g € L*(\), the measure A, is finite on X. The map f — gf
from L'(\,) onto L'()\) is a Banach space isometry. Hence, T : L'(\) — E is
completely continuous if and only if the E-valued operator T: f = T(gf), for
[ € LY()\y), is completely continuous. To show that T is completely continuous
we will apply Corollary 2.42.

For each n € N, let W,, := {[2”)\(A(n))]7lT( 5) B eXnA)}. Given

any B(n) € £ N A(n), for n € N, the sequence { [2"A(A(n))] T(XB(n))} is

n=1
absolutely summable in E since

o0
Z | AN T (), Z |7 (oxs0)
< ||T||Z|\gx3(n)||w 70 lgllzrsy < oo

Consequently, {[2"\(A4(n))] _1T(XB(n))}ZO:1 is also unconditionally summable in
the Banach space E. This enables us to define the sum of {W,,}22; by

iW = {ixn:anWn for nGN}gE;
n=1

n=1

see [86, p. 3]. By assumption, each W, is relatively compact in E, for n € N, and
hence, the sum Y ° | W, is also relatively compact (this follows from [86, Ch. I,
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Lemma 1.3]). Since g € L*(\), the Dominated Convergence Theorem implies that

9Xp = > IXpra(n) CONVerges absolutely in L'()\) and hence, that

T(9xp) = T(ZgXBﬁA(n)) = ZT(QXBOA(n))
n=1 n=1

for every B € X. It follows that
{T(x,):BeS} = {T(gx,):BeX} = > W,
n=1

So, the operator T : L'(\;) — E is completely continuous via Corollary 2.42.
Therefore, so is T : L'(\) — E. O

By Corollary 2.43, if the subset {T'(x,) : A € ¥ and A(A) < oo} of E is
relatively compact, then 7' : L*(\) — E is completely continuous. The converse is
not true, in general, as seen from the following well-known example.

Example 2.44. Let A : 2 — [0, oo] denote counting measure, so that L*(\) = 1.
Let T : ¢* — ¢2 denote the canonical inclusion map. By the Schur property of ¢!,
the map 7' is completely continuous. But, the set {T'(x ,) : A € ¥, A(A) < oo}
contains all unit basis vectors of £2 and so cannot be relatively compact. (]

2.5 Convexity and concavity properties
of linear operators

The aim of this section is to give formal definitions of g-convexity and g-concavity
properties of linear operators between quasi-Banach lattices, and to collect to-
gether some basic facts on such operators.

Let Z be either a Banach lattice or a g-B.f.s. Given 0 < ¢ < oo, defining
g-convex and g-concave operators requires us to consider elements of the form
(Z?Zl ‘zj’q) Y9 ¢ 7 for any z1,...,zn, € Z with n € N. For Z a g-B.f.s. this poses
no problem because elements of Z are C-valued functions. On the other hand, the
case when Z is a complex Banach lattice requires the Krivine calculus applied to
its real part Zg. Given n € N, let H,, denote the space of all R-valued continuous
functions f on R™ which are homogeneous of degree 1, that is, f(Az) = Af(z) for
allz € R” and A > 0. Then H,, is a real vector lattice with respect to the pointwise
order. The Krivine calculus which we use is the following one, [99, Theorem 1.d.1];
see also [41, Ch. 16] and [92].

Lemma 2.45. Let Zi be a real Banach lattice, n € N and x1,...,x, € Zr. Then
there is a unique linear map T, : H, — Zr such that:
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(i) For each j=1,...,n, the map 7, sends the canonical projection on R™ given
by (t1,...,tn) — t; to the vector x; € Zr, and

(ii) 7, preserves the lattice operations.

Note that the linear map 7, in Lemma 2.45 depends on both n € N and

xi,...,Tn, whereas the notation does not show the dependence on the latter.
Now, fix 0 < g < oo and let n € N and zy,...,z, be vectors in a complex
Banach lattice. Since |z1],...,|zn| belong to the real part Zr of Z, we can apply

Lemma 2.45 to x; := |z;|, for j = 1,...,n, to define the element (E?:l ’zj‘q)l/q €

Zr C Z as follows. The function f : (t1,...,t,) — (Z?:l |tj|<Z)1/q on R™ belongs
to H,,. So Lemma 2.45 allows us to define

n /
(Sleitt) "= mnNezmcz
=1

We do not consider the class of all (complex) quasi-Banach lattices here
because it seems that the Krivine calculus does not extend to it, while such a
class would be an ideal one for unifying Banach lattices and g-B.f.s.” instead of
saying at each stage that Z is either a Banach lattice or a g-B.f.s. However, for
our purposes this suffices.

Definition 2.46. Let W be a quasi-Banach space and let Z be either a Banach
lattice or a ¢-B.f.s. Let 0 < g < o0.

(1) A linear operator T : W — Z is said to be g-convez if there exists a constant
¢ > 0 such that

~ / " /
H(Z‘T(wj)’q)l q”z < C(ZH“’JH?/V)l q, Wi, ...,w, €W, neN.
Jj=1 j=1

(2.103)
The smallest constant ¢ satisfying (2.103) is called the g¢-convexity constant
of T and is denoted by M@ [T].

(ii) A linear operator S : Z — W issaid to be g-concave if there exists a constant
¢ > 0 such that

(Chsel) ™ < e (Zl) ], szez nen
Jj=1 j=1

(2.104)
The smallest constant ¢ > 0 satisfying (2.104) is called the g¢-concavity
constant of S and is denoted by Mg [S].

Letting n := 1 in (2.103) and (2.104) shows that such operators T" and S are
necessarily continuous and that

IT) < MO[T] < 0o and S| < My[S] < oo, (2.105)

respectively.
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Let 0 < ¢ < o0 and Z be either a Banach lattice or a g-B.f.s. We say that Z
is g-convex (resp. g-concave) if the identity operator idz on Z is g-convex (resp.
g-concave). In this case we write

M@[Z] := M@[idy] (resp. M,)[Z] = M [id] ) (2.106)

and call M@ [Z] (resp. M(,)[Z] ) the g-convezity constant (resp. the g-concavity
constant) of Z. Since |[idz|| = 1, it follows from (2.105), with T := idz and
S = idz7 that

M@W[Z] > 1 and M[Z] > 1, (2.107)

respectively.

Note that we have already defined g-convexity of a ¢-B.f.s. immediately prior
to Proposition 2.23.

Notation 2.47. Under the assumption of Definition 2.46, let K@ (W, Z) (resp.
K(q)(Z,W)) denote the space of all g-convex (resp. g-concave) operators from W
into Z (resp. Z into W).

Remark 2.48. Consider the case when Wy is a real quasi-Banach space and Zg is
either a real Banach lattice or a real g-B.f.s. Let 0 < g < 0.

(i) The g-convexity (resp. g-concavity) of a real linear operator Tg : Wg — Zg
(resp. Sg : Zr — Wg) can be defined as in Definition 2.46(i) by replacing W by
Wr, Z by Zg and T by Tr (resp. S by Sgr).

(ii) The g-convexity and g-concavity of Zg can also be defined similar to

the complex case. Then, of course, the g-convexity and g-concavity constants are
defined by

M(q) [ZR] = M(q) [idZR] and M(q) [Z]R] = M(q) [idZR]

via the identity idz, on Zg, respectively.

(iii) These definitions in parts (i) and (ii) coincide with those in [99, Definition
1.d.3] when Wg is a real quasi-Banach space, Zg is a real Banach lattice and
1< g <o0. O

When Z is either a complex Banach lattice or a g-B.f.s, convexity and con-
cavity properties of Z are equivalent to those of its real part Zg. The precise
statement is given by the following result.

Lemma 2.49. Let 0 < g < co and Z be either a complex Banach lattice or a ¢-B.f.s.

(i) Z is g-convex if and only if its real part Zg is q-convez, in which case
M(D) [Zg] = M(D) [Z].

(il) Z is g-concave if and only if its real part Zg is q-concave, in which case
My)[Zr] = M(g)[Z].
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Proof. (i) Assume that Z is g-convex. Fix n € N and z1,...,z, € Zgr C Z. Then

), - I,
< (MOz) (éuxjnqz)”q - (M) (g Joals, )"

which implies that Zg is also g-convex and M(9)[Zg] < M(9)[Z].

Suppose now that Zr is g-convex. Fix n € N and 21,...,2, € Z. Since
|21l .-, |2n] € ZR, it follows that

IS ), =N ) 0.,
< (i) ($51e0) ], = a0tz (S51er)

This shows that Z is also g-convex and M(9)[Z] < M(9)[Zg].
(ii) Analogous to part (i). O

Z'

Every Banach-lattice-valued linear map defined on a quasi-Banach space is
1-convex.

Lemma 2.50. Let W be a quasi-Banach space and E be a Banach lattice. Then
LW, E) = KW(W, E). Moreover, |T|| = MW[T] for every T € L(W, E).

Proof. Let T € L(W,E). Given n € N and wy,...,w, € W we have, from the
triangle inequality of the lattice norm || - ||g on F, that

H Z T(wy)]|| Z 1T () || 5
= Z (CAle Z (K71 sl ) = 171 (Z lyllw )

So, T € KM(W, Z) and ||T|| > MM[T]. Consequently L(W, E) C KO(W, E).
On the other hand, every operator T € K1) (W, E) is necessarily continuous

and satisfies | T|| < MM[T] via (2.105) with ¢ := 1 and Z := E. This establishes

the lemma. O

IN

IA

To present various basic facts for convex and concave operators, we require
some preparation. Given 0 < g < oo, let

2(/a)=1 if 0 1
Kq :{ Bousgss (2.108)

1 if 1<¢g<o0.
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Then
n ‘ ‘ql/q n ‘ql/q n ‘ql/q
(Slostnl) " < s ((Xlal) "+ (X)) a0
Jj=1 j=1 j=1

for all a1,...,an,b1,...,b, € R with n € N; see [83, p. 20], for example.

Lemma 2.51. Let Z be a Banach lattice or a ¢-B.f.s. In the latter case, let K
denote a constant satisfying the “triangle inequality” (Q3) for Z. Fix n € N and
21y -+y2n € Z. Assume that 0 < g < oo.

(i) Given positive numbers aq, ..., a, with Z?Zl a; =1and 0 <r <gq< oo, we
have
n A\ 1/T n 1/q
(Zaj|zj| ) S (Zaj|zj|q) . (2110)
j=1 j=1
(ii) If b,..., by, are positive numbers, then
~ 1/q ~ 1/q
(D fmszl) = (Do) (2.111)
j=1 j=1

(i) Given a positive number b, it follows that

1/q

n 1/q n
(S lessl?) ™ = 0 (D) ™ (2.112)
j=1 j=1
(iv) Let C1,...,Cn be elements of Z such that |z;| < |(5| for each j = 1,...,n.

Then ) § ) )
<Z|2j|q> "< (;\CA") } (2.113)

j=1

(v) Let Ci,...,Cn € Z. Then, with kg given by (2.108), we have

(i’zm%ﬂq)l/q < ’%((ékﬂq) + (i|§j|q)l/q> (2.114)

1/q

H(ji:!zﬁg\q)”q < ,qu<H(i|Zj|q)1/q

with the understanding that K = 1 if Z is a Banach lattice.

1 1em ™)

(2.115)
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(vi) Let r > 0 satisfy K = 2'/". Then we have

1/ n
H(Z!%!) |, s Y s, @2116)

j=1
with the understanding that (1/r) =0 if K =1 (i.e., Z is a Banach lattice).

Proof. (i) First assume that Z is a Banach lattice with real part Zg. Define func-
tions f, : R" — R and f, : R® — R by

n

fr(tla---atn) = (Zaj’tjr)l/?‘ and fq(t17~--7tn) = (Zaj’tj‘q)l/q

Jj=1 Jj=1

for (t1,...,t,) € R™ Then f,, f; € H,. The observation that >, a; = 1, to-
gether with 0 < (r/q) < 1 and

L= (r/g)+1-(r/q) = (r/q) + (¢ —7)/q,

enable us to apply Hélder’s inequalities to obtain

Foltr, oot (Zaj\t r ) (Z( 1Aty 7) 0l yr

j=

n . r/(qr) n . (q—7)/(qr)
< (Z(a;/qtﬂ?-)qh) (Z 1- (?”/q) a/(q— ))

(Za]\t 7 ) = fultr, .o tn)

for all (t1,...,t,) € R™. In other words, f, < f, pointwise on R™. So, Lemma 2.45
applied to x; := |zj| € Zg, for j =1,...,n, gives 7,(fr) < 7 (fy)- But,

) = (éaﬂzj’T)l/r and ™ (fq) = (iaﬂzﬂq)l/q

and so (2.110) is clear.
Assume now that Z is a ¢-B.f.s. Since z1, ..., 2z, are scalar functions, the fact
1/r 1/q
from above that (Z?:l a; ’tj |T) < (2?21 aj|tj‘q) for (t1,...,t,) € R”
can be directly applied pointwise to yield (2.110).

(ii) This is obvious for the case when Z is a g-B.f.s. So, assume that Z is a
complex Banach lattice. Define g; : R® — R and g2 : R® — R by

g1ty ...t (Z‘b] J|) and g2(t1, . tn (qu’t’)
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for (t1,...,t,) € R™ Then ¢1, g2 € H,. Hence, via the linear operator 7,, given in

Lemma 2.45 applied to the elements x; := |2;|, for j = 1,...,n, in the real Banach
. n a\ /4 1/q

lattice Zg, the elements (ijl |b; 1] | ) and (EJ 1 0] | EA | ) of Zy are

defined by

(E": [AEA |q)1/q = Tno(g1)  and (qu 1251 | ) Tn(g2).

Jj=1

But, g1 = g2 on R™. Since |b; z; | = |b;|2;| | and | |2;] | = |z;| for each j = 1,...,n,
we obtain (2.111).

(iii) Again this is clear when Z is a ¢-B.f.s. So, assume that Z is a complex
Banach lattice. By part (ii) with b; :=b for j =1,...,n, we have

(iwz«m)”q— (ibﬂzm)l G z|zj| )

1/q
That the last term coincides with b( Z?:I |zj |q) can again be proved by Lemma
2.45, once we observe that

(bqi |tj|q)1/q = b(i |tj|")1/q, (t1,. .. tn) € R
j= j=

(iv) This is obvious when Z is a q-B.f.s. So, assume that Z is a complex
Banach lattice. Define two functions hq, hs : R2® — R by

= 1/q
hl(th s 7tn,tn+1a s at2n> = (Z |tj‘q)
j=1

and
n

1/q
Ro(ty, . tnstngt, ... tan) i= (Z<|t |v|tnﬂ> )

for (t1,...,tn,tns1,-..,t2n) € R?™. Then both h; and hy are continuous and
homogeneous of degree 1, that is, hi, ho € Ha,. We now apply Lemma 2.45 (with
2n in place of n) to the vectors |z1|, ..., |znl,|C1]s - - -, |Cn| € Zr. Then, since hy < ho
pointwise on R?" | it follows that 7o,,(h1) < Ton(h2) in Zg and hence, in Z. Since
|z;] V |¢i] = |¢;| for 5 =1,...,n, the inequality (2.113) follows.

(v) Since |z; + (5| < |z;| +|¢;] for j =1,...,n, we apply (2.113) to obtain

(é‘za‘JrCﬂq)l (i(|zj|+|gj)q>l/q.

Jj=1
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Define two functions hs : R?” — R and hy : R?® — R by

n 1/q
h3(t1,...,tn,tn+1,...,t2n) = (Z’tj+tn+j‘q)
j=1
and
~ 7\ /4
h4(t1,...,tn,tn+17...7t2n = qu(<Z’ ]| ) (Z’tn‘f‘j’ ) >
j=1

for all (t1,...,tn,tnt1,-..,t2n) € R™ Then hs, hy € Ha, and (2.109) implies that
hs < hy pointwise on R?". So, if Z is a ¢-B.f.s., then we can apply this inequality

pointwise to the functions |z1],...,|znl, (1], -, |C] € Z to deduce (2.114). For
the case when Z is a complex Banach lattice, Lemma 2.45 (with 2n in place of n)
applied to the elements |z1],...,|znl,[C1],--.,|Cn| of the real Banach lattice Zg,

yields that 7o, (hg) < T2, (h4), that is, (2.114) again holds. Now (2.115) is clear
from (Q3) and (2.114) if Z is a ¢-B.f.s. and from (2.114) if Z is a complex Banach
lattice.

(vi) Define two functions hs : R™ — R and hg : R® — R by
hs(t1, ... tn z(Z|t| ) and  he(ty,...,tn) ::nl/q2|tj|
j=1
for (t1,...,t,) € R™ Then, hs, h¢ € Hy,. Observe that hs < hg because

hs(ti, ... (2]”)

_ . 1/q < nl/a =
= n'/? max. k] < 0O Jtk] = he(tr, s tn)

|
N
I
=
A
s
—
=
=
—
N——
S~
=)

for (t1,...,tn) € R™. Suppose that Z is a Banach lattice. Then Lemma 2.45
applied to the elements |z1],...,|zn| € Zr C Z yields that 7,(hs) < 7,,(he) and,
as a consequence, we have

>ED
j=1

, = sl < [lruhs)l

[ (S =

n
DN H
=
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This is precisely (2.116) when (1/r) = 0. Now suppose that Z is a q-B.f.s. Let || - ||
denote an F-norm satisfying (2.5). Then (F4) implies that

n n 1/7‘ n 1/,,,
ET T DO RESTE O 1P
Jj=1 Jj=1 J=1

1/r n r
<4t/ (nmax [I5l]) " <403 1Y
Jj=1

1<j<n

n

<4ty |zl = 4Ty Dzl

j=1 j=1

Now (2.116) is a consequence of this inequality and the pointwise inequality
(Z?:1|zj\q)1/q < nl/qz:?:1|zj\ (which follows from hs < hg). O

In the notation of Definition 2.46(i), assume that T : W — Z satisfies the
inequalities (2.103) only for those elements coming from some dense subspace of
W. A natural question is whether or not we can then deduce that T' is g-convex.
The answer is affirmative as we now show. The conclusion is the same for the
corresponding question regarding a g-concave operator.

Lemma 2.52. Let W be a quasi-Banach space and let Z be either a Banach lattice
or a ¢-B.f.s. Suppose that 0 < q < co.

(i) Let T : W — Z be a continuous linear operator. If there exist a constant
C > 0 and dense subspace Wy of W such that

H(i!mmq)”q\)z < c(guujugv)”" (2117)

for allm € N and uq,...,u, € Wy, then T is q-convex.

(ii) Let S : Z — W be a continuous linear operator. If there exist a constant
C > 0 and dense subspace Zy of Z such that

(i||5(vj>||;)1/q < CHXH:M”HZ‘] (2.118)
Jj=1 j=1

for alln € N and vy,...,v, € Zy, then S is g-concave.

Proof. Let Ky and Kz be positive constants appearing in the “triangle inequal-
ities” of W and Z, respectively (see (Q3)). Let © > 0 satisfy Ky = 2V/7. It
is to be understood that (1/r) = 0 if Kz = 1 (i.e., Z is a Banach lattice).
Furthermore, let k, > 0 be the constant as given in (2.108). Given n € N
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and Z1,...,%n,Y1,.--,Yn € W we have, from (2.109) with a; := ||z;||lw and
;= |lyjllw for j =1,...,n, that

(Slhes +uslle) ™" < (SoRH (sl + ) )
Jj=1 j=1
= ¢ \ M4 " ¢\
<ol ((Sllslly) ™"+ (Xhlie) ™). 219
Jj=1 j=1

(i) Let n € N and w1, ...,w, € W. Fix any ¢ > 0. Choose u1,...,u, from
the dense subspace Wy of W such that

w; —ujllw < e/nTA/O+FA/M g1,

Apply Lemma 2.51(v) to obtain

(S o), = (5ot w7,
(S s - l?) "+ (S o)

Moreover, it follows from Lemma 2.51(vi) that

(X =),

Z). (2.120)

< 4D+ S Py - wy)],

j=1
< 4RO AT S g = sl
j=1
< (41/7“”(1/(1)+(1/T)HT||) (n . €/n1+(1/Q)+(1/T)) - 41/T5HT||' (2.121)

On the other hand, from (2.119) (with z; = (u; — w;) and y; = w; for j =
1,...,n) and (2.117), we have that

(S ime) 1, < o (S huli) " = (Xl - +wily)
<ot (3 s = mlly) + (iuwjuzv)”q)
gcanW(( - (e/nA W0+ ) (Zuw]HW)l/q)

< CI{waf-Z-i-Clquw(ZH’wj‘H?/V) . (2.122)
j=1
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Now (2.120), (2.121) and (2.122) yield that

H(Z|T wj )1/q
< ([ (St =) ] | (S )

n

1/
< ﬁqKZ<41/r||T||5+Cquws—i—C/quW(ZijH;J/V) q)
j=1

9

n 1/
= kg Bz (47T + CrgKow )+ CrzKw iz (3 fwsllt, )

j=1

Since ¢ is arbitrary, this implies that

H<zn:‘T(wj)|q)1/q < CHQKWKz(ZIIwJHq )1/q
=1

j=1
which implies that T is ¢-convex.
(ii) The proof is similar to that of part (i). Given are a number n € N

Z

and vectors z1,...,z, € Z. Let € > 0 be fixed. The dense subspace Zy contains
elements v1, ..., v, such that
sz - Uj”Z < €/n1+(1/q)+(1/7’)’ .7 = 17 EERERL2 (2123)

Then (2.119), with z; := S(z; —v;) and y; := S(v;) for j =1,...,n, implies that

(L) = (S st =+ stel) ™
SKqKW((iHS(Zj—Uj)H?N) q—i— (éHS(vj)sz)l/q). (2.124)

Now we have

n / n /
(Dl =l ™ < (XIS s = 1) ™
j=1 j=1

[S|[ (n'/ - e/n' /DAY < 5|le. (2.125)

It follows from (2.118) and Lemma 2.51(v) that
1/q
= C’H (ZKU] - Zj) + Zj|q)

(S 1stlh) " =l (Sor) ], =€l
<quKZ<H< o = 2]") /qH + H( yzj| ) /qHZ>. (2.126)

IA

n

Z
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Moreover, Lemma 2.51(vi) implies that

| (s = =a1) ™
j=1

< 41/rn(1/q)+(1/r)ZH,Uj — 2|z
j=1

< (4 OHAIDY (e fpH DAY g1,

It then follows from (2.126) that

(S lswls) " < cn Kz<41/ra+H( yz]\)”"HZ).

j=1

This inequality, together with (2.124) and (2.125), imply that

" 1/q

(Xlsenis )

j=1

. ¢\ - q \a
SHwa<(ZHS(Zjvj)HW) # (S lsely) )
1/

<lquW<||5||E+41/TCF6qKZ€+Cf€qKZH( ‘ZJ’ ) qHz)

1/q
_ KQKW(HSH+41/’“canZ)g+cm KWKZH( 2] ) HZ
=1

Since € > 0 is arbitrary, we conclude that

(Slsel) " < enzrwcd| (S)l)
j=1 _

Jj=1

Z.

In other words, S is ¢g-concave.

73

O

The following lemma provides a basic fact which will be needed later in this

section.

Lemma 2.53. Let W be a quasi-Banach space and let Z be either a Banach lattice

or a ¢-B.f.s. Suppose that 0 < q < co.
(i) A linear operator T : W — Z is q-convez if and only if

2 1/q
q
sup"(Zaj‘T(wj)‘ ) 2 < 00, (2.127)
j=1
where the supremum is taken over all n € N, positive numbers ay, . . ., a, with
> im aj =1, and vectors wi,...,w, € W with |willw =1 for j=1,...,n

In this case, M9 [T equals the supremum in (2.127).
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(ii) A non-zero linear operator S : Z — W is q-concave if and only if
) " 1/q
1an(Zlaj’zj’q> |, >0 (2.128)
=

where the infimum is taken over all n € N, positive numbers a1, ..., a, with
Z;‘zl a; =1 and vectors z; € Z with HS(ZJ)HW =1forj=1,...,n. In this

case, the infimum in (2.128) equals (M, [S])f1

Proof. (i) The definition of a g-convex operator yields that T is g-convex if and

only if
supH(Z|T (vy) ) e

where the supremum is taken over all n € N and vq,...,v, € W \ {0} with

<o (2.129)

1/q
(Z?Zl HU]H(‘I)V> = 1; see also, for example, the proof of Proposition 1.d.5 in

[99]. In this case, the supremum equals M(@[T]. For such vy,...,v, € W\ {0},
we have, with w; := v;/||v;||lw for j =1,...,n, that

(SSirel)" = (S5t r])" = (Sl lilrr)

(2.130)
via Lemma 2.51(ii) with b; := [lv;[lw and z; := T(w;) for j = 1,...,n. Since
E?Zl ijH(éV = 1, it follows from (2.130) that the supremum in (2.1 ) equals
that in (2.129). This verifies statement (i).

(ii) We break up the proof into three steps.
Step 1. The operator S is q-concave if and only if

inf <H( a5 ) /QHZ : (i||5(xj)\yf/v)1/q) >0, (2.131)

where the infimum is taken over alln € N and z1,...,r, € Z\ S71({0}).
To verify this step observe, via the definition of a g-concave operator, that S
is g-concave if and only if

1/q
m1n{c> % (’< ~ 15?(:)(1 )1711 for all zq,...,2, € Z\Sl({O})} >0
t x;
Fom Pl (2.132)

in which case M(,[S] equals the minimum. Let d, denote the infimum in (2.131).
First assume that S is g-concave. Since M, [S] equals the minimum in (2.132), it
is clear that

0< (M(q) [S])il < d,.
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Conversely, assume that d; > 0. Then

(St < £ (Se) ],

whenever z1,...,z, € Z\ S71({0}) and n € N. Hence, we have established Step
—1
1 together with the equality d, = (M(q) [S]) .
Step 2. We have

2.133
S (2133)

2 1/q
dy = ot | (S 1usl") ™
j=1
where the infimum is taken over alln € N and y1,...,yn € Z such that
Yo lIswlly =
j=1

Let dj denote the right-hand side of (2.133). Clearly we have d, < dj. To
prove the reverse inequality, let € > 0. Then there exist n € N and z1,...,x, €
Z\ S71({0}) such that

- 1/q - ~1/q
(3 Jas1%) HZ (X IsEly) T <do+e (2.134)
=1 j=1
Let a := (Z?Zl ||S(xj)’|?/v)1/q and y; := a 'x; for j=1,...,n. Then

(ﬁ;uswna)”q (inswna)”q L

Moreover, it follows from Lemma 2.51(iii), with b := a~!, and (2.134) that

(Sl = (S 1),
[ (), = N ), < e

Therefore, d; < d, + €. Since ¢ is arbitrary, we have d; < d,, which establishes
Step 2.

Step 3. With d; denoting the infimum in the right-hand side of (2.133) it
follows that

& = ian(f:aj|zjy")1/qHZ (2.135)
j=1
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where the infimum is taken over all n € N, positive numbers ai,...,a, with

dYiaj=1,and z1,...,2, € Z with 1Sy =1 forj=1,....n
To verify this, let d;* denote the right-hand side of (2.135). We first show that
dy > di*. Fix n € N and take y1,...,y, € Z\ S~ ({0}) with 37, 1S5, =1

y])H;VlyJ for j=1,...,n. Then 3°7  a; =1

Let a; := HS(yJ)H%/ and z; == ||S(
and ||S(z])||w =1for j=1,...,n. Apply Lemma 2.51(ii), with (a )l/q in place
of b; for j =1,...,n to deduce that

(X twl)™

n

= (1@

Jj=1

= J(Z @)™

Z

3

> d**

= (S

<.
[

This implies that d;; > d;‘*.
We shall prove the reverse inequality in a similar fashion. Fix n € N and take
positive numbers aq,...,a, with Z?=1 a; = 1 and vectors xy,...,x, € Z with

HS(@)HW =1forj=1,...,n. Let
zj = (aj)l/qxj7 j=1...,n.

Then Y77, 1Sy, = > iy @ |S(z;)|[3, = 1. Now, since |z| = alz| for each
a >0 and z € Z, it follows that

(bt = [(Sestaes) ),

(w1, = (Sl ], 2 @

which implies that d3* > dj. Therefore, Step 3 holds.
Combining Steps 1, 2 and 3 establishes part (ii). O

Proposition 2.54. Suppose that W is a quasi-Banach space and that Z is either a
Banach lattice or a g-B.f.s.

(i) Given 0 < q < oo, the collection KD (W, Z) is a linear subspace of L(W, Z).

(ii) Whenever 0 < r < q < oo, we have the inclusion
(@) (W, Z) C 1) (W, 2),
that is, every q-convex operator is r-convex. Moreover,

MO [T < M@D[T], T eK9DW,2). (2.136)
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iii) Given 0 < g < 00, the collection IC(,\(Z, W) is a linear subspace of L(Z, W).
(9)
(iv) Whenever 0 < r < q < 00, we have the inclusion

’C(T) (Z,W) C ’C(q)(Z, W),
that is, every r-concave operator is q-concave. Moreover,
M(q) [S] < M(T) [5], S e ’C(T)(Z, w). (2.137)

Proof. (i) Let Ty, T> € K9 (W, Z). To prove that the sum (T} + T%) : W — Z is
also g-concave, fix n € N and wy, ..., w, € W. We have from (2.115) that

H (En: |(T1 + Tg)(wj)|q)1/q Z
) an(H(é ’Tl(wj)‘q)l/q | QE | T ()
1/q

gl (MO + MO (3 )
j=1

q>1/q

)

which implies that the sum (T} + Ty) is g-concave. So K@) (W, Z) is closed under
addition.

The fact that IC(q)(VV, Z) is closed under scalar multiplication is easily veri-
fied. So, (i) holds.

(ii) Let T € K@(W,Z). Given n € N, positive numbers a1, ..., a, with
Z?:laj = 1 and vectors w; € W with ||w;|lw = 1 for j = 1,...,n, Lemma
2.51(i) implies that

H(éajmwﬂr)m < H(éaj‘T(wj)P)l/qHZ-

This and Lemma 2.53(i) with = in place of ¢ implies that 7" is r-convex and (2.136)
holds.

(iii) Let S1, 82 € K(q)(Z, W). We shall show that their sum (S14S2) : Z — W
is also g-concave. To this end, fix n € N and z1,...,2, € Z. Let K denote a
constant satisfying ||wy 4+ wa|lw < K (||wi]|w + ||wz|lw) for all elements wy, ws of
the quasi-Banach space W. Then

<i1 [| (51 +Sz)(2j)|}3v)1/q < <i1 (K(llsl(Zj)\iw + ||52(Zj)||w))q>

1/q

N a\ /4
= k(3 (I lhy + 2l ) )

J
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This and (2.109) give

(Zn: 1(S1 + 52)(21,)!’%)1@

j=1

n

< HQK<(§; ||51(Zj)||3v>1/q + (; HSQ(Z])Hl‘Ij[/) 1/‘1)

< rig K (Mg [$1] + Mg [52]) (i 519) 1a

because S7 and Sy are g-concave. Thus (S7 + S2) is g-concave, which implies that
K(q)(Z, W) is closed under addition.

Since KC(4)(Z, W) can easily be shown to be closed under scalar multiplication,
we conclude that K (Z, W) is a linear subspace of L(Z, W).

(iv) Let S € K)(Z,W)\{0}. We can apply Lemma 2.53(ii), with r in place
of ¢, to deduce that

-1 n 1/r
(M(T)[S}) = ian(Za”zj‘r) 7 > 0,
j=1
where the infimum is taken over all n € N, positive numbers aq,...,a, with
2?21 a; =1 and vectors z1, ..., 2, € Z with HS(z])HW =1forj=1,...,n. For
such n € N, numbers a, ..., a, and vectors z1, ..., 2z, € Z, it follows from Lemma

2.51(i) that
0 < (M<r>[5])71 < H(i“ﬂ%r)w 2= H(émmq)w

Hence, Lemma 2.53(ii) implies that S is g-concave and (M, [S]) ™1 < (M([S]) ™1,
that is, (2.137) holds.

Z.

Corollary 2.55. Let Z be a Banach lattice or a ¢-B.f.s. Assume that 0 < r < ¢ < 0.

() If Z is q-convex, then Z is r-convex and M(")[Z] < M@ [Z].
(ii) If Z is r-concave, then Z is q-concave and My[Z] < My[Z].

Proof. (i) This follows from Proposition 2.54(ii) with W := Z because the identity
idz on Z satisfies idz € K9 (Z,2) C K")(Z, Z).

(i) We can conclude that idz € K¢y (Z,72) C K(4)(Z, Z) from Proposition
2.54(iv) with W := Z. So, (ii) holds. O

To discuss the composition of a convex or concave operator with another
operator, let us introduce a new class of operators. Fix 0 < ¢ < oco. For each
k=1,2, let Z; be either a Banach lattice or a g-B-f.s. Note that we are allowed to
include the case when Z; is a Banach lattice and Z5 is a ¢-B.f.s. or vice versa. Let
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Ay(Z1, Z5) denote the class of all operators U € £(Z1, Z,) for which there exists
a constant C' > 0 satisfying

[(Swer) ™|, < el (Xl
" " (2.138)

For each U € Ay(Z1,Z3), let Cy denote the smallest constant C' > 0 satisfying
(2.138).

Lemma 2.56. Let 0 < q¢ < oo. For each k = 1,2, assume that Zj, is a Banach
lattice or a ¢-B.f.s. Then Ny(Z1, Z5) is a linear subspace of L(Z1, Zs).

2 neN, z,...,z, € Z1.
1

Proof. As it is routine to prove that Ay(Z1, Z2) is closed under scalar multiplica-
tion, we shall verify only that Aq(Z1, Z3) is closed under addition. Let Uy, Us €
ANy(Z1,Z3). To show that (Uy + Us) € Ay(Z1,Z2), fix n € N and z1,...,2, € Z;.
Then, from (2.115) and the definitions of Cy, for k = 1,2, it follows that

I )], =] )
SKC,K(H(gym) N Z;H(;Z\UM )

‘(i |Zj‘q)1/q
j=1

where K satisfies (Q3) for the space Z5. Hence, (U1 + Ug) € Ny(Z1, Z). O

i ‘(Ul + U2)(2;)

(i’Ul(Zj)+U2(Zj)

Q)l/q

Z>

<

< quK(CUl + CUQ)

bl
Z1

Lemma 2.57. Let 0 < g < 0co. For each k = 1,2, assume that Zy, is either a Banach
lattice or a q-B.f.s.

(i) If an operator U € L(Z1, Z3) satisfies
(e < ()
j=1 =1

in the order of Zs, then U € Ny(Z1, Z3).
i) Assume further that 1 < q¢ < oo and that Zy and Zs are Banach lattices.
ii) A ther that 1 < d that Zy and Z. B h latti
(a) Ewery positive operator U € L(Z1,Z3) satisfies

(Swe) < v((S1sl) ). aemez, nen,
j=1 j=1

(2.140)

, Z1y...,2n € 41, mEN,

(2.139)

and hence, U € Ny(Z1, Z2).

(b) Ewvery linear combination of positive operators from Zy into Za belongs
to Aq(Zl, Zg)
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Proof. (i) Since || - ||z, is a lattice quasi-norm, it follows from (2.139) that

("],

for all z1,...,2, € Zy with n € N. So, U € Ay(Z1, Zs).
(i) (a) First, for a fixed z € Z;, we shall show that

n

(), = w15 ) .

|U(z)| < U(J2]). (2.141)

Write z = x + iy with 2,y € (Z1)g. Then

|U(z)| = sup [(cos@)U(x)+ (sinf) U(y)‘ = sup |U((cosf)z + (sin H)y)‘,
0<o<2m 0<0<27
(2.142)
apply (2.14) after observing that U(z) = U(z) + 4 U(y) and that U(x),U(y) €
(Z3)r. Fix 0 < 0 < 27. By (2.14) we have
+((cosf)x + (sinf)y) < |z|
and, since U is positive, it follows that
+U ((cos0)z + (sinf)y) = U(i ((cos @)z + (sin&)y)) < U(Jz)).
This implies that
‘U((cos 0)z + (sin H)y)’ < U(l2)) (2.143)

via the general fact that |£] = £V (=&) for every £ € (Z2)r. Then (2.14), (2.142)
and (2.143) yield (2.141).
Fix n €e Nand z1,...,2, € Z1. Then

n

(éW(Zj)!q) < (X [vaz )/ (2.144)

Jj=1

by (2.141) and Lemma 2.51(iv). Since U ((Z1),) C (Z2)r, let Ug : (Z1)r — (Z2)r
denote the restriction of U to (Z;)gr, with codomain (Z3)g. Then Ug is a positive
operator between two real Banach lattices and hence,

(Zn]UR(xj)\q)l/q < UR((Zn:|xj|q)l/q), Tl Ty € Za; (2.145)
j=1 j=1

see [92, p. 8] or the proof of Proposition 1.d.9 in [99]. Now, (2.144) and (2.145)
(with z; := |z;| for j =1,...,n) yield (2.140).
(b) This is a consequence of Lemma 2.56 and part (a) above. O
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Remark 2.58. In Lemma 2.57(ii) we have not assumed that Z is Dedekind com-
plete. If Z5 were Dedekind complete, then (2.141) would be a consequence of the
general facts that |U(z)| < |U|(|z|) and that |U| = U, where |U| denotes the
modulus of U; see [165, Lemma 92.5]. O

Example 2.59. Let X (1) and Y (1) be ¢-B.f.s.” over a positive, finite measure space
(€, 3, ). Then the multiplication operator

Mg € m Aq(X(M)7Y(ILL))7 g€ M(X(M),Y(M))

0<g<oo

In fact, fix g € M(X(p),Y (1)) and 0 < ¢ < co. Given n € N and f1,..., fn €
X (), it is clear that

" 1/q " 1/q
(Xlonl”) "= Jo(X1nl") |
j=1 j=1
pointwise on €2. That is,

(é]m(fj) = \Mg((ilw)”q) .

So, My € Ag(X(p),Y (1)) via Lemma 2.57(i) with Zy := X(p), Zo := Y (u) and
U := M,.

Note that, if X (u) and Y (p) are B.f.s.” and 1 < ¢ < oo, then Lemma 2.57(ii)
can also be applied to deduce that My € Ag(X (1), Y (1)) because

(2.146)

My = Mgeg)+ — MRe(g)- + i(MIm(!JV - Mlm(g)f)' H

Example 2.60. Let y : 2V — [0, 00) be a finite measure with u({n}) > 0 for every
n € N.Let 0 < r < oo and let U : £"(u) — £"(u) denote the unit right shift
operator, that is,

0 i k=1,

U k) :=

(F)(k) { flk=1) if k>2,

for every f € £"(u). In the notation of sequences, we can rewrite this as
U:(ay,az,...)— (0,a1,az,...), (an)py € 7 ().

n=1

(i) Let 0 < ¢ < co. Then U satisfies

(i’U(fjW)l/qU((ilfjlq)l/q) Fioer fa€ (i), neN.

(2.147)
So, from Lemma 2.57(i) it follows that U € Aq (€7 (1), €™ (1)).
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(ii) Let g € £ = M(¢"(w), €7 (1)) (see (2.75) with X (p) := £"(p)). Then
the compositions My o U and U o M, are operators belonging to Aq (¢"(u), ¢ (1)).
Again, this can be proved by applying Lemma 2.57(i) together Wlth (2.146) and
(2.147). O

Given a complex Banach lattice Z, its dual Banach space Z* is actually a
(complex) Banach lattice with respect to the dual norm || - || z+, which is also a
lattice norm, and

(z,|2*]) = Sllp{|<y7 )1y € Zand |y < z}, zeZt, ez (2.148)

[149, Ch. IV, Corollary 3 of Theorem 1.8] or [165, pp. 323-324]. Here, the Banach
space dual Z* of Z coincides with the order dual of Z (which is the complex
vector lattice of all C-valued, order bounded linear functionals on Z). The following
inequality is a consequence of (2.148):

|(z7 z*)

see [166, Theorem 36.4] with F' := R there and note (by the discussion on p. 239
of [166]) that Z there only has to be Archimedean and uniformly complete, which
is satisfied by Banach lattices.

< (]2, |2*]), z€ 7, ez (2.149)

Example 2.61. (i) Let 1 < ¢ < co. A continuous linear operator T from a Banach
lattice Z into a Banach space W is said to be absolutely q-summing if there exists
a constant C' > 0 such that

(i’|T(Zj)H€V>l/q sup (Z] Zj, 2 )1/q (2.150)

2*€B[Z7]

for all n € N and z1,...,2, € Z. Detailed information concerning absolutely
summing operators between Banach spaces is available, for example, in [41]. Let
I1,(Z, W) denote the class of all absolutely g-summing operators from Z into W.
Then

I, (Z,W) C K(Z,W). (2.151)

For the case when Z and W are both over R, this has been verified in [99, p. 56].

Their proof can be adapted to the complex case. In fact, let z* € Z*. Its modulus

|z*| : Z — C is a positive linear functional and hence, Lemma 2.57(ii)(a) (with
= |z*|) together with (2.149) imply that

(St o)™ (S0 )" < (1) )
()",

<|ll-

(L 1=1)"], -




2.5. Convexity and concavity properties of linear operators 83

whenever n € N and z1,...,2, € Z. Now let T € IL,(Z,W) and C > 0 be a
constant satisfying (2.150). Then the previous inequalities and (2.150) yield

(Sirets)” = (S =),

for all n € N and z1,...,2, € Z. Thus, T is g-concave, that is, T" € K(4)(Z, W).
Hence, (2.151) holds.

(ii) Assume that 2 < r < ¢ < co. Then
I, (61, 7) = K (e er) = c(e', ).
This is a consequence of part (i) and the fact that
(e 07) = L6 0m); (2.152)
see [31, Corollary 24.6]. Moreover, (2.152) implies that
I, (Z,W) = L(Z,WV) (2.153)

provided Z is an L!-space and W is an L"-space; see [41, p. 60] for the definition
of LP-spaces for 1 < p < oco. In fact, this can be proved by adapting the proof of
[41, Theorem 3.1] (which is Grothendieck’s Theorem stating that every continuous
linear operator from an L!-space into an L£2-space is absolutely l1-summing). In
particular, since L*([0,1]) and L"([0,1]) are an £!-space and an L"-space respec-
tively (see [41, Theorem 3.2]), we have by (2.153) that

I, (L*([0, 1)), L7 ([0, 1)) = K(q) (L1([0,1]), L7([0,1])) = £(L*([0,1]), L7 ([0, 1])).
O

It would be interesting to find further criteria for a continuous linear operator
to belong to the class Ay, in addition to those given in Lemma 2.57. For the
special case ¢ = 2, it turns out that every continuous linear operator between
Banach lattices belongs to the class As. For real Banach lattices, this is due to
J.L. Krivine [92, Theorem 3]. Let Kg denote Grothendieck’s constant.

Lemma 2.62. Let Z1 and Zs be Banach lattices. If U € L(Z1,Z5), then

H (2: |U(zj)|2)l/2HZ2 < 4Kg|U| - H(zn: |zj|2)1/2HZI (2.154)

J=1

whenever n € N and 21, ...,2, € Z1. Consequently, L(Z1,Z5) = Na(Z1, Z3).
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Proof. Fix n € N. Observe that

(16 = e+ 60r) ],
B I e
<) ] (S Wi)WH

) S n) T, e

whenever CJ(-Z) € Zyfor j=1,...,nand |l = 1,2,3,4, where we have used (2.115)
twice with ko := 1 and K := 1.

There exist operators Uy, Us € L£(Z71, Z2) such that Uk((Zl)R) C (Z3)r for
k=1,2 and U = Uy + iUs; see [165, §92], for example. Let

(U)r : (Z1)r = (Z2)r and  (U)r : (Z1)r — (Z2)r

denote the restriction of Uy and Us to (Z1)r with codomain (Z2)g. It follows from
[99, Theorem 1.f.14] that

. (2.156)
< Kallwoel-[(Xl6r?) |, . k=12
j=1
whenever &1,...,&, € (Z1)r. Fix 21,...,2, € Z1. For each j = 1,...,n, write
zj = xj + 1y; with x;,y; € (Z1)r, so that
U(z) = (Unr(z;) + i(U2)r(z;) + t(U)r(y;) — (U2)r(y;)-
Then we can apply (2.155) to obtain that
n o 1/2
[(Sloer) L,
(2.157)

<5 (IS ), IS femtn),.):

k=1 Jj=1
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Given k = 1,2, since ||]|(z,). = |[€llz, for every £ € (Z2)r € Z and [[(Ug)r|| <
IU]|, it follows from (2.156) that

H(Zj; ‘(Uk)]R(l'j)‘Q)l/ZHZQ < Ko ||(Ux)z]| H(zi; \%‘\2)1/2) i
o |(Eer),
i=1

The last inequality follows from Lemma 2.51(iv) because |z;| < |z;| for every
7 =1,...,n. Similarly,

n

H(Z ‘(Uk)R(yj)r)l/zH% < Kgl||U| - H(Zn: |zj|2)1/2HZI. (2.159)

Jj=1

So, since |Ug|| < ||[U] for k = 1,2, the inequality (2.154) follows from (2.157),
(2.158) and (2.159). O

Now we present results concerning the composition of convex operators with
other continuous linear operators.

Proposition 2.63. Suppose that W is a quasi-Banach space and that 0 < q < oo.

(i) Let Wi be another quasi-Banach space and let U € L(W, W7). Suppose that
Z is either a Banach lattice or a ¢-B.f.s. If T € K\9(W1, Z), then the com-
position T o U : W — Z is also g-convez and MO [T o U] < (M@[T)) |U]].

(ii) For each k = 1,2, assume that Zy, is either a Banach lattice or a ¢-B.f.s. If
T € KW, Z,) and U € Ay(Z1, Zs), then U o T € K\D(W, Zs).

(ii) Let Zy and Zy be Banach lattices. If T € K@ (W, Z,) and U € L(Zy, Z5),
then U o T € K®(W, Zy).

Proof. (i) Given n € N and wy, ..., w, € W, the ¢g-convexity of T gives that

H(i (T o U><wj)\q)1/qHZ < (M@ (il [el,) "

j=1
" 1/4q

< (M) (101 Jasly) " = (MO (3 s

Jj=1

Thus, part (i) holds.
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(ii)) Fix n € N and wy,...,w, € W. Since T is ¢g-convex and U belongs to
the class Aq(Zl, Zs), it follows that

(X emimr)”|

2o ()|

This establishes part (ii).
(iii) Apply Lemma 2.62 and the 2-convexity of T' to obtain that

H(gwo:ﬁ)(w»f)lm\\z < 4KV (M®[r )(anjuw)

whenever wq,...,w, € W and n € N. So, U o T is 2-convex. O

Some consequences of Proposition 2.63 are now provided, which will be
needed later.

Corollary 2.64. Let W be a quasi-Banach space and Z be either a Banach lattice
or a ¢-B.f.s. If Z is q-convex for some 0 < q < 00, then

LW, Z) = KW, Z).

Proof. Let U € L(W, Z). By definition, the identity operator idz on Z is ¢g-convex.
So, Proposition 2.63(i), with Wy := Z and T := idg, implies that U = idz o U
is g-convex. So, the corollary holds because we already know that k(@) (W,Z2) C
LW, Z). O

Corollary 2.65. Assume that 1 < g < 0o and Z1 is a q-conver Banach lattice. If
Zs 1s any Banach lattice, then every positive operator U : Z1 — Zs is q-convet.

Proof. We have U € Ay(Z1, Z5) via Lemma 2.57(ii)(a). So, the g-convexity of the
identity operator idz, on Z; implies that

U=Uocidy € K\D(Z,,Z,)
by Proposition 2.63(ii) with W := Z; and T :=idg,. O

Corollary 2.66. Let X (1) and Y (u) be g-B.f.s.” over a positive, finite measure space
(Q,%,1). If X(p) is g-convex for some 0 < q < oo and if g € M(X(1),Y (1)),
then Mgy : X(pu) — Y (1) is a g-convex operator.

Proof. We know from Example 2.59 that M, € A, (X(u), Y(u)). By assumption,
the identity idx(,) is g-convex. So, apply Proposition 2.63(ii) (with W := X (u),
Zy = X(p), Zy :=Y(u), T :=idx(,) and U := M) to deduce that

My = Myoidy(,) € K9(X(u),Y (1)) O
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Corollary 2.67. Let Zy be a 2-convexr Banach lattice and Zs be a Banach lattice.
Then

L(Z1,25) = KP (24, Z5).

Proof. Let U € L(Z1,Z>). The identity idz, on Z; is 2-convex by assumption. So,
from Proposition 2.63(iii) with W := Z; and T := idz,, it follows that

U=Uoidy € K?(Z,,2Z,).
The reverse containment IC(Q)(Zl, Zs) C L(Z1, Z>) always holds. O

Now we present results for the composition of a concave operator with a
continuous linear operator.

Proposition 2.68. Suppose that W is a quasi-Banach space and that 0 < q < co.

(i) Let Z be either a Banach lattice or a g-B.f.5., and let S € K4 (Z, W) for
some 0 < q < oo and quasi-Banach space Wy. If U € LWy, W), then
UoS € K2 W) and M,)[U o S] < [[U[| (M[S])-

(ii) For each k = 1,2, assume that Zy, is either a Banach lattice or a ¢-B.f.s. If
UeN(Z1,22) and S € K4)(Z2, W), then SoU € K((Z1,W).

(iii) Let Z1 and Zs be Banach lattices. If U € L(Z1,Z2) and S € K2y(Z2, W),
then SoU € K2y (Z1, W).

Proof. (i) Given n € N and 21, ..., 2, € Z, the g-concavity of S yields that

IN

(Z wos L) (ilvq~|is<w>|>‘évl)1/q

=S Isteti) ™ < 101 (i) | (S 1) ],

So, part (i) holds.

(ii) Let n € N and z1,..., 2, € Z1. Since U € Ay(Z1,Z2) and S is g-concave,
it follows from Lemma 2.57 that

(ZH sovly) " < (o) (S o)

Jj=

Za

[

n

<Cy (M(q> [5]) H(Z_jl |Zj’q>1/qHzl’

which establishes part (ii).
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(iii) Apply Lemma 2.62 and the 2-concavity of S to obtain

(Slse0l) " < are(Mas) - [(Se) ]

whenever z1,...,2, € Z and n € N. So, S o U is 2-convex. O

)
Zy

We now present some consequences of Proposition 2.68 which will be useful in
later chapters. The proofs of these corollaries will be omitted because we can adapt
the proofs of Corollaries 2.64 to 2.67; all we need to do is to apply Proposition
2.68 in place of Proposition 2.63.

Corollary 2.69. Let Z be either a Banach lattice or a q-B.f.s. If Z is q-concave for
some 0 < g < 0o, then

L(Z,W) = K(Z,W)
for every quasi-Banach space W.

Corollary 2.70. Let Z1 be a Banach lattice. If Z5 is a q-concave Banach lattice for
somel < q< oo and U : Z1 — Zsy is a positive operator, then U is a q-concave
operator.

It is not possible to remove the assumption that U is positive in Corollary
2.70. In fact, there exists a non-1-concave, continuous linear operator from a Ba-
nach lattice into a 1-concave Banach lattice; see Example 3.75.

Corollary 2.71. Let X () and Y (u) be g-B.f.s.” over a positive, finite measure space
(Q,%, ). If Y () is g-concave for some 0 < q < 0o and g € M (X (1), Y (u)), then
the multiplication operator My : X (u) — Y (p) is g-concave.

Corollary 2.72. Let Zy and Zs be Banach lattices. If Z7 is 2-concave, then
L(Zy,2Z2) = Ky(Z1, Zo).
Let us consider the convexity and concavity properties of some particular spaces.

Example 2.73. Given are a number 0 < ¢ < oo and a (possibly infinite) measure
space (2,%,7). Assume that there exists a pairwise disjoint, infinite sequence
{A(j)}52, € ¥ such that 0 < 7(A(j)) < oo for every j € N.

(i) The g-B.f.s. L(n) is both g-convex and g-concave with

M@W[LYn)] =1 and  Myy[Ly)] = L. (2.160)
This can be obtained directly from the fact that

H(é |fj|q>1/q La() (/Q (z"; |fj|q) dTI)l/q

j=
= (3 [l an) " = (S lalt,)" o
i=1 =

foralln € Nand f1,..., f, € LY(n).
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(i-a) Assume that 0 < r < g. Then L%(n) is r-convex and M([L4(n)] = 1
because (2.107), Corollary 2.55(i) and (2.160) yield that

1< MO[Li(n)] < MO[Lin)] = 1.

(i-b) Assume that 0 < ¢ < 7. Observe from (2.107), Corollary 2.55(ii) and
(2.160) that
1 < Mgy [Li(n)] < My[Li(n)] =

Consequently, L?(n) is r-concave and M,y[L9(n)] = 1.
(ii) Let f; := ”XA(j)Hqu(n) "Xy for j € N. Let 0 <7 < o0. Since

(Zn:\ijT)”—(Z\fj) in VX MEN,

j=1 j=1

we have that

(1),
j=1

=n1 neN (2162

et H(Zlfa )"

La(n
Moreover, || fjll o = 1 for all j = 1,...,n and so
i r 1/r
(ZHfJHLq(n)) =n'/",  neN (2.163)
j=1

(ii-a) If 0 < ¢ < 7 < 00, then L4(n) is not r-convex. To show this, assume on
the contrary that L%(n) is r-convex. Then it follows from (2.162) and (2.163) that

(S0 = () (B )
= (ML) )",

whenever n € N. This is impossible because (1/q) > (1/r).
(ii-b) If 0 < r < g < o0, then L9(n) is not r-concave. In fact, the r-concavity
of L(n) would imply, via (2.162) and (2.163), that

nt/m < (M(T)[Lq(n)])nl/q, n €N.

This is impossible because (1/r) > (1/q). O

According to Example 2.73(i), for L?([0, 1]) equipped with its usual (lattice)
norm, we have M [L2([0,1])] =1 and M;)[L?([0,1])] = 1. This may not be
the case if we equip L?([0,1]) with an equivalent (lattice) norm.
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Example 2.74. Let p denote Lebesgue measure on [0, 1]. We shall discuss the 2-
convexity and 2-concavity constants of L%(u) = L%([0,1]) when it is endowed
with an equivalent (lattice) norm. To be precise, || - ||12(,) denotes the usual L*-
norm on L?(p). Let A € B([0,1]) satisfy p(A) > 0 and p([0,1] \ A) > 0, and set
B:=[0,1]\ A.

(i) Let Z; denote L?(u1) equipped with the non-negative functional || - ||z,
given by

||f||Z1 = HfXAHL?(M) + ||fXB||L2(u)’ f € Lz(,u);

it is straightforward to prove that || - ||z, defines a lattice norm. Moreover, || - || z,
is equivalent to the original norm on L?(1) because

Iz < Ifllze < \/§||f||L2(u)7 feL?n). (2.164)

So, Z; is also 2-convex and 2-concave. We shall show that
M@P[z] = V2 and  My)[Z] = L

To this end, fix n € Nand fi, ..., f, € Z1 = L?(u). Then, via (2.161) (with n := u
and ¢ := 2) and both inequalities in (2.164) we have that

15, <Al o,

- 1/2 n 1/2
=VE( X illia) < VE(ZIAIZ)
Jj=1 j=1

which implies that M(®[Z;] < /2. To establish the reverse inequality consider

g1 = (,u(A))fl/QXA and go = (u(B))fl/sz.

Then

9 9 1/2 _ _ _ 9
lg1]= + lg2| ;= g1 + 92 5, = lNgrllzzguy + lg2llz2cu) =
1

and 1o

1/2
(g, +lgeli%, )~ = (llglago + lg2l2a(s)

In other words

1/2 1/2
(12 +1022) | = V2(lonll, + loellZ,)
1

So, M [Z,] > v/2 and therefore, M®[Z;] = /2.
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Let us turn our attention to the concavity constant My)[Z1]. Still with
fi,---, fn € Z1 and n € N, we have that

(S 12,)" = (32 (il + Iollivn))

n 1/2 n 1/2
( HfJXAHi2(/L)> + (Z HfJXBHiQ(,u))
j=1 j=1
n o\ 1/2 n o\ 1/2
- H(;lfij\ ) ’Lz(u) * H(;‘ijB| ) ‘LQ(M)

by the Cauchy-Schwarz inequality in R™ and (2.161) applied with n := g and
q := 2. On the other hand,

O ) s+ N 1) e,
=2 15) Pl H(jz_:l\fA?)“xB\ﬁ

via the definition of || - || z,. Therefore,

(k) < 15190,

which implies that M9)[Z;] < 1 Recalling the general fact from (2.107) that
M 9)[Z1] > 1, we have M(y)[Z1] =

@[]
(ii) Let Zoo denote L?(u) equlpped with the non-negative functional || - ||z
defined by

1z = max { N X6l b f € Zec

IA

-1 1) .,

Z oo

It is clear that || - ||z, is a lattice norm. Moreover, |- [z, is equivalent to || -[[z2(,)
because

1flze < Ifle2g < V20 Sfllze,  f € L2(H) = Zee.
Hence, (Zoo, || - || z..) is 2-convex and 2-concave. One can prove that
MP[Z ] =1 and Mp)[Zs] = V2
by adapting the arguments in part (i). O

Let us show how convexity and concavity properties alter when forming the
p-th power of a g-B.f.s. For a real g-B.f.s, the following result has been given in
[30, Lemma 2].
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Proposition 2.75. Let X (u) be a ¢-B.f.s. over a positive, finite measure space
(Q,%, ). Suppose that 0 < p < 0o and 0 < g < 0.

(i) If X (u) is g-convex, then its p-th power X (u)p is (q/p)-convex and

M@/P) [X ()] = (M(q) [X(M)])p_

(ii) If X(p) is g-concave, then its p-th power X (i) is (q/p)-concave and

Mq/p) [X(M)[p]] = (M(q) [X(M)})p.

Proof. (i) Let fi,...,fu € X(u)p with n € N. Since |£;|"" € X(u) for j =
1,...,mn, it follows from (2.54) that (Z?Zl (|fj|1/p)q)1/q € X (p) and hence, that

H (jz_:l fj|q/p)1’/’1HX(H)[p] _ H (; (|fj|1/p)q)1/qu(H)
g(m@&x@)( MLF”Mmmfm)p

— (M(q)[X(u )p< Hf]Hq/p )p/q.

Jj=1

HM:
3 =

Therefore, X (1)) is (¢/p)-convex and

p

MO [X ()] < (M(‘”[X(u)]) : (2.165)

To prove the reverse inequality to (2.165), let Y'(u) := X (). Then X () is the
(1/p)-th power of the (q/p)-convex space Y (). Apply (2.165), with Y (u) in place
of X (u) and with ¢ in place of (¢/p), to deduce that

M [X (1] = MO ¥ ()] < (MO (0]) 7 = (M9 [x(y,])

that is,
p

(M@Dx ()" < M2 [x (.

This establishes the desired identity M(4/?) [ X (1),] = (M(Q) [X(u)]>p.
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(ii) To prove that X (1)) is (¢/p)-concave, fix n € Nand fi,..., fn € X (1)
Since ‘fj‘l/p € X(u) for j =1,...,n, we have that

i / i /
(S 0al5E,) " = (SN lg,) ™

Jj=1

(o) [ (550577, )
(M(q)[X(M)Dp H<; ’fj’q/p)p/qHX(u)[pJ

Consequently, X (1) is (¢/p)-concave and

IA

M [X ()] < (MiglX (u)])p- (2.166)

To prove the reverse inequality, take Y (1) = X (i), as above. Recalling that X (u)
is the (1/p)-th power of the (¢/p)-concave space Y (1), we can apply (2.166), with
Y (u) in place of X (u) and with ¢ in place of (¢/p), to deduce that

/p /p
M) (X (1)] = Mg/ [Y (1) i1/1] < (Mg ¥ (1 )])1 = (My/n) [X(M)[pﬂ)l :

that is,
P
(M X)) < Mg/ [X ()]
Thereby the desired identity Mg/ [X (1)p)] = (M(q) [X(u)])p is established.
O

In the case when 1 < p < oo, Proposition 2.75 implies that the p-th power
X ()[p) has a weaker concavity property than X (u) and has a stronger convexity
property than X (u); see Corollary 2.55.

Let us introduce the Lorentz function spaces.

Example 2.76. Let (Q2, %, 1) be a non-atomic, positive, finite measure space. Given
f € L% (1), let us adopt the abbreviation

p(lf] >¢) = p({w e Q:|f(w)| > c}), c¢>0.
Define a function f* : [0, u(2)) — [0,00) by
fAt) = inf{c>0:p(|f|>c) <t},  te (0, uQ)].

The function f*, which is called the decreasing rearrangement of f, is right-
continuous and decreasing, [13, Ch. 2, Proposition 1.7], [69, Proposition 1.4.5].
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(i) Fix n € N and pairwise disjoint non-p-null sets Ay,..., A, € X. Given a
strictly decreasing finite sequence of positive numbers {aj}}‘:l, let

If n =1, then

and if n > 2, then

n * n
(Z anAJ) - alX(O’ bl) + Z ajx[bjflv b])7 on (O’ H(Q)} ;
Jj=1 j=2

see [13, p. 38], [69, p. 46].
(ii) Given 0 < ¢ < oo and 0 < r < oo, the real Lorentz space L{"(u) is
defined as the space of all f € LS (u) satisfying

n(R) , 1/r
e = (5 [ I eo-ta) " <o

see [13, Ch. 4, §4], [69, Ch. 1, §1.4], for example. It turns out that L{" (1) is an order
ideal of the real vector lattice L{(x) and the functional || - |4, : LE" (1) — [0, 00)
is a real lattice quasi-norm for which L{"(p) is complete; see for example [69,
Theorem 1.4.11]. By part (i), all positive X-simple functions belong to LE" (i) and
hence, so do all real ¥-simple functions. Thus, (L{" (), || - |l¢,r) is a real ¢-B.f:s.
based on (Q, X, u).

The (complex) Lorentz space L%" (1) is defined as the complexification

Lo (u) i= Lg"(n) + iLg" (1)

and becomes a ¢-B.f.s. over (2, %, 1) with respect to the lattice quasi-norm

fe U llparcy = || 1f]] fe L (u);

see the arguments after Lemma 2.4 or [69, Ch. 1, §1.4].

If 1 <r <q < oo, then ||-||Lar(, is a lattice norm with respect to which
L% (u) is a B.f.s., [13, Ch. 4, Theorem 4.3]. The lattice quasi-norm || - || a.»(,) fails
the triangle inequality if we omit the requirement that r < g, [69, p. 50]. However,
for ¢ > 1 and all > 1 there is a lattice norm || - [| (4, such that L%"(u) is a B.f.s.
relative to | - ||(g,r), [13, Ch. 4, Theorem 4.6], [69, pp. 64-65]. For the remaining
possibilities of 0 < ¢, < oo, the q-B.f.s. (L7 (u), || - || ar(,)) is non-normable. For
instance, the case 0 < r < ¢ < 1 can be proved by (ii-c) and (vi) below; see [69,
Ch. 1].

q,r’
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We now consider some special cases which will be needed later.
(ii-a) When ¢ > 0 and 7 = ¢, we have L9 (p) = L9(p) with || - ||Laa(ey) = || - | La(u)

for ¢ < 1, [13, p. 216].
(ii-b) With 0 < ¢ < oo and 0 < r; < ry < 00, we have

L () © L8 (p);

see [69, Proposition 1.4.10].

(ii-c) Now, if 0 < r < g < o0, then (ii-a) and (ii-b) above yield that
L () € L (p) = L(p).

(iii) Let us return to the general case when 0 < ¢ < oo and 0 < r < oo.
Then L%7(p) is o-o.c. In fact, suppose that f € L%7(u)T and take functions
fn € LY ()T, for n € N, satisfying f, T f. Then f} T f* pointwise on (Qu(Q)];

for example, see [13, Ch. 2, Proposition 1.7], [69, Proposition 1.4.5], [154, Lemma
3.5]. So, | f = fullLar(uy = IIf = fallgr — 0asn — oo by the Monotone Convergence

Theorem and the definition of || - ||4,r. In other words, L9"(u) is o-o.c.
(iv) Given 0 < ¢ < o0 and 0 < r < 0o, we shall show that the identity
L0 () = L9/P0/P) () (2.167)

holds when 1 < p < oo; for the case of real spaces, this is stated in [30, p. 159]. By
recalling the definition of the p-th power of a g-B.f.s. as given in (2.46), the identity
(2.167) will follow once we establish the fact that a function f € L% (u)* belongs
to L7 (u)pp if and only if f € La/P),(r/p) (). So, fix f € LY(u)*. According to
[13, Ch. 2, Proposition 1.7], we have (f*)1/? = (f1/?)* on (0, 1(9)]. It follows that

n(%) r n() 1/r
(: / o) 1) = [( / [y @] e -ar)
qJo q.Jo

which implies that f € L(/P):("/P)(1) if and only if £/ € L9 (u). Since f1/P €
L%"(p) is equivalent to f € L%"(u)r,, we have established the fact that f €
L@/ (/P) (1) if and only if f € L4 (). So, (2.167) holds.

(v) Let us discuss convexity and concavity properties of L?" () for 0 < ¢ < o0
and 0 < r < oco. It follows from [30, p. 159] that the real Lorentz space L{" (u)
is u-convex provided 0 < u < g and 0 < u < r. So, L?" () is also u-convex via
Lemma 2.49(ii).

(vi) Given 0 < r < 1, we shall show that the Lorentz space L' (u) is not
1-convex. To make our arguments more transparent, assume further that p(2) =1
because the general case can be derived from this special case. Fixing n € N we
shall construct functions fi,..., f, € LY"(u)* satisfying

|34
j=1

- (1 + (n—2)(2" — 1))1/r, (2.168)

L1 (w)
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which will then be used to verify that L"(u) is not 1-convex. Since p is non-

atomic, we can select pairwise disjoint sets Ay,..., A, € 3 such that
w(A) =1/2" and p(Ag) =1/27F2 for k=2,... n. (2.169)
Then )
J
> u(Ag) =120 =1, . (2.170)
k=1
Given j = 1,...,n, we have

1(A45) N7
bl = ([ et = ntay)

because (XAj)* = X(0, pu(4,)) OV [0,1] via part (i). Let f; := ,u(Aj)*lej, so that
Il fillL1rquy = 1. Now, part (i), (2.169) and (2.170) give

1
(Z f”) p(An)” X(0,1/2") + 1(A2) 7 Xy jan 1 jam-0y + 0

—1
o +/J‘(An) X[1/2271/2)

_9n n 2
=2"X (0,12 T 2 Xup2m 17000y T 2 X0 1)

_ k
=2"X(0,17m) + 22X 0k, 1001
k=2

So, we have
n r 1 n * T
fi :7'/ [( f-) (t)} t"lat
H; e 0 ; !
1/2n n 1/2(1971)
:/ r2"E Nt + Z/ r2krer 1 dt
0 o J1/2

=14 zn:ri . 2—k7'(27' _ 1)
=1+ (;— 2)-(2" — 1),

from which (2.168) follows.

To prove that LY"(p) is not 1-convex, assume on the contrary that L17 () is
1-convex. It then follows from Proposition 2.23(iv) that L1'"(u) admits an equiv-
alent lattice norm || - ||51.r(,y. That is, there exist constants a,b > 0 for which

allfllzrrgy < Ifllrgy < OIfNLir feLb ().
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Since || fj[|1.r(uy = 1 for j =1,...,n, it follows that

IR L PaNd

< bszJML“(“) < (b/a) Z |fjHL1vT(,u) = (b/a)n.

L (p)

This together with (2.168) give

(1+m-2-2 -1)" < (/a)n.

which is impossible because (1/r) > 1 and n € N is arbitrarily fixed. Therefore,
we conclude that (L' (), || - || L1.r(u)) is not 1-convex.

(vil) Suppose that 0 < 7 < ¢ < oo. Then L?"(u) is not g-convex. In fact, if
L% () were g-convex, then L% (u)q would be 1-convex via Proposition 2.75(i).
However, L9" (1) = L*"/9(p) via part (iv) and L*7/9(p) is not 1-convex via part
(vi). Thus, L?"(u) is not g-convex. O

Proposition 2.77. Let E be a Banach lattice.

(i) For each 0 < g <1, we have that E is necessarily q-convex and

MY[E] = 1. (2.171)

(ii) Suppose that E is infinite-dimensional. Then E fails to be q-concave for every
0<g<1.

Proof. (i) By Lemma 2.50 applied to the identity operator idg on E and with
W = FE, we have that idg is necessarily 1-convex, that is, F/ is 1-convex and that
MO[E] = MM[idg] = 1. Now let 0 < ¢ < 1. From the fact that idg is I-convex
and Proposition 2.54(ii), it follows that idg is g-convex and M (D [E] < MM[E] =
1. On the other hand, M(9[E] > 1 via (2.107), which establishes (2.171).

(ii) Assume, on the contrary, that E is g-concave for some 0 < ¢ < 1. Then
E is also 1-concave via Corollary 2.55(ii). This, together with part (i), imply that
FE is both 1-convex and 1-concave. Then, so is its real part Fgr; see Lemma 2.49.
This enables us to assume that Fr equals the space LL(n) of all R-valued func-
tions integrable with respect to some [0, co]-valued measure 1 on some measurable
space (£2,3) and that the norm || - ||z, is equivalent to the usual L'-norm. In-
deed, according to [99, p. 59], there exist such a measure 7 and a surjective (real)
isomorphism R : Eg — L% (n) which preserves the lattice operations.

Now, Eg = L}(n) being infinite-dimensional, there exist non-n-null, pairwise
disjoint sets A(j) € X, for j € N, such that Xagj) € Lk (n) = Eg for every j € N.

So, we can apply Example 2.73(ii-b) to see that L!(n) is not g-concave and hence,
neither is its real part Lg(n) = Eg. Therefore, E is not g-concave. O
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The following result, eventually to be applied to the LP-space of a vector
measure (see Proposition 3.28(i) of Chapter 3), is a consequence of Propositions
2.75 and 2.77.

Corollary 2.78. Let X (1) be a B.f.s. over a positive, finite measure space (2,2, u).
Given 1 < p < oo, the (1/p)-power X (uu)p/p of X(u) is a p-convexr B.f.s. with
p-convexity constant 1.

Proof. That X (u)[/p) is a B.f.s. follows from Proposition 2.23(i) and that X ()
is 1-convex follows from Proposition 2.77(i) with F = X (u). By Proposition 2.75
(with ¢ := 1 and with (1/p) in place of p), the (1/p)-th power X (u)p/p is p-

1/p
convex and M® [ X (p) 1] = (M(l)[X(u)]) . On the other hand, recall that
MW[X ()] =1 via Proposition 2.77(i) with E:=X (y). Thus, M® [ X (1)1 /] =1.
U

By Proposition 2.77(ii), the identity operator on any infinite-dimensional
Banach lattice fails to be g-concave whenever 0 < ¢ < 1. A natural question
arises of whether or not there exists any g-concave operator (on some Banach
lattice) when 0 < ¢ < 1. The following example provides an affirmative answer
(for ¢ = 1/2); it will be generalized in Lemma 2.80.

Example 2.79. Let p : 2N — [0,00) be any finite measure such that u({n}) > 0
for each n € N and define

p(n) = p({n}) < oo, n € N. (2.172)

In particular, the function ¢ on N belongs to ¢!. Fix g € ¢1.
Then g € M (£*(n), ¢* (1)) because g € £>° and so g - £%(n) C €%(p) C ().
(i) We shall show that M, : £2(u) — £1(p) is (1/2)-concave. It follows that

1071 = llofelln < (X lakirme®?),  refw, (2173)
k=1

because of the definition of [|-[|41(,) and the inequality Y72 | |ax| < (35, |ak|1/2)2
for every complex sequence {ax};° ;. Fix n € N and f1,..., fn € €*(u). Then,
(2.173) implies that

n 2 n 2
(ZlHMgunnsz,t)) = (Zlugfjuzfi))
Jj= Jj=

IN
N
[]=
[~]e
Y
=
)
—
=
3,
&
N—
e
~
[\v]
N———

2
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(Z [(Z 509142) 000 (i o))

k=1 =

- (S

where the Cauchy-Schwarz inequality is applied twice (once in 2 and once in
02(p)). So, My is (1/2)-concave.

(ii) Let us also show that M, is (1/2)-concave by factorizing it through
¢Y/2(1). Such a factorization cannot be seen from the computation in part (i).
First observe that

g/ € () € EP) = M (n), 0% () (2.174)
because (2.80) gives that M (¢2(u), €*/?(1)) = ¢2/3(u). Next we show that

)

£2(n)

Mol < lglln - Tl - | (S 15172)’]

J=1

[1

@ € MV (), £ (w). (2.175)

For this, let f € £1/2(p). Since ¢? € £ we have p(¢f) = @>f € (/2 C ¢, and
hence, ¢f € £'(u). Thus, (2.175) holds. So, we can write

Mg = Myo Mg,

with M, € M(6(u),0%(n)) and M, € M(€/%(pn), 0 (1)); see (2.174) and
(2.175). Thus, M, factorizes through ¢'/2(;1) according to the following diagram:

£1/2

Now, recall from Example 2.73(i) that £/2(u) is (1/2)-concave. So, it follows from
Corollary 2.71 that the ¢*/2(y)-valued operator My, is (1/2)-concave. Now apply
Proposition 2.68(i) to conclude that M, = M, o M/, is (1/2)-concave. O

In the above example, the requirement that p is purely atomic is crucial. In
fact, if u is non-atomic, then the dual space L'/?(u)* = {0} (see Example 2.10)
and so L(L'2(n), L'(1)) = {0} (see Lemma 2.9). Thus, the only continuous
linear operator from L?(u) into L'(u), which factorizes through L'/2(p), is the
zero operator.

To generalize Example 2.79, let us clarify some terminology. Given are pos-
itive numbers ¢,r,u and a positive, finite measure p on 2. For a function g €
M (€ (), 0" (1)), we say that the multiplication operator Mg : €"(u) — £“(p)
factorizes through £4(u) via multiplications if there exist functions

g1 € M(E (), 7)) and  ga € M(£9(0), € (12))
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such that g = gag1 or, equivalently, that M, = My, o Mg, . So, the class of all
functions g € M (¢ (1), * (1)) for which M, factorizes through £4(p) via multipli-
cations is identical to the product

M (), €4 () - M(E7 (1), €9 (1))

= {9201 92 € M), 0 (), g1 € M (1), £9()) }, (2.176)

represented schematically by the following diagram:

M,

e (p) () -

Mgl 1\/1.‘?2
09 (pu)

Lemma 2.80. Given a finite measure p : 2% — [0,00) with u({n}) > 0 for all
n €N, let ¢ : N — (0,00) be the function given by (2.172). Suppose that q,r,u are
positive numbers.

(i) Let ¢ <r. Ifw > 0 is the number determined by (1/r)+ (1/w) = (1/q), then
ML (), £9(p)) = £9(p) = o= V/) v,
(il) If ¢ < u, then M(€9(p), 0% (p)) = /D=A/w) . oo,
(iii) Let ¢ < r and q < u. Given a function g € M({"(p),€*(w)), the multiplica-

tion operator My : €7 (pu) — €*(pn) factorizes through €1(p) via multiplications
if and only if g € M/ D=/ pw (1) in which case My is g-concave.

Proof. (i) The first equality in (i) is a special case of (2.80) in Example 2.30(i).
The fact that the multiplication operator M/ : £*(p) — £ is a surjective linear
isometry ensures the second equality.

(ii) Observe that ¢ € ¢! and the multiplication operators M/, : £9(u) — £
and M,-1/u : £* — £"(p) are surjective linear isometries. Let

M0 05 = {feCN:f.01C e}, 0<s<o0. (2.177)

Then
M), 04()) = D=0/ . A (g, ), (2.178)

On the other hand, ¢ < u implies that
02 C M9, 0%) C M(09,6%).

Since it is easy to verify that M (£?,£>°) = £*°, it follows that > = M (9, (%).
This and (2.178) establish part (ii).



2.5. Convexity and concavity properties of linear operators 101

(iii) The fact that M, : £"(u) — €“(p) factorizes through ¢9(p) via multi-
plications if and only if g € @(1/9=1/w) . pw () = o=0/w) . g follows from the
identities

MU (), (1)) - ML (), £9 () = (/D= 022 () = D=/ o)

because of parts (i), (i) and the identity ¢>° - (€*(p)) = €* ().

Assume now that g € o(/0=1/%) . pw(1) and write g = p(1/9=1/W . g for
some g1 € £¥(u). Since £9(p) is g-concave (via Example 2.73(i)), we can apply
Corollary 2.71 to deduce that M, : £" () — £9(p) is g-concave. Now, the function
g2 == /D= belongs to I/ D=(1/W) . 2o = M (¢9(p), ¢*(p)). In particular,
M, is continuous. So, it follows from Proposition 2.68(i) that M, = M,, o M,, is
g-concave. U

A natural question arises from (iii) in Lemma 2.80. Suppose that 0 < ¢ <
r < oo and ¢ < u < oo. If a function g € M(ZT(M),EU(M)) has the property that
My : 07 () — ¢%(p) is g-concave, does it follow that M, factorizes through £9(p)
via multiplications? By applying a Maurey—Rosenthal type theorem, we shall show
in Chapter 6 that the answer is affirmative whenever u > 1; see Example 6.31(iii).

Now let the assumption be as in Example 2.79. We claim that the fac-
torization in part (ii) of Example 2.79 is a special case of Lemma 2.80 with
q = 1/2, r :== 2 and u := 1. Observe, for this choice of r,¢, that w = 2/3.
For g € (', in which case g = ¢ - (g/¢), we have (g/¢) € €' () C £%/3(u) and
o€ p? .0 (as (1/q) — (1/u) = 2 —1). So, Lemma 2.80(iii) provides the factor-
ization My = M, o M4/, through 0Y2(p), which is exactly what is presented in
Example 2.79(ii).



Chapter 3

Vector Measures and
Integration Operators

It is evident from Chapter 1 that the theory of vector measures and their inte-
gration theory play a vital role in this text, both by providing various techniques
and as a structural approach in general. Ever since the fundamental monographs
[42], [86] appeared some 30 years ago, there has been an ever growing literature
on this topic. The first aim of this chapter is to collect together those aspects of
the existing theory that are relevant to our needs. Since many of these results are
only formulated over real spaces, we will need to extend them (as also done in
Chapter 2) to the setting of spaces over C. In some cases this can be achieved by
the usual complexification arguments but, for others, entirely new proofs need to
be provided. In addition, many new results are also developed and thereby appear
for the first time. This is particularly the case in relation to the spaces LP(v)
and L? (v), for 1 < p < oo and v a Banach-space-valued vector measure, and the
associated integration operators defined on them. These results are essential for
Chapter 5, where we develop the theory of p-th power factorable operators defined
on suitable function spaces.

Particular emphasis is placed on identifying and characterizing certain “ideal
properties” of the integration operator, such as compactness, weak compactness
and complete continuity. The g-concavity of the Banach lattices L?(v) is analyzed
in the final section, together with that of the associated integration operator.
The collective properties of the integration operator will pervade all subsequent
chapters, especially Chapters 5, 6 and 7 dealing with applications. In order to make
more transparent some of the subtleties that occur between these properties (in
relation to integration operators), we have included many relevant and non-trivial
examples.

In conclusion, we wish to highlight the fact, for the reader with a particular
interest in vector measures and integration, that the new material in this chapter
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alone provides a rich supply of open problems and topics which are worthy of
further research.

3.1 Vector measures

Throughout this section, let E be a complex Banach space with norm || - || g unless
stated otherwise. We sometimes consider the case when F is a Banach lattice; this
will be indicated explicitly. Our Banach lattices are over C unless otherwise stated
(see [165, Exercise 100.15]). Let (€2, %) be a measurable space, and let v : ¥ — F
be a vector measure, that is, it is a g-additive set function. The variation measure
of v, denoted by |v| : & — [0,00], is defined as for scalar measures, [42, Ch. I,
Definition 1.4]; it is the smallest [0, co]-valued measure dominating v in the sense
that [|[v(A)||g < |[V[(A) for every A € ¥. Given z* € E*, let (v, z*) : ¥ — C denote
the scalar measure
(v,a*): A (v(A), 2%), AeX;

its variation measure |(v, z*)| : ¥ — [0, 00) is necessarily finite. The semivariation
|lv]| of v is the set function defined by

lv]|(A) := sup |{v,2™)|(4), AeX. (3.1)
z*€B[E*]

Then, ||[v]|[(A) < oo for every A € X, which follows, for example, from [42, Ch. I,
Corollary 1.19]. A useful fact is that

v]|(4) = SupHiaj~V(Aj)HE, Aey, (3.2)
j=1

where the supremum is taken over all choices of scalars a; € C with |a;| < 1
(j =1,...,n), Y-partitions {A;}"_; of A, and n € N. This is given in [42, Ch. I,
Proposition 1.11] when the scalar field is real. To adapt the proof to the complex
case we only need to extend the function sgn : R — [0, 00) to C via the formulae
sgna := a/l|al for a € C\ {0} and sgn0 := 0 so that a = |a| - sgna for every a € C;
if a € R\ {0}, then |a| = (1/sgna) - a = (sgna) - a, which has been used in the
proof of [42, Ch. I, Proposition 1.11]. It follows from (3.1) that

0 < [vi(4) < [v|(4) < o, A€l (3.3)
Another useful fact is that

sup [[v(B)||le < [[V[[(A) < 4 sup [[v(B)|e, AeX; (34)
BeXnA BeXnNA

see again [42, Ch. I, Proposition 1.11]. The semivariation |v|| may not be o-
additive. Indeed, ||v|| is o-additive if and only if ||v|| = |v| on ¥ because |v| is
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the smallest scalar measure dominating v. In this case we necessarily have that
[V|(A) < oo for every A € ¥, that is, v has finite variation. To provide an example,
we recall that a Banach-lattice-valued vector measure is called positive if its range
lies in the positive cone. A complex Banach lattice F is said to be an abstract
L'-space if ||z + y|lg = ||z||g + ||y|| g Wwhenever z,y € ET satisfy 2 Ay = 0, [94,
8§15, Definition 1]. It follows that

le+yle = lzle + lylle,  zy€ET, (3.5)

[94, §25, Theorem 1]. A typical example of an abstract L!-space is the L!-space
of some [0, oo]-valued measure. Conversely, every abstract L!-space can be repre-
sented as such a space; for the details, see [94, Ch. 5, §15, Theorem 3].

Example 3.1. Let F be an abstract L'-space and v : ¥ — E be a positive vector
measure. Whenever {4;}7_; with n € Nis an arbitrary finite ¥-partition of A € 3,

we have
n

Sl = [ S ean], = vl < vl

So, [V[(A) < ||1/(A)||E < ||y||(A) This, together with (3.3), imply that

w[(4) = |[v(A)], = vII(A), Aex. (3.6)
In other words, |v| = ||V|| on ¥ and ||v|| is o-additive. Note that v necessarily has
finite variation. g

The Orlicz—Pettis Theorem, [42, Ch. I, Corollary 2.4], says that a Banach-
space-valued, finitely additive set function n : ¥ — FE defined on a o-algebra X is o-
additive if and only if it is scalarly o-additive, that is, (n, z*) : ¥ — C is o-additive
for every x* € E*. It would be useful if the o-additivity of n were guaranteed by
checking the scalar o-additivity for a smaller subset than the whole space E*.
The following result, which we call the generalized Orlicz—Pettis Theorem, tells us
when we can do so (at least in particular situations).

Lemma 3.2. The following conditions for a Banach space E are equivalent.

(i) The Banach space E does not contain an isomorphic copy of £°°.

(ii) Given a measurable space (2, %), any finitely additive set functionn : ¥ — E
and any total subset H of E*, the set function n is o-additive if and only if
(n,z*y : ¥ — C is o-additive for every z* € H.

This result can be found in [40, Theorem 1.1]; see also [42, Ch. I, Corollary
4.7) and [161, § 0.

Let R(v) denote the range of the vector measure v : ¥ — E| that is,
R):= {v(A): Ae X}

An important fact, given in [10, Theorem 2.9], [42, Ch. I, Corollary 2.7], is the
following
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Lemma 3.3. The range of every Banach-space-valued vector measure is a relatively
weakly compact set.

Let £°(X) denote the space of all C-valued, ¥-measurable functions on €.
According to [97, Definition 2.1], a function f € £°(X) is called v-integrable if

(I-1) it is (v, z*)-integrable for every «* € E*, and
(I-2) for every A € ¥ there exists a unique element v;(A) € E satisfying

(vy(A), z*) :/Afd(v,a:*>, x* e B

The Orlicz—Pettis Theorem, [42, Ch. I, Corollary 2.4], ensures that the E-valued
set function vy : A — v¢(A) on ¥ is again a vector measure; it is called the
indefinite integral of f relative to v. We will also use the classical notation

/ fdv:= vi(A), Aek.
A

Let L'(v) denote the space of all v-integrable functions on 2, equipped with
the seminorm || - || 1,y defined by

[flzrw) = sup /|f|d|<v,x*>|, feLl). (3.7)
z*eB[E*] JQ

According to [141, Theorem 6.13], applied to each scalar measure (v, z*), for
x* € E*, it follows that

Ifllzrwy = lvel(Q),  f € L) (3.8)

Each ¥-simple function s : Q@ — C is v-integrable in a natural way. In fact, if

s = Zaijj € sim Y (3.9)

j=1

for some a; € Cand A; € ¥, j =1,...,n, and n € N, then s is v-integrable with
Jasdv =377, aju(A; N A) for every A € . The fact that v is o-additive on the
o-algebra ¥ guarantees that the integral [ 4 Sdv does not depend on the choice
of aj’s and Aj’s (j = 1,...,n with n € N) satisfying (3.9). It follows from [97,
Theorem 2.2] that every bounded function in £°(X) is necessarily v-integrable.

Every function f € L'(v) satisfying || f||11) = 0 is called v-null. By N'(v)
we denote the subspace of L!(v) consisting of all v-null functions. A set A € ¥ is
called v-null if x , € NV(v). The family of all v-null sets is denoted by No(v). With
No(Jv]) denoting the family of all |v]-null sets, we have that AVy(v) = Ny(Jv]); in
other words, the v-null and |v|-null sets coincide.



3.1. Vector measures 107

Remark 3.4. The following observations will be useful:

(i) A€ Xisvnull if and only if (XN A):={v(BNA):BeX}={0}.
(ii) A function f € L'(v) is v-null if and only if f=!(C\ {0}) € No(v). O

Unless stated otherwise, we identify L'(v) with its quotient space L' (v)/N (v)
so that the seminorm || - |11,y will also be identified with its associated quotient
norm, as for the case of a scalar measure. Moreover, L!(v) is a vector lattice with
respect to the v-a.e. pointwise order and || - || £1(,) is then a lattice norm on L*(v).

In the following two theorems, we collect together some basic facts on v-
integrable functions and on the space L!(v).

Theorem 3.5. Let v : X — E be a vector measure. The following assertions for a
function f € LO(X) are equivalent.

(i) f is v-integrable.
(ii) There exists a sequence {s,}32; C simX such that s, — [ pointwise as

n — oo and such that the sequence { [, s, dv}s2 | converges in E for every
AeX.

(iii) There exists a sequence {fn}>, C L'(v) such that f, — f pointwise as
n — oo and such that the sequence {fA fn du}zo:l converges in E for every
AeX.

If (ii) (resp. (iii)) holds, then

/de: lim Sp dv
A

n—oo A

(resp. [, fdv =1lim, .o [, fn du) for every A € X..

Proof. This has essentially been given in [97, Theorem 2.4] which does not in-
clude part (iii) above but, whose arguments can easily be adapted to show the
equivalence of (iii) with the others. O

Remark 3.6. (i) The above theorem asserts that we can also define v-integrability
of a ¥-measurable function f via part (ii). In fact, this is exactly the original
definition employed by R. Bartle, N. Dunford and J. Schwartz, [10, Definition 2.5].
Accordingly, some authors call “our” integral (as given in (I-1) and (I-2)) the
Bartle-Dunford-Schwartz integral.

(ii) Tt is clear that the pointwise convergence s, — f in (ii) (resp. f, — f in
(iii)) can be relaxed to p-a.e. pointwise convergence. O

A finite measure p : ¥ — [0,00) is called a control measure for a vector
measure v : ¥ — F if y and v are mutually absolutely continuous, that is, u(A) —
0 if and only if ¥(A) — 0. By a theorem of B.J. Pettis, this is equivalent to the
identity No(u) = No(v), [42, Ch. I, Theorem 2.1]. For the existence of control
measures, see [10, Corollary 2.4]. Our definition of control measure differs from
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that in [42, p. 11]. It turns out (see Theorem 3.7 below) that L!(v) is a B.f.s. based
on (€2, %, u1), so that the constant function x, is a weak order unit (by Proposition
2.2(v)). This important fact, first explicitly pointed out by G.P. Curbera [21],
plays an important role in the study of vector measures and related operators.

There is a special class of control measures for v. In fact, via Rybakov’s
Theorem, [42, Ch. IX, Theorem 2.2], there exists a linear functional z* € E* such
that the scalar measure |(v,2*)| : ¥ — [0,00) is a control measure for v. We
call such an x* a Rybakov functional. The collection of all Rybakov functionals is
denoted by R, [E*].

Theorem 3.7. Let v : > — E be a vector measure.

(i) (Lebesgue Dominated Convergence Theorem) Let g € L*(v) . If {f,}22, is a
sequence in LO(X) converging v-a.e. to a function f € LO(X) and if |fu| < g
(v-a.e.) for alln € N, then f is v-integrable and lim,, .o, f,, = [ in the norm
I 22 w)-

(ii) The normed space L*(v) is complete. Furthermore, L*(v) is a weakly com-
pactly generated Banach space in which simY. is dense.

(iii) Given any control measure p for v, the space L'(v) C LO(u) is a B.f.s. based
on the measure space (2, %, ) and the norm |- | 1) is an o.c. lattice norm.
In particular, the constant function x, is a weak order unit of Li(v).

(iv) Let * € Ry[E*]. Then L*(v) C L'(|(v,2*)|) as vector sublattices of
LO(|{v,z*)|) and the natural inclusion map is continuous.

Proof. (i) See [98, Theorem 2.2].

(i) Completeness of L!(v) over R can be found in [86, Ch. IV] and in [58],
[130] over C, while denseness of sim X follows from part (i). That L'(v) is weakly
compactly generated has been proved in [21, Theorem 2|. The proof there is based
on the facts that the set function

W]:A—x, €L (v), Aey, (3.10)

is o-additive via part (i) and hence, has relatively weakly compact range by Lemma
3.3, and that sim ¥ is dense in L'(v).

(iii) It is clear from (3.7) that the norm || - ||L1¢,) is a lattice norm. Parts
(i) and (ii) yield that L!(v) is a B.f.s. (over (€, %, u)) with -o.c. norm. Hence,
|l - llz1() is an o.c. lattice norm; see Remark 2.5.
(iv) Since every f € L'(v) is necessarily |(v, z*)|-integrable and

[ f1dwa) < e
Q

(see (3.7)), part (iv) follows. O
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Part (iii) of the above theorem has been presented explicitly in [21, Theo-
rem 1] with an emphasis on the Banach lattice structure of L!(r). Theorem 8 of
the same paper [21] provides a sort of “converse” of the above part (iii) in the
sense that every o.c. Banach lattice with a weak order unit can be realized as
LY(v) for a suitable vector measure v. So, we are dealing with a large class of
Banach lattices by investigating L!(v). Before presenting this result, let us clarify
some terminology. The order continuity of the norm of a general Banach lattice
is defined as in the case of a q-B.f.s. (see Remark 2.5). So, a Banach lattice is
o.c. if and only if its real part is. Let Z and W be Banach lattices which are the
complexification of real Banach lattices Zg and Wg, respectively. We say that an
injective bicontinuous linear operator T' : Z — W is a lattice isomorphism onto
its range if T'(Zg) C Wy and if T preserves the lattice operations, that is,

T(z1V22) = T(21)VT(22) and T(z1 Az2) = T(z1) AT (22), z1,22 € Zp,

(3.11)
[149, pp. 135-136]. If, in addition, such a T is a linear isometry, then T is said to be
a lattice isometry. The Banach lattices Z and W are said to be lattice isomorphic
if there exists a surjective lattice isomorphism 7" : Z — W. If such a T happens to
be a linear isometry, then we say that Z and W are lattice isometric. Note that
any linear operator T : Z — W satisfying T'(Zgr) C Wg and (3.11) is necessarily
positive in the sense that T(Z1) C W+. We can similarly define a real lattice
isomorphism and a real lattice isometry from Zg into Wx. In the notation above,

let Sg : Zr — Wg be an R-linear operator. Then it admits the canonical extension
S : Z — W defined by

S(x +iy) := Sr(x) + iSr(y), for z+iyeZ with z,y€Zg; (3.12)

see, for example, [149, p. 135], [165, §92].

Lemma 3.8. Let Z and W be Banach lattices which are the complezification of real
Banach lattices Zr and Wr, respectively. Then the following assertions hold.

(i) LetT : Z — W be a lattice isomorphism onto its range and let Tg : Zgr — Wgr
denote the restriction of T to Zg, with codomain space Wg. Then T is a real
lattice isomorphism onto its range. If, in addition, T is surjective, then so is
Tr.

(ii) Let T : Z — W be a lattice isometry onto its range. Then the real lattice
isomorphism Tr : Zgr — Wg given in (1) is a real laltice isometry.

(iii) Let Sg : Zrp — Wr be a continuous R-linear operator. Then its canonical
extension S : Z — W is a continuous linear operator, i.e., S € L(Z,W).

(iv) Let Sg : Zrp — Wr be a real lattice isomorphism onto its range. Then its
canonical extension S : Z — W is a lattice isomorphism onto its range. If,
in addition, Sg is surjective, then so is S.

(v) Assume further that both Z and W are o.c. If Sg : Zr — Wr is a real lattice
isometry, then its canonical extension S : Z — W of Sg is a lattice isometry.
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Proof. (i) By definition T'(Zg) € Wg and so the operator Tg : Zgp — Wg is
well defined. It is clear from (3.11) that Tk preserves order. Moreover, from the
definition of the complexification of real Banach lattices (see Chapter 2), we have

lollze = |[l2l]l,, = lzlz, 2€Zr C Z, (3.13)

and
lullwe = [[lul ||y, = llullw — weWe € W. (3.14)

So, the bicontinuity of 7" implies that of Tr. Hence, Tx is a real lattice isomorphism.

Now assume that T is surjective. To prove that Tx is surjective, let u € Wi C
W. Then u = T(x +iy) = T(x) +iT(y) for some z + iy € Z with z,y € Zg. Since
u,T(x),T(y) € Wr, we have iT(y) € Wr N (iWr) = {0} and hence, y = 0, that
is, u = T'(z) = Tr(z). Thus, Tk is surjective.

(ii) If T is a lattice isometry, then it follows from (3.13) and (3.14) that Tr
is also a lattice isometry.

(iii) Given = + iy € Z with z,y € Zg, it follows from (2.15) that

I5G@ + iy = [I1S=(@) + iSz@)lw
< [[Se@llw + lliSe@lly = [1S2@)[w, + [1S2@)]lw,
< |18all - ll2llze + 1 Sall - 1yl z < 2118l o +iyllz,  (3.15)

which implies that S is continuous.

(iv) Clearly S preserves the order because Sg does. The injectivity of S easily
follows from that of Sg. The range of S is expressed as

S(Z) = SR(ZR) JriSR(ZR). (3.16)

So, every element of S(Z) is of the form u + iv with u,v € Sg(Zr). Then (3.12)
gives

S(Sﬂgl(u) + isﬂgl(v)> = u+iv.

So, S~ (u+iv) = Sg ' (u) +iSz ' (v). Therefore, a similar argument to (3.15) yields
that
[$~ u+iv) ||, < 208 I llu+iv]w,

that is, S~! is continuous on the range S(Z) C W of S. This establishes the fact
that S is a lattice isomorphism onto its range.

If Sg is surjective, then so is S via (3.16).

(v) Fixa+iy € Z with z,y € Zr. Then |z+iy| = V(o 21 |(cos )z+ (sin 0)y|
in Zg C Z via (2.14). Let F be the collection of all finite subsets of the interval
[0,27) directed by inclusion. Since Z is o.c., so is its real part Zg. It then follows
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that
|z + iy| = \/ ( \/ |(cos )z + (sin@)y’)
AEF 0eA
= lim (0\6/A |(cos 6)a + (sin G)y)D (3.17)
in Zg. On the other hand, since W is o.c. (hence, also Wg is o.c.) and since
[S(@ +iy) | = | Se(@) +iSa(y) | =\ |(cos8)Sa(@) + (sin6)Sa(y) |,
0€0,2m)

it follows that

S +iy) | =/ (\/ \(cose)sR(x)ﬂsine)sR(y) ‘)

AEF 0eA
= lim (O\E/A\ (cos0) Sa(x) + (sin 0) Sz (y) ’ )
in Wr C W. Hence, we have
1S +iy) [y = 115G + i)l [y,

= /l\lérll? H \/ |(cos 0) Sr(x) + (sin ) Sk (y)| HWK
0eA

(3.18)

A€EF WR.

= lim H \/ |Se((cos @)z + (sinf)y)| ’
oeA
Since Sk preserves order, we have
‘SR((COSG)I + (sin6)y) \ - SR(|(cosﬁ)x n (sino)y|), 6c0,2r), (3.19)

in the real vector lattice Wg, [2, Theorem 7.2]. Fix A € F. Since A is a finite set
and Sg is a linear isometry, we have from (3.19) that

N MY ——

= H \/ |(cos @)z + (sin@)y}HZR. (3.20)
(AN

Finally, it follows from (3.17), (3.18) and (3.20) that

1S(z + iy)[lw = lim \/ | Sk ((cosf)z + (sin6)y)|
AEF
fen

Wr

— 1 H 0 ino H - il 2.
i |V lcosoyz + o], = 1o+l

That is, S is a linear isometry. Since we already know that S is a lattice isomor-
phism, part (v) holds. O
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When the scalar field is R, the following result is due to G.P. Curbera, [21,
Theorem 8|. We say that a positive element e of a Banach lattice E is a weak order
unit of E if it is a weak order unit of the real part Eg, which is a real Banach
lattice (see Chapter 2), that is, z A (ne) T = for every x € E™, or, equivalently,
x A e = 0 implies that = 0, [2, p. 36]. This agrees with the definition given in
[149, p. 138].

Proposition 3.9. Let E be an o.c. Banach lattice with a weak order unit. Then
there exists an E-valued, positive vector measure v such that E and L'(v) are
lattice isometric.

Proof. Write E as the complexification E = Eg + iEg of its real part Fr (see
Chapter 2). There exist an order continuous real B.f.s. Xg (1) over a probability
space (Q, %, 1) and a surjective, real lattice isometry Sg : Eg — Xgr(p), [99, The-
orem 1.b.14]. Let X (p) := Xr(p) +iXg(1) and endow X (u) with the lattice norm
defined by || £l x (s := || |f] HXR(#) for f € X (u), that is, X (u) is the complexifica-
tion of the real Banach lattice Xg(u). Since both E and X (u) are o.c., it follows
from Lemma 3.8(iv)—(v) that the canonical extension S : E — X (u) of Sg is a
surjective lattice isometry. This enables us to assume that £ = X (u).
Since X (u) is o.c., the set function v : ¥ — X (u) defined by

v(A) = X, Aek,

is a vector measure. By adapting the proof of Theorem 8 in [21] we can conclude
that L!(v) = X () with equal norms. Alternatively, apply Corollary 3.66(ii) below.
O

Let E be a Banach space and v : ¥ — F be a vector measure. It follows from
(3.4), with vy in place of v, that

ZgH/AdeHE < N fllzrw) < 4222“Ade“E, fell(v). (3.21)

Consequently, the function
I lo s £ s | [ av] . reriw) (3:22)
Aex !l ja E

is an equivalent norm on L'(v). However, (3.22) is not a lattice norm, in general,
even in the case of a scalar measure. Let us give a counterexample for a “genuine”
vector measure.

Example 3.10. Let p : B([0,1]) — [0,1] be Lebesgue measure. Given 1 < r < oo,
write L"([0,1]) := L"(u), as usual. With E := L"(]0,1]), define an E-valued,
finitely additive set function v, on ¥ := B([0, 1]) by

D (A)(E) = /0 4 (11) dia(), te0,1]. (3.23)
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Given {4,}52, C ¥ with A4,, | 0, we have ||v.(A4,)||g — 0. In fact, v, (A,)(:) €
C([0,1]) for n € N and v,.(4,) — 0 in the uniform norm on C([0,1]), [129, p.
135]. So, v, is a vector measure. We shall present a systematic treatment of such
measures later. For now, let f := X[0.2-1] = X(2-1 1] in which case fAfdur =
vr(AN[0,27Y) — v (AN (274, 1]), with 0 < 1. (AN[0,27]) < ,-([0,271]) and
0< v (AN (274,1]) < vy ((271,1]), so that

v(An0,27) = w(AnE L) < w(p27Y),  Aex

‘ Iz
A
We claim that

(r 1)/ 1 1
1 +2 1
eer = (3) (58) < (37) = WMo, @29

Indeed, (3.24) yields that

That is,

g/ fdv,, Aex. (3.24)
[0,2-1]

ur([o,z—l])HE _ <%> (r+1>/r_ <; i i)l/rl

On the other hand, || |f]| ”|L1(V )= (| (10, 1])HE = (r+1)~Y/" which verifies (3.25).
Accordingly, || - |1, is not a lattice norm. O

Il = sup | [ rav
Aex A

o=

We can also define v, : B([0,1]) — L°°(]0,1]) by (3.23). The vector measure
vy : B([0,1]) — L"([0,1]), 1 <r < oo, (3.26)

will be called the Volterra measure of order r. This terminology is, of course,
derived from the Volterra integral operator V,. : L™([0, 1]) — L" ([0, 1]) defined by

Vo(f)(t) = / flu)ydu,  te0.1] (3.27)

for f € L"([0,1]). It is clear that v,.(A) = V,(x,), for A € B([0,1]. For each
1 <r < oo, the operator V. is known to be compact. Indeed, for 1 < r < oo, this
follows from [80, Satz 11.6]. For r = oo, a direct calculation shows that

Vaelf) = ( /0 S du)xy - V. Fe L= (0.1

where Vi* € L£(L>([0,1])) is the dual operator of Vi € L£(L!([0,1])). Since V; is
compact, so is V;* because of Schauder’s Theorem, [46, VI Theorem 5.2]. Moreover,



114 Chapter 3. Vector Measures and Integration Operators

the rank-1 operator T : f +— (fol flw) du)x[o’l] is surely compact in L>([0,1])
and hence, Voo =T — V{* is also compact.

There also exist vector measures v for which || - ||z1y = || - |21 (), in which
case || - |1 () is a lattice norm. For example, the measure given by (3.10) has this
property (this is a special case of Corollary 3.66(ii)). Another instance occurs in
Example 3.24 below. Actually, we will see in Proposition 3.12 below that || - || z1(,)
is a lattice norm if and only if it coincides with || - |[z1(,y. Of course, in general,
a Banach lattice can have distinct but equivalent lattice norms. Just consider ¢!
with the usual norm |¢[|n = Yo7, |¢(n)| and also the lattice norm given by
lelle = lleller + |@(1)] for p € £1. Let us first give a preliminary result.

Lemma 3.11. Let v : ¥ — E be a Banach-space-valued measure. Then

HfHLl(U) = sup{H/ SdeH :sesimY and sup |s(w)| < 1}7 feLlw).
Q B weN
(3.28)

Proof. Let f € L'(v). Given s = >0 ajx, € sim¥ with n € N, scalars a; € C

satisfying a;| < 1 for j = 1,...,n, and pairwise disjoint sets {A4;}]_; C X, we

have
/sfdu = Zaj~uf(Aj).
Q =

Therefore (3.2), with the indefinite integral v; in place of v, yields (3.28) because
1 llzrwy = llrlI(€2)- O

Proposition 3.12. Let v : ¥ — E be a Banach-space-valued measure.

(i) The following assertions are equivalent.
(a) The norm || - |1y on L'(v) as given by (3.22) is a lattice norm.
() Mfllerwy = IfllLiw) for every f e L (v).

(i) ;;f lUifodVHE = Ifllrw) for every f € L*(v), then (a) and (b) of part (i)
old.

Proof. (i) (a) = (b). Fix f € L*(v). Let s € sim ¥ with sup,,cq, |s(w)| < 1. Since
[sf] < |f], it follows from (3.22) and (a) that

| [ star], < 0ssloren < 1lssc
Q E

This and Lemma 3.11 imply that || f||z1) < [|f]lz1 (). Since we already know that
the reverse inequality holds (see (3.21) and the definition of || f]lz1(,) in (3.22)),
we have established (b).

(b) = (a). This is clear because | - ||L1(,) is a lattice norm.
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(ii) The stated assumption, together with (3.21) and (3.22), imply that

e = || [ a0, < Wl € 1oy £ 20,

which establishes (b) and hence, also (a) of (i). O

It seems to be open whether or not the converse statement of part (ii) of the
previous proposition holds. For another remark on part (ii) take note that, even
if |fllz2) = || fo, £ dv||, for every f € L'(v)", the norm || - |11,y may not be a
lattice norm; for a counterexample see Example 3.10.

Lemma 3.13 below provides a simple but useful form of the norm || - [[11(,)
for a positive vector measure v.

Lemma 3.13. Let E be a Banach lattice and let v : X — E be a positive vector
measure. Then

; feL'(v). (3.29)

Iy = | [ 1r1as
Q E
Proof. Given z* € E*, the variation measure ’<V, a:*>‘ satisfies the inequality

‘(1/, ")

because the assumption R(r) C E1 and (2.149) applied to Z := E give

(A) < (v, [2°)(4), Aex, (3.30)

(v ™) (A)] = [(v(4), 27)]
< (lv(4) \ |9C )= (v(4), l2"]) = (v, |2} (4), A€X,
and because |(v, z*)| is the smallest [0, cc]-valued measure dominating (v, z*) (in
(

the sense that | (v, z )(A)’ < ’( *)[(A) for A € ). Let f € L'(v). We conclude
from (3.7) and (3.30) that

1flziy = sup / fldlv,z) < sup / Fldw, |2])

z*€B[E*] JQ z*€B[E
= s ([ian )< sw | ] i
«+eB[E*] \Jo «+eB[E*] || Jo B

[ 1s1a )

= ||z*]|g~ < 1 for z* € B[E*]. Since we already know that
| folfldv|, < I fllLr) via (3.21), the equality (3.29) holds. O

Let i be a control measure for the vector measure v. Since Ny(p) = No(v) =
No(|v]), the Banach lattice L!(|v]) is a complete normed function space based on
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the measure space (2, X, i), in the terminology of Chapter 2. So, according to the
definition, L!(|v|) is a B.f.s. over (2,%, u) if and only if sim¥ C L(|v|) if and
only if [v]|(2) < oo, in which case |v] is also a control measure for v. Let us present
some basic facts concerning L!(|v|); this space will play an important role in the
sequel.

Lemma 3.14. Let E be a Banach space and v : ¥ — E be a vector measure.
(i) Every |v|-integrable function is v-integrable, that is,
LY(v)) € L'(v). (3.31)

Moreover, a function f € L*(v) is |v|-integrable if and only if its indefinite
integral vy : ¥ — E has finite variation, in which case

Ifllzrey = lvell(€Q) < |vpl(R2) = [[fllzru) < oo (3.32)

(i) Assume, in addition, that E is an abstract L'-space and that v is positive.
(a) We have that L*(|v|) = L*(v) with their given norms being equal.
(b) There exists xf; € (E*)* such that

Dz = [IV(A) = [(A) = (na5(A),  AeX. (333

In particular, the finite measures |v| and (v,x3) on X are the same and,
as a consequence, L*([v]) = L*(v) = L* ((v,x§)) with their given norms
being equal.
(iii) We have L*(|v|) = L*(v) with their given norms being equivalent if and only
if LY (v) is lattice isomorphic to an abstract L'-space.
(iv) We have L*(|v]) = L'(v) with their given norms being equal if and only if
L'(v) is an abstract L'-space.

Proof. (i) See [98, Theorem 4.2].

(ii) Let us prove (a). We already know that v has finite variation via Example
3.1. Let f € L'(v)*. Again by Example 3.1, now applied to the positive vector
measure vy instead of v, we have that |v/|(Q2) < oo and hence, f € L'(|v]) via
part (i). Therefore, L'(v)™ C L'(|v|) and consequently,

L'(v) = (L'w)" = L' (w»)*) +i(L'(wv)" = L' (v)*) € L*(v)). (3.34)

This, together with (3.31), imply that L(Jv|) = L'(v) as vector spaces. To prove
that these two spaces have equal norms, let s € sim¥. Write s = Z?=1 X 4. for
J

some scalars ag,...,a, € C and pairwise disjoint sets Ay,..., 4, € ¥ withn € N.
Since |v|(4;) = ||[v(A4))||g by (3.6) (with A:= A; for j =1,...,n), it follows from
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Lemma 3.13 with f := s and (3.5) that

H ||L1(|1/\)—Z|aj| ‘V| Z|a’]| J)HE
- --u»:u/ . =
H;Iajl v, = | [ tslav] = sl

Thus, the norms || - [|z1(jy)) and || - [[z1(,) are equal on sim ¥, which is dense in
both L(|v|) and L*(v). Hence, these norms coincide on the whole space L!(|v|) =
Li(v).

To prove (b), recall that the first two equalities in (3.33) have already been
established in (3.6). To show that there exists zf € (E*)" satisfying |v(4)||r =
(v, z§)(A) for all A € 3, we use the fact that E is lattice isometric to the Lebesgue
space L!(n) for some scalar measure n : S — [0, co] defined on a measurable space
(A, S); see [94, Ch. 5, §15, Theorem 3], for instance. So, we may as well assume
that E = L'(n) equipped with its usual L'-norm | - || 11(,)). Then, we have

Dl = [ O dn= [ HA)xy
= (1(A), x,) = (v x,)(A), Ael,

from which (3.33) follows. The rest of (b) is now easily verified.

(iii) See [20, Proposition 3.1] and [22, Proposition 2] for the real case. We
need to prove this for the complex case. Since L!(|v|) is an abstract L'-space, the
“only if” portion is obvious.

So, assume that L'(v) is lattice isomorphic to an abstract L'-space Z and
that T': L'(v) — Z is the corresponding surjective lattice isomorphism, which is
necessarily positive. Let f € L*(v)*. From the Lebesgue Dominated Convergence
Theorem (see Theorem 3.7(1)) and continuity of T', it follows that the set function

nf:A'_)T(fXA)v AEZ;

is a Z-valued, positive vector measure. Hence, 7y has finite variation via Example
3.1 (with v := n; there). Fix A € X. Since T-! : Z — L!(v) is continuous, we
have for the indefinite integral

sl = | [ pgav], < Mgl
<IT Y- TG, = 177 g (A2

< T Ing1(A).

So, vy is dominated by the finite measure |n¢| : £ — [0, 00) and hence, v has finite
variation. Then part (i) implies that f € L(|v|). Therefore, L*(v)* C L(|v|) and
hence, L' (v) C L*(|v]) via (3.34). So, L'(v) = L'(|v|) by part (i).
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Since the identity map from L!(|v|) onto L!(v) is continuous by (3.32), the
Open Mapping Theorem ensures that L!(|v|) and L!(v) are isomorphic Banach
spaces, which establishes part (iii).

(iv) The “only if” portion is clear. So, assume that L!(v) is an abstract
L'-space. We claim that

vI(A) = lIx,llrw), Ael. (3.35)

In fact, given A € %, let {A;}}_; be any finite ¥-partition of A (with n € N).
Since L!(v) is an abstract Ll-space, it follows that

Sl < S e =[x,
j=1 j=1 j=1

L) HXAHLl(u)’

which implies that [v[(A) < [Ix 4[lz1()-

Recalling that [v|(A) > [[v[|(A) = [[x 4llz1() (see (3.3)), the identity (3.35)
follows.

Next we claim that

||3||L1(|u\) = ||S||L1(u)7 s € sim X. (3.36)

Once we establish (3.36), we can deduce that || - [[z1(y)) = || - ||1() because we
know that L'(|v|) = L'(v) with equivalent norms (see (iii)) and that sim ¥ is
dense in both L'(|v|) and L'(v). To verify (3.36), let s = >0, ajx,, € sim
for scalars aq,...,a, € C and pairwise disjoint sets A1,..., A4, € & (with n € N).
Since both L!(|v|) and L'(v) are abstract L!-spaces, it follows from (3.35), with
A:=A; for j=1,...,n, that

n n

Isllzqvyy = Z laj| - |v[(4;) = Z |aj] - ||XA7.HL1(V)
j=1 j=1 '
IS r el el
Jj=1
So, (3.36) is established and hence, also part (iv). O

Example 3.15. Let {1,,}°%; be any unconditionally summable sequence in the
abstract L'-space ¢! which is not absolutely summable. Such a sequence exists
by the Dvoretzky—Rogers Theorem. Then {1,}22; is not a positive sequence;
otherwise it would be absolutely summable. Define a vector measure v : 28 — ¢!
by V(A) :== 3, c 4 ¥n for A € 2V, in which case [V|(N) = >0 | ||t |2 = 00. Then
Xy € LY(v)\ L'(|v]) and hence, L*(|v|) # L(v). So, the positivity assumption on
v in part (ii) of Lemma 3.14 is necessary. O
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There exists a vector measure v such that L!(v) is not an abstract L'-space
but, it is lattice isomorphic to an abstract L'-space.

Example 3.16. Let Q := N and ¥ := 2. Select any scalar measure p : ¥ — [0, 00)
such that p({n}) > 0 for all n € N. Let E := ¢}(u) but, equip E with the lattice
norm

Flfle = (L) + @) +Z|f u({n}).

Then (E, ||- | g) is not an abstract L'-space but, it is isomorphic to £*(u) endowed
with its usual norm. Define a vector measure v : ¥ — E by

v(A) = x,, Ael.

Then L!(v) = E with equal norms; this can be proved directly from the definition
or via Corollary 3.66(ii) below. So, L'(v) is not an abstract L'-space but, it is
lattice isomorphic to the abstract L'-space ¢(u). O

It is useful to have available criteria, especially for examples, which reformu-
late the property L'(v) = L'(|v|) in terms of certain scalar measures (v, z*). So,
let v : ¥ — FE be a Banach-space-valued-vector measure defined on a measurable
space (£2,%). Assume that there exist n € N and z7,...,z} € E* satisfying

lv|(A Z| (v, Aey. (3.37)

Then it follows from [125, Lemma 2.6] that L'(|v|) = L'(v). Observe that the
positive, finite measure 79 = Z?:1|<1/, x}‘)’ on X is a control measure for v.
Moreover, it is clear from (3.37) that L*(n9) C L'(|v|) and hence, that

)

L'(no) € L'(Jv]) = L'(v).

Of course, this particular control measure 7o for v satisfies L'(no) C L'(v). It
will be shown in Lemma 3.18(ii) below that L!(|v|) is the largest space within the
class of all spaces L'(n) with 7 any control measure for v satisfying L' (n) C L*(v).
Before proceeding to that lemma, let us make some comments.

Remark 3.17. Let us follow the notation in the discussion just prior to this remark.

(i) It is worth noting that [125, Remark 2.7(ii)] exhibits a co-valued vector
measure v satisfying Ll(\y|) L(v) although (3.37) fails to hold for all choices
of n € Nand zj,...,2} € {* = (co)*. In particular,

L'(v) # L'([(vo, 2")[), " €' = (co)"

(ii) As expected, if the codomain space F of v is finite-dimensional, then
(3.37) is always fulfilled. Indeed, let n := dim E. Take a unit vector basis {e;}}_,
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for E and its corresponding dual basis {e;f};?:l for E*; that is, (e;, e) = 0 when-
ever j # k and (e;, ej) =1 for j =1,...,n. Then

= > (v(A), ¢})e;, A€,
j=1

which implies that

e < Z [ lleslls < Z| v.¢;

AeX.

This inequality, together with the definition of the variation measure |v|, easily
imply (3.37). O
Lemma 3.18. Let v : ¥ — E be a Banach-space-valued vector measure defined on
a measurable space (2, %).

(i) There exists a control measure n : ¥ — [0, 00) for v satisfying L*(n) C L'(v)
if and only if v has finite variation, that is, |v|(2) < oo.

(i) Suppose that n: ¥ — [0,00) is any control measure for v satisfying L*(n) C
LY(v). Then L'(n) C LY(|v|).

Proof. (i) If v has finite variation, then the variation measure |v| : ¥ — [0, 00) is
a control measure for v with L(|v|) C L'(v); see Lemma 3.14(i).

Conversely, assume that v admits a control measure 1 such that L!(n) C
L'(v). Observe that the corresponding inclusion map is continuous either via the
Closed Graph Theorem or via Lemma 2.7. Therefore, there exists C' > 0 such that
£l < ClIf Iy for every f € L(n). In particular,

v Dle < [IV1(A) = lIxslee) < Clixlleim = Cn(4),  AeX.

Thus, the definition of the variation measure |v| yields that |v|(A) < Cn(A) for
all A € ¥. In particular, |v|(Q2) < oco.

(i) Let 1 be any control measure for v satisfying L (n) C L!(v). By the proof
of part (i), there is C' > 0 such that |v|(A) < Cn(A) for A € 3. Accordingly,

/ fldl] < 0/ Fldn = Ol < oo f € L),
Q Q

that is, L'(n) C L*(|v]). O

A typical control measure for a Banach-space-valued vector measure v : ¥ —
E is given by the scalar measure |(v,z*)|, for any Rybakov functional z* € E*
(i.e., * € R,[E*]). From Lemma 3.14(i) and Theorem 3.7(iv), it follows that

Li(jv)) € L'(v) € L ([{v,27)]).- (3.38)

Let us combine this with Lemma 3.18 in order to say something about the situation
when the second inclusion in (3.38) is actually an equality.
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Corollary 3.19. Let v : ¥ — E be any Banach-space-valued vector measure defined
on a measurable space (2,%).
(i) The following conditions for x* € R,[E*]| are equivalent.
(a) LI(H z*)]) € Ll( ) with a continuous inclusion.

*

(v) with their given norms being equivalent.

*

N

L1 (lv]) with a continuous inclusion.

(b)
(¢c) L
( LY(|v|) with their given norms being equivalent.

*

) LY(|v]) = LY (v) with their given norms being equivalent.
(ii) Suppose thatL (Jv]) # L*(v). Then

L) # L ([ma™)l) and L'(v)) # L' ([ a)]),  o* € R[E"]

L (I, 27)]
I, 27)]
1( *>|
LY (|, )]

Proof. The stated properties regarding the norms are automatic, either via the
Closed Graph Theorem or via Lemma 2.7, once we establish the validity of the
corresponding inclusions or equalities as vector spaces. So, it suffices to consider
statements (a) to (e) without reference to their norms.

Each of the equivalences (a) < (b), (¢) & (d) and (d) < (e) follows from
(3.38). Moreover, the implication (a) = (c) is a consequence of Lemma 3.18(ii)
and the implication (c) = (a) is clear because L'(|v|) € L'(v). So, we have
established the equivalence of (a) to (e).

(ii) This follows from part (i). O

Recall that, if F is an abstract L'-space and v is positive, then we can
construct a particular functional x§ € R, [E*] for which condition (e) of part (i)
above holds with the given norms being equal; see Lemma 3.14(ii)(b) and its proof.

A set A € 3 is called |v|-totally infinite if |v|(3 N A) = {0,00}. We say that
|v| is totally infinite on ¥ if every A € ¥ is |v|-totally infinite.

Lemma 3.20. For the variation |v| : ¥ — [0,00] of a vector measure v : ¥ — E,
the following assertions hold.

(i) For every atom A of |v| we have 0 < |[v|(A) = |[v(A)||g < 0.

(ii) There are at most countably many atoms of |v|. Moreover, if |v| is purely
atomic and if L*(|v|) is infinite-dimensional, then the Banach lattice L*(|v|)
is lattice isometric to the sequence space £'.

(iii) There exists a X-partition {Qa, Qf11a)7 foa)} of Q such that

(a) |v| is purely atomic on X N Q,,
(1)

(b) |v| is non-atomic and o-finite on XN Oy,
(c) |v| is totally infinite on XN .
(iv) The Banach space L(|v|) is infinite-dimensional if and only if either |v| has
countably infinitely many atoms or the set Qéla) is not |v|-null.
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Proof. (i) Let p be a control measure for v. Any finite X-partition {Ay,..., A,},
with n € N, of A has the property that |v|(4;) = |v|(A) for exactly one 1 < j <n
and all other sets Ay with k # j are |v|-null. From this, (i) follows.

(ii) Since g and |v| have the same atoms and since the finite measure p has
at most countably many atoms, the first part of statement (ii) is clear.

Now assume that || is purely atomic and that L!(|v|) is infinite-dimensional.
Let A(n), for n € N, be an enumeration of all the atoms of |v|. Then every member
of L'(|v|) has a unique representation of the form

oo

Z WX g0 (3.39)

n=1

for appropriate a,, € C (n € N) satisfying > >, |an| - [|(A(n)) < co. The map
assigning to each function in L (v) of the form (3.39) the function ¢ € ¢! defined by
¥(n) == ayn - [V|(A(n)) for n € N provides the desired lattice isometry.

(iii) Let 2, be the union of all the atoms of |v|, which is unique up to a
|v]-null set, and let Oy, := 2\ Q,. Then, |v] is purely atomic on ¥ N 2, (which
establishes part (a)) and non-atomic on ¥ N Q. Let { B, }o be a maximal family
of pairwise disjoint sets in 3 N Qp, such that 0 < |v|(By) < oo for each a. Such a

family exists by Zorn’s Lemma. Now 0 < u(B,) < oo, for every «, with p finite

implies that {Ba}« is necessarily countable. So, the set ) = U,, Ba fulfills (b).

Let Q2 = Q. \ QLY. Then the definition of {Bas}ao guarantees that (c) holds.
(iv) This is clear from (ii) and (iii). O

The equality Ny(v) = No(|v]) ensures that the vector measure v and the
positive scalar measure |v| have exactly the same atoms. Recall that a set A € &
is said to be an atom for the vector measure v if, for every B € ¥ N A, we have
either B € Ny(v) or A\ B € Ny(v). So, v is purely atomic (resp. non-atomic)
if and only if |v| is purely atomic (resp. non-atomic). In the notation of Lemma
3.20, we call Q, and Q,, := Q\ Q, the purely atomic and non-atomic parts of Q
with respect to v, respectively. A detailed study of certain aspects of atomic vector
measures occurs in [78].

Lemma 3.21. Let v : ¥ — E be a non-atomic vector measure and let A € ¥ be
a non-v-null set. Then the subset {XAnB : B € X} is not relatively compact in
Li(v).

Proof. Fix any Rybakov functional z* € R, (E*) and let p denote the measure
[{(v,x*)| restricted to A N X. Then p is non-atomic and 0 < p(A) < oo. By
the non-atomicity of p there exists a sequence {XA(»,L)}?’LO=1 C L'(u) such that

w(A(n)) = p(A)/2 for all n € N and p(A(n)AA(m)) = p(A)/4 for m # n (with A
denoting symmetric difference); see [42, Ch. III, Example 1.2], for instance. Hence,
{xp : B € ¥N A} cannot be relatively compact in L*(p). Since the inclusion
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LY(v) C L'(u) is continuous (see Theorem 3.7(iv), it follows that the subset
{X4np : B € X} cannot be relatively compact in L'(v). O

Recall that a Banach space E has the Schur property if every weakly conver-
gent sequence in F is norm convergent. The best known example of such a space
is /1. Note that the natural injection from L!(|v|) into L'(v) is continuous via
(3.32).

In the following result let Q,, lea), Qr(lza) be as in Lemma 3.20.

Proposition 3.22. Let v : ¥ — E be a vector measure. The following assertions for
the natural injection j; : L' (|v|) — LY (v) hold.

(i) The map j1 is completely continuous if and only if Qr(lla) s v-null.
(ii) If L*(|v|) is infinite-dimensional, then ji is not compact.

(iil) If v has infinitely many atoms or the set lea) s non-v-null, then ji is not

compact.

Proof. (i) Let j; be completely continuous. Assume that Qfﬁf is not v-null. We can
select A € $NQL with 0 < [V|(A) < oo because |v] is o-finite and non-atomic on

XN Q&) By the Lebesgue Dominated Convergence Theorem, the set function
Br— X, € LIV, Bey, (3.40)

is a vector measure. So, its range {x 5, : B € X} is relatively weakly compact in
L'(|v]) (see Lemma 3.3) and hence, is mapped by ji to the relatively compact set

{i1(xpa) i BES} = {xy.,: BEX} C L' ().

However, this contradicts Lemma 3.21 because v is non-atomic on 3 N A. Thus,

lea) must be v-null.

To establish the converse, assume that lea) is v-null. Then every function

f € L'(Jv|) vanishes v-a.e. on ol Ul Since |v| is purely atomic on Q, N X,
it follows from Lemma 3.20(ii)—(iii) that L!(|v|) is either finite-dimensional or
isomorphic to ¢'. The Schur property of ¢! then ensures that j; is completely
continuous.

(ii) If QY is not v-null, then part (i) implies that j; is not completely con-
tinuous and hence, is surely not compact. Since L!(|v]) is infinite-dimensional, the
only other possibility (according to Lemma 3.20(iv)) is that |v| admits infinitely
many distinct atoms A(n), for n € N. For all k,n € N with k # n, we have by
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(3.21) that

C Xan (X
31(%) ‘“<|u|<§1(<kli>>> i)
> sup

Xam)  Xaw 1\,
et /A<|v|<A<n>> |v|<A<k>>>d
> [[uAm)| - [Il(A@n) ] =1,

where the last equality follows because the atom A(n) of v satisfies ||[v(A(n))|| 5=
|v|(A(n)) via Lemma 3.20(i) with A(n) in place of A. So, the image of the bounded

set
{IMIAE)] ™ s nEN} € LI

under j; is not relatively compact in L'(v). Accordingly, j; is not compact.
(iii) In either case, L!(|v|) is infinite-dimensional (see Lemma 3.20(iv)). So,
(iii) follows from (ii). O

E

Again let Q,, an), 02 € ¥ be as in Lemma 3.20.

Corollary 3.23. Let v : ¥ — E be a vector measure.

(i) If the Banach space L' (v) is reflexive, then QY is v-null.
(ii) If L'(v) is reflexive and v is non-atomic, then |v| is totally infinite and hence,

Li(jv]) = {0}.

Proof. (i) Assume that Qflla) is not v-null. Choose a set A € ¥ N Qflz) such that
0 < |v|(A) < oo. Define a vector measure v4 : XN A — E by va(B) = v(B) for
B € ¥ N A. The Banach space L'(va), which is regarded as a closed subspace
of the reflexive space L!(v), is also reflexive. Accordingly, the natural injection

A LY(|va]) — LY(va) is weakly compact. The Dunford-Pettis property of

LY(|val), [42, Ch. TII, Corollary 2.14 and pp. 176-177], implies that 5\ is com-

pletely continuous. But, j:EA) is not completely continuous by Proposition 3.22(i)

because Ql(qla) (computed relative to v4) is not v4-null. Therefore, Qﬁlla) must be
v-null.

(ii) Since Q, = 0 for such a vector measure v, the conclusion is clear from (i).
O

Part (ii) of the previous result, for E a real Banach space, occurs in [20,
Theorem 2.11], [23, Remark on pp. 1804-1805]; our proof is different and applies
also in complex spaces FE.

Let us give an example of a purely atomic vector measure.

Example 3.24. Let 1 <7 < co. Let ¢ € £ C ¢" with p(n) > 0 foreveryn € Q :=N
and E := ¢". Define an ¢"-valued vector measure on ¥ := 2 by

v(A) = px,, Ae2V (3.41)
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Then, L'(v) = (1/¢) - " and, in the notation of (3.22),
e = lefle = | [ @], = Ulow.  Ferie)r  Gaz

So, L(v) is reflexive if and only if 1 < r < co. Moreover,

WI(A)=> pn), Aex.

neA

It follows that L'(|v|) = (1/¢) - £* and ||flloiqu) = lleflle for f e LY(|v|).
Either by Proposition 3.22 or by direct computation we conclude that the natural
inclusion j; : L'(|v|) — L'(v) is completely continuous but not compact. O

Let us now consider the (non-atomic) Volterra measures; see Example 3.26
below. First we require the following preliminary result.

Lemma 3.25. Let 1 < r < oo. Suppose that f : [0,1] — RY is a Borel measurable
function which is Lebesque integrable over [0,t] for each t € [0,1) and that the
function

tl—>/0 f(u) du, te0,1)

belongs to L™(|0,1]). Then f is necessarily integrable with respect to the Volterra
measure v, : B([0,1]) — L"([0,1]) of order r.

Proof. Select a sequence {s,,}°2; C sim B([0, 1]) such that 0 < s,, T f pointwise
on [0,1]. Fix A € B([0, 1]). By assumption fx , is Lebesgue integrable over [0,1],
whenever 0 <t < 1, and the function

ga it /0 F(u)x 4 (u) du, te0,1),

belongs to L"([0,1]). Since sp,x, T fx, pointwise, the Monotone Convergence
Theorem guarantees that

L, (snx 1) () = /0 snlw)x () du | /0 F(u)x () du = ga(t)

for each ¢ € [0,1) as n — oo. Namely, I,, (snX ,) T ga (relative to n € N) in the

order of L"([0,1]) which is o-o.c. Therefore, I, (snX ,) — ga in the topology of
L7([0,1]) as n — occ. It follows from Theorem 3.5 that f is v,-integrable. O

Let us apply this lemma when 1 < r < co. Define a function g on [0, 1) by

1
(1—-t)/7(1—=In(1 —¢))’

g(t) == telo,1).
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Then g is differentiable on (0,1) and

oy (1—1n(1—t))—r
g'(t) 00" ) teo,1).

With ¢ :=1—exp(l —r) < 1, the non-negative, continuous function f :=g’- X(e1)

on [0,1) satisfies both fg f(u)du=0, for 0 <t <¢, and

/ ) du = / ) du= g(0)-g(0) = (- 50 x0y )0 < 0 te ()

So, we have

|t (o3 = glxe,)0.  repn. @)

Now observe that g € L"([0,1]) via the following calculation:

1 . B 1 1 B ooi
/0 ’g(t)| dt—/o (1—t)(1—1n(1—t))rdt_/1 urdu<oo.

Therefore, IX(en) g(c)X(c ) € L7([0,1]). According to (3.43), also t — f(f f(u)du
belongs to L™([0,1]). Then Lemma 3.25 allows us to conclude that the function f
is v, -integrable.

Example 3.26. Let 1<r<oo. Consider the Volterra measure v, : B([0,1]) — L"([0,1])
as given by (3.26). Most results which we now present are from [119] and [129], ex-
cept for the (strict) inclusion L*(v,.) C L*(v1). The variation |v,.| of v, is weighted
Lebesgue measure, namely

(1—t)/rdt if 1<7r< oo,
dlvr|(t) = { it P (3.44)

(i) Let » = 1. Then d|i1]|(t) = (1 — t)dt and

LY([0,1]) € L'(jn]) = L*(»);

see [119, Example 2].
(ii) Let 1 < r < 0co. Then we have d|v,|(t) = (1 —t)*/"dt and

Lr((o,1)) € L([0,1]) € L'(jw]) € L'() S L'(11) (3.45)

with all inclusions being strict. That the first two inclusions are strict is clear from
(3.44). So, let us discuss the last two inclusions separately.
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(ii-a) Consider the function f := ¢’ - X(e1) OB Q := [0,1] as given in the

)
discussion prior to this example. Then f & L*(|v,|) = L*((1 — t)!/"dt) because

vl = ! _ n\1/r
/Q Fl ] / ) (1 — 0t
! (1-In(1—¢) —r

B / r(1 =) (1 (1 - 1))

(1=t dt

! 1
= /a 2r(1—t)(1—In(1 —t)) at
= 21_1" tlﬂirlni [ln (1-In(1—1¢)) — 1n(27’)] = 00,

where o := (1 — exp(1 — 2r)) has the property that ¢ < a <1 and
1
(I-In(1—¢) —r > 5(1 —In(1—-1t)), te(al).

On the other hand, we have already shown immediately prior to this example that
f € LY(v,) and hence, f € L*(v,) \ L'(|vr]). In other words, L*(v,.) # L1(|v|).

(ii-b) The last inclusion L!(v,) € L'(v) is a special case of Lemma 3.27
below with T being the natural embedding from E := L"([0, 1]) into Z := L([0, 1])
and with v := v,.. Now let us show that

L'(v,) # L*(n). (3.46)

The function f : t — (1 —¢)~Gr+1D/") on [0,1), belongs to L'(|v1]) = L'(v1).
Moreover, I, (f)(t) = (2r)/(r + 1)((1 — )=t/ @) 1), for t € [0,1), which

satisfies I, (f) ¢ L"([0,1]). Suppose that f € L'(v,.). Since v, = T o v, it follows
from the definition of T" and (3.47) below, with A = , that

Im(f):/ﬂfdm:/S)fd(Tow) - T(/Qfdvr) :/Qfdur.

But, [, fdv,. € L"([0,1]) and so I,,, (f) € L"([0,1]), which is not the case. Accord-
ingly, f ¢ L'(v,.). This establishes (3.46).
(iii) For r = oo, we have d|v|s = dt and

LY[0,1]) = L' (Jvs]) = L'(Voo);

see [129, §4].

(iv) Let 1 < r < oo. Since v, has finite variation and is non-atomic, it follows
from Corollary 3.23(ii) that L!(v,) is not reflexive. However, L'(v,) is weakly
sequentially complete; see the discussion after Corollary 3.40 below. O
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Lemma 3.27. Let v : ¥ — E be a Banach-space-valued vector measure and T be a
continuous linear operator from E into a Banach space Z.

(i) The set function Tov : ¥ — Z is a vector measure. Moreover, every individual
v-integrable function f is also (T o v)-integrable and

/Afd(Toy) _ T(/Afdz/), Aey. (3.47)

(i1) Every v-null set is (T o v)-null, in other words,

N()(l/) - No(T o l/).

(iil) If, in addition, T is injective, then N'(v) = N (T ov), so that
L'(v) € LY T ov). (3.48)

Proof. (i) The linearity of T ensures that T o v is finitely additive. Moreover, if
{A,}52, C X satisfies A, | 0, then v(A,,) — 0 in F as n — oo and hence, by
continuity of T, also (T' o v)(A,) — 0in Z as n — oo. Accordingly, T o v is
o-additive.

Suppose that f: Q — C is v-integrable. Given A € ¥ there exists an element
[y fdv € E such that ( [, fdv, a*) = [, fd{v,z*) for all * € E*. Then the
element T'( [, f dv) € Z satisfies

<T(/Afdu>, z*> = </Afdu, T*(z*)> :/Afd<1/, T*(2")) = /Afd<Toy, z*)

for all z* € Z*. By definition, f is then (T o v)-integrable with [, fd(T ov) =
T(fA fdy); this is precisely (3.47).

(ii) Remark 3.4(i) and the formula (T o v)(A) = T (v(A)), for A € ¥, easily
imply that every v-null set is also (7" o v)-null.

(iii) Let A € No(T ov). Then (T ov)(B) =T (v(B)) =0 for every B€ XN A
and so, by injectivity of T', also v(B) = 0 for every B € XN A, that is, A € Ny(v).
This and part (ii) give No(v) = Ny(T o v). Hence, Remark 3.4(ii) implies that
N{w)=N(Tov).

Since L'(v) and LY(T o v) are the quotient spaces of the individual v-
integrable and (T o v)-integrable functions with respect to Ny(v) and Ny(T o v),
respectively, the inclusion (3.48) is clear from N(T ov) = N(v) and part (i). O

According to Theorem 3.7, the space L(v) is a B.f.s. over (€, %, u) for any
control measure p for v. Given 1 < p < o0, let

LP(v) = L'y, C L) (3.49)
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Since L!(v) has ¢-o.c. norm and the space LP(v) is the (1/p)-th power of L!(v)
with 0 < 1/p < 1, it follows that LP(v) is again a B.f.s. with g-o.c. norm and is
contained in L!(v); see Lemma 2.21 and Proposition 2.23(i). In particular, sim X

is dense in LP(v). Let || - ||r(,) denote the corresponding norm on LP(v), i.e.,
1 £l = Iy, = NFPILE,,  Fel’().  (3.50)
Via (3.49) we can conclude that
L) = {f € ') | € L)}, (351)

which is consistent with the case when v is a scalar measure. For E a real Banach
space, LP(v) was originally defined via (3.51) in [146, Definition 1]; see also [57].
The original norm of LP(v) used in [146, p. 909], namely

1/p
sup ([ 1P altnay)
z*€B[E*] Q

turns out to be exactly the same as (3.50). The following identity, which is imme-
diate from Lemma 2.20 and (3.49), will be useful later:
L'(v) = LP(v)

il (3.52)

A natural question is whether or not the inclusion LP(v) C L(v) is proper. Indeed,
it will be seen that it is proper except for trivial cases. To be precise, we say that
Y is o-decomposable relative to v if ¥ admits countably infinite, pairwise disjoint
non-v-null sets. The space L*°(v) consists of all C-valued, v-essentially bounded
¥-measurable functions. It is equipped with the essential supremum norm || || .o,
and is a B.f.s. over (Q,%, u), with 4 being any control measure for v. Bounded
Y-measurable functions are v-integrable. It follows that L°°(v) is an order ideal
of L*(v). Clearly L*°(v) C LP(v) for all 1 < p < oo; see (3.49).

Proposition 3.28. Let 1 < p < o0. Let v : ¥ — FE be a Banach-space-valued
measure and let p: X — [0,00) be any control measure for v.

(i) The space LP(v) is a B.f.s. based on (Q,%, ) with x, a weak order unit.
Moreover, if 1 < p < oo, then LP(v) is o-o.c. and is a p-conver Banach
lattice with p-convexity constant 1.

(ii) Let 3 be o-decomposable relative to v. Then the inclusions L (v) C LP(v) C
LY(v) are proper for 1 < p < oo. Moreover, the inclusion LP(v) C Li(v) is
proper whenever 1 < q < p.

S

(iil) If p # oo, then the B.f.s. LP(v) is weakly compactly generated.

Proof. (i) First let 1 < p < co. That LP(v) is a 0-o.c. Banach lattice in which x,
is a weak order unit has been given (over R) in [146, Proposition 6]. For complex
E we refer to the discussion immediately after (3.49).
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In either case, LP(v) is then o.c. (see Remark 2.5). As observed in [57, p. 4],
for real spaces E the definition of the norm || - || s,y implies directly that LP(v) is
a p-convex Banach lattice with p-convexity constant 1. This can also be obtained
from Proposition 2.23(iii) and (3.52), where E can also be over C.

That L>(v) is a B.f.s over (2, X, ) was indicated just prior to the proposi-
tion.

(ii) We first show that LP(v) \ L*(v) # 0. Choose pairwise disjoint non-
v-null sets A(n) € %, for n € N, and observe that ||v]|(A(n)) — 0 as n — oo
because v is strongly additive, [42, Ch. I, Corollary1.18]. So, by choosing a subse-
quence of {A(n)}22; if necessary, we may assume that ||v||(A(n)) < 2~™ for each
n € N. Then the pointwise sum f := Y | nl/pr(n) belongs to LP(v) because
£ ey < 32720 nllvll(A(n)) < oco. Clearly f ¢ L>(v).

Since LP(v) # L*(v), we can apply Proposition 2.26 to the q-B.f.s. X (u) :=
LP(v) over (2, %, u) to deduce that LP(v), # LP(v). This and (3.52) imply that
Li(v) # LP(v).

Suppose that 1 < ¢ < p. If LP(v) = L%(v), then also LP(v)(q = L(v)[q), that
is, LP/9(v) = L'(v). Since (p/q) > 1, this is impossible.

(iii) This has formally been given in [27, Proposition 3], for real spaces E.
Actually, all we need is the fact that the subset {x , : A € X} is relatively weakly
compact in the o-order continuous B.f.s. L?(v), as argued in the proof of Theorem
3.7(ii) for the case p = 1; this argument also applies for FE over C. O

For a o-decomposable scalar measure A, if 1 < p < ¢ < oo, then the Banach
spaces LP(\) and L?()) are not only distinct but are also non-isomorphic. Indeed,
LP()\) is not g-convex whereas L()\) is g-convex; see Example 2.73, for instance.

For o-decomposable vector measures v the situation can be different; even
though LP(v) and Li(v) are distinct (see Proposition 3.28(ii)), they can be iso-
morphic (even as Banach lattices).

Example 3.29. Let E := ¢y and Q := N with ¥ := 2N, Let ¢ € ¢q satisfy ¥(n) > 0
for every n €  and define a finitely additive set function v : ¥ — E by v(4) =
X ¢ for each A € X. For each € E* = 01 it is routine to check that

v O(A) =D Emvm)x,(n), AeX,
n=1
and hence, (v, &) is o-additive (as ¢ ¢ € £1) with variation measure
[, 1(4) = D [Emdn)x ,(n), AT
n=1

In particular, v is a vector measure. For each f € sim ¥ it can be calculated that

/fduszxA, Acs,
A
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from which it follows that the same formula must hold for all f € L'(v) and that

L'(wv)={feC": fY €}, ie., L'(v) = (1/9) - co. (3.53)

Using the fact that

; el

/Qlfld|<l/,§>| = D 1)) -9(n) - [(n)
n=1

for each f € L'(v), we can conclude that

1ALy = Wi (1f1, 1€l = 1f¥lleo-

<1

The multiplication operator My, : L'(v) — co defined by f +— o f for f € L'(v)
is a surjective linear isometry and (since 1 > 0) a lattice isomorphism. That is,
L'(v) is lattice isometric to cp.

Given 1 < p < 00, it follows that

LP(v) = {feCV:|fff e L'(v)} = {feC":|f]Pv €co} (3.54)

with norm

co

1Perer = IIPIEE,) = APl = ol f e oy

we can then write LP(v) = p~1/P . ¢5. Then the multiplication operator Myrp
LP(v) — ¢p defined by f +— ¢/Pf for f € LP(v) is an isometric lattice iso-
morphism of LP(v) onto ¢y. In particular, every space LP(v), for 1 < p < oo, is
lattice isomorphic to ¢y and, none of them are reflexive or even weakly sequentially
complete.

Note that v has finite variation if and only if ¢ € ¢!, in which case

WI(A) = > ¢(n), A€z, (3.55)
neA
and hence,
LP(Jv]) = (v]) = ¢~/7 07, 1<p<oo. (3.56)
O

The LP-counterpart of Proposition 3.9 (for real spaces) occurs in [57, Propo-
sition 2.4]. We now provide a more detailed proof of this.

Proposition 3.30. Let 1 < p < oco. If E is a p-convex (complex) Banach lattice
with a weak order unit and o.c. norm, then there is an E-valued, positive vector
measure v such that LP(v) and E are lattice isomorphic.
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Proof. There exist a p-convex real Banach lattice Zg, with a weak order unit and p-
convexity constant 1, and a real lattice isomorphism Sg from Zg onto the real part
Eg of E, [99, Proposition 1.d.8]. It follows from Lemma 3.8(iv), with Z := Zr+iZg
and W := FE, that the canonical extension S : Z — E of Sk is a surjective lattice
isomorphism. Moreover, Lemma 3.8(v) implies that the Banach lattice Z is itself
lattice isometric to a B.f.s. X (u) over (2, X, u) for some probability measure p,
as shown in the proof of Proposition 3.9 via [99, Theorem 1.b.14]. Consequently,
X (p) is a p-convex B.f.s. with p-convexity constant 1. Then the p-th power X (),
is a B.f.s. whose norm || - [|x(u),, 18 0-0.c.; see Lemma 2.21(iii) and Proposition
2.23(ii). So, the set function v : A +— x, € X(u)p), defined on %, is a vector
measure satisfying X (u);,) = L'(v) with equal lattice norms (adapt the proof of
Theorem 8 in [21] or Corollary 3.66(ii) below). Consequently,

X(p) = (X('“)[p])u/p] = L'y = LP(v)

with equal lattice norms (see Proposition 2.23(i) and (3.52)). Hence, E and LP(v)
are lattice isomorphic. O

Given 1 < p < o0, let p’ stand for its adjoint index, that is,

00 if p=1,
pi=X p/lp—1) if 1<p<oo, (3.57)
1 if p=occ.

Let v be a Banach-space-valued measure and u be a control measure for v. We
proceed to establish some Holder type inequalities for v and to investigate the
natural inclusion map

ap : LP(v) — LY(v). (3.58)
First consider the case when p = 1. Given f € L!(v), we have from (3.7) that
1f9llerw) < Wl 19l g€ L>v). (3.59)

Apply this, (3.21) and Lemma 3.11 to deduce that
sup

= | oo
s€B[L*>°(v)]Nsim X gEB[L>(v)] Q E

sup || fgllrrw) = IfllLrw)-
geB[L>(v)]

(3.60)

Next let 1 < p < oo. Lemma 2.21(i) implies that fg € L'(v) for f € LP(v)

and g € LP (v), that is,
LP(v)-L¥ (v) C L'(v). (3.61)
Here, of course, LP(v) - L? (v) := {fg : f € L(v), g € L¥ (v)}. We point out
that actually LP(v) - L? (v) = L'(v) in (3.61) holds. Indeed, given f € L'(v) we
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have f = (| f|'/7) - (1f]'/7") with (¢|f|"/?) € L"(v) and | f|'/?" € LV (v) , where
¢ = (f/If]) “Xon f-1({0}) belongs to L*°(v). The reverse inclusion to (3.61) is
clear. Lemma 2.21(i) also yields the Holder type inequality

1fallerey < Wfllere) l9ller @y, FELPW), g€ L (v). (3.62)

The above-mentioned fact, that every f € L'(v) can be factorized as f = gh,
with g € LP(v) and h € L? (1), is an analogue of a similar result for general B.f.s.’
of the form L, (relative to some finite measure o > 0); see Remark 2.3(ii) for the
definition. Namely, if x, € L, and p is a 0-o.c. norm with the Fatou property,
then every f € L'(u) can be written as f = gh for some g € L, and h € L’p (the
associate space of L,), [65, Theorem 3.5], [66], [100]

In Chapter 2 we defined uniformly p-absolutely continuous subsets of a -
B.f.s. over (2,3, ). For the particular B.f.s. L!(v), it is easy to see that a subset
W of L(v) is uniformly p-absolutely continuous if and only if

lim  sup s = 0. 3.63
o 51 (FENF2Y)) (3.63)

In this setting it is therefore more natural to say simply that such a set W satisfying
(3.63) is uniformly v-integrable because p can be any control measure for v.

Proposition 3.31. Let v : ¥ — E be a Banach-space-valued vector measure and let
1<p< o

(i) We have the identities

sup
9€BIL (v)]

[ tad], = Wl = s Wfglow,  feDw)
]

9€B[LY (v)
(3.64)

(ii) The natural embedding v, : LP(v) — L'(v) is continuous and its operator
norm satisfies

1/p’
lewll = Ixgllzorey = (W) (3.65)

with the understanding that 1/p’ = 0 when p’ = oco.

(i) Let 1 < p < co. Then oy, maps the unit ball of LP(v) to a bounded, uniformly
v-integrable subset of L*(v). In particular, o, is weakly compact.

(iv) Let 1 < p < oco. Then «, is compact if and only if v is purely atomic.

Proof. (1) If p =1, then (3.64) reduces to (3.60).
Let 1 < p < oo. Given f € LP(v) with ||f|zrn) = 1 and € > 0, it follows
from (3.60) with |f|? € L'(v) in place of f, and the fact that |f|P~! € L” (v) has
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norm 1, that there exists a X-simple function s € B[L*°(v)] such that

1P e <s+H/ |

s+H/|f sIfr)
‘/ Iflgdv

We have used the fact that s|f[?~! € B[L? (v)]. By writing

lfl=f" (XQ\f—l({o})|f|/f) with XQ\f—l({O})|f‘/f € B[L™(v)], (3.66)

<e+ bup
g€B[LY (v)]

it follows, since £ > 0 is arbitrary, that

1Py = s | [ saar (3.67)
geB[LP' ()] I JQ E
For g € B[L” (1)), it follows from (3.21) and (3.59) that
| [oa| < saly < Uflanco. (3.69)
Q E
This inequality implies that
1/
o | [ ggar] < Wl = 11715 (3.69)
gE€B[LY (v)]

The two inequalities (3.67) and (3.69) imply that
ey = s || [ soar],
9€

whenever f € LP(v) satisfies || f||z»n) = 1 and hence, for arbitrary f € LP(v).
This establishes the first equality in (3.64).

To deduce the second equality in (3.64), fix f € LP(v). From (3.68), which
does not require the condition that || f||s(,) = 1, it follows that

sup H/fgdu
gEB[L? (V)] Q E

We have already established that the left-hand side and right-hand side of (3.70)
coincide, and so (3.64) holds.

< s [lfgllere) < 1fllzee- (3.70)
9€B[LY (V)]
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Let p := oo. Fix f € L*°(v). We shall first establish the second equality

[fllze@wy =" sup | fgllr) (3.71)
gEBIL (v)]

in (3.64) with p := co. Since |f| can be expressed as in (3.66), we have that

sup  |[fgllpiwy = sup || |flgll i
9€BILI ()] 4€BLI ()] L)

which enables us to assume that f > 0. Choose non-negative ¥-simple functions
$n 1 f such that lim, e [[sn — fll L) = 0. In particular, ||s,[| L) T | f]lLo@w)-
Fix n € N. Let a := ||sy|| () and A := s, ' ({a}), in which case [|v||(4) > 0.

The function h := (||V||(A))_1XA satisfies

[snhllLiwy = a = [[snllLew)y  and  [[Aflpie) =1
and we have
sup [ fglleiwy = lIsnhllLriw) = lIsnllLes@w)- (3.72)
g€B[L(v)]

Letting n — oo in (3.72) yields that

sup [ fgllerwy > [Ifllzeew)- (3.73)
g€B[LL(v)]

On the other hand, the definition of the norm || - [[11(, (see (3.7)) gives

I fallzrwy < lflleewyllgllnrwy, g€ L'(v). (3.74)

This and (3.73) establish (3.71).
Now let us prove the first equality in (3.64) for p := co, namely, for any fixed

feL>v),
s | [ fod| = flae (5.75)
geBILI ()] Il /O E
Let € > 0. According to (3.71), select h € B[L!(v)] satisfying
[fll~w) < e+ 1Rl (3.76)

Appealing to (3.60) with fh in place of f, choose a function s € B[L*>(v)] Nsim &
such that

||fh||L1(u) < e+ ‘/thdV (377)
Q E
It now follows from (3.76) and (3.77) that
I fllLeeqy < 26—&—’ /f(hs)dz/ (3.78)
Q E
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Since € > 0 is arbitrary and hs € B[L!(v)] in (3.78), we have the following inequal-
ity || fll o) < SUPgeB[L (v || fQ fg duH . The reverse inequality is a consequence
of the inequality

1fallzrey < Ifllewllgleiw),

which is immediate from (3.21). This establishes (3.75).
(ii) We can interchange p with p’ in (3.64) to derive

= s folgy = 9l €L @)

sup H fgdv
Q E feBILP(v)]
(3.79)

feB[LP(v
By the definition of the operator norm,

lopll == sup  Nfllpiw) =  sup  [Ifxgllziw
FeB[LP()] fEB[L? ()]

It follows from (3.79), with g := x,, that [ap|| =[xl e ) = (||V||(Q))1/p ; this
is precisely (3.65).
(iii) By (3.79), with g := x, and A € ¥, we have

1/p’
sup  [[fx,llzrey = (IIv]I(A) .
eBlLr()] ( )

Since 1 < p’ < o0, it is clear that (||1/||(A))1/p, — 0 as ||v||(A) — 0. According to
(3.63), the subset a;,(B[LP(v)]) is bounded and uniformly v-integrable in L*(v).
Now apply Proposition 2.39(ii) to conclude that «, is weakly compact.

(iv) If v is not purely atomic, then its non-atomic part €2, is non-v-null and
so the set {ap(XB) :BeX¥n Qna} = {XBOQM :B e E} is not relatively compact
in L'(v) via Lemma 3.21. Hence, «, is not compact.

So, assume that v is purely atomic. The vector measure [v] : ¥ — L!(v) given
by (3.10) is also purely atomic and hence, has compact range, [78, Theorem 19]. Let
T: L'(v) — L'(v) denote the identity map. Then T'(x ,) = [v](A) for A € ¥ and
SO {T(XA) A€ E} is relatively compact in L'(v). Apply Proposition 2.41 with
X (p) := L'(v) and E := L*(v) to deduce that oy, (B[LP(v)]) = T (ayp(B[LF(v)]))
is relatively compact in L'(v) because oy, (B[LP(v)]) is bounded and uniformly
v-integrable in L'(v) via part (iii). Thus, «,, is compact. O

When the scalar field is real and 1 < p < oo, part (iii) of Proposition 3.31
follows from [57, Proposition 3.3]. For further details, see Remark 3.42(i) below.

Remark 3.32. We give an alternate proof of Proposition 3.31(iv) which may be
of some interest. Let E denote the (complex) space E interpreted as a vector
space over R and 7 denote v considered as an E-valued vector measure. Then a
Y-measurable function f :  — R is v-integrable if and only if f is v-integrable
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and then [, fdv = [, fdv for all A € ¥, [58, Lemma 3]. Moreover, f: Q — C is
v-integrable if and only if | f| is D-integrable if and only if both Re(f), Im(f) are 0-
integrable, [58, Lemma 2]. It follows from [58, Lemma 4] that L'(¥) is isomorphic
to Ly (v) :== {f € L*(v) : Im(f) = 0} equipped with the relative topology from
LY(v). According to [58, Lemma 1], there exist positive constants C;, Cy such that

CilI7[[(A) < [vli(4) < Cefl7[i(4),  AecX.

It is then clear from (3.63) and the fact that both L'(#) and L'(v) have lattice
norms that a subset W C L1(v) is bounded and uniformly v-integrable if and only
if [W|:={|f]:fe€W}C LY (y) ~ LL(v) is bounded and uniformly 7-integrable.
In particular, both Re(W) := {Re(f) : f € W} and Im(W) := {Im(f) : f € W}
are bounded and uniformly 7-integrable in L' (7).

Now, suppose that v is purely atomic, in which case L!(v) = ¢*(v) C CN
(see Lemma 3.20(ii)) is an atomic Banach lattice with o.c. norm. Let W C L*(v)
be any bounded, uniformly v-integrable set. According to Remark 2.38(b) and
the previous paragraph, both Re(W), Im(W) are L-weakly compact sets in L (7).
Since L'(7) = ¢1(P) is an atomic real Banach lattice with o.c. norm, it follows
that both Re(W), Im(W) are actually relatively compact in L'(7) ~ Lk(v),
[107, Beispiel I1.7(ii)] (see also [6, Satz 1.1] and [21, Lemma 2]). Accordingly,
W C Re(W) + ilm(W) is relatively compact in L'(v). Since «, maps B[L?(v)]
to a bounded, uniformly v-integrable subset of L!(v) (see Proposition 3.31(iii)),
it follows that o, is compact. O

Remark 3.33. Let 1 < p < oo and the notation be as in Proposition 3.31. Then
the following three conditions are mutually equivalent:

(a) ap is compact,
(b) «, is completely continuous, and

(¢) v is purely atomic.

In other words, under the assumption that 1 < p < oo (i.e., p = o0 is excluded),
we can improve part (iv) of Proposition 3.31. Since (a) = (b) is clear, to verify
the equivalences of (a), (b) and (c) it suffices to show that (b) = (c¢). Now, the
subset {x 4 tAE Y} is relatively weakly compact in LP(v) as it is the range of the
vector measure A — x , € LP(v) defined on ¥ (see Lemma 3.3). So, (b) implies
that {x, : A € X} is relatively compact in L'(v). However, via Lemma 3.21, this
holds only if v is purely atomic. So, (¢) holds.

Concerning the case when p = oo, it turns out that as, : L>®(v) — L'(v)
is always completely continuous. Indeed, a., is weakly compact by Proposition
3.31(iii). Since L*°(v) is isomorphic to a C(K)-space, it has the Dunford-Pettis
property, [42, Ch. VI, Corollary 2.6], and hence, . is completely continuous. [

We now consider the space of scalarly integrable functions with respect to
a Banach-space-valued measure v : ¥ — E. A function f € £°(X) satisfying
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condition (I-1) is called scalarly v-integrable. By identifying scalarly v-integrable
functions which are v-a.e. equal, we denote by Ll (v) the vector space of (equiv-
alence classes of) all scalarly v-integrable functions. Clearly L!(v) C L. (v). If E
does not contain an isomorphic copy of cg, then L' (v) = LL (v); see [98, Theorem
5.1] for E over C, [86, Ch. II, Theorem 5.1] for E over R. The first systematic study
of LL(v), for E over R, was carried out by G.F. Stefansson [151] who showed that
Ll (v) is a Banach space containing L*(v) as a closed subspace. To be precise, let

1l = sup{/ﬂf|d|<u,x*>|:m*eB[E*]}, Fellw).  (3.80)

It follows from [151, Theorem 9] that || f|[11 () < oo for every f € L} (v) and that
|-l () is @ norm for which L{ () becomes a Banach space. In particular, L'(v)
is a closed subspace of Ll (v). An examination of the proofs given in [151] shows
that the same conclusions hold for E over C; the “general results” from integration
with respect to v having values in E (over R) used in [151] also apply to complex
spaces E and can be found in [58], [97], [98], for example.

It is clear that Ll (v) is a vector lattice, with respect to the v-a.e. order, and
that || - [|z1 (1) is a lattice norm. Indeed, using the notation of Remark 3.32 and
recalling, for a complex measure A, that f € L'(X) means || f||1 := [ |f|d|\] < oo,
it follows that L% (v) is the complexification of the real vector lattice L. (7) :=
{f € LL(v) : fis R-valued}. To investigate Ll (v) in the context of B.f.s.” let
p ¥ — [0,00) be a control measure for v. Since sim¥ C L'(v) C LL(v), it
follows that (Lg, (v), || -|/11(,)) is a B.L.s. based on the measure space (2, X, 11) and
that L'(v) is a closed sublattice of L1 (v).

A general Banach lattice (Z, ||-]| z) has the weak Fatou property if every norm
bounded, increasing sequence {z, }72; € Z T has a lattice supremum z := \/, o zn
in Z. If, in addition, ||z,]lz T ||2||z, then Z is said to have the o-Fatou property.
Since these definitions are in terms of Z ¥, there is no distinction between Z being
a Banach lattice over R or C.

It follows from [57, Lemma 3.8] that the B.f.s. Ll (v) has the weak Fatou
property. Moreover, according to [26, Proposition 2.1], the space L () has the o-
Fatou property. Indeed, assume that Ly, (v)" 3 f, 1 with sup,,ey || fall L1 () < 0.
Let f :=sup,cy fn (defined p-a.e. pointwise). Then

sup / fdi{v,s") = sup sup / Fodl{v, 2")]

z*€B[E*] z*€B[E*] neEN

—— / Fudl(,2%)] = sup || full 21y < o0
neNz*eB[E*] JQ neN

So, f € Ly, (v) and clearly f =\/, oy fn- Hence, L (v) has the o-Fatou property.
On the other hand, L'(v) may not have the o-Fatou or the weak Fatou property;
see Example 3.34 below.
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Given 1 < p < o0, let L2 (v) denote the (1/p)-th power of the B.f.s. Ll (v),
that is,
LE(v) = LyW)pyp C Ly 0); (3.81)

see Lemma 2.21(iv). As for p = 1, we point out that the vector lattice L2 (v) is the
complexification of the real vector lattice {f € L? (v) : f is R-valued}. According
to Proposition 2.23(i), the vector lattice L? (v) is again a B.f.s. (over (Q,%, p))
with respect to the corresponding norm

Iz o= - ey 0 (3.82)

The following identity is clear:

1/p
g = sup ( / |f|Pd|<u,x*>) L felne).  (389)
e*€B[E*] \JQ

The space L2 (v), for real space E, was defined and studied for the first time in [57],
where the norm is defined by the right-hand side of (3.83). Clearly, L?(v) is a closed
sublattice of L2 (v). Furthermore, L2 (v) is a p-convex B.f.s. with p-convexity
constant equal to 1; this can be seen by direct computation or by appealing to

Proposition 2.23(ii) and the identity L} (v) = LE (V) -

Convention. In order to apply various results from Chapter 2, we have so far been
treating LP(v) (1 < p < o0) and L2 (v) (1 < p < o0) as B.f.s.” over a measure
space (Q, %, 1), where p is any control measure for v and, of course, the same p is
used simultaneously for both LP(v) and L2 (v). Subsequently, we may sometimes
speak of the B.f.s.” LP(v) and L2 (v) without referring to such a control measure
1. In this case, it is to be understood that such spaces are B.f.s.” relative to some
control measure for v.

Example 3.34. Let the setting be as in Example 3.29. Then, it is easy to check
that

Ly(v) = (1/v) - £,
in contrast with the identity L'(v) = (1/%) - co in (3.53). The corresponding
norm on L, (v) is the weighted sup-norm || f|| 1 () = sup,ey [¢(n)f(n)| for f €
L, (v). Consequently, LE (v) = ¢~1/7 . (> for each 1 < p < oo, with || f||zz ) =
sup, ey [¢(n)'/? f(n)|. So, both the inclusions

LP(jv]) € LP(v) € L3 (v),  1<p<oo,

are proper because LP(|v|) = ¢~ /PP via (3.56) and LP(v) = ¢~ 1/P.¢q via (3.54).
Note that the norm bounded, increasing sequence {wfl/p X1, n}}zo:l in

LP()" does not have a supremum in the Banach lattice LP(v). It follows that
LP(v) fails to have the weak Fatou property. As for the spaces LP(v) in Example
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3.29, we see that the spaces L (v), for 1 < p < oo, are all distinct yet, each one is
lattice isomorphic to £°°.

On the other hand, the complete normed function space LP(v) has the Riesz—
Fischer property. This serves as a counterexample for the converse of Lemma
2.33. U

The above example is standard; see [98, §5] and [86, Ch. II, Example 5.1].
Further classical examples of vector measures v for which L!(v) fails to have
the weak Fatou property (hence, L'(v) # LL(v)) arise in the theory of kernel
operators, [26, §3]. Note that there also exist cp-valued vector measures v for
which we do have the equality L'(v) = L1 (v), [21, Example on pp. 320-321].

Let 1 < p < oo. Just like L} (v) itself, its (1/p)-th power L%V(V)[l/p] =LP(v)
always has the o-Fatou property. Indeed, for v with values in a real Banach space
E this is Proposition 1 of [26]. Since the Fatou property of E over C is defined
in terms of {f € L2 (v) : f is R-valued}, the same conclusion holds for complex
spaces E. However, the B.f.s. LP(v) may not have the o-Fatou property. Actually,
L? (v) is the minimal B.f.s. which possesses the o-Fatou property and contains
L?(v) in such a way that the natural embedding has operator norm at most 1. We
refer to [27] for the details.

For E a real Banach space, the weak sequential completeness of LP(v) and
L? (v) has already been investigated; see [26], [151] for p =1, and [27] for 1 < p <
oo. For complex E, a basic tool needed in this regard is Lemma 3.37 below. For
its proof, we shall apply the following criterion.

Lemma 3.35. Let Z be a complex Banach lattice.

(i) Z is weakly sequentially complete if and only if its real part Zg is weakly
sequentially complete.

(il) Z is weakly sequentially complete if and only if every norm bounded, increas-
ing sequence in Z1 is convergent in Z.

Proof. (i) Suppose that Z is weakly sequentially complete. Let {x,,}22; be a weak
Cauchy sequence in Zr and 0+ i¢ € Z* = Zg + iz} with n,{ € Zg. Then the
inequalities

|<.’Iln — Tk, 77+7’<>’ < |<xn — Tk, 77>| + |<$7L — Tk, C>|? n7k € N7

show that {z,}22; is weakly Cauchy in Z and hence, has a weak limit z € Z. Write
z =+ iy with z,y € Zr. Given £ € Zj we have { =£ +40 € Z* and so (in C)

(0, &) — (x 41y, §) = (x,&) +i(y, &) as n — oo.

Since {(xn,@}zo:l C R, it follows that (y,&) = 0 and (z, —z, {) — 0 (in R) as
n — o0o. Accordingly, x, — = weakly in Zg, that is, Zg is weakly sequentially
complete.
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Conversely, assume that Zg is weakly sequentially complete and {z,}52,
is a weak Cauchy sequence in Z. Write z, = x, + iy, with x,,y, € Zg, for
n € N. Then, given p € Z; C Z* the sequence {(zn, P>}Zo:1 is Cauchy in C, that
is, {{(zn, p)}:o:1 and {(yn, p}}:o:1 are both Cauchy sequences in R. Hence, both
{zn}22, and {y,}52, are weak Cauchy sequences in Zg; denote their weak limits
(in Zg) by x and y, respectively. It is routine to check that

|(zn — (x+iy), n+iQ)| < [{@n—z, n)|+ [{yn —y, O]+ (0 — 2, Q)|+ |(yn —y, 1)

for all n € N and n +i¢ € Z* (with ,{ € Zg), from which it follows that
zn — (x 4 ty) weakly in Z as n — oo. So, Z is weakly sequentially complete.

(ii) According to part (i), Z = Zr + iZg is weakly sequentially complete if
and only if this is the case for Zg. Since ZT = Zﬂ‘{ C Zr and the condition:

Every norm bounded, increasing sequence in Z7 is convergent in Z (3.84)

is invariant under exchanging Z with Zg, the stated result for Z follows from that
for Zg (which can be found in [99, Theorem 1.c.4], for example). O

Banach lattices satisfying condition (3.84) are usually called KB-spaces, [2,
Definition 14.10]. So, Lemma 3.35 states that a Banach lattice is weakly sequen-
tially complete if and only if it is a KB-space; for real spaces Z see [2, Theorem
14.12].

For real spaces F, the following result is known, [57, Proposition 3.9].

Lemma 3.36. Let 1 < p < oo and v : ¥ — E be a Banach-space-valued measure.
Then the following conditions are equivalent.

(i) L2 (v) has o.c. norm.
(i1) L2 (v) is a KB-space.

(iii) LE (v) is reflezive.

Proof. (i) = (ii). This can be argued as in the proof of (3) = (2) in Proposition
3.9 of [57], after noting that Lemma 3.8 of [57] is also valid for complex spaces E
(with the same proof).

(ii) = (iii). According to the comment immediately after (3.84), it follows
from (ii) that the real Banach lattice {f € L2 (v) : f is R-valued} is also a KB-
space. According to [57, Proposition 3.9], this real Banach lattice is reflexive and
hence, so is its complexification L2 (v).

(iii) = (i). Since the real part {f € L2 (v) : f is R-valued} of L% (v) is also
reflexive, it follows from [57, Proposition 3.9] that this real part has o.c.-norm.
But, order continuity of the norm is completely determined by the positive cone
and hence, L2 (v) has o.c.-norm. O

Lemma 3.37. Let (Z,| - ||z) be a Banach lattice. The following assertions are
equivalent.
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(i) Z is weakly sequentially complete.
(ii) Z has the o-Fatou property and o-o.c. norm.

(iii) Z has the weak Fatou property and o-o.c. norm.

Proof. We sketch the proof even though this lemma is known; for example, the
equivalence (i) < (ii) is in [26, Lemma 1.2].

(i) = (ii). Let {2,}52; € Z* be a norm bounded, increasing sequence. By
Lemma 3.35(ii), {2, }52; has a norm limit z in Z. Therefore, given n € N, we have

len A 2) = zall, = Jim [[(zn A k) = 2|, =0,

since z, A zp = zp for all K > n. Hence, z, A 2 = z,, that is, z > z,. Since Z is
Dedekind o-complete, [165, pp. 421-422], the supremum w :=\/ . 2n € Z exists,
and then z > w is clear. Hence, w — z,, < z — 2, and so ||w — z,,||z < ||z — 20|z
for all n € N. Accordingly, z = w and it follows that Z has the o-Fatou property.
Proving that || - || z is 0-0.c. is now routine.

(if) = (iii). Clear.

(iii) = (i). Let {2,}32; be a norm bounded, increasing sequence in Z*. The
weak Fatou property of Z ensures that z :=\/, .y 2n € Z exists. Since (z—2,) | 0
and Z has 0-o.c. norm, it follows that ||z—z,||z — 0, that is, {z,}52; is convergent
in Z. So, (i) holds via Lemma 3.35(ii). O

An immediate consequence of Lemma 3.37 is that any Banach lattice with
the weak Fatou property but, failing the o-Fatou property, does not admit any
o-o.c. norm. An example of such a Banach lattice can be found in [164, Exercise
65.1]. Such a Banach space cannot be represented as L' (v) for any vector measure
v. Nevertheless, the above lemma turns out to be useful when applied to L?(v)
and L2 (v), as demonstrated in [26], [27] for real spaces F. Indeed, the B.f.s. LP(v),
which always has o.c. norm (see Proposition 3.28), is weakly sequentially complete
if and only if it has the o-Fatou property; see Lemma 3.37. Moreover, the B.f.s.
L? (v), which always has the o-Fatou property (as established above), is weakly
sequentially complete if and only if it has o.c. norm; again see Lemma 3.37. Let
us formally present some basic facts along these lines.

Proposition 3.38. Let v : ¥ — FE be a Banach-space-valued measure and let
p € [1,00).
(I) The following assertions are equivalent.
(i) LP(v) is weakly sequentially complete.
(ii) L2 (v) is weakly sequentially complete.
(iii) LP(v) = LE (v).
(iv) L2 (v) has o.c. norm.
(

v) LP(v) is weakly compactly generated.
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(vi) LP(v) has the o-Fatou property.
(vil) LP(v) has the weak Fatou property.
(viii) sim ¥ is dense in LP (v).
(I1) If 1 < p < oo, then (i)—(viii) are equivalent to each of the following asser-
tions.
(ix) LP(v) is reflexive.

(x) L2 (v) is reflexive.

Proof. (I) For p = 1 and a real space E, the equivalences of (i)—(iv) have been
obtained in [151, Theorem 10] while the equivalences of these with (v)—(vi) occur
in [26, Proposition 2.3]. A careful examination of the proofs given there, together
with Lemma 3.35, Lemma 3.37 and the discussion concerning these lemmas, show
that the proofs given for real E carry over to complex spaces E.

When 1 < p < oo and E is a real space, the equivalences of (i)—(vi) have
been established in [27, Proposition 3]. The “same arguments” can be adapted to
complex spaces FE.

For 1 < p < oo, the equivalence (i) < (vii) follows from Lemma 3.37 because
L?(v) has o.c. norm. The equivalence (iii) < (viii) is clear from the fact that sim ¥
is dense in the B.f.s. LP(v) which has o.c. norm.

(IT) See [57, Corollary 3.10] for E over R. For general E, since LP(v) is a
closed subspace of L2 (v), the implication (x) = (ix) is clear. On the other hand,
(ix) implies (i) from which (x) follows via Lemma 3.36 together with (i) < (iv).
Finally, (iv) < (x) is part of Lemma 3.36. O

Remark 3.39. In part (I) of the previous proposition, if (i)—(viii) hold for some
1 < p < o0, then, for every 1 < r < oo, conditions (i)—(iii) hold with r in place of
p. Indeed, by part (iii) we have LP(v) = L% (v) and hence, L*(v)(, ) = L%, (v) /)

for all 1 <r < oo. But, LP(v),,,; = L"(v) and L% (v), .} = Ly, (v).

A similar remark applies to part (II). O

A real Banach lattice is weakly sequentially complete if and only if it does not
contain a (lattice) isomorphic copy of ¢, [108, Theorems 2.4.12 and 2.5.6]. Recall
that a closed subspace V' of a complex Banach lattice Z = Zr +iZR is said to be a
sublattice of Z if there exists a closed (real) sublattice U of Zg such that V = U+iU
is the complexification of U and |v| € U for every v € V. This later condition is
automatic whenever U is Dedekind complete. Note that V is conjugate closed. If
U is lattice isomorphic to the real (Dedekind complete) sequence space (¢)g, then
we say that V is lattice isomorphic to complex cg, because V' ~ (¢o)r + i(co)r-
According to Lemma 3.35, a complex Banach lattice Z is weakly sequentially
complete if and only if its real part Zr is weakly sequentially complete. These
observations, together with the above fact for real Banach lattices, imply that a
complex Banach lattice is weakly sequentially complete if and only if it does not
contain a sublattice which is isomorphic to complex ¢y. This fact and Proposition
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3.38 imply the following result, first obtained for real spaces and p = 1 in [21,
Theorem 3 and Corollary].

Corollary 3.40. Let 1 < p < oco. If the codomain of a vector measure v is a complex
Banach lattice which does not contain a sublattice isomorphic to complex cq, then
LY(v) is weakly sequentially complete or, equivalently, L'(v) does mot contain a
lattice isomorphic copy of complex cg.

Proof. If E does not contain an isomorphic copy of complex cg, then L'(v) =
Ll (v); see the discussion after Remark 3.33. Now apply Proposition 3.38. O

The converse of the previous corollary is not always valid; see [21, Example
on pp. 320-321].

Corollary 3.40 shows, for the Volterra measure v, of order r with 1 <r < oo,
that L'(v,) is weakly sequentially complete because the codomain L"(]0,1]) of
v, does not contain a sublattice isomorphic to ¢y. For r = oo, the weak sequen-
tial completeness of L!(vy) is clear from the fact that L'(vs) = L'([0,1]) (see
Example 3.26(iii)).

Let 1 < p < oo, and let u be a control measure for a Banach-space-valued
vector measure v : ¥ — E. The Kéthe dual LP(v)" of the order continuous B.f.s.
LP(v) over (2,%, 1) can be identified with the topological dual LP(v)", that is,

LP(v)' = LP(v)";

see Proposition 2.16 and Remark 2.18. When p = 1, a description of the dual
space L'(v)" is available in [117, Theorem 8], which then also identifies L'(v)'.
A corresponding description of LP(v)" for 1 < p < oo is yet to be discovered.
Concerning the Kothe bidual L?(v)" := (LP(v)") it turns out, for E a real space,
that

L) = LL); (3.85)

see [26, Proposition 2.1] for p = 1 and [27, Proposition 2] for 1 < p < oo. An
examination of these proofs (based on results from [165, Ch. 15], which has function
spaces over C as its setting) shows that these proofs can be adapted to the case
when F is a complex Banach space.

As seen earlier, L? (v) may not be order continuous. It turns out that its
closed sublattice L?(v) is the order continuous part of L2 (v). To be precise, given
a Banach lattice (Z, || - ||z), the order continuous part Z, of Z is defined by

Zy = {z €Z : |z| > |zn| | 0 with z, € Z implies ||z,]/z | 0};

it is a closed order ideal of Z, [165, pp. 317-318]. The order continuous part is
also called the absolutely continuous part of Z. Observe that Z, is the largest
order ideal of Z to which the restriction of the norm || - || z is 0-o0.c. It may happen
that Z, = {0}. For example, (L*°([0,1]))a = {0}. On the other hand (£°°), = co.
Therefore, L>°(]0,1]) and £°° are not isomorphic as Banach lattices whereas they
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are isomorphic as Banach spaces, [79, p. 18]. With the above notation we have,
for v with values in a real Banach space F, that

L% (v), = LP(v). (3.86)

This has been verified in [26, pp. 191-192], for p = 1, via the facts that sim %
is dense in LP(r) and LP(v) has o.c. norm and hence, the proof carries over to
complex F. The “same” argument applies to p > 1. Now, (3.86) and the fact that
L%, (v) is a p-convex B.f.s. whose weak order unit x, belongs to (L% (v))a lead us
to the following realization of a large class of Banach lattices, [27, Theorem 4].

Proposition 3.41. Let 1 < p < oo and Z be a p-convex Banach lattice which
has the o-Fatou property and admits a weak order unit which belongs to its order
continuous part Z,. Then there is a Z,-valued vector measure v such that LP(v)
is lattice isomorphic to Z, and LE (v) is lattice isomorphic to Z.

Proof. The identity Z, = (Zr)a + i(Zr)a follows from Theorems 91.3, 91.4 and
91.6 of [165]. Since Zg is also p-convex, there exists a (Zr)a-valued vector measure
v such that (Zg), is lattice isomorphic to LP(#) and Zg is lattice isomorphic to
L? (D); see [26, Theorem 2.5] for p = 1 and [27, Theorem 4] for p > 1. Consider
the Z,-valued vector measure v : A — D(A) + i0. Then a C-valued function f
is v-integrable (resp. scalarly v-integrable) if and only if both of the R-valued
functions Re(f) and Im(f) are v-integrable (resp. scalarly D-integrable) in the real
space (Zg)a (resp. Zgr), in which case [, fdv = [, Re(f)dv +i [, Im(f)dv for
each measurable set A. It follows that LP(v) (resp. L2 (v)) is the complexification
of LP (D) (resp. L2 (7)) and that LP(v) (resp. L2 (v)) is lattice isomorphic to Z,
(resp. Z). O

Let 1 < p < co. Whereas the definition of L? (v) ensures that L? (v) C L1 (v),
the inclusion
) € L'() (3.87)

is not so obvious. This inclusion has been proved in [57, Proposition 3.1] when the
scalar field is real; a similar proof is valid in the complex setting. We shall now
establish both the inclusion

LA (v) - L (v) € L'(v), (3.88)
which is an improvement of (3.87), and the Holder type inequality
Ifallerwy < Wflleewyllgllper @y, fE€LRW), g€ L (v). (3.89)

To this end, let f € L2 (v) and g € L (v). Choose s,, € sim X for n € N such that
$n — g as n — 0o both pointwise and in the norm || - || ,,(,. The inclusion (3.87)

yields fs, € L'(v) for n € N. Now, with X () := Ll (v), apply Lemma 2.21(i)
(where K = 1 for our current setting) to obtain

”fsn_fSkHLl(V) < ||f||L§v(1/)||sn_Sk”La’(,,) = HfHLQ(u)”Sn_Sk||LP’(u)7 n,k €N,
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because LE (v) = Liv(V)u/p] and Lev/(V) = L%V(V)u/pr]v and ALy = ||h||L;(u)
for every h € L"(v) and 1 < r < o0. So, {fs,}22, is a Cauchy sequence in the
B.f.s. L'(v) and hence, its limit is necessarily v-a.e. equal to fg. Thus, fg € L'(v)
and

1folzrer = m [ Fsalliey < Jim (1 zewlsnliore) = 1fzew ol

again via Lemma 2.21. This establishes both (3.88) and (3.89).
Let us now compute the operator norm of the natural inclusion map

ozl()W) D LE (v) — L'(v); (3.90)

see (3.87). Since LP(v) is a closed subspace of L? (v), it follows from (3.79) and
(3.89)

sup | fglleey = suwp |fgllre) = lgllLrw), geL”(v). (3.91)
FEBILP (V)] FEBILEL ()]

Substituting g := X, into (3.91) yields

’

1/p
laf = sup gl = Ixglire = (IWI@) 7. (3.92)
fEBILY (V)]

Remark 3.42. Let 1 < p < c0.

(i) When the scalar field is real, the inclusion map al(,w) : LP (v) — LY(v) is
known to be weakly compact, [57, Proposition 3.3]. It is possible to extend this
to the complex case via a complexification argument. However, we instead adopt
a direct approach. Let 1 < r < p. By Proposition 3.31(iii), with r in place of p,
the inclusion map a, : L"(v) — L(v) is weakly compact. We claim that L? (v) C
L"(v) with a continuous inclusion; this has been presented in [57, Corollary 3.2]
for the real case. So, consider the complex case. An adaptation of the proof of
(3.88) yields that

LP(v)- Li(v) C L"(v), (3.93)

1

provided p~! + ¢~! = r~!. In particular, since Xq € L%(v), we have L (v) C

L"(v) with a continuous inclusion. So, the map ag,w) : LP (v) — L'(v), which is
the composition of a, with the inclusion map from L2 (v) into L"(v), is weakly
compact.

(ii) The map al(yw) is compact if and only if v is purely atomic. Indeed, if v is
not purely atomic, then al(,w) is not compact by the fact that {x L tAE ¥} is not
relatively compact in L*(v); see the proof of Proposition 3.31(iv). Conversely, let
v be purely atomic and 1 < r < p. By Proposition 3.31(iv), with r in place of p,
the inclusion map «,. : L"(v) — L'(v) is compact and hence, so is a,(,W) because
L? (v) C L"(v) continuously. O
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Let 1 < p < oo. Recalling the notation of multiplication operators (see
Chapter 2), it follows from (3.88) that

LF'(v) © M(LE (), L'(v)). (3.94)

Moreover, (3.91) implies, for every g € L (), that the norm ||M,]|| of the cor-
responding multiplication operator My : f +— gf, from L2 (v) into L'(v), equals
191l Lo (- Similarly,
LE(v) € M(LP(v), L*(v)) (3.95)
because of the inclusion
L¥(v) - LP(v) C L'(v), (3.96)

which can be derived from (3.88) by exchanging p’ with p. The question arises of
whether the inclusions in (3.94) and (3.95) are actually equalities. The answer is
affirmative.

Proposition 3.43. Let 1 < p < o0 and let v : ¥ — E be a Banach-space-valued
measure. Then the following assertions hold.

(i) M(LPw), L' () = LE (v) and | M| = ||gll 57, Jor each g € LE (v).
(i) M(L8(v), LY (v)) = L¥ (v) and | M|| = |lgll () for each g € L¥ (v).
Proof. (i) Let g € M(LP(v), L*(v)). Given n € N, we have that
gn = lglAn € L®(w)" C LY (v) C L8 (v) € M(LP(v), L} (v))
via (3.95) and that

lgnllpr oy = lgnllLr @y = [1Mg, || < Myl < o0
) )

via (3.91) with g, in place of g. Since g, 1 |g|, the o-Fatou property of L? (1)
yields that
gl ="\ 9. € LE(v)
neN

and

HQHI@/(V) = H |91 HL&I(V) = :211\)] HgnHLg’(V) = 78116111\)1 [ Mg, ||
In particular, g € L2 (v) and so M(LP(v), L' (v)) C L? (v). Actually, because of
(3.95), we have equality. Concerning the norms, it follows from Theorem 3.7(i)
that

[Mgll = sup  lgfliwy =  sup  supllgnfllzie)
feB[LP(v)] feB[LP(v)] neN

=sup  sup |lgnfllz1p) = sup|[My,].
neN feB[LP(v)] neN
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Therefore, we have ||g||Lp/(V) = || M|l

(ii) Let g € M(LE (v), L'(v)). Then

g-LP(v) C g-LE(v) C L'(v)

and so g € M(LP(v), L'(v)) = LP (v) via part (i). That is, [g|”" € L. (v) which
implies that |g|” ~! € L (1) because

(lgl”~1)" = |glP" P = |gI”" € LL(v).
Therefore,
l9I” = lgl - |9l " € lg| - L& () = g~ LE,(v) € L} (v).

In other words, g € Ll(l/)[l/p,] = L*'(v). The identity M(L? (v), L} (v)) = L (v)
is then a consequence of this fact and (3.94).

Given g € L¥ (v), the (operator) norm || M,|| of the corresponding operator
My € L(LE,(v), L'(v)) equals [|g]l 1. (,); see (3.91). O

Remark 3.44. Adapting the proof of Proposition 3.43 we can obtain
ML, (v), Ly, (v)) = L (v) and  [[M]| = llgll v,

for each g € L2 (v). O

3.2 Bochner and Pettis integrals

Important classes of vector measures arise from Bochner and Pettis integrals. Such
vector measures will occur in Chapter 7, and elsewhere, where they will play an
important role. Throughout this section let (€2, ¥, i) be a finite (positive) measure
space and E be a complex Banach space. A function F : Q — E is called strongly
u-measurable if there exists a sequence of E-valued, ¥-measurable simple functions
{®,}52 4 such that &, (w) — F(w) as n — oo (in the norm of E) for p-a.e. w € .
For the definition of the Bochner integral we refer to [42, Ch. II, Definition 2.1]. It
is known that a strongly p-measurable function F' : Q — FE is Bochner p-integrable
if and only if [, [|F(w)|| g dpu(w) < oo. In this case, the Bochner indefinite integral
pr @ A — (B)-[, Fdp, for A € ¥, is an E-valued vector measure of finite
variation given by

e (4) = /A IF@)sduw), A€z,

[42, Ch. II, Theorem 2.4]. Here, (B)-[, F du is an element of E and denotes the
Bochner p-integral of F over a set A € . The range R(pur) := {pr(4) : A € £}
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of pur is always a relatively compact subset of E, [42, Ch. II, Corollary 3.9]. The
space of all E-valued, Bochner p-integrable functions on §2 is denoted by B(u, E).
The Bochner integral is preserved under continuous linear operators. To be precise,
let S € L(E,Z) for some Banach space Z. If F € B(u, E), then the function
SoF €B(u,Z) and

(B)—/ASoqu:S((B)-/Aqu), A€,

[42, Ch. II, Theorem 2.6].
A function H : Q — F is called Pettis u-integrable if, for each x* € E*, the
scalar function

(H(-), 2*) s wr— (H(w), z*), weQ,

is p-integrable and, for every A € X, there is a unique element (P)-[, Hdu € E
satisfying

<(P)—/AHdu, J:*> :/A<H(~),x*>du, z* € E”.

In this case, we call (P)-[, H du the Pettis p-integral over A. The Pettis indef-
inite integral A — (P)-[, Hdpu, for A € ¥, is an E-valued vector measure, [42,
Ch. II, Theorem 3.5], and has o-finite variation, [162, Proposition 5.6(iv)]. Let
P(u, E) denote the space of all E-valued, Pettis p-integrable functions on . A
function H € P(u, E) is called p-scalarly bounded if, for each x* € E*, the func-
tion (H(-),z*) is p-essentially bounded (the exceptional set depends on z*). If
F € B(u, F), then clearly F' € P(u, F) and

(B)—/AFd,u = (P)—/AFd,u, AeX.

] be Lebesgue measure. Let 1 < r < oco. The

Example 3.45. Let 1 : B([0,1]) — [0,1
1]) defined by

function Fi,y : [0,1] — E := L"([0,
Fin® = x, € L(0,1),  te[0.1],

is continuous and hence, strongly u-measurable via the Pettis Measurability The-
orem, [42, Ch. II, Theorem 1.2]. The function F{,) is bounded because we have

HF(r)(t)HU([O = (1-— t)l/r for t € [0,1], and hence, Fi,y € IB%(,u,LT([O, 1})) Ac-
tually, F{,) is the Radon-Nikodym derivative dv,/du of the Volterra measure v,
of order r (see Section 3.1) with respect to pu; that is,

ve(4) = (B)- /A Foydu, A€ B(0,1]),
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[129, pp. 136-137]. In particular,

1A = [ 1B o i) = [ =07y, 4 < B(0.1)

(i) Let r = 1. By [119, Example 2], we have

L) = {1 € L) : fFy € B, L1([0,1]))

={r e L 1Ry € P20, 1)) }.
(ii) Let 1 < r < o0. By [129, §5], we have that
Ll(Vr) = {f € LO(IU') : fF(r) € P(MaLT([()?]-D)}

We have already noted in Example 3.26(ii-a) that L*(|v,.|) # L' (). O

A continuous linear operator T : L(u) — E is called Bochner representable
if there is a bounded function F € B(u, E) such that

T(f) = (B)- A fEdp, fe L),

[42, Ch. III, Definition 1.3]. Similarly, S € L(L*(u), E) is called Pettis representable
if there is a p-scalarly bounded function H € P(u, E) such that, for every f €
L'(u), we have fH € P(u, E) and

S(f) = <P>-/Q fHdu,  feL'(n).

Clearly, Bochner representable operators are Pettis representable. Sometimes, the
converse is also valid, a result which will be needed in Chapter 7.

Proposition 3.46. Let (2,3, 1) be a positive, finite measure space and E be a weakly
compactly generated Banach space. Let T € L(L'(u), E) be a Pettis representable
operator such that, for every f € L*(p), the E-valued vector measure

myr A= T(fxy,), A€y,
has finite variation. Then T is also Bochner representable.

Proof. Choose a p-scalarly bounded function H € P(u, E) such that T(f) =
(P)—fQ fHdy for f € L'(u). The weakly compactly generated Banach space E
is a Lindel6f space for its weak topology o(FE, E*) and hence, is measure-compact;
see for example, [158, Theorem (2.7.2)]. So, by [49, Proposition 5.4], there is a
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strongly p-measurable function F' : Q — FE such that, for every x* € E*, the
scalar functions (F'(-),z*) and (H(-),z*) are p-a.e. equal. Thus, F' € P(u, E') and

Py fHdp= (P SR fel),

Fix f € L'(u). We claim that fF € B(u, E). In fact, since ms 1 (A) = (P)-f, fFdp
for each A € X, it follows that

mpal) = [ @I F@lpdu),  Aes. o

Now, the restriction of fF to Ay, :={w € Q: |f(w)| || F(w)||g < n} for eachn € N
is Bochner p-integrable (being strongly p-measurable and bounded). Then (3.97)
can be proved by applying [42, Ch. II, Theorem 2.4(iv)] to the restriction of the
measure mys 1 to Ay, which yields

[myr|(An N A) = / ) [f ()] [1F (W) du(w),
and then letting n — oo. By assumption |myr|(Q2) < oo and so fF € B(u, E).
Since this is valid for every f € LY(u), the function F is p-essentially bounded.
This proves that T'(f) = (B)-[, fF du for every f € L' (u). O

The following Dunford—Pettis Integral Representation Theorem, [42, Ch. III,
Theorem 2.2], characterizes Banach-space-valued compact operators on L*(u).

Proposition 3.47. Let (Q,X,u) be a positive, finite measure space and E be a
Banach space. Then an operator T € L(L'(u), E) is compact if and only if T
is Bochner representable and the representing Bochner p-integrable function has
w-essentially relatively compact range.

As an interesting application of the previous result let us give an alternate
proof of the compactness of the Volterra operators V;. : L"([0,1]) — L"([0, 1]) for
1 < r < oo; see (3.27) and the discussion following it. So, fix r € [1,00) and
let i, : L"([0,1]) — L*([0,1]) denote the natural inclusion. Define a linear map

Vi : LY([0,1]) — L7([0,1]) by

Vl,r(f):t»—>/0f(s)ds, te0,1],

for f € L'([0,1]). That V;, is continuous with ||V .|| <1 follows from

([ fosf
/0 /olf(s)‘ds dt) r:”fHquo,u)’

Vi ()]
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valid for each f € L'([0,1]). Since V;. = i, o V4 ., the compactness of V,. will follow
from that of V4 ,.. Let E := L"([0,1]) and define F : [0,1] — E by F(t) := x

for t € [0,1]. Direct calculation shows that

[t,1]

|F(@t) — F(u)||, =t —u'",  tuel0,1],

from which the continuity of F' follows. This then implies (note that E is separable)
that F' is Bochner integrable with respect to Lebesgue measure p on [0, 1] and that
F has compact range in E. According to Proposition 3.47 the operator Vi ., which
can be expressed as

%Aﬁzﬂﬁ/ F(t) f(H)du(t), | € L}(0, 1)),

[0,1]

is compact and hence, so is V..

3.3 Compactness properties of integration operators

Throughout this section let (£2,%) be a measurable space and E be a complex
Banach space. Let v : ¥ — FE be a vector measure. Associated with v is the
integration operator I, : L'(v) — E defined by

L= [ fan perio) (3.98)

it is clearly linear and continuous. Moreover, its operator norm ||, || = 1. Indeed,
fix f € L*(v) \ {0}. Since || - [|1() is a lattice norm, it follows from (3.60) that

Ifllzrwy = sup  [[L(folly < Il sup  Afglrie) = L0 I1flliw),
9EB[L> (1)) 9EBIL= ()]

which implies that ||I,|| > 1 because | f||z1) # 0. On the other hand, (3.21)
yields that ||I, ]| < 1 and hence,

IL] = 1. (3.99)

When FE is a Banach lattice, the operator I, : L'(v) — E is positive if and
only if v is a positive vector measure. Indeed, since {x , : A € ¥} C LY(v)*, it is
clear that the positivity of v follows from that of I,,. Conversely, if v is positive,
then it is clear from the definition of the integral that I,(s) = [, sdv € ET for
every non-negative s € simX.. Given f € Ly (v)" there exists a sequence of simple
functions {s,}2%; C L*(v)* such that s,, T f pointwise v-a.e. Then Theorem 3.7(i)
implies that {L,(sn)}:(;l C ET converges to I,(f) in E and hence, I,(f) € E*.
Accordingly, I, is a positive operator.

Let us consider the restriction (for £ a Banach space again)

Iy :L'(Jv)) = E
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of I, to L'(|v|), which is continuous because Ij,; = I, o j1 with j; denoting
the natural embedding L'(|v|) — L!(v). The following result characterizes the
compactness of I,,. Its proof (see [125, Theorems 1 and 4] ) requires arguments
which reduce the compactness of I, to that of I}, at which stage Proposition 3.47
can be applied.

Proposition 3.48. Let v : ¥ — FE be a Banach-space-valued measure. Then the
integration operator I,, : L*(v) — E is compact if and only if v has finite variation
and admits a Radon—Nikodym derivative F = dv/d|v| € B(|v|, E) which has |v|-
essentially relatively compact range in E. In this case, L'(v) = L*(|v|) holds and

Iu(f>=(B)-/QdeIV\, fer').

Compact operators between Banach spaces are always completely continuous
(because weakly compact subsets of Banach spaces are necessarily bounded). So,
if I, : L'(v) — E is compact, then it is also completely continuous. Next, if I, is
completely continuous, then the range R(v) of v is relatively compact. To see this,
first note that the range R([v]) of the L'(v)-valued vector measure [v] : A — x ,,
for A € ¥, is relatively weakly compact; see Lemma 3.3. By complete continuity
of I, the range R(v) = I,,(R([v])) is necessarily relatively compact in E. So we
have:

I, compact = I,, completely continuous = R(v) relatively compact.

These two implications are not reversible, in general. There are many ¢'-valued
measures v for which I,, is not compact. However, the Schur property of ¢! implies
that I, is completely continuous. We refer to [122, §5] for a systematic way of
constructing ¢!-valued measures v, defined on B([0, 1]) and having finite variation,
such that I, is not compact. We now present some different types of examples.

Example 3.49. (i) Let the notation be as in Example 3.15. By Proposition 3.48,
the integration operator I, : L'(v) — ¢! cannot be compact because the variation
|v|(N) = oo. Again the Schur property of ¢! ensures the complete continuity of I,,.

(ii) In the notation of Example 3.24 let » := 1. Then I, : L*(v) — (! is
a surjective linear isometry and hence, is surely not compact. Of course, I, is
completely continuous by the Schur property of £1.

(iii) Let T := {z € C : |z| = 1} be the circle group. Let A be any non-zero,
complex measure defined on the Borel o-algebra B(T). Define a vector measure
vy : B(T) — LY(T) by

UA(A) ==X 4 * A, A e B(T),
where * denotes convolution. Then L!(vy) = L'(|vy|) = L(T) and
L, (f) = [ A f e LY(T).

It turns out that the integration operator I, : L*(vy) — L*(T) is compact if and
only if I,,, is weakly compact if and only if A is absolutely continuous with respect
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to Haar (arc length) measure on T. However, I,,, is completely continuous if and
only if the Fourier—Stieltjes transform X:Z — Cof A belongs to ¢g(Z). Since there
exist Borel measures A which are not absolutely continuous but satisfy NE co(Z),
the corresponding integration operator I, fails to be weakly compact, yet it is
completely continuous.

The above claims are verified in Chapter 7 in full generality, that is, for vector
measures derived from convolution operators on L(G) for any compact abelian
group G.

(iv) Let r := 1, or oo, and consider the respective Volterra measure given
by v : B([0,1]) — L"([0,1]). Then R(v;) = {V;-(x,) : A € B([0,1])} is relatively
compact because the Volterra operator V;. is compact. We also know that L!(v,.) =
LY(|vy]); see Example 3.26. So, it follows from Corollary 2.42 applied to L*(|v,|)
that I,, is completely continuous. But, I, is not even weakly compact; see [119,
Example 2] for » = 1 and [129, Proposition 5.2] for r = oc. O

Let us return to the Volterra measure v, : B([0, 1]) — L"(]0, 1]) of order r for
1 < r < oo. Since the corresponding Volterra operator V,. : L"([0,1]) — L"([0,1])
is compact, the range R(v;.) of v, is relatively compact. However, the integration
operator I, : L*(v,) — L"([0,1]) is not compact, [129, Proposition 4.2]. Actually,
I, also fails to be completely continuous. The following proof of this is due to
L. Rodriguez-Piazza, for which we first require some preliminary results. Given
1 < g < oo, in the following lemma we shall express elements of ¢4 as complex
sequences in the traditional way, whereas for most cases in this monograph we
consider elements of ¢7 as C-valued functions on N. To emphasize this we write
¢¢ = (9. Similarly, the real part ¢} of the complex Banach lattice ¢ is also
considered to be a space of real sequences.

Lemma 3.50. Let E be a Banach space and {x,}°; C E be a sequence for which
there exist a constant C' >0 and 1 < r < oo such that

H Z anE < ClAMT for any finite subset A C N, (3.100)
neA

where |A| denotes the cardinality of A. Then, for any 1 < q < r, there exists a
constant K4 > 0 such that

N
1> ane
=1
oo

Proof. Since each one of (Re(an)t) |, (Re(an)’)zo:l, (Im(an)ﬂzo:l and

(Im(a,,b)_):o=1 belongs to (Zﬁ’%)—k, whenever (a,)72; € (¢, and E can also be
considered as a vector space over R, it suffices to establish (3.101) for E a real

N 1/q
< Kq(z WQ) . NeN, (a), €. (3.101)
n=1

Banach space and each (a,)22, € (%)+. So, let 1 < ¢ < r and choose any
(an)s2; € (%)Jr. Fix N > 2. Since (3.100) does not depend on the order of the
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N

elements in A, we may relabel {aj}jzl, if necessary, so that a; > as > --- > an.

Define

J
yj:zzxkv j:1727"'5N7
k=1
and note (via (3.100)) that ||y;||z < Cj'/" for 1 < j < N. It follows that
N
3
n=1
1

N
SC(aNNl/T—i— (ak—ak+1)k1/r) = C(al—l—Zak(k‘l/r—(k:—l)l/r))
1 k=2

N—1
n HaNyN + ; (ak - ak+1)kaE

2

E
I

By the Mean Value Theorem there exist numbers (k — 1) < & < k such that
kl/r o (k _ 1)1/7‘ — 51(61/7“)*1/,’” < E](Cl/r)*l < (k _ 1)(1/7“)—1’

for 2 < k < N. Accordingly, by Holder’s inequality and with 1/¢' +1/¢ = 1, we
have

N
1> anan
n=1

N
<Cla1+ ap(k—-1)/m-1
LSO+ )

N 1/q N , 1
<c(Xa) " (14 Dk - T @)
k=2

k=1

/d’ N 1/
Cer (X))

k=1

where Ky :=C(14 > 72, (k — 1)‘1'((1/T)*1))1/q/ <oosince ¢'(1—(1/r)) > 1. O

Remark 3.51. Let F and {z,}22, C F satisfy condition (3.100) in Lemma 3.50
for some C' > 0 and 1 < r < oco. Fix any ¢ € (1,7). Then it follows from that
lemma that there exists a unique operator T' € L(¢9, E) such that T(e,) = xp,
for n € N, where {e,}72; C ¢ is the standard unconditional basis. In particular,
{x,}52, is necessarily a weakly null sequence in E.

Now the promised result about Volterra operators.

Proposition 3.52. Let 1 <r <oco. Consider the Volterra measure v, : B([0,1]) —
L7([0,1)) of order r as given by formula (3.26). Then the associated integration
operator I, : L' (v,.) — L"([0,1]) is not completely continuous.

Proof. We proceed via several steps. Let E := L"(]0, 1]).
Step 1. For each u € (0,1), let J, := [1 —u, 1 — (u/2)] C[0,1]. Then

(ﬁ) 14+(1/7) <,

: v (T)|| g < %u1+(1/’"). (3.102)

L (v,) = |
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Because v, is a positive vector measure in E, the equality in (3.102) follows
from Lemma 3.13.
To establish the inequalities, first note (by direct calculation) that

(L)1) = (t+u—1)x, () + %xu,(m),u t), telo1]. (3.103)

In particular, for each u € (0, 1), we have

0 < n(Ju)(t) < g € [0,1]. (3.104)

Since t +— t" is increasing in [0,1] and v, (J,,)(+) < %X[l—u 1](-) pointwise on
[0, 1], it follows that

v (J)|| = (/01 ’VT(Ju)(t)|rdt)l/T’ . (/llu (g)r dt)w _ %u1+(1/r)7

which is the right-hand inequality in (3.102). Similarly, since the inequality

%X[l—(u/Z) 1](') < vp(Jy)(+) holds pointwise on [0, 1] it also follows that

HVT’(Ju)HE = (/01 |V7"(‘]u)(t)}rdt)1/r > (/1u (g)rdt)l/r _ (g>1+(1/r)’

which is the left-hand inequality in (3.102). This establishes Step 1.
For each n € N, let u(n) := 27" and define f,, = (2")' /")y . Since
each f,, is bounded, it is clear that {f,}5°; C L'(v;).

Step 2. For each n € N, we have ||I,, (fn) HE (%)H'(l/r),
To see this, observe that
L, (fa) = @)Yy (Ju),  neEN, (3.105)

and so, by (3.102) and the definition of u(n), it follows that

u(n )>1+(1/r) (1)1+(1/r)

N
9 3 s nec N,

Il = e (*
which is the desired inequality.

Step 3. The sequence {f,}3°; C L' (v,.) is weakly null.

The proof of this fact is based on Lemma 3.50. Let A C N be any (fixed)
finite set. Let ¢t € [1/2,1) and fix k € N (which depends on t) so that t € J, ).
Suppose that n € A. If n > k, then (3.103) and (3.105) imply that

n)(t) = 0. On the other hand, if n < k, then it follows from (3.104) and

- (f
105) that

I,
(3.10

Iur(fn)(t) _ (2n)1+(1/r)VT(Ju(n))(t) < (2n)1+(1/7‘)@ — %27’74/7“
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Since t € Jy) € [1 —u(k), 1], it follows that

DL (f)®) = Y L))

neA neAm[l,k]

S( > WT) Xt (®) = ( > QJ/) X0, )

neAN[1,k] 1<<n (k)

where n(k) := max{n € A:n < k}. But, with a := 2!/, we have that

n(k)—1

. . n(k) _
Z 0ilr — 4 Z o= ala 1) - @ k)
=0

1<j<n(k) (a—1) (a—1)

With C, := % . 1), it follows that

n(k)/r
Z Iw(fn)<t) < G2 w/ X[lfu(k),l](t)

neA
and hence, that
" ron(k n
[ B 0] < @2 0 < (O S0 2 () (3:106)
neA neA

because n(k) € A. Since all terms in the sum on the left-hand side of (3.106) are 0
whenever ¢ € [0, 1/2), it follows that (3.106) actually holds for all ¢ € [0,1). But,
> nea fn >0 and so, by (3.106) and Lemma 3.13, it follows that

H}E;fn o = | PIRAEN
(/ 22" X(1 a1 )dt) = ¢, A"

Since A C N is an arbitrary finite set, it follows from Remark 3.51 (with E :=
LY(v,) and x,, := f, for n € N) that the sequence {f,}>>; C L(v,) is weakly
null. This establishes Step 3.

Finally, by Step 3 and the continuity (hence, also weak continuity) of the
map I, : L'(v,.) — E it follows that I, (f,) — 0 weakly in E as n — oo. If I,,_
were completely continuous, then (again by Step 3) the sequence {L,T fn)}n )
would be norm convergent in F, necessarily to 0. However, this contradicts Step
2. Accordingly, I,,. cannot be completely continuous. O

Under certain conditions, vector measures always have relatively compact range.
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Lemma 3.53. Let v: ¥ — E be a Banach-space-valued measure.

(i) If v is a Bochner indefinite integral on a positive, finite measure space
(Q,%, 1), that is,

V(A) = (B)./Aqu, Aey,

for some F € B(u, E), then R(v) is relatively compact in E.

(ii) If v is a Pettis indefinite integral on a positive, finite, perfect measure space
(Q,3, u), that is,

v(A) = (P)—/AHd,u, Ael,

for some H € P(u, E), then R(v) is relatively compact.

(iil) If v is purely atomic, then R(v) is compact.

(iv) If E =W*, for some Banach space W which does not contain an isomorphic
copy of L1, and if v has o-finite variation, then R(v) is relatively compact.

(v) Let 1 <r < 2. Every £"-valued vector measure has relatively compact range.

Proof. (i) We have already noted this in Section 3.2.

(ii) This is a result due to C. Stegall; see [60, Proposition on p. 135].

(iii) See [78, Theorem 10].

(iv) This is a result due to V.I. Rybakov; see, for example, [115, Corollary 10].

(v) Let r = 1. Since the range of every ¢!-valued measure is relatively weakly
compact (see Lemma 3.3), it is also relatively compact by the Schur property of ¢1.

Now let 1 <r <2and v: X — {" be a vector measure. It follows from [136,
Remark 2, p. 211] that the restriction 1% of T, to L>(v) C L'(v) is a compact
operator. So, R(v) = {L(,OO)(XA) : A € ¥} is relatively compact in 7. O

Part (v) of Lemma 3.53 cannot be extended to 2 < r < oco. Indeed, S.
Banach proved that the unit ball of 2 coincides with the range of some vector
measure; see [81, p. 250] and also [85]. A concrete example of a vector measure
v : ¥ — (% whose range is precisely the closed unit ball of ¢2 is given in [134,
p. 210]. In particular, ¥(¥) cannot be relatively compact in (3. Let v denote
the vector measure v considered as taking its values in ¢2 = (% + (3, that is,
7(A) := v(A) + 40 for each A € X. Since the function ® from the metric space £2
into the metric space 2 which maps each ¢ € (2 to Re(p) € (3 is continuous and
satisfies ®(7(X)) = (), it follows that 7(X) cannot be a relatively compact set
in /2. Tt is also known, for every 2 < r < oo, that the unit ball of £” is the range of
a vector measure, [134]. Obviously, the range of such a vector measure cannot be
relatively compact in 7. For further relevant information see [3] and [42, p. 275].

We now exhibit examples of vector measures with relatively compact range
whose associated integration operator is not completely continuous.
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Example 3.54. (i) Let E be a Banach space which does not have the Schur prop-
erty. Let v be an E-valued, purely atomic measure whose associated integration
operator I, : L'(v) — E is a surjective isomorphism. Since E (hence, also L'(v))
must be infinite-dimensional, I,, cannot be completely continuous. However, v has
compact range; see Lemma 3.53(iii).

(a) Let the notation be as in Example 3.24 with 1 < r < co. The integration map
I, : L'(v) — (" is a surjective, linear isometry and hence, is not completely
continuous. However, I, is weakly compact because ¢" is reflexive.

(b) Let the notation be as in Example 3.29. Then I, : L'(v) — ¢ is also a
surjective, linear isometry. This I, is not completely continuous or weakly
compact.

(¢) Further examples follow from Proposition 3.64(i) below by choosing there
v = Pz, where P is an atomic spectral measure and x € E is chosen so that
L'(v) is infinite-dimensional.

(ii) The Volterra measure of order r, for 1 < r < oo, provides an example of a
non-atomic vector measure with relatively compact range such that the associated
integration operator is not completely continuous; see the discussion immediately
after Example 3.49 and Proposition 3.52. (]

Problem 3.55. Characterize those Banach-space-valued vector measures whose as-
sociated integration operators are completely continuous.

We now investigate vector measures v : ¥ — FE with relatively compact range.
Given 1 < p < o0, let I : LP(v) — E denote the restriction of I, : L(v) — E
to LP(v) C LY (v), that is,

IP) =1, 0aq,, (3.107)
where «ay, : LP(v) — L'(v) is the natural inclusion map; see (3.58). Similarly, for
1< p<oo,let Iﬁf)v)v : L? (v) — E denote the restriction of I, to LE(v) C L'(v),
that is, LE%Q, =1, oaéw) (see (3.90)). The following result asserts that compactness
of the operators L(,p ) and L(,fjvz, turns out to be equivalent to relative compactness
of R(v). This shows that IP) exhibits additional features not possessed by I, (in
general).

Proposition 3.56. Let v : > — E be a Banach-space-valued measure.
(I) The following assertions are equivalent.

(i) The range R(v) of v is relatively compact.

(i) I, : L*(v) — E maps every bounded, uniformly v-integrable subset of
LY(v) to a relatively compact set in E,

(iii) . LP(v) — E is compact for some/every 1 < p < co.

(iv) l(,pvz, : L2 (v) — E is compact for some/every 1 < p < oo.



160 Chapter 3. Vector Measures and Integration Operators

(IT) If the wvariation |v| : ¥ — [0,00] is o-finite, then (i)—(iv) above are also
equivalent to each of the following assertions.

(v) Iy : LY(|v|) — E is completely continuous.

(vi) For every set A € ¥ with |v|(A) < oo, the subset v(X N A) C E is
relatively compact.

(vii) The subset {v(A): A € X, |v|(A) < oo} is relatively compact in E.

Proof. (I) The equivalence (i) < (ii) follows from Proposition 2.41 with X (p) :=
L'(v). The implication (i) = (iii) follows from I =10 ayp and Proposition
3.31(iii). Moreover, the implication (iii) = (i) is straightforward as {x4 : A € £}
is contained in a multiple of B[LP(v)]. Similarly, the implication (iv) = (i) follows
as {xa : A € ¥} is contained in a multiple of B[LZ (v)]. Now let 1 < p < oo be
fixed and assume (i). If 1 < r < p, then 187 is compact because (i) implies (iii)
with 7 in place of p. Since L2 (v) is continuously contained in L"(v) (see Remark
3.42(1)), we have (iv). So, part (I) is established.

(IT) Assume that |v| is o-finite. Choose pairwise disjoint sets A,, € ¥ with 0 <
|v|(Ay) < oo, for n € N, such that Q = [J2, A,. Since the sequence {v(B,)}5,
is unconditionally summable in E' whenever B,, € ¥ N A,, for n € N, we can define
the sum

Zy(EﬁAn) = {Zzn:xneu(EﬂAn) for nEN}
n=1

n=1

as in [86, p. 3].

(i) & (vi) & (vil). The implications (i) = (vii) = (vi) are clear. Conversely,
by [86, Ch. I, Lemma 1.3], condition (vi) implies that the sum Y > v(XNA4,) is
relatively compact. But this sum is exactly v(X). So, (i) holds.

(vi) & (v). Apply Corollary 2.43 with T := ). O

Remark 3.57. (i) When the scalar field is real, the equivalence (i) < (iv) occurs
in [57, Theorem 3.6].

(ii) Let 1 < r < oo and v, : B([0,1]) — L"([0, 1]) be the Volterra measure of
order r. Then v, has finite variation with L*(|v,.|) = L' ((1 —¢)/"dt); see Example
3.26. According to the discussion immediately after Example 3.49, the range R(v;.)
of v, is relatively compact. Hence, Proposition 3.56 implies that I}, | : L'(|v,|) —
L"([0,1]) is completely continuous. If it were the case that L'(v,) = L'(|v,|),
then I, = I}, and so I,, would be completely continuous, in contradiction to
Proposition 3.52. This provides an alternative proof of the fact that each inclusion

LYv) € L'(»),  1<7r<oo,

is proper (which was established in Example 3.26(ii-a) above). O
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Now let us consider integration operators which are weakly compact. If the
codomain space of a vector measure is reflexive then, of course, the associated
integration operator is weakly compact. In a sense, this is the only way that weakly
compact integration operators can arise. A precise statement is the following one:
we refer to [120, Proposition 2.1] for the proof.

Proposition 3.58. Let v : ¥ — E be a Banach-space-valued measure. The integra-
tion operator I, : L*(v) — E is weakly compact if and only if there exist a reflexive
Banach space Z, a Z-valued vector measure n : % — Z and a continuous linear
injection S : Z — E such that

(i) the vector measures v and 1 have the same null sets,

(ii) L'(v) = L*(n) as isomorphic Banach spaces, and

(iii) I, = SoI,.

Now we present an integration operator which is weakly compact but not

compact.

Example 3.59. Let A(1) := [0,1] and A(n) := [n~!,(n —1)7!) for n = 2,3,....
With p denoting Lebesgue measure on [0, 1], define vector measures

v B([0,1]) — ¢4 and @ : B([0,1]) — ¢

by

v (A) = Zn”ﬂ(AﬂA(n))X{n} and v Z AN A(n X{n}

n=1

for each A € B([0,1]). As before, we treat ¢! and ¢? as linear subspaces of CN
(which is the space of C-valued functions on N). We have

LY([0,1)) = L'(@W) = L' (@),

The integration operator I, : Ll(l/(l)) — (1 is compact by [120, Proposition 3.6].
On the other hand, I, : L'(v®) — 2 is not compact because I,z maps the

Cy 1(,,(2 )
bounded set {n(nJr 1)XA(n) in = 2,3,...} C L'(v®) to {X{l} + Xy N E N}
which is not relatively compact in £2.

Define a non-atomic vector measure v : B([0,1]) — ¢ x ¢ by the formula
v(A) = (W (A), v (A)) for A € B([0,1]). Then

L'(v) =L'([0,1]) and L(f) =L (f), L (f) for feL'(v).

Since both I,1) and I, are weakly compact, so is I,,. Nevertheless, I, is not
compact because I,z is not compact. For the details, we refer to [120, Example
3.13]. O
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Remark 3.60. In general, weak compactness and complete continuity of integration
operators are not related; in other words, one does not imply the other. However,
if L'(v) = L'(|v]), that is, L'(v) is an abstract L'-space, then I, : L'(v) — E
is necessarily completely continuous whenever it is weakly compact. This is the
Dunford-Pettis property of L!(|v|), [42, Ch. III, Corollary 2.14].

The converse is not valid, in general. For instance, see parts (iii) and (iv)
of Example 3.49, where the vector measures v there satisfy L'(v) = L'(|v|) with
I, completely continuous but not weakly compact. On the other hand, the vector
measure v in Example 3.24 (with 1 < r < 00) has compact range and its integra-
tion map I, : L'(v) — " is weakly compact but not completely continuous. O

The following example provides a non-atomic vector measure v without rel-
atively compact range for which I, is weakly compact but not completely contin-
uous.

Example 3.61. Let 1 <r < co. Then v : B([0,1]) — E := L"([0,1]) defined by
v(A) ==X, A € B([0,1]), (3.108)

is a vector measure. Moreover, L' (v) = L"([0, 1]) with equal norms and the associ-
ated integration operator I, turns out to be the identity map; this can be obtained
by direct computation or follows from Corollary 3.66(ii) below with z := X(o.1]"

So, I, is not completely continuous because L"([0,1]) does not have the Schur
property. If we assume further the restriction that 1 < r < oo, then I, is weakly
compact. Moreover, it follows from Lemma 3.21 that the range of the non-atomic
measure v is not relatively compact in L"([0, 1]) for 1 <r < oo. O

Remark 3.62. (i) Let v : ¥ — E be a Banach-space-valued vector measure. As seen
earlier, the associated integration operator I, : L'(v) — E need not be weakly
compact. In contrast to this, whenever 1 < p < oo, the integration operator
I,Sp ). Lp (v) — E is always weakly compact because L(,p ) = I, o o), and because
the inclusion map «, : LP(v) — L'(v) is weakly compact by Proposition 3.31(iii).

(ii) Similarly, if 1 < p < 0o, then the integration operator I%) : L (v) — E

is also weakly compact because L(,f)‘z, =1,0 aéw) and because the inclusion map

ol 1 LP (v) — LY(v) is weakly compact (see Remark 3.42(i)). This occurs in [57,
Corollary 3.4] when the scalar field is real. O

In the final part of this section we concentrate on a class of vector measures
whose associated integration operator is an isomorphism onto its range. By an
isomorphism we mean a bicontinuous linear map, as usual.

Definition 3.63. A finitely additive set function P : ¥ — L(FE) is called a spectral
measure if P satisfies the following conditions:

(i) P(Q) is the identity operator idg : E — E.

(ii) P(ANB) =P(A)P(B) for all A, B € ¥ (i.e., P is multiplicative), and
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(iii) for every x € E, the E-valued set function
Pr:A— P(Az € FE, Ael, (3.109)
called the evaluation of P at x, is a vector measure.

Spectral measures are Banach space analogues of resolutions of the identity
for self-adjoint and normal operators in a Hilbert space. We refer to the detailed
study of spectral measures and spectral operators in the monograph [47]. For more
recent results, see also [131]. We now show that the class of all Banach-space-valued
vector measures with the property that their associated integration operator is an
isomorphism onto its range coincides with all the evaluations of spectral measures.

Proposition 3.64. Let E be a Banach space.
(i) Given a spectral measure P : ¥ — L(E) and x € E, the integration operator
Ip, : LY(Pz) - E

associated with the vector measure Pz (see (3.109)) is an isomorphism onto
its range.

(ii) Conversely, let v : ¥ — E be a vector measure such that I,, : L'(v) — E
is an isomorphism onto its range. Let Z = I, (Ll(u)). Then there exist a
spectral measure Q : ¥ — L(Z) and a vector z € Z such that v = Jz 0 Qz
with Jz : Z — E denoting the natural inclusion map.

Proof. (i) By the Uniform Boundedness Principle we have ¢ := sup 4y, || P(A4)|| <
oo because, given any y € F, the set {P(A)y : A € ¥} = R(Py) is bounded; see
Lemma 3.3. Let f € L!(Px). Since f is the limit of ¥-simple functions in the norm
of L'(Pz), the multiplicativity of P gives that [, fd(Pxz) = P(A)( [, fd(Pz))
for A € ¥. Apply (3.21) with v := Pz to obtain

1 7p2 (Dl & < 11| (pay < 4sup H/Afd(PfC)HE

=4 sup
Aex

ra( [ fd(Px))HE < e Ipa(F)]

This means precisely that Ip, is an isomorphism onto its range.

(ii) For each A € ¥, let M, € L£L(L'(v)) denote the multiplication operator
by x , (see (2.76)). The closed linear subspace Z = I,(L'(v)) of E is a Banach
space for the induced norm from E. Since I, is bicontinuous and L'(v) has o-o.c.
norm, the set function

Q:A—1T,0M,, ol e L(Z), Aek,
is a spectral measure. Finally, with z := v(Q) € Z, we have
Qz(A) = Q(A)z = v(A) € Z, Aek.
So, part (ii) holds. O
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Part (i) of Proposition 3.64 is a special case of a more general result in the
locally convex setting, which is formally stated in [121, Proposition 2.5]. It was
originally given in [43, Proposition 2.1] with the extra assumption that R(P) is
closed in the strong operator topology of L(F). However, this assumption was
not needed in the original proof. Our proof above is exactly that given in [43],
specialized to the Banach space setting.

Part (ii) of Proposition 3.64 is essentially in Theorem 10 of [117], which
provides further equivalent conditions to I, being an isomorphism onto its range.

O

We have already presented various examples which are evaluations of spectral

measures. Let us review these in the light of Proposition 3.64.

Example 3.65. (i) Let v : ¥ — E be a Banach-space-valued measure. For every
A€ X, let P(A) € E(Ll(y)) denote the multiplication operator by x ,, that is,
P(A)f = fx, for f € L'(v). Then P : ¥ — L(L'(v)) is a spectral measure and
its evaluation at x,, is exactly the L'(v)-valued vector measure [v] : A +— x , on ¥
as given in (3.10). In this case, I}, is a positive operator (as [v] is clearly a positive
vector measure).

(ii) Let E be either co or ¢" with 1 < r < oo. Given A € 2V, define
P(A) € L(E) as the multiplication operator by x ,, that is, P(A)f = fx , for
f € E. The so-defined set function P : ¥ — L(E) is a spectral measure because
F is an o.c. Banach lattice. Then the vector measures in Examples 3.24 and 3.34
are evaluations of P at suitable elements of E. Note that for both examples the
corresponding vector measure is positive.

(iii) Let 1 < r < oo. Given A € B([0,1]), let P(A) € £(L"([0,1])) denote the
multiplication operator by x ,. Then the vector measure (3.108) in Example 3.61

is the evaluation of P at X(0.1 O

I
Corollary 3.66. Let X (u) be a o-order continuous B.f.s. based on a positive, finite
measure space (Q, 2, ).

(i) The following set function is a spectral measure:

P:A—M,,, Aec¥x. (3.110)

(ii) The X (u)-valued set function
viAe X, Ael, (3.111)

is the evaluation Px, of the spectral measure P al x, € X (u) and hence, is
a positive vector measure. Moreover, the following assertions hold for v.

(a) L'(v) = X (u) with their given norms being equal.
(b) I, = idx (-
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(c) Let g € X(p). If a sequence { fn}52, C X () converges pointwise ji-a.e.
to a function f € X(u) and if |fn| < |g| (p-a.e.) for all n € N, then
lim,, o0 fr = f in the norm of X (u).

(i) Let g € X(u). Consider the evaluation Pg : ¥ — X (u) of the spectral measure
P at g, that is,
(Pg)(A) = x,9, AeX
The vector measure Pg has the following properties.

(a) L'(Pg) = {f€ L) : fg € X(n)}.

(b) Ipy(f) = fg for every f € L*(Pg) and Ipy : L*(Pg) — X(u) is a
linear isometry onto its range. If, in addition, g(w) # 0 for p-a.e. w,
then the integration operator Ipy : L'(Pg) — X (u) is a surjective linear
1sometry.

(¢) Pg is a positive vector measure if and only if g € X (u)T.

Proof. (i) Given any g € X(p), the X (u)-valued set function A — P(A)g =
M, ,(g) for A € ¥ is o-additive because X (u) is 0-o.c. Since P(Q2) = M,,, = idx
and

P(AmB) = MXAOB = MXAMXB = P(A)P(B)7 A7B627

the set function P is a spectral measure.

(ii) That v is a vector measure follows from part (i). Clearly I, (s) = s for
every s € simX. Since [, : L*(v) — X(u) is an isomorphism onto its range (by
Proposition 3.64(i) with z := x,) and since sim ¥ is dense in both L' (v) and X (u),
it follows that I,(f) = f for every f € L'(v); in other words, L' (v) = X () and
I, = idx(,). To establish that L'(v) and X (u) have equal norms, fix f € L'(v).
Then Lemma 3.11 and the identity [, = idx(,) imply that

HfHLl(V) = Sup HIV(Sf>HX(#) = Sgp ||5f||X(;¢), (3'112)

where the supremum is taken over all s € sim¥ with sup,cq |s(w)| < 1. Since
|- I x () is @ lattice norm, the right-hand side of (3.112) equals || f|| x(,) and hence,
Ifllz1y = 1fllx(u)- So, we have established (a) and (b).

Since X (u) = L'(v) with their given norms being equal, we can apply the
Lebesgue Dominated Convergence Theorem for the vector measure v (see Theorem
3.7(1)) to deduce (c).

(iii) To verify (a), first observe that [, sd(Pg) = sg € X(u) for every s €
sim¥. Fix f € L'(Pg). By appealing to Theorem 3.5 with Pg in place of v, select
sp € simX for n € N such that s, — f pointwise and s,g9 = fQ snd(Pg) —
Jo [ d(Pg) in the norm of X (u) as n — oco. By Proposition 2.2(ii), the norm
convergent sequence {s,g}n=; in X (u) admits a subsequence {s,,(x)g}7>; which
converges pointwise p-a.e. to the function fod(Pg) € X(u). Therefore, fg =
Jo [ d(Pg) € X(n), which establishes the inclusion

L'(Pg) C{feL’u): fgeX(u}
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To prove the reverse inclusion, let f € L%(u) satisfy fg € X(u). Choose a
sequence {s,}5°; C sim ¥ such that |s,| < |f] for n € N and s,, — f pointwise as
n — oo. It follows from part (ii)(c) that s,g — fg¢ in the norm of X (u) as n — oo
because [sng| < |fg| € X(u) for n € N and lim,, .« $,g = fg pointwise. Since
|- | x(u is a lattice norm, for every A € ¥ we have that

H/Asn d(Pg) — fngHX(#) = lsngxy = Foxullxqy < llsng = follx() — 0

as n — o0. So, Theorem 3.5 again yields that f € L'(Pg) and [, fd(Pg) = fax,
for A € . This establishes (a).

Concerning (b), fix f € L'(Pg). The identity Ip,(f) = fg has already been
verified in the proof of (a). Now, from Lemma 3.11 with Pg in place of v, we have
that

ey =suw | [ srapo) = s llsfals,
= 1£9llx gy = [17Pa (Dl

where the supremum is taken over all s € sim¥ with sup,,cq |s(w)| < 1. Hence,
Ipg is a linear isometry.

Finally, assume that g(w) # 0 for p-a.e. w € Q. Then, every f € X (u) can
be written as f = (f/g) - g (p-a.e.) with (f/g) € L°(w), which implies that Ipy is
surjective.

Statement (c) follows immediately from the definition of Pg. O

In view of the previous corollary, it seems interesting to identify the class
of all those spectral measures P : ¥ — L(F) such that the integration operator
Ip, : LY(Pz) — F is a linear isometry onto the range of Ip,, for every x € E.
The spectral measure P given in Corollary 3.66(i) belongs to this class, as verified
in part (iii).

We now exhibit an example of a vector measure whose associated integration
operator is injective but not an isomorphism.

Example 3.67. Let i : L'(T) — ¢o(Z) be the Fourier transform map, that
is, F} o assigns to each f € LY(T) its Fourier transform f:Z — Cin ().
Since F} g is linear and continuous and since L'(T) is o-o.c., the c¢o(Z)-valued set
function v : A — Fy o(x ,), for A € %, is a vector measure. Then L'(v) = L*(T) =
L'({v,&)), where & € co(Z)* = ¢}(Z) is the coordinate functional ¢ — (0) for
¥ € ¢o(Z) (see [119, Example 1]). So, I, is injective, [140, p. 29], and its range
is a proper dense subspace of ¢y(Z), [140, Theorem 1.2.4]. In particular, I, is not
an isomorphism. Moreover, |F1,0(ei"(‘))HcO(Z) =1 for all n € N with ¢™() — 0

weakly in L*(v). So Fy is not completely continuous and hence, is not weakly
compact via the Dunford—Pettis property of L' (v) = L*(T), [42, Ch. III, Corollary
2.14]. For details of the above claims (and more) we refer to Chapter 7. O
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We end this section with some statements concerning the variation of vector
measures which are evaluations of spectral measures. For the definition of band
projections in Banach lattices we refer to [2], [108], [149], [165], for example.

Proposition 3.68. Let E be a Dedekind complete Banach lattice with o.c.-norm and
let M C L(FE) be the Boolean algebra of all band projections. Let P : ¥ — L(E)
be any spectral measure with range R(P) = M. For x € E, let

M(z] ;= span{P(A)z: A€ X}

denote the cyclic space spanned by x relative to M, equipped with the induced
norm and lattice operations from E. If M([z] is an abstract L'-space, then the
vector measure Px : X — E has finite variation and L'(Pz) = L*(|Pz|) with
their given lattice norms being equivalent.

Proof. According to [44, Proposition 2.4(vi)] the integration map Ip, : L'(Pz) —
E is a topological and lattice isomorphism of L!(Pz) onto its range, that is, onto
the cyclic space M|z]. Hence, if M|x] is isomorphic to an abstract L!-space, then
so is L'(Pz). According to Lemma 3.14(iii) we can conclude that Pz has finite
variation and L!(|Pz|) = L!(Px) with their given lattice norms being equal. [

The converse of the previous result is not valid in general.

Example 3.69. Let E := (P for any 1 < p < oco. Then the band projections are
precisely the multiplication operators { M, , : A € 2N}, which we can represent via
the spectral measure P : 2N — L(F) given by P(A) := M, , for A€ 2Y. Forz € E,
let supp(z) := {n € N : x, # 0}, where x = (21, 22,...) in sequence notation.
Then it is routine to check that M[x] is lattice isomorphic to the Banach lattice
¢P(supp(z)) := {y € E : supp(y) C supp(z)}. So, M[z] is an abstract L'-space if
and only if supp(z) is a finite set.

We claim that the E-valued vector measure Pz has finite variation if and
only if x € £* C E. Indeed, if |Pz|(N) < oo, then for every N € N,

N N N
S lwal = |Pe({n})||,, < [Pe({k: k> NY) ||+ D [Pa({n})], < [Pxl(N)

n=1 n=1

and so x € £'. Conversely, suppose that = € ¢'. Let {A;}}_, be any partition of
N. Since [|P(A))z|ler < ||P(A4;)z||n for 1 < j <n, it follows that

Sl = 3 (S lael)” < (X ol = lolln < .
j=1 kEA; keA;

j=1 ; j=1

Accordingly, Pz : 2N — F has finite variation.

Note, for x € £*, that p := |Px| is the finite measure given by u({n}) := |z,|
for n € N and hence, L' (| Pz|) ~ ¢'(u); see also Lemma 3.20(ii). On the other hand,
L'(Pxz) is lattice isomorphic to £P(supp(z)). So, if supp(z) is an infinite set we see
that L'(|Pz|) # L'(Pz), which should be compared with Lemma 3.14(iii). O
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We point out that the phenomenon exhibited in Example 3.69 cannot occur
for the band projections M := {M,, : A € B([0,1])} in E := L?([0,1]) with
1 < p < oo. For, in this case, the cyclic space M(z] for = # 0 is reflexive, being
isomorphic to L?(supp(z)), where supp(z) is the essential-support of z, and hence,
also L(Px) is reflexive, where P : B([0,1]) — L(E) is the spectral measure given
by P(A) := M,, for A € B(]|0,1]). According to Corollary 3.23(ii), the variation
measure |Pz| is necessarily totally infinite.

3.4 Concavity of L!(v) and the integration operator I,
for a vector measure v

We provided basic facts on the concavity of Banach lattices and ¢-B.f.s.” and of
relevant linear operators in Chapter 2. In this section we concentrate on concavity
properties of the particular class of Banach lattices of the kind L'(v) and the
associated integration operator I, : L'(v) — E, for general vector measures v.
To be precise, let (£2,X) be a measurable space and v : ¥ — E be a Banach-
space-valued vector measure. For 0 < r < oo we say that v has finite r-variation if

|v]-(2) := sup (Z H HE) < 00,

where the supremum is taken over all finite Y-partitions {A4;}7_; of Q and all
n € N. Of course, |v|1(2) = |v[(€) is the usual variation of v. It is clear that

W]o(Q) < W (Q), 0<r<q<oo, (3.113)

as a consequence of the fact that ||1)|¢a < ||¢)||er for ¢ € €7 C ¢9.

There exists a vector measure with finite r-variation for every 0 < r < oc;
see Example 3.72(ii) below.

We begin with the following basic fact, on which our arguments will be built.
Proposition 3.70. Let (2, %) be a measurable space and v : ¥ — E be a Banach-
space-valued vector measure. Suppose that p : 3 — [0, 00) is a control measure for v
and X (1) is any q-B.f.s. over (0,3, ) with X (u) € L'(v). Let J : X (u) — L' (v)
denote the natural inclusion map, necessarily positive, and 0 < g < oo.

(i) The following conditions are equivalent.
(a) J is g-concave.
(b) The composition I, o J : X(u) — E, which is exactly the restriction of
I, to X(u), is a g-concave operator.

In this case,
M(q)[J] = M(q) [L, o J] (3.114)

(ii) If J : X(u) — L*(v) is q-concave, then v has finite q-variation.
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Proving this proposition requires the following preliminary result.

Lemma 3.71. Given are a measurable space (Q,%), a Banach-space-valued vec-
tor measure v : ¥ — E and a number 0 < q < oco. Then it follows, for every
G1s- -, gn € LY (v) with n € N, that

a\1/q

- 1/q n
(Xlally) = s (2] [ siaan] )™ 3.115)
j:]_ yreOmn j:1

where the supremum is taken over all choices of s; € sim ¥ with sup,,cq ‘sj (w)| <1
forj=1,...,n.

Proof. Let s; € sim ¥ satisfy sup,cq |sj(w)] <1 for j =1,...,n. Then for each
j we have ngHLl(u) > || fo, 859 duHE, via Lemma 3.11, which implies that the
left-hand side of (3.115) is greater than or equal to the right-hand side.

Let a denote the right-hand side of (3.115). To prove that

n 1/
(igmm;@)q< a. (3.116)
<

let € > 0. For each j = 1,...,n, it follows again from Lemma 3.11 that there exists
s7 € sim X satisfying sup,,cq |8} (w)| < 1 and

sl < | [ o]+ =

Therefore
- 1/q " q 1/q
q *
(Shoills) ™ = (] [ sl +)
;H illze) ; 59, 3.117)
< (a? +e)Va.
Letting £ — 0 in (3.117) yields (3.116) and hence, (3.115) holds. O

Proof of Proposition 3.70. (i) (a) = (b). Proposition 2.68(i) implies that I,, o J is
g-concave and

M(q)[IVOJ] S ||L,|| (M(q)[J]) = M(q)[J] (3.118)

because the integration operator I, is continuous and || I, || = 1 via (3.99).

(b) = (a). Fix n € N and fi,...,f, € X(p). The identity (3.115) with
gj == J(fj) € L'(v) for j = 1,...,n, condition (b) and the fact that .J is the
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natural inclusion map together imply that

(Z I ,) " o

,S,L(ZH o etly)
sup (M(q)[I OJ)H(Z’SJL )UqHX(u)

S1y-058n

/
- (M(q)[lv © J]) H(; |fj|q)1 qHX(u)7

where the supremum is taken over all choices of s; € sim ¥ with sup,,cq |s;(w)| <1
for j = 1,...,n. So, (a) holds and Mg [J] < M [, o J]. This, together with
(3.118), establish (3.114).

(ii) Let {A(j)}?:1 be any finite X-partition of  with n € N. Then part (i)
implies that

(ZH L) = (ilwr<fyoJ><xA(j>>\rz)“
< (M(q) 1, o J])H(zi; |><A(j)|q)1/q

So, v has finite g-variation. O

|

0w

o

S

/N

H'M:
I

[Va)

<.

&

o

S

IN

X(u) (Mot o 71) gl gy < o0

Before discussing implications of Proposition 3.70, let us show that its setting
can occur even for 0 < g < 1.

Example 3.72. Let Q := N and ¥ := 2V, Fix 0 < ¢ < 1. Let p e 1 C ! be a
function satisfying ¢(n) > 0 for every n € N. Define a measure i : ¥ — [0, 00) by

p({n}) := ¢(n) for n € N. For the function ¢ : n +— (gp(n))q_1 on N, we have

1 (pdp) S 0 ();

for the case 0 < g < 1 see (2.81) with r := ¢ whereas the case ¢ = 1 is obvious.
Let E := ¢*(u1). The E-valued vector measure v : A X 4 on ¥ satisfies Li(v) =
E = (*(p) with equal norms and I, is the identity operator via Corollary 3.66(ii)
(with X (u) := €1(pn) there).

(i) The natural inclusion J from the g-concave q-B.f.s. X (u) := £9(3pdp) (see
Example 2.73(i)) into L'(v) = ¢!(u) is g-concave by Corollary 2.69. However, J
is not r-concave when 0 < r < ¢. Assume, on the contrary, that J is r-concave.
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Then, there exists a constant ¢ > 0 such that

(Z: lly) " < cu(émr)wumm 110

for all fi,...,fn € X(u) with n € N. Let g € €9\ ¢". Fix n € N. Let f; :=
(g(j)/go(j))x{j} € X(u) for j = 1,...,n. Recalling that J(f) = f for every

€ X(u) = £%(¢pdp), observe that |g(j)| = || fillo () = HJ(fJ)HE forj=1,...,n
Moreover, since f1, ..., f, are disjointly supported, it follows that

n r n
(1) = s
j=1 j=1
and hence,

o 0
G oI5
(z": 9(j)

£9(pdp)

n

<{j}>)1/q = (X le))""

e(j

This and (3.119) imply that
(S o) = (S 1wl)”
j=1 j=1
(S ] (S

Taking the limit as n — oo yields that

oo

()" < (L) < o

because g € (9. This contradicts the assumption that g ¢ ¢". Thus, J is not
r-concave.
(ii) Letting
p(n) = 27", n €N, (3.120)

we shall show that |v],(©2) < co whenever 0 < r < oo. To this end, first consider
the case when 0 < r < 1. We claim that

1/r
[v]-(Q) < <2T1_1> < 00. (3.121)
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To prove this claim, fix n € N and any finite Y-partition {A4;}7_; of @ = N. It
follows that

n

(Shl) = (San) = (S(Z )"

Jj=1 j=1 keA;

(e = (X)) = ) e

j=1keA, k=1

Here the inequality (ZkeAj 27F)" < ZkeA]_ (27%)" has been used, which follows
immediately from the general fact that, for any subset {aj : k € N} C [0, 00), we

have -
Zak < (Z ak)r>1/ra

k=1

thanks to the assumption that 0 < r < 1; see (2.43). So, (3.121) holds.
Next consider the remaining case when 1 < r < co. From the first case just
considered, recall that |v];(£2) < co. Then r > 1 gives that

vl (2) < [i(Q) < oo

by (3.113) with r in place of ¢ and 1 in place of .

(iii) Let 0 < r < ¢ < 1 and let ¢ be as in (3.120). Then |v|,(2) < oo via part
(ii). On the other hand, the inclusion map J : X () = €4(¢pdp) — L1(v) = £1(p)
is not r-concave via part (i). In other words, the converse of Proposition 3.70(ii),
with r in place of ¢, does not hold in our setting because I, o J = J (as I, is the
identity on L!(v)). O

We now apply Proposition 3.70 to the spaces X (u) := LP(v) with 1 < p < oo.

Corollary 3.73. Let (2,X) be a measurable space and v : ¥ — E be a Banach-
space-valued vector measure.
(i) Given 1 <p < oo and 0 < q < 0o, the natural injection oy, : LP(v) — L'(v)
s q-concave if and only if the restricted integration operator L(,p) :LP(v) = E
18 q-concave.

(il) Assume that 1 < g < oo. Then the following conditions are equivalent.
(a) The Banach lattice L*(v) is q-concave.
(b) The associated integration operator I, : L'(v) — E is q-concave.

(¢) The Banach lattice L™ (v) is qr-concave for some/every 1 < r < co.

Proof. (i) If p : ¥ — [0,00) is any control measure for v, then L!(v) is a B.fs.

over (§,%, u); see Proposition 3.28(i). So, apply Proposition 3.70(i) to the case

when X (u) := LP(v), in which case J corresponds to «,, and so [, o J = .
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(ii) (a) < (b). This is a special case of part (i) with p := 1. In this case, the
inclusion map «; is the identity on L!(v).

(a) = (c). This follows from Proposition 2.75(ii) with X (u) := L'(v) and
p = 1/r because L"(v) = L*(v)[1/4-

(¢) = (a). Assume that L"(v) is (¢r)-concave for some 1 < r < oco. Then
Li(v) = L"(v)[y is g-concave, again by applying Proposition 2.75(ii) with L"(v)
in place of X (u), (¢r) in place of ¢, and r in place of p. O

Before presenting a consequence of Corollary 3.73, let us recall that a complex
Banach lattice (Z, || - || z) is said to be an abstract LP-space, for 1 < p < oo, if

e+ 9ll = Nl + llyll7 (3.122)

whenever z,y € Z+ with z Ay = 0; see [94, Ch. 5, §15, Definition 1]. A typical
example of an abstract LP-space is the LP-space of a [0, oo]-valued scalar measure.
Conversely, it is known that every abstract LP-space is lattice isometric to the LP-
space of such a scalar measure; see [94, Ch. 5, §15, Theorem 3]. In particular, every
abstract LP-space is p-convex and p-concave and its p-convexity and p-concavity
constants are 1 via Example 2.73(i).

Let us collect various equivalent conditions for L!(v) to be an abstract L!-
space.

Proposition 3.74. Let v be a vector measure, defined on a measurable space (2, %),
with values in a Banach space E. Then the following assertions are equivalent.

(i) The Banach lattice L'(v) is lattice isomorphic to an abstract L*-space.

(i) L'(v) = LY(|v|) with their given norms being equivalent (in which case
v[(€2) < o0).

(iii) L'(v) is 1-concave.

(iv) The associated integration operator I, : L*(v) — E is 1-concave.

(v) The Banach lattice LP(v) is lattice isomorphic to an abstract LP-space for
some/every 1 < p < 00.

(vi) LP(v) = LP(|v|) with their given norms being equivalent for some/every value
of 1 < p < oo (in which case [V](Q) < ).

(vii) LP(v) is p-concave for some/every 1 < p < oo.

Proof. (i) < (ii). See Lemma 3.14(iii).

(ii) = (iii). This is clear because L!(|v|) is 1-concave via Example 2.73(i).

(iii) = (i). The real part L' (v)g of the 1-concave Banach lattice L (v) is also
1-concave; see Lemma 2.49(ii). Moreover, L' (v)g, is equal to the space L (v) of all
R-valued, v-integrable functions on {2 and is a real Banach lattice equipped with
the induced (real) lattice norm by L!(v) (see Remark 3.32). Since L& (v) is both
1-convex (every real Banach lattice is 1-convex, for example, via Lemma 2.49(i)
and Proposition 2.77(i)) and 1-concave, it follows from [99, p. 59] that there exists
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a [0, oo]-valued measure 7 for which L} (v) and L (n) are lattice isomorphic as real
Banach lattices. Then L!(v) and L!(n) are lattice isomorphic as complex Banach
lattices via Lemma 3.8(iv) because L!(v) and L'(n) are the complexifications of
Li(v) and Lk (n) respectively. Hence, (i) holds because L'(n) is an abstract L!-

(iii) & (iv) < (vii). Apply Corollary 3.73(ii) with ¢ := 1 and 7 := p.

(ii) < (vi). This is clear because LP(v)=L(v V)1yp and LP(|v])= LY\ -

(vi) = (v). Since LP(|v|) is an abstract LP-space, this follows easily.

(v) = (i). Condition (v) means that there is a lattice isomorphism 7" from
(LP(v), |l - L)) onto an abstract LP-space (Z,| - ||z). So, there exist constants
c1, co > 0 such that

allfllceey < [|ITH), < cllfllerwy,  f e LP@). (3.123)

This allows us to define an equivalent lattice norm || - || ,»(,y on LP(v) by

Ifllce oy == IIT(Hllz,  fe LPw), (3.124)

so that (LP(v), ] - [z () is lattice isometric to the abstract LP-space (Z, | -|/z). In
particular, (LP(v), || - ||» () itself is an abstract LP-space and hence, is a p-convex
B.f.s. with p-convexity constant 1 (see the discussion prior to this proposition).
From Proposition 2.23(iii) it follows that the p-th power (LP(v)p,, || - |||Lp(p)[p]) of
(LP(), |l - lzr(y) is a B.f:s. In other words, the lattice quasi-norm || - [|z1(,), on
the p-th power L(v) = LP(v), of LP(v) (see (3.52)), defined by

(p]
lgllziwy = Mooy, = MolV?l7n, g€ LW, (3.125)
is indeed a norm. This norm [ - ||11(,y is equivalent to || - ||1(,) because of the
inequalities
Hg”Ll(u) lolziw) < ”gHLl(u), geL'(v). (3.126)

To verify (3.126), fix g € L(v). Since |g|'/? € LP(v), it follows from (3.123) and
(3.124) that

SN nwy < WMol 12niy < S 917120,
So, (3.126) follows from this, (3.125) and the fact that ||g||z1¢,) = || |g|1/p|}z£p(y).
Now, given g, h € Ll(y)+ with g A h = 0, it follows that
g+ hllry =l (9 + )17, ) =
= lg*" Iz + IRY" H|Lp(,,> lgllzsc) + IIIhIIILl

because g'/?, h'/? € LP(v)" and ¢'/? A hY/P = 0 and because | - llr () satisfies
(3.122) (with Z := LP(v)). Therefore, (L' (v), [ - [|1(.)) is an abstract L'-space.
So, (i) holds. O
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Example 3.75. We shall present examples of vector measures v with values in an
abstract L'-space E such that the associated integration operator I, : L'(v) — E
is not 1-concave. Such an example implies that, in general, we cannot remove the
positivity assumption imposed on U in Corollary 2.70, with ¢ := 1 (see Example
2.73(i) and the discussion prior to Proposition 3.74).

(i) Example 3.15 presents a vector measure v, defined on 2% and with values
in the l-concave, abstract L'-space ¢!, such that v has infinite variation. So,
Proposition 3.74 yields that the associated integration operator I, : L*(v) — £ is
not l-concave.

The method adopted in Example 3.15 can easily be extended to the setting
of any infinite-dimensional abstract L!-space E in place of ¢!; all we need is an
unconditionally summable sequence in EF which is not absolutely summable. The
Dvoretzky-Rogers Theorem ensures that such a sequence exists.

(ii) If a vector measure v has totally infinite variation, then we have the
proper inclusion L'(|[v]) = {0} & L'(v), so that I, cannot be l-concave; see
Proposition 3.74. General methods for constructing such vector measures v (in
any infinite-dimensional Banach space) can be found in [45].

(iii) In order to provide other types of examples, we first need to establish a
general fact. Given are a (topological) isomorphism from a Banach space Ey into
a Banach space F (not necessarily surjective) and a vector measure vy : ¥ — Ey
defined on a measurable space (€2,%). Then the composition Toyy : ¥ — E is
also a vector measure; see Lemma 3.27(i). Moreover, let us show that

(a) No(T ovg) = No(vo),
(b) L*(|T owg|) = L*(|o|) with their given norms being equivalent, and

(¢) L*(T ovy) = L' (vp) with their given norms being equivalent.

Part (a) has already been established in Lemma 3.27(iii) because T is injective.
Furthermore, since T is an isomorphism, there exist constants Cy, Co > 0 such
that

Cillzllg, < IT@)e < Collzllg,, =€ Eo.

This, together with the definition of the variation of a vector measure, give
Cilwl(4) < [Towl(4) < Calwl(4), A€,

from which (b) follows.

Finally, (c) is a consequence of the definition of integrability for a vector
measure together with the facts that the range R(T') of T is a closed subspace of
E and that Fy and R(T) (equipped with the induced norm topology from F) are
topologically isomorphic. Alternatively, we can apply Theorem 3.5 as follows. The
continuous inclusion L!(vy) C L'(T o) has been established in Lemma 3.27(iii).
To verify the reverse inclusion, fix f € L*(Tovy). According to Theorem 3.5 applied
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to the vector measure T o vy, we can choose a sequence {s,}52; C sim¥ with
snp — f pointwise as n — oo and such that

lim T(/ Sn dl/o) = lim [ s,d(T owp) :/ fd(T ovy), Aex, (3.127)
in the topology of E. Consequently, since T is an isomorphism, we have from
(3.127) that

lim [ spdvo= lim T—l(/ snd(Touo)) - T-l(/ fd(Toy0)>, A€,
in the Banach space Fy. So, Theorem 3.5 (now with v := 1) implies that the
function f € L'(vp), from which the equality L' (T o vy) = L'(vg) follows. The
equivalence of the given norms is a consequence of the Open Mapping Theorem.

(iv) Let H be a separable Hilbert space with a complete orthonormal basis
{en}22 ;. Suppose that we are given a vector measure vy : & — H, defined on a
measurable space (£, ), whose associated integration operator I, : L'(vg) — H
is not 1-concave or, equivalently,

L (lvol) # L' (v0); (3.128)

see Proposition 3.74.

Let H, denote the closed linear span of all Rademacher functions r,,, forn € N
(see, e.g., [41, p. 10] for their definition), in the Hilbert space L?([0, 1]). Equipped
with the inner product induced by L?([0, 1]), the subspace H; is a Hilbert space
with orthonormal basis {r,}>2 ;. The linear operator R : H — H; assigning to
each e, the function r,, for n € N, is a surjective linear isometry. On the other
hand, from Khinchin’s inequality, [41, p. 10], it follows that the topology induced
on H; by L'([0,1]) is the same as that induced by L?([0,1]). In other words,
the canonical injection S : H; — L'([0,1]) is an isomorphism onto its range.
Consequently, the composition T = So R : H — L*([0,1]) is also an isomorphism
onto its range.

Now, the vector measure v := T oy : ¥ — L*(]0, 1]) satisfies

L'(jv)) # L'(v)
because part (iii) above (with Ey := H) and (3.128) yield that
Li(jv]) = L'(ITow|) = L(Jwl) # L'(v0) =LY (T ow) = L'(v).

Therefore, it follows from Proposition 3.74 that the associated integration operator
I, : LY(v) — L(]0,1]) is not 1-concave whereas its codomain space L*([0,1]) is
1-concave (see Example 2.73(i)).

(v) In order that part (iv) is applicable, we need some examples of vector
measures vy taking values in a separable Hilbert space and whose associated inte-
gration operator I,, is not 1-concave (equivalently, L*(|vg|) # L' (vp)).
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(v-a) For the Volterra measure s : B([0,1]) — L?([0,1]) of order 2, we have
from Example 3.26(ii) that L' (|va|) # L' (v2).

(v-b) Given a separable Hilbert space H, let P : ¥ — L(H) be any spec-
tral measure defined on a measurable space (£2,X) and consider the evaluation
Pz : ¥ — H of P at a point € H with the property that the range R(Ip,) of
the associated integration operator Ip, : L*(Px) — H is infinite-dimensional. Ac-
cording to Proposition 3.64(i), the Banach space L!(Pz) is isomorphic to R(Ip.),
equipped with the relative topology from H. In particular, L!(Px) is an infinite-
dimensional, reflezive Banach space. So, L!(Px) cannot be 1-concave. In fact, if
LY(Pz) were 1-concave then, from Proposition 3.74, it would follow that L!(Px) =
LY(|Pz|) with their given norms being equivalent. This is a contradiction because
LY(|Pz]), whose dimension is infinite, cannot be reflexive. Thus, we conclude that
L'(Px) is not 1-concave and, by Proposition 3.74, that Ip, : L'(Pz) — H is not
1-concave.

(v-¢) Let (2, %, i) be a o-decomposable, positive, finite measure space. Take
any infinite-dimensional separable Hilbert space H. Let F' : 2 — H be a strongly
measurable, Pettis p-integrable function which is not Bochner p-integrable. Its
Pettis indefinite integral fip : ¥ — H is then an H-valued vector measure, [42, Ch.
IT, Theorem 3.5], and has o-finite variation, [162, Proposition 5.6(iv)]. Moreover,
the variation of fip is genuinely infinite. In fact, take a sequence of pairwise dibjoint
non-g-null sets {4, }52; in ¥ whose union equals Q and such that |fir|(4,) < 0o
for every n € N. Observe that

ir|(4) = /A IF(llm, diw),  Aes:

this can be verified in the same way that (3.97) was established in the proof of
Proposition 3.46. So, ‘ﬁp’(Q) < oo if and only if F' is Bochner p-integrable. From
this observation and the assumption on F, it follows that the Pettis indefinite
integral /iy must have infinite variation. Therefore, L'(|ir|) # L (fr).

Let us now show that there always exists a strongly measurable, Pettis
p-integrable function which is not Bochner p-integrable. Since (2,%,u) is o-
decomposable, choose a sequence of pairwise disjoint non-p-null sets {B,}52,
in 3. Select any unconditionally summable sequence {z,}52; C H which is not
absolutely summable; this is possible by the Dvoretzky-Rogers Theorem. Define a
countably-valued function F' : Q — H pointwise by

Z 1/u(B (w):z:n, we .

n=1

Then

/uF Y dpu(eo annnH_
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and hence, F' is not Bochner u-integrable. On the other hand, given z* € H, we

have -
Q’(Fw :Z’@cn,x

because {z,}>2; is unconditionally Summable in H. The reflexivity of H then
implies that F' is Pettis p-integrable (see [42, p. 53]).

Since every strongly pu-measurable function from Q to H is p-a.e. uniformly
approximated by countably-valued measurable functions, we have not lost gener-
ality in constructing such a desired function F'; see [42, Ch. II, Corollary 1.3] and
the proof of Theorem 3.7 in Ch. 2 of [42].

(v-d) Let us present a “concrete example” of a countably-valued Pettis in-
tegrable function which is not Bochner integrable. Consider the finite measure p
on the measurable space (N,2Y) defined by u({n}) := 1/n? for n € N, and let
H be the separable Hilbert space L2([0,27]). Given n € N, define f, € H by
fu(t) := (1/n) exp(—int) for t € [0,27]. Then the sequence {fn} >, is not abso-
lutely summable in H because > oo || fullg = > onoi27/n = co. That {f,}52,
is unconditionally summable in H is clear because {(2m)~*! exp(fimf)}zo=1 is an
orthonormal sequence in H; see [46, Ch. IV, Lemma 4.9]. So the arguments in
(v-c) yield that the function F : N — H defined by F(n) := (1/u({n})f, =n fn
for n € N is Pettis u-integrable but not Bochner u-integrable.

Next we present a vector measure v such that the associated integration
operator I, is not 1-concave, whereas the restricted integration operator Iﬁp ) is
1-concave for some 1 < p < co.

Example 3.76. Fix 1 < r < oo and consider the Volterra measure v, : B([0,1]) —
L7(]0,1]) of order 7. Then v, has finite variation with d|v,|(t) = (1 —t)'/"dt and

LY (1 —t)/rdt) € L' (v) € L*((1 —t)dt) (3.129)

with strict inclusions; see parts (i) and (ii) of Example 3.26. Let r < p < co. We
claim that

LP(v,) € LY(|v,|) € L*(v) (3.130)
with strict inclusions. Indeed, (3.129) yields that LP(v,) C LP((1 —t)dt). Further-
more, we have LP((1 —t)dt) C L'((1 —t)/"dt) because it follows from Holder’s
inequality that

/|f |(1— tl/rdt< /\f )P(1— t)P/Tdt /|f )P(1— tdt) ” < o0

whenever f € LP((1—t)dt). Accordingly, LP(v,) C L*((1—t)/"dt). This inclusion
is strict because LP(v,) is p-convex (see Proposition 3.28(i)) but L' ((1—¢)'/"dt) is
not p-convex via Example 2.73(ii-a). That L'((1 —¢)*/"dt) = L*(|v,|) and the in-
clusion L!(|v|) € LY(v,) is strict can be found in Example 3.26(ii-a) (alternatively
see Remark 3.57(ii)).



3.4. Concavity of L*(v) and the integration operator I, for a vector measure v 179

Now let v denote the vector measure v, and let E := L"([0,1]). The map
I, : L'(v) — E is not 1-concave because L'(v) # L'(|v|) (see Proposition 3.74).
On the other hand, the natural embedding «, : LP(v) — Ll(v) is l-concave.
Indeed, observe from (3.130) that «, = ji o, where v, : L?(v) — L'(|v|) and
J1: LY(Jv|) — L*(v) denote the respective natural inclusion map. Since L!(|v|) is
1-concave (see Example 2.73(i)), the positive operator -y, is 1-concave via Corollary
2.70. So, the continuity of j; yields, via Proposition 2.68(i), that c, is 1-concave.
Accordingly, I” : L?(v) — E is also 1-concave via Proposition 3.70(i) with ¢ := 1,
X(p) :=LP(v) and J := ap. O

The previous example provides a counterexample for 1-concave operators.
We now give one for g-concave operators with 1 < ¢ < co.

Example 3.77. Fix 1 < ¢ < oo. Our aim is to construct a vector measure v such
that its associated integration operator I, on L!(v) is not g-concave while the
restricted integration operator I on LP?(v) is g-concave whenever g < p < oc.
Take any Banach-space-valued vector measure 7 defined on a measurable
space (2, %) such that
Li(n) € L(Inl) € L'(n) (3.131)

with strict inclusions; for example, the Volterra measure of order ¢ suffices (as
demonstrated in (3.130)). Then we have that Li(|n|) # L4(n), so that L7(n) is not
g-concave via Proposition 3.74 (with v := 7 and with p := ¢). Moreover, (3.131)
gives

LPA(n) € LP(Inl) € LI(Inl) < L* (), g <p <oo. (3.132)

We now construct the desired vector measure v. Let E := L7(n) and let
v : X — E denote the positive E-valued vector measure A — x ,, for A € X.
Then L'(v) = L4(n) with equal norms and I, equals the identity on L4(n); see
Corollary 3.66(ii). The integration operator I,,, which is the identity operator on
the non-g-concave space L%(n), is not g-concave by definition.

On the other hand, when ¢ < p < oo, the restricted integration operator
a2 LP(v) — E is g-concave. Indeed, since L(v) = Li(n), it follows that the
space LP(v) = LP4(n). This and (3.132) imply that

LP(v) C L9(|n|) € L' (v).

Hence, the natural inclusion map «, : LP(v) — L!(v) can be written as a;, = 5,074,
where 7, : LP(v) — Li(|n|) and j, : LY(|n|) — L*(v) are the respective natural
inclusion maps. Now the positive operator 74, whose codomain is g-concave (see
Example 2.73(i)), is g-concave by Corollary 2.70. Apply Proposition 2.68(i) to
deduce that o, = j, 04 is g-concave because j, is continuous. Moreover I, being

the identity on L'(v), implies that P = ap. Thus, I is g-concave. O



Chapter 4

Optimal Domains and
Integral Extensions

In the previous chapter we presented a selection of relevant aspects from the
theory of vector measures and integration. Following a time honoured practice, we
began with a vector measure v and ended up with operators defined on the spaces
LP(v) and LP (v). In this chapter we reverse this line of development in a certain
sense. Namely, we begin with an operator T : X (u) — F, defined on some o-order
continuous g-B.f.s. X (1) and taking values in a Banach space E, and produce from
it the E-valued vector measure my : A — T(x,). This, in turn, has associated
with it the B.f.s. L*(mr) which is 0-o.c. and has the desirable property that every
function from X (u) belongs to L!(mr) and

T(7) = [ fimr. fe X € L),

If, in addition, the p-null sets and mp-null sets coincide, in which case T is called
p-determined, then the inclusion map Jr : X (u) — L'(m7) is injective and con-
tinuous and the integration operator I,,, : L'(mz) — E is a continuous linear
extension of T'. Equivalently, T has a factorization according to the commutative
diagram:

X(p) E.

X ImT

L'(mr)

This feature alone is already a useful property concerning 7. However, far more
important is the fact that this particular extension I,,, of T' turns out to be
optimal, in the sense that if Y (u) is any o-order continuous g-B.f.s. for which
X (1) €Y (u) continuously and such that there exists a continuous linear operator
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Ty () from Y (u) into E which coincides with 7" on X (u), then necessarily Y (u)
is continuously embedded in L!(mr) and Ty () coincides with I, restricted to
Y (u); see Theorem 4.14.

The optimality property of the spaces L!(m7) mentioned above was first sys-
tematically developed for kernel operators T in [24] and then successfully used to
investigate the Sobolev kernel operator, [25]; some of these results will be summa-
rized below. This operator turned out to have applications to compactness results
for the Sobolev embedding between certain function spaces defined on bounded
domains in R™, [28, 29]. To further indicate the versatility of this approach to the
analysis of operators defined on function spaces, we present several u-determined
operators T" which arise in classical analysis and indicate, in detail, how to iden-
tify both their optimal domain space L!(mr) and the extended operator I,,.. To
mention some explicit examples, we consider multiplication operators, Volterra
operators, convolution operators in LP(T), composition operators, certain projec-
tions in LP-spaces, the Hilbert transform in LP(T), the finite Hilbert transform
in Lp((fl, 1)), and so on. Furthermore, Chapter 7 is entirely devoted to inves-
tigating “optimality aspects” of the Fourier transform operator and convolution
operators, defined on LP-spaces of general compact abelian groups. In addition,
the main “optimality result” mentioned in the first paragraph plays a central role
in Chapter 5 which deals with the factorization of operators through the B.f.s.’
LP(my) for arbitrary 1 < p < co. Of course, some operators T' are already defined
on their optimal domain to begin with (i.e., L(m7) = X (u)) and so no further
extension is possible. However, this phenomenon is not always easy to detect a
priori. One quite general result which we establish in this direction states: if X (u)
is a g-order continuous B.f.s. and T is a p-determined, semi-Fredholm operator,
then necessarily L!(mr) = X (u1). In conclusion, for the interested reader we men-
tion that some closely related results occur in the recent works [33], [34], [35], [36],
[37], where the set function my associated to T may only be defined on a d-ring of
sets, rather than on a o-algebra as in our setting. Nevertheless, it is still possible
to construct an analogous space L!(mq) with certain optimality properties and to
use this feature to investigate classical operators which do not fit into the context
of this monograph.

4.1 Set functions associated with linear operators
on function spaces

Throughout this section let X () be a g-B.f.s. based on a finite, positive measure
space (2,%, u) and E be a Banach space, unless stated otherwise.

As in the case of Banach lattices (see Chapter 3), define

X(p)ai={F € X(u): |f| = fu L0 with f, € X(p) implies [ ful L0},
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which we call the order continuous part of X (u). Note that X (), is solid in X (u),
that is, if g € X (u) and f € X (u), satisty |g| < |f|, then also g € X (u)a. Clearly,
X () is o-o.c. if and only if X (u), = X (p). Define a positive, finitely additive set
function 7 : ¥ — X (u) by

n(A) ==X 4 AeX. (4.1)

As usual, 7 is said to be o-additive if, for every pairwise disjoint sequence {A,,}5,
in X, the sequence {n(A,)}52, is unconditionally summable in X (11). Unless X (1)
is a B.f.s., we do not call n a vector measure, because we reserve the term “vector
measure” for a Banach-space-valued, o-additive set function, as defined in Chapter
3. If X (u) happens to be a o-order continuous B.f.s., then this set function 7 is
precisely the vector measure (3.111). Similarly, if X (u) is o-o.c., then 7 is o-
additive. The following lemma determines exactly when 7 is o-additive.

Lemma 4.1. Let X (u) be a ¢-B.f.s. over (, X, u). The set functionn: X — X (u)
defined by (4.1) is o-additive if and only if x, € X(ft)a-

Proof. Suppose that 7 is o-additive. To prove that x, € X (p)a, let f, € X(pw)T,

for n € N, satisfy x,, > fn | 0 in X(p). We need to show lim,, o anHX(N) =0.
Fix 0 <e <1 and let
Ay ={weQ: frlw) > e}, n € N.
Then the sequence {A4,}72,; C X decreases to A :=(,—; A, and
i > . .
;IelfN falw) > €, weA (4.2)

On the other hand, by f, | 0 in X (1) we mean (by definition) that f,(w) | 0 in
R for p-a.e. w € Q. This and (4.2) imply that u(A) = 0 or equivalently n(A) = 0.
So, the o-additive set function n satisfies n(A,) — n(A) = 0, that is,

lim ||77(An

Let K > 0 be a constant appearing in the “triangle inequality” for the quasi-norm
| | x(u; see (Q3) in Chapter 2 with Z := X (1). Since 0 < € < 1, it follows that

OanSEXQ\A""_XA”SEXQ"_XA,L’ n € N.
This and (4.3) yield

limsup || f |l x () < limsup [lex, + XAnHX(H)
n—oo n—oo

< timsup K (Jlexg g + x4, )

n—oo

= Kellxgllx + nILH;OKHn(An)HX(M)
= Ke|lxqllx (-
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Since 0 < € < 1 is arbitrary, we conclude that lim, . ||fn = 0. So, the

HX(M)
function x, € X (¢)a-
Conversely, suppose that x,, € X()a. Since X (u)a is solid in X (u), it is
clear that
R(n) == {x,: A€} C X()a,

and hence, 7 is o-additive by o-order continuity of X (u)a. O

We give an example to illustrate the previous lemma. Let v : ¥ — E be any
vector measure such that L'(v) # Ll (v). Define X (u) := L. (v) with p a control
measure for v. Then the X (u)-valued set function A — x 4 1s o-additive on X,
because x, € L' (v) = X (1)a (see (3.86) with p := 1) but, X (x) is not o-o.c. via
Proposition 3.38(I) with p := 1.

Let T € L(X(u), E). Define a finitely additive set function mp : ¥ — E by

mr(A) = T(x,), A€y, (4.4)

that is, mp = T on. If n is o-additive, then so is mp because T is continuous. The
converse is not valid in general; see (i) or (ii) of the following example.

Example 4.2. (i) Let X (p) := L*°([0,1]) and E := L*°([0, 1]) and let
T : L>([0,1]) — L*=([0,1])

be the Volterra operator V.. Then my is exactly the Volterra measure v, of order
00, and so is o-additive. On the other hand the X (u)-valued set function A — x ,,
for A € B([0,1]), is not o-additive.

(i) Fix ¢ € LY(T)" and let X(p) := L>®(T) and E := L>(T). Let T :
L>(T) — L*(T) be the convolution operator f — f x g for f € L*°(T). Then
T is continuous and T'(L>°(T)) € C(T), [53, Proposition 3.1.4]. The set function
my is o-additive. In fact, let {A,}22, C B(T) satisfy A,, | §. Then mp(Ay,) | 0
pointwise. So, Dini’s Theorem ensures that my(A,,) — 0 uniformly on the compact
space T and hence, my is o-additive. On the other hand, the X (u)-valued set
function A +— x , on B(T) is not o-additive.

(iii) Let pu : 2N — [0,00) be a finite measure such that pu({n}) > 0 for all
n € N. Then ¢ is a B.fs. over (N,2", x). Let X (u) := ¢ and E := C and let
T : £ — C be a non-zero continuous linear functional such that T restricted to
co is zero; see [88, pp. 424-426]. Then my : 2N — C is not o-additive even though
T is compact. O

If it happens that £(X (p), E) = {0}, then the only set function mg : & — E
available is necessarily the zero vector measure! So, to avoid trivialities we need

to know when £(X (u), E) # {0}.

Lemma 4.3. Let X(u) be a ¢-B.f.s. based on (0,2, u). Then L(X(u), E) # {0}
for every non-zero Banach space E if and only if X (u) has non-trivial dual space,

that is, X (n)* # {0}.
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Proof. Tt L(X(u), E) # {0} for every Banach space E # {0}, then the choice
E := C ensures that X (u)* # {0}. Conversely, suppose there exists a non-zero
element & € X (u)*. Given any Banach space E # {0}, fix a non-zero vector z € E.
Then T(f) := (f,&)x for f € X (p) defines a non-zero element of £L(X (u), E). O

Let 0 < 7 < 1. Then L"(u)* = {0} if 4 is non-atomic (see Example 2.10). On
the other hand, if p is purely atomic, then this is not the case; see Example 2.11
which asserts that €7 (u)* = £°°. So, we need to take extra care in dealing with
quasi-B.f.s.”, whereas every B.f.s. automatically has non-trivial dual.

4.2 Optimal domains

Throughout this section let X (u) be a ¢-B.f.s., with o-o0.c. quasi-norm, based on
a non-zero, positive, finite measure space (€2, %, 1), and let E be a Banach space,
unless otherwise stated.

Let T : X(u) — E be a continuous linear operator. Then the set function
mr : ¥ — E defined by (4.4) is o-additive because X (u) is o-o.c. We call myp
the associated vector measure of T and adopt the notation mr as a standard one
throughout the rest of this monograph. Of course, for concrete operators which
are denoted by their own particular symbol, the subscript of the associated vector
measure will be the symbol used for that operator.

The main aim of this section is to determine exactly when X (u) is contin-
uously embedded into the space L!(mr), how T is extended to L!(m7), and to
show that L'(mr) is optimal in a certain sense (see Theorem 4.14 below). Let us
begin with the following general result.

Proposition 4.4. Let X () be a o-order continuous ¢-B.f.s. and T : X(u) — E
be a continuous linear operator. The following statements hold for its associated
vector measure mr : % — F.

(i) Every f € X(u) is mp-integrable and
T(fx,) = / fdmr, Ael. (4.5)
A

(ii) Concerning null functions we have N (u) C N (my). Hence, the linear map

Jr s X (p) — LY (mr) (4.6)
which assigns to each f € X (u) the mp-integrable function f is well defined.
Moreover, Jr is continuous and satisfies ||Jr| = ||T|-

(iii) The linear map Jr is injective whenever N(u) = N(mg). In this case,

LY(mr) is a B.f.s. (based on (,3,u)) into which X(u) is continuously
embedded via the map Jr with T = I, o Jr and the integration opera-
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tor Iy, : LY(m7) — E is the unique continuous linear extension of T to
LY(mr). That is, we have the commutative diagram:

X (n) T E.

L'(mr)

Proof. (i) Choose functions s,, € sim¥, for n € N, such that s,, — f pointwise as
well as in the space X (u). Fix A € X. Because || - || x(,) is a lattice quasi-norm,
it follows that lim, .o snXx , = fX, in the g-B.f.s. X (u). It then follows from the
continuity of T" that

nlirgo . Spdmyp = nh_)n;@ T(snx,) = T(fx,)-

By Theorem 3.5 with v := mg, the function f is mr-integrable and (4.5) holds.

(ii) Let g € N(p) and A € ¥. Then gx , = 0 (p-a.e.), and so 0 = T'(gx ,) =
J4gdmy by (4.5) with f := g. Hence, g € N(mr) because A € ¥ is arbitrary.
This establishes the inclusion N () € N (m7).

Let f € X(u) be an individual function. Any function g which is equal p-a.e.
to f is identified with f in X (u); see Chapter 2. For such a function g € X (u),
we have that (f —g) € M(pu) S N(mr). So, f and g determine the same element
of L*(mr) because L!(mr) is identified with its quotient space with respect to
N (m7); see Chapter 3. Therefore the map Jr : X (1) — L*(mr) is well defined.

Fix f € X(u). Since T is continuous and || - || x(,) is a lattice quasi-norm, it

follows from part (i) that
Sup H/Qfs dmr|| = sup HT(fS)HE < sup [T - I fsllxqy = 1T [1fx
(4.7)

where the supremum is taken over all s € sim¥ with |s(w)| < 1 for every w €
. The left-hand side of (4.7) equals | f||z1(m,) by Lemma 3.11 with v := mr.
Consequently, we have

E

||JT(f)||L1(mT) = ”f”Ll(mT) < ||TH : HfHX(u)a f S X(/J,),

which implies that Jr : X (u) — L'(mr) is continuous and satisfies || Jr| < ||T||.
On the other hand, the equality ||y, | = 1 (see the beginning of Section 3.3)
yields that

1Tl = [Hmz o Jrll < [Hme |l - [ J] = (]

So, we conclude that ||Jr|| = ||T].
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(iii) Assume that AM(p) = N(mr). Let f € X(u) be any function satisfying
Jr(f) = 0. By definition, Jr(f) = 0 means that the function f = Jr(f) is mp-null
and hence, f € N(p). So, Jr is injective.

The fact that T' = I,,,,. o Jr, obtained in part (i), can then be rephrased as
follows: I, : L*(mr) — E is a continuous linear extension of T': X (u) — E to
the larger domain space L!(mr) into which X (u) is continuously embedded via
the injection Jr. Moreover, I,,,. is the unique extension of T to L*(mr) because
Jr(simX) = sim X is dense in L!(mr). O

We say that a continuous linear operator T : X () — E is u-determined if
N (u) = M(mr). Such an operator T is necessarily non-zero whenever X (1) # {0}.
Indeed, if T = 0, then it follows that mr = 0 and so N (mz) = L£°(X). Then
N(u) = N(mr) yields X (u) = {0}, which is a contradiction !

The following criteria for T' to be p-determined will be useful in the sequel.

Lemma 4.5. Let X (u) be o-order continuous and T : X (u) — E be a continuous
linear operator.

(i) The operator T is p-determined if and only if No(pn) = No(mz) (that is, the
pw-null and mp-null sets are the same) if and only if p is a control measure
for mp.

(ii) The linear operator T is u-determined if and only if the linear operator
Jr: X(u) — LY*(mr) defined in (4.6) is p-determined.

(iii) The operator T' is pu-determined if it is injective on the subset {x , : A € £} of
its domain X (). In particular, if T is injective on the whole domain X (1),
then T is p-determined.

(iv) The operator T is p-determined if it is injective on the positive cone X (u)T.

(v) Assume further that E is a Banach lattice and that T : X(u) — E is a pu-
determined positive operator. Then T has the property that f = 0 whenever
fe X' satisfies T(f) = 0.

Proof. (i) That T is pu-determined is equivalent to the identity No(u) = No(mr);
see Remark 3.4(ii). Moreover, it follows from Pettis’ Theorem, [42, Ch. I, Theorem
2.1], that p is a control measure for my if and only if No(u) = No(mr).

(i) Consider the vector measure my, : ¥ — L'(mr) associated with Jr,
that is, m,. (A) = Jr(x,) = x, for A € X. Then, given A € 3, it follows that

AGNo(mJT) =  Xu EN(mT) — AGNO(mT).

This, and part (i), establish (ii).

(iii) Suppose that A € No(mr). Then x , € X(u) and T(x ,) = mr(A) = 0.
By the hypotheses on T" we conclude that x , = 0 in X (u), that is, A € No(u). So,
No(mr) € No(u). By Proposition 4.4(ii) we can establish the fact that No(mr) =
No(p) and so T' is u-determined by part (i).
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(iv) Since {x , : A € ¥} C X(u)*, part (iv) follows from (iii).

(v) Let f € X ()T satisfy T(f) = 0. We need to show that f = 0 (u-a.e.),
ie., f € N(u). To this end define A(n) := {w € Q: f(w) > 1/n} for each n € N.
Since X A(n) <nf and T is positive, it follows that

0 < mrp(A(n)) = T(

So, A(n) € No(mr). Therefore f~1(C\ {0}) = U, A(n) € No(m7). Remark

n=1

3.4(ii) yields f € N(mg). Since T is py-determined, we have f € N(u). O

It may be worthwhile to point out that, for a positive u-determined operator
T : X(u) — E (with E a Banach lattice), Lemma 4.5(v) is not equivalent to T
being injective on X (u)". Indeed, for X () := L*([0,1]) and E := C, the operator
T(f) = f[O,l] fdu, for f € L'([0,1]) and u being Lebesgue measure on [0, 1],
is positive and p-determined (as mp = p) but, T(X[o@/z]) = T(X(I/Q,I])’ for
example. This also shows that the converses of parts (iii) and (iv) of Lemma 4.5
fail to be valid.

Let us give several varied examples of y-determined operators. We begin with
linear functionals.

Example 4.6. Let X (u) be a o-order continuous g-B.f.s. over a positive, finite
measure space (Q,%, u). Fix g € X(u). With E := C, define a continuous linear
functional T': X (u) — F by

T(f) = /Q fodu,  feX(u).

Then, the associated (vector) measure mp equals the indefinite integral pg : A —
J49dp on X. We claim that T is p-determined if and only if g(w) # 0 for p-a.e.
w € Q. In fact, it follows from Lemma 4.5(i) that T is p-determined if and only
if No(mr) = No(p) or equivalently No(pg) = No(r). On the other hand, it is
routine to verify that Ny(pg) = No(p) if and only if g(w) # 0 for p-a.e. w € Q.
This establishes our claim. O

It is straightforward to determine whether or not multiplication operators
are p-determined.

Example 4.7. Let (2, %, 1) be a positive, finite measure space.

(i) Fix g € L>=(p) and 1 < r < oo. For the multiplication operator given
by My : f — fg from X(p) := L"(p) into E := L"(u), it is immediate from
the definition of ma, (A) = x ,g for A € ¥ that M, is p-determined if and only
if g(w) # 0, for p-a.e. w € Q, if and only if M, is injective. Now, suppose that
M, is p-determined. Set v(9) = myy,; this vector measure is denoted by Pg in
Corollary 3.66(iii) which gives that L'(v(9)) = {f € L(u) : gf € L"(11)} and that
the integration operator I, : L'(v(9) — L"(u) is a surjective linear isometry
onto its range.
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If g is bounded away from 0, that is, 1/g € L>(v), then L'(v(9)) = L™ ().
On the other hand, if 1/g ¢ L*>(v), then

L'w\9) = (1/g)- L' (u) := {f/g: f € L"(n)}. (4.8)

In this case, M,, : L" (i) — L" (1) has the proper extension I,y : L*(v(9)) — L7 ()
and we have the following commutative diagram:

X(p) = L7 () o E=L"(n).

JMg 4

Ll(l,(g))

If g71({0}) & No(p), then M, is an example of an operator that is not u-
determined. Indeed, every f € L"(u) whose u-essential support is contained in
g~ *({0}) and is a non-z-null set belongs to No(may,) but not to N(u).

(ii) Part (i) is a special case of a more general result. Let X (u) be a o-
order continuous g-B.f.s. and Y () be a B.f.s. with o-o.c. norm. Take any non-zero
function g € M (X (1), Y (n)), if it exists. Again it is clear that M is y-determined
if and only if g(w) # 0, for p-a.e. w € Q, if and only if M, is injective. In this case,
let (9 : ¥ — Y (1) again denote the vector measure associated with M,. From
Corollary 3.66(iii), with Y (1) in place of X (1) and v(9) in place of Py, it follows
that

L'w9) = (1/9) - Y(p) = {f/g: f €Y ()}

and that the integration operator I, : L'(mg) — Y (u) is a surjective linear
isometry onto its range.

(iii) What happens if we do not assume that the B.f.s. Y(u), in (ii) above,
is 0-0.c.? This is reduced to the o-o.c. case. Indeed, fix g € LO(p). Still under the
assumption that X (u) is o-o.c. we show that

g-X(p) CY(u)  ifandonlyif g X(u) C Y(u)a (4.9)

Clearly g - X(u) C Y(u), implies that g - X (u) C Y (u). Conversely, assume that
g-X(p) CY(p). Let f € X(u) be arbitrary and assume that h, € Y (u) for
n € N satisfy |fg] > h, | 0. For each n € N define a ¥-measurable function
Rl by bl (w) := hy(w)/|g(w)] for every w € Q with g(w) # 0 and by k] (w) := 0
otherwise. Then |f| > h!, and hence, {h},}°; C X (u). Moreover, h!, | 0. So, X (u)
being o-o.c. yields that lim, .. [|A,[|x () = 0. It follows that lim, oo [|Anlly(u) =
limy, o0 HMg(h;L)HY(,u,) = 0 because M, : X(pn) — Y (p) is continuous. Thus,

fg € Y(p)a, which verifies that ¢ - X () C Y (i), and hence, (4.9) holds. We
conclude that, if Y'(u) is not o-o.c., then we can replace Y (u) with Y ()., which
enables us to apply (ii). O
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We now exhibit a u-determined operator on a “genuine” g-B.f.s.

Example 4.8. Let 0 < r < 1 and select ¢ € " C ¢! satisfying ¢(n) > 0 for each
n € N. Then, the scalar measure p defined by u(A) := Y, ye(n) for A € 2% is
surely finite. With ¢(n) := (gp(n))wl for n € N, it follows that X (u) := ¢"(¢dp) C
E := ¢'(u) continuously; see (2.81). The natural inclusion T : ¢"(¢pdu) — £*(p)
is a p-determined operator on the q-B.f.s. £7(¢dp). We recall that €7 (¢dp) is not
normable because it is isomorphic to the non-normable ¢.B.f.s. £"(u); see Example
2.11.

This setting is also a special case of part (i) of Example 4.7 with E := ¢!(u)
and g := x,. Hence, L'(mr) = ¢*(n) with equal norms and I, = id ().

The fact that p is purely atomic in this example is crucial. Indeed, if u were
non-atomic then, given 1y € L%(u)\ {0}, we would have M (L" (¢dp), L* (1)) = {0}
because the identity (L™ (¢ d,u))* = {0} yields £(L"(¢dp), L*(n)) = {0}; see
Lemma 4.3. O

Let us return to one of our favourites, the Volterra operator.

Example 4.9. Let 1 < r < co. With p denoting Lebesgue measure on [0, 1] and
X(p) :== L7([0,1]) and E := L"([0,1]), the Volterra operator V, : L"([0,1]) —
L7([0,1]) (see (3.27)) is p-determined. In fact, this follows from Lemma 4.5(iii)
and the fact that V,. is injective on L ([0, 1]) because the derivative of V,.(f) equals
f (p-a.e.) for every f e L7([0,1]). O

Recall that the Fourier transform operator was introduced in Example 3.67.
Example 4.10. Let p be normalized Haar measure on the circle group T. Given
1 <r <oo, let X(p) := L™(T) and E := ¢o(Z). Then F,o : L™(T) — co(Z)
denotes the restriction of the Fourier transform operator Fy o : L*(T) — co(Z);
see Example 3.67. Since F} o is injective, so is F}. o and hence, F}. o is p-determined
via Lemma 4.5(iii). The associated vector measure of F ¢ is the same as that of
F10, namely the co(Z)-valued measure A +— Fy o(x ,) on B(T) as given in Example
3.67. It will be shown in Chapter 7 that L*(mp, ,) = L*(T) forall 1 <r < co. O

Convolution operators, which also form an important class of operators in
harmonic analysis, are always p-determined.

Example 4.11. Let p and r, as well as X (u), be as in Example 4.10. Let g €
LY(T) \ {0} and define the convolution operator C_CST) : L™(T) — L"(T) by
C{(f)= fxg,  feL(T). (4.10)

Then, with E := X(u), the operator Cér) : X(u) — E is p-determined, [123,
Lemma 2.2(ii)]. However, C’ér) may not be injective. In fact, C’y) is injective if
and only if the Fourier transform g : Z — C of g satisfies g(n) = 0 for all n € Z.
This is so because the injectivity of Fy o : L"(T) — ¢o(Z) yields that

COf)=0 < Folfrg)=Fg=0, feL'(T).
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Let mgr) : B(T) — E denote the vector measure associated with Cér). Then it
follows from [123, Theorem 1.1 and Proposition 4.1(i)] that

L"(T) € L*(m{") € L}(T)

with the first inclusion being strict when 1 < r < oo; see also Chapter 7. So, if
1 < r < oo, then the associated integration operator I : Lt (mg)) — Fis a
g

genuine extension of C’ér) and we have the commutative diagram:

r Cﬁ(’r) r Fro
L7(T) LT — 0 ().

I ™ 4

LY(m{"”) O

As to be expected, composition operators are good candidates to be pu-
determined.

Example 4.12. Let p denote Lebesgue measure on 2 := [0, 1]. As customary, we
write dt = du(t). Given any function g € L°(u) with g(¢) > 0, for p-a.e. t € [0,1],
let L?(g(t) dt) denote the weighted L2-space, over [0, 1], with weight g. In other
words, L2(g(t)dt) is the B.f.s., based on (2, B(f2), 1), equipped with the norm

f ( / g dt)m . feL¥g(tdt).

We shall consider two different weighted L2-spaces. Let o > 1 and set
X (p) := L3([0,1]) = L?(p) and E := L*(t*dt). For every f € X (u), we have

1 1 1
/ |F(2) e dt = 1/ | (w)Pu@=D/2 du < 1/ |f(w)]du < oo (4.11)
0 2 Jo 2 Jo

So, we can define T' € L(L?([0,1]), E) by

(THE) = f(t7),  telo1], feX(n),

in which case ||T|| < 1/v/2. Clearly, T is injective and hence, p-determined via
Lemma 4.5(iii). Since t ~— 271¢(=1/2 belongs to L>([0,1]), it is clear that the
natural inclusion X (1) € L?(2-'#(*=D/2dt) is continuous.

We claim, with equal norms, that

L'(mr) = L2(271=D/2qt). (4.12)
Indeed, observe first that T admits a natural isometric linear extension

T:L2(27 eV 2qt) — B
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which assigns to each f € L2(271t(@~1)/2 dt) the function T(f) : t — f(t2) on
[0, 1]; this follows from the equality in (4.11). To verify the inclusion

L2(271=D2qt) € LY (mr),

fix f € L2(271te=D/2 4t). With f, := FXj(ni1y for n € N, it follows that
lim,, oo fr = f pointwise and hence, by the Dominated Convergence Theorem,
also in the norm of L2 (2_115(0‘_1)/2 dt). In particular, given A € 3, we have that
lim, oo fnX, = fXx, in L? (2_1t(0‘_1)/2 dt) and hence, by continuity of T, that
limy, 0 HTv(anA) - TV(fXA)HE = 0. Since t + 1/t(>=1/2 is hounded away from
0 on [1/(n +1),1], it follows that f, € X(u) € L'(mr) for each n € N. Ac-
cordingly, f(anA) = T(fux,) = fA fndmyp via Proposition 4.4(i). Now apply
Theorem 3.5, with v := mp, to deduce that f € L*(my) and I, (f) = Tf. Thus,
L2(271(e=D/24t) C L'(mr) and the integration operator I, : L*(mr) — E is
an extension of 7.

To verify the reverse inclusion L' (my) € L?(27¢(@=1/24t), let f € L' (m7).
Choose s, € simX. for n € N such that |s,,| < |f] and s, — f pointwise as n — oo.
The Monotone Convergence Theorem for the positive measure 27 1+(@~1/24t yields
that

n—oo 2

1 1 1 1
5/ |f(t)|2t(a—1)/2dt = lim _/ |5n(t)|2t(a_1)/2dt.
0 0

From (4.11), with s, in place of f, and the Lebesgue Dominated Convergence
Theorem for the vector measure mr (see Theorem 3.7(i)), it then follows that

1 L 1 1
_/ |f(t)|2t(oé—1)/2dt = lim —/ |Sn(t)|2t(oé—1)/2dt
2.Jo 2 Jo

= Jim [7(sa)lf =t [ ()l = e (D]l <00 (413)

Accordingly, f € L? (2*1t(°"1)/2 dt) which justifies the inclusion
L*(mr) C L*(27 =D/ 2 1)

and hence, completes the proof of the identity (4.12) as vector spaces.
Now, (4.13) and Lemma 3.13 applied to the positive vector measure mr
imply that

1/2

1 1
1 llgs s = a0 = (5/0 \f@)\%(awdt) . felmr)

in other words, L!(m7) and L? (2’11?(0‘*1)/2 dt) have equal norms. Observe, also
from (4.13), that I, : L'(mr) — E is a linear isometry. Moreover, I, is
surjective. Indeed, if h € E = L2(t*dt), then the function f : ¢ — h(y/%) on [0, 1]
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belongs to L?(271¢(*=1/2 dt) and satisfies 1,5, (f) = h. Hence, Iy, : LY(mr) — E
is an isometric isomorphism.

Finally, since L' (mr) is reflexive and mr is non-atomic, it follows from Corol-
lary 3.23, with v := myr, that |mr| is totally infinite. O

Our final example is the reflection operator.

Example 4.13. Let u be Lebesgue measure on Q := [—1,1]. Given 1 < r < oo, set
X(p) :==L"([-1,1]) and E := L"([-1,1]). Define the (linear) reflection operator
R:L7([-1,1]) — L"([-1,1]) by

(RF)(@) = f(=1), tel[-1,1], felL"([-1,1]),

and then define @ € L(X (1), E) by

Q= 5(id+R)

N~

with id denoting the identity operator from X(u) to E. Then @ is a norm 1
projection of L"([—1, 1]) onto its closed subspace consisting of all the even functions
and hence, is surely not injective. But, Q is p-determined. In fact, let A € Ny(mg).
Then also AN [0, 1] € Ny(mg) and so

1
0= mqg(AN0,1]) = §(XAm[o,1] +X(—A)m[—1,0])

in X (u), which implies that Xano1] = 0 (p-a.e), that is, u(AN[0,1]) = 0. By a
similar argument p(AN[-1,0]) = 0, so that x(A) = 0. Hence, Q is p-determined.

Next, let us prove that L'(mg) = L"([-1,1]). By Proposition 4.4 applied
to T := @ we know that L"([—1,1]) = X(u) C L*(mg). Let Jg : L"([-1,1]) —
L'(mg) denote the natural injection. To prove the reverse inclusion L'(mg) C
L"([-1,1]), define S : L'(mg) — L'(mg) by

1
S(f) = §fX[071] - Jo (X[O,l] 'IWLQ (fX[O,l]) )7 fe Ll(mQ)'

Note that S is well defined, because the codomain space L"([—1, 1]) of I ., is equal
to the domain space of Jq, and that S satisfies ||.S|| < (1/2)+ || Jgl| - || Lm,, ||- Direct
calculation shows that S(x,) = 0 for each A € B(Q) and so S vanishes on the

dense subspace sim B(€2) of L(mg), that is, S = 0. Accordingly,

%fX[O’l] = JQ(X[OJ] “Img (.fX[Oyl])) € JQ(LT([_LH))7 feLl(mQ)'

This means that X[0,1] - LY(mq) C Jo(L"([-1,1])) = L"([-1,1]). A similar argu-
ment gives x;_, o - LY(mg) C L"([-1,1]). So, the identity L'(mg) = L"([-1,1])

holds. In particular, @ is already defined on its optimal domain. O
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Before we show that every p-determined operator T € L(X (u), E) can be
uniquely extended to L!(mr), still with values in E, let us give an illustrative
example. Let 1 be Lebesgue measure on [0,1] and T : L?([0,1]) — C be a con-
tinuous linear operator/functional. Can we extend T to a larger B.f.s. with o-o.c.
norm? Yes, and the procedure is indeed well known. By standard Hilbert space
theory, there exists g € L?([0,1]) such that T'(f) = fol fgdu for f € L?([0,1]). By
Holder’s inequality we can extend T to the (typically) larger domain L'(g(t)dt)
which is o-o.c. Here observe that the C-valued “vector measure” mp associated
with T is the weighted Lebesgue measure with weight g, i.e., dmp(t) = g(t) dt, so
that L1(g(t) dt) = L*(mr). It turns out that such an extension is available to all
p-determined operators T € L£(X (p), E) with X (u) a o-order continuous g-B.f.s.
and E a Banach space. The associated vector measure mp plays a crucial role.
As observed in Proposition 4.4, the ¢-B.f.s. X(u) is embedded into L!(mr) via
the continuous injection Jr and the integration operator I,,,,. : L'(mr) — E is a
continuous linear extension of T'. The crucial point about this particular extension
I, to the particular space L(mr) is that it is optimal, as we now verify.

Theorem 4.14. Let X (u) be a o-order continuous ¢-B.f.s. over a positive, finite
measure space (0,3, ). Let T : X (u) — E be a Banach-space-valued, continuous
linear operator.

Suppose that T is u-determined. Then the o-order continuous B.f.s. L*(mr)
is the largest space amongst all ¢-B.f.s.” with o-o.c. quasi-norm (based on (2,3, 1))
into which X (n) is continuously embedded and to which T admits an E-valued,
continuous linear extension. Moreover, such an extension is unique and is precisely
the integration operator I, : L*(mr) — E.

Proof. Let Y (1) be any o-order continuous ¢-B.f.s. such that X (¢) C Y (), in
which case the natural embedding is continuous by Lemma 2.7, and such that T
admits a continuous linear extension T : Y (u) — E. Then

mz(4) = T(x,) = T(x,) = mr(4), Aex,

that is, ms = mo and hence, T is also p-determined. By Proposition 4.4 with T in
place of T and Y () in place of X (), we conclude that Y (u) € L'(m4) = L*(mr)
and that I, = I, is a continuous linear extension of T. So, L* (mr) is the largest
¢-B.f.s. which contains X (1) and to which T" admits an E-valued, continuous linear
extension. That I, is the unique continuous linear extension of T' to L'(mr) is
immediate from Proposition 4.4(iii). O

In view of Theorem 4.14, the space L!(mz) is called the order continuous
optimal domain of T or simply, the optimal domain of T'. Recall that order con-
tinuity and o-order continuity are the same for the B.f.s. LY(mr) over (9, %, u);
see Remark 2.5.

Remark 4.15. The main motivation of Theorem 4.14 comes from Theorem 3.1
in [24] which implies, in our terminology, that a Banach-spaced-valued continuous
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linear operator T on a cg-order continuous Banach function space X (u1) is uniquely
extended to L'(mr), and that L'(mr) is the largest o-order continuous B.f.s.
containing X (u) and to which 7' is extended. The condition that 7" is y-determined,
although not explicitly stated, is surely implicit in Theorem 3.1 of [24] as can be
easily seen from its proof.

In our theorem, we are admitting a o-order continuous quasi-B.f.s. X () to
begin with. A Banach-space-valued continuous linear operator T" on X (u) is then
uniquely extended to its largest o-order continuous q-B.f.s. L!(mr) which turns
out necessarily to be a B.f.s. O

A simple but useful consequence of the previous theorem is the following one,
in which the assumptions are the same as that of Theorem 4.14.

Corollary 4.16. Suppose that Y (u) is a o-order continuous ¢-B.f.s. over (Q,%, u)
such that X (u) C Y (u). Then the following conditions for a p-determined operator
T:X(u) — E are equivalent.

(i) There exists a constant C > 0 such that
ITflle < Clfllyw feX(p) Y (), (4.14)

(i) X(u) CY(u) C LY(mr) with continuous inclusions.

Proof. (i) = (ii). It follows from (i) that the operator T': X (u) — E is continuous
when X (p) is equipped with the relative topology induced by Y (u). Since X (u)
contains the subspace sim Y of Y (u), which is dense in Y (i), we can uniquely
extend T from X (p) to Y (u). According to Theorem 4.14, L'(mr) is the largest
o-order continuous g-B.f.s. to which T has an E-valued, continuous extension and
so, Y(u) € LY(mzr). Observe that X (u), Y (i) and L'(m7) are all -B.f.s.” over
(©, 3, 1) and so, the natural inclusions in part (ii) are both continuous via Lemma
2.7. This establishes part (ii).

(ii) = (i). The restriction of I,,, to Y (x), which is the composition of I,
with the natural inclusion map from Y (x) into L!(mr), is continuous. So, there
is C' > 0 such that |Tf||g = ([ Im, (f)le < Cllflly ) for f e X(u). O

We have exhibited several classical u-determined operators whose order con-
tinuous optimal domain is genuinely larger than their original domain (see Exam-
ples 4.7, 4.8, 4.10, 4.11 and 4.12 as well as Example 4.9 together with Example
3.26). It can also happen that the original domain X (u) of T is already its opti-
mal domain. For instance, see Example 4.13 or, the Fourier transform operator
Fio : LYT) — co(Z) in Example 3.67. For both of these examples, the corre-
sponding operator T is not an isomorphism. On the other hand, if T : X (u) — E
is an isomorphism, then it is to be expected that X (u) is already optimal, i.e.,
X(u) = L'(m7). Proposition 4.18 below isolates a class of operators T', includ-
ing but not exclusive to isomorphisms, with the property that L!(mr) equals the
original domain of T'. Let us clarify some technical terms. Let S : Z; — Z5 be a
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continuous linear operator between Banach spaces. The subspace S~1({0}) of Z;
is called the null space (or kernel) of S. We say that S is a semi-Fredholm operator
if its null space S~1({0}) is finite-dimensional and if its range

R(S):= {S(z):z € Z1}

is closed in Zs. If; in addition, the quotient space Zs/R(S) has finite dimension,
then S is called a Fredholm operator. In particular, every isomorphism from one
Banach space onto another Banach space is a Fredholm operator. Let us provide
some examples.

Example 4.17. Let p be normalized Haar measure on the circle group T. Fix
1<r <.

(i) Given a € T, recall from Chapter 1 that 7, : f — f(- — a) denotes the
translation operator by a, acting in L"(T). Then 7, is an isometric isomorphism of
L"(T) onto itself and is surely p-determined. Moreover, L"(T) is already the o.c.
optimal domain L!(m.,,) of 7,, that is,

LYT) = L'(m.,,). (4.15)

In fact, let f € L'(m,,). Then, given any g € L? (T) = LP(T)*, we have

(mo,,g)(A) = /Ag(t +a)dt for every A€ B(T),

where dt stands for normalized Haar measure on T. Therefore, from (I-1) with
v:=m,, (see §3.1) and E := LP(T), it follows that f belongs to the Kéthe dual
LP(T) of LP (T). This yields the inclusion L'(m,,) C LP(T) and hence, (4.15)
holds because the reverse inclusion LP(T) C L*(m., ) is guaranteed by Proposition
4.4(iii) with X (p) := LP(T), T := 7, and E := LP(T). The identity (4.15) can also
be obtained by Proposition 4.18 below.

(i) Fix g € LY(T) \ {0} and a € T, and let the notation be as in Example
4.11. The convolution operator ngr) : L™(T) — L"(T) is compact, [48, Corollary 6].
So, since 7, is an isomorphism of L"(T) onto itself, the operator T := 7, + C’_(ST) is
Fredholm, [150, Theorem 5.10]. It then follows that L!(mr) = L"(T), because of
Proposition 4.18 below. O

Proposition 4.18. Let X (u) be a o-order continuous B.f.s. over a positive, finite
measure space (Q,%, 1) and E be a Banach space. If T : X(u) — FE is a u-
determined, semi-Fredholm operator, then L*(mr) = X (1).

Proof. By Proposition 4.4, we have that T' = I,,,,. o Jr, which is a semi-Fredholm
operator by assumption. Then the natural injection Jr : X(u) — L*(mr) (see
Proposition 4.4(iii)) is necessarily semi-Fredholm and so, in particular, has closed
range; see, for instance, [150, Theorem 5.32]. But, J7 (X (1)) contains the dense
subspace sim ¥ of L!(m7) and hence, must be equal to L!(mr). In other words,
Li(mr) = X (). 0
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Remark 4.19. (i) Assume that (2, %, 1) is a non-atomic, positive, finite measure
space and that X (u) is a B.f.s. with o-o.c. norm. Then every Banach-space-valued,
semi-Fredholm operator on X (u) is necessarily u-determined. We actually claim
a stronger result namely: if p is non-atomic and T : X (u) — E is any Banach-
space-valued continuous linear operator satisfying dimT—1({0}) < oo, then T is
necessarily p-determined. Indeed, assume on the contrary that there exists a set
A € No(mr) \ No(p). Then the subspace x , - X () = {x ,f : f € X (1)} of X (1)
is infinite-dimensional (as p is non-atomic) and contained in T-({0}) because
T(x ,f) = [, fdmr =0forall f e X(u);see Proposition 4.4(i). This contradicts
the assumption that dim 77 ({0}) < co. So, T is necessarily p-determined.

(ii) The criterion in part (i) may fail for the case of a purely atomic measure
. For example, let the notation be as in Example 2.11 with 1 < r < oco. Then
the continuous projection f — (0, f(2), f(3),...) on the B.f.s. X (u) := ¢"(u) into
E := {"(u) is a Fredholm operator but, it is not u-determined. Therefore, the
assumption of u-determinedness of T in Proposition 4.18 is necessary. O

Let us present some further examples of classical Fredholm operators on
function spaces.

Example 4.20. Let 1 be normalized Haar measure on the circle group T. Fix

1 < r < o0. Define the function sgn : Z — R by sgn (k) := k/|k| for k € Z \ {0}

and sgn (0) := 0.
Let X (u )

:= L"(T) and E := L"(T). Then the continuous linear operator
H,: L'(T) — L(T)

given by

(H.fY= (isgn)-f,  feL'(T),

is called the Hilbert transform on L"(T); see [17, Proposition 9.1.8]. In other words,
H, is a Fourier multiplier operator with multiplier i sgn (see [95] or Section 7.3 of
Chapter 7 for the definition of Fourier multiplier operators). An important fact is
that N

H72’f = _f+ f(O)XTv f € LT(T)v

[17, Proposition 9.1.11]. This enables us to determine the range

R(H,) = {f € L"(T) : f(0) =0},

[17, pp. 339-340], so that R(H,) is a closed subspace of L"(T) with codimension
1. This is so because we can write R(H,) = (m9 o F,.o) 1({0}) by using the
Fourier transform map F.o : L™(T) — ¢o(Z) (see Example 4.10) and the coor-
dinate functional 7 : ¢o(Z) — C of evaluation at 0 € Z with both 7y and F, ¢
continuous.

Next we claim that the null space H, '({0}) is the 1-dimensional space
spanned by the constant function x., that is,

~1({0}) = Cx, (4.16)
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In fact, since F,.o : L"(T) — co(Z) is injective, we have that a function f € L"(T)
belongs to H,~1({0}) if and only if 0 = (F,. oo H,)(f) = (—isgn) - f if and only if
f(n) =0 for all n € Z\ {0} if and only if f € Cxy- That is, (4.16) holds. Therefore
H, is a Fredholm operator. Since p is non-atomic, the operator H,. is u-determined
(see Remark 4.19(i)). So, Proposition 4.18 yields that L"(T) is already the order
continuous optimal domain of H,.. O

The usual definition of the Hilbert transform on the circle group T is via
the Cauchy principal value; see [17, Definition 9.0.1]. In Example 4.20 above we
have instead adopted the definition via the Fourier transform. This is no longer
possible for the finite Hilbert transform, which we now discuss.

Example 4.21. Let Q denote the open interval (—1,1) and p be Lebesgue measure
on 2. Fix 1 <r < co. Given f € L'"( ), the Cauchy principal value

(T.£)(¢ ——PV/ s —;Ji%(/m /+>

exists for p-a.e. t € ). The resulting function T, f is called the finite Hilbert
transform of f and belongs to L" (1), and the so-defined operator T, : f — T, f €
L7 () is continuous from L () into itself as a consequence of M. Riesz’s Theorem,
[17, Proposition 8.1.9]. Let w denote the function ¢ — /1 —¢2 on . Since u is
non-atomic and dim 7,-*({0}) is either 0 or 1, as seen from parts (i)—(iii) below,
the operator T, is pu-determined by Remark 4.19.

(i) Assume that 1 < r < 2. Then T, € £(L"(p)) is a Fredholm operator
because T, is surjective and T.-1({0}) = {¢/w : ¢ € C}. This is well known, [80,
§13]. For an alternative proof see [118, Proposition 2.4]. It follows from Proposition
4.18 that L"(u) is already the order continuous optimal domain of T;., that is,
L'(mr,) = L' (1),

(ii) Assume that 2 < r < co. Again T, € E(LT( )) is a Fredholm operator
because T is injective and R(T,) = {f € L"(u f f(@®)/w(t)dt = 0}. This is
also well known, [80, §13]. An alternatlve proof has been glven in [118, Proposi-
tion 2.6]. Again from Proposition 4.18 we have that L"(p) is already the order
continuous optimal domain of T}, that is, L'(mz,) = L"(p).

(iii) The case r = 2 is different. The operator T, € L£(L?(p)) is not Fred-
holm, although it is injective. Indeed, its range R(T%) is a proper dense subspace
of L?(p); see [118, §3] for this fact and a description of R(T3). The injection Tb
is p-determined via Lemma 4.5(iii). The precise identification of the order con-
tinuous optimal domain L!(mr,) of Ty seems to be an open question. Of course,
Proposition 4.4 gives that L?(u) € L'(mg,). Furthermore, we have that

L'mz,) € () L'(w). (4.17)
1<r<2

Indeed, let 1 < 7 < 2 and o) : L?(u) — L"(u) denote the natural embedding.
Then myz, = o) o mq,, which implies that L' (mg,) € L*(mr,) and [y fdmr, =
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[ fdmz, for every f € L'(mg,) and every Borel set A C €; see Lemma 3.27.
Hence, (4.17) holds because L!(mg,) = L" () via part (i). Thus, we have that

() € L'(mz,) € () L7()- O

I<r<2

The assumptions of Proposition 4.18 are that T € L(X (u), E) is both u-
determined and semi-Fredholm. We cannot replace T being semi-Fredholm with
the weaker requirement that T' has closed range.

Example 4.22. (i) Let p be Lebesgue measure on [0, 1] and X (u ) = L?(u). Define
T : X(u) — C to be the continuous linear functional f +— fo t)dt. Then the
range of T equals C and hence, is surely closed. Since mp = p, the operator T’
is clearly u-determined. However, its optimal domain L!(mz) = L'(u), which is
strictly larger than X (u) = L?(u).

(ii) Let Q := [-1,1] and p be Lebesgue measure in Q. Let X (u) be the
sublattice of LO(u) consisting of all f € L%(u1) such that

£l x ) = (/OI f(@) |3dt /lf |2dt R

Then f — || f|lx(u), for f € X (), is a o-o.c. lattice norm for which X (u) is a B.f.s.
over (2, B(Q2),1). Observe that X (u) C L?([—1,1]) with a continuous inclusion.
Let T : X(u) — L%*([~1,1]) denote the restriction to X (i) of the continuous
projection @ : L?([-1,1]) — L?([-1,1]), as defined in Example 4.13 for r := 2.
Then R(T) = R(Q) because, given any (even) function g € R(Q), we observe that
T(2gx[0’1]) = g with 2gX[071] € X(u). So, T has closed range.

On the other hand, L'(my) is strictly larger than X (u) because my = mg
and hence, L'(mr) = L*(mg) = L*([—1,1]) as verified in Example 4.13. O

4.3 Kernel operators
Kernel operators on € := [0, 1], with ¥ := B(2) and u being Lebesgue measure on
> provide a rich and interesting supply of p-determined operators whose optimal

domain, in many cases, can be precisely described.
Let K : Q x Q — [0,00) be a Borel measurable function such that,

Vt € Q, the function Ky : u— K(t,u), for u € Q, is p-integrable. (4.18)

Let Tk be the associated operator defined via the formula

(Tw f)(t /f VK (u teq, (4.19)
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for any Y-measurable function f : Q — R for which the right-hand side of (4.19)
is defined as a real number for a.e. t € Q. Clearly Tk f > 0 whenever f > 0 and
Tk f is defined. Observe that Tk f is defined pointwise on €2 for every f € Lg°(u).
Under the assumption on the kernel K that

lim K;, = K;, weakly in the B.f.s. L (1) wheneverty € Q and lim t, = t,
n—oo n—oo
(4.20)
it turns out that Tk : L (u) — Cr(Q) continuously; see [24, Proposition 4.1(a)]

and the proof of [24, Proposition 5.1(a)]. Here Cg () is the Banach space of all
continuous, R-valued functions on ) equipped with the sup-norm.

The following result characterizes p-determinedness of Tk : Ly (1) — Cr(€2)
in terms of the kernel K itself. Note that the domain space of Tk is not o-
o.c. but, the associated vector measure mp, : B(2) — Cr(Q) is still o-additive
(because of (4.20) rather than c-order continuity of the domain space) and so
p-determinedness of T is still meaningful.

Proposition 4.23. Let K : Q x Q — [0,00) satisfy the assumptions (4.18) and
(4.20) and let Tx = L (1) — Cr () be given by (4.19). Whenever u € Q, let K™
denote the function t — K (t,u), for t € Q. Then Tk is u-determined if and only
if 0< [ KW (t)dt < oo for ae. ueq.

Proof. For every A € X, we have from (4.19) that
mry (A) =Tk (x,) : t— / K(t,u)du, te . (4.21)
A

Moreover, Fubini’s Theorem yields

/Q iz (A) () dt = /Q ( /A K(t,u) du)dt: /Q XA(u)( /Q K1) dt)du. (4.92)

Assume now that 0 < [, K (¢)dt < oo for a.e. u € Q. Let A € Ny(mry).
In particular, mp, (A) = 0 in Cr(Q2) and so (4.22) implies that

/QXA(u)(/QK(“)(t)dt)du:O

and hence, pu(A) = 0. Thus, No(mrz,) € No(p). As the reverse inclusion always
holds, we have Ny(mr, ) = No(p). So, Tk is p-determined via Remark 3.4(ii).
Conversely assume that T is p-determined, that is, No(mry ) = No(u). Let

A= {ueQ:/K(“)(t)dt:O}.
Q

Since mr, (A) € Cr(€) is a non-negative function, it follows from (4.22) that
mr (A)(t) = 0 for a.e. t € Q and hence, by continuity of mp, (A4), for all t € Q. So,
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mr, being a positive vector measure, it follows that A € Ny(mg, ). By hypothesis,
also A € Ny(p). But,

W) dt < oo for a.e. ue Q. (4.23)
Q

In fact, since Tk (x,) € Cr(Q?) € Lg(u), Fubini’s Theorem applied to the function
K > 0 gives that

/Q (/QK(”)“) dt) du = / ( /QKozu) du) dt = | Tic(xg)l121 oy < o0

So (4.23) holds. Then (4.23), together with the definition of the set A and the fact
that A € Ny(p), imply that 0 < [, K(*)(t) dt < oo for a.e. u € Q. O

Remark 4.24. (i) The condition (4.20) in Proposition 4.23 is only needed as a nec-
essary condition to ensure that mrp, : B(2) — Cr(f) is o-additive. Accordingly,
it can be replaced with the assumption that mr, is o-additive and Proposition
4.23 is then still valid.

(ii) Under the same assumptions on the kernel K as given in Proposition
4.23, the operator Ty : L (1) — Cgr(Q) admits a natural extension T : L™ () —
C(§2). The proof of Proposition 4.23 can be adapted with little change to draw the
corresponding conclusion: Tk is p-determined if and only if 0 < fQ K®(t)dt < oo
for a.e. u € Q.

Example 4.25. Classical examples of kernels on [0,1] x [0,1] which satisfy the
assumptions (4.18) and (4.20) are the following ones.
(a) K(t,u) := x,(t,u), the Volterra kernel, where

A= {(t,u)  [0,1] x [0,1]:0§u§t}.

We have already considered the Volterra operators which have this kernel and
their associated Volterra measures in several examples earlier (see Examples 3.10,
3.26, 3.45, 3.49(iv), 4.2(i) and 4.9).

(b) K(t,u) := exp (— A(u —t)) - X[t,l](u) with A € R, which arises in the
nilpotent, left translation semigroup, [24, Example 4.4], [77, §19.4].

(c) K(t,u) := |t —u|*! for 0 < a < 1, arising in the Riemann-Liouville
fractional semigroup, [24, pp. 51-52, Example 4.6].

(d) K(t,u) := arctan(u/t) for t # 0 and K(0,u) := 7/2, the Poisson semi-
group kernel, [24, Example 4.5], [77, p. 579).

(e) K(t,u) := Xje 1] (u) - u/™=1 for n € N fixed, the Sobolev kernel, [25, p.
132], [50]. O

The p-determinedness of the kernel operators Tk given by (4.19) has been
assumed only implicitly in [24] and [25]. Also, to be “completely correct”, the
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condition that T is p-determined (for p being Lebesgue measure on [0, 1]) should
be added to Theorem 3.1 in [24].

A real B.f.s. Xg(p) over (2,3, p), with Q :=[0,1], ¥ := B(Q) and u denot-
ing Lebesgue measure, is called rearrangement invariant (briefly, r.i.) if it has
the Fatou property and the property that, whenever f € Xg(u) and g is p-
equimeasurable with f, then g € Xgr(x) and ||gllx,) = [Ifllxe(n), 13, Ch. 1,
Definition 1.1 and Ch. 2, Definition 4.1]. It follows that Lg°(u) C Xr(u) C Lk (1)
continuously. Still assuming (4.18) and (4.20), we saw above that the kernel op-
erator T : Lg?(pn) — Cr(2) as given by (4.19) is continuous and hence, is also
continuous if considered as taking its values in Lg°(u) (because Cr(£2) C L2 (1)
continuously). Henceforth, we consider Tk : Ly’ () — L (p). Since K > 0, we
have

TSl < [ ([ 170l wan)ae= [ (7w,

for each f € L} (p), where w is the weight function
1
w(u) = / K(t,u)dt = HK(“)HLl( . uel0,1]. (4.24)
0 r (1)

So, if w € L (p), that is, { K™ : u € [0,1]} C Li(p) is a bounded set, then
Tk maps Lk (i) continuously into Lk (11). By the Interpolation Theorem, [13, Ch.
3, Proposition 1.10 and Theorem 2.2], it follows that Tk maps Xg(u) contin-
uously into Xg(u) for every r.i. Banach function space Xg(u); in this case we
denote the corresponding operator by Tk x,(.)- Since the range R(mTK,XR(“)) C
Cr(Q) C Xgr(p) for all r.i. spaces Xg(u), it follows from Proposition 4.23 that
the vector measure mry  ,, : B(2) — Xr(n) is p-determined for each r.i. space
Xg(u), provided that w € Lg°(p). Under some mild conditions, the optimal do-
main spaces Lg(mr. xz(n) have some interesting “concrete descriptions” which
we now present.

We recall the K-method of J. Peetre. If (Xo,X1) is a compatible pair of
Banach spaces, then the K-functional of f € Xy + X is, for ¢t > 0,

K (4, f: Xo, X1) = inf { | follxo +tlfillxs = f = fo+ fii fo € Xo, fr € Xu}.

(4.25)

From ar.i. norm p on [0, 1] (see [13, Ch. 1, Definition 1.1 and Ch. 2, Definition

4.1]) we can generate interpolation spaces (Xo, X1),; see [13, Ch. 5, Definitions
1.13 and 1.18]. These spaces have a monotonicity property. Indeed, let (Yp,Y7) be
another pair of compatible Banach spaces. If f € (Xo, X1), and for every t > 0
we have K(t,g; Yo, Y1) < K(t, f; Xo, X1), then g € (Yo,Y1), and [|gl/(vy,v1), <
11l (x0,x1),; see [13, Ch. 5, Theorem 1.19 and Ch. 5, inequality (1.47)]. Every r.i.
space Xgr(p) on € arises as Xr(p) = (Lr(p), L]?Ro(u))p for a suitable norm p; see

[13, Ch. 5, Theorem 1.17].
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The kernel K > 0 on © x § is called non-decreasing if {K; : t € [0,1]}, as
given in (4.19), is non-decreasing in the sense that K;, < K, pointwise a.e. on
[0,1] whenever 0 < t; < ¢5 < 1. Similarly, we define non-increasing kernels. The
Volterra kernel of Example 4.25(a) is non-decreasing whereas the kernels in (b),
(d), (e) of Example 4.25 are non-increasing. For non-decreasing kernels K with
the property that there exists a constant 8 > 0 such that, for every r > 0 and
every u € [0,1],

/1 K(tu)dt > ﬁ-min{rK(l,u), /OlK(t,u)dt}, (4.26)

max{0, 1—r}

and for non-increasing kernels K with the property that there exists a constant
B > 0 such that, for every r > 0 and u € [0, 1],

min{1,r} 1
/ K(t,u)dt > (-min {T‘K(O, u), / K(t,u) dt}, (4.27)
0 0

rather precise information concerning LﬂlQ (mTK’ Xm(u)) is available. We point out
that the Volterra kernel of Example 4.25(a) satisfies (4.26) and that the kernels in
(b), (e) of Example 4.25 both satisfy (4.27). Define two further weight functions by

(u) = K(1,u) and n(u):= K(0,u), u € 10,1], (4.28)

and let LL (u), L% (1) and L} (1) denote the spaces L (w(u)du), Ly (&(u)du) and
Li (n(u) du) respectively, where the weights w, £ and 7 are defined by (4.24) and
(4.28). The following result, [24, Theorem 5.11 and 5.12], provides an alternate

description of the optimal domain spaces of the p-determined kernel operators
Tk, xu(u) € L(Xr(p)). Recall that Q := [0, 1].

Proposition 4.26. Let p be Lebesgue measure on Q and K : Q x Q — [0,00)
be a kernel which satisfies (4.18) and for which w € L (u). Suppose that the set
function mr, defined on B(Q2) by (4.21) is a Cr(Q2)-valued vector measure. Given a
r.i. norm p on , let Xgp(p) denote the r.i. space (L} (1), LI?RO(,u))p on Q, assumed

to have o-o.c. norm, and consider the kernel operator Tk x,(u) € E(X]R(p)).

(i) Suppose that K is non-decreasing and satisfies (4.26). Then

Lh(ma x) = (B, LEW) .

(ii) Suppose that K is non-increasing and satisfies (4.27). Then

L (mae xu ) = (Lo () La(w) -
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The procedure for applying Proposition 4.26 starts by identifying the spaces
Ly (w), Li(p) and Lj(u), and then checking that either the condition (4.26)
or (4.27) holds, depending on the monotonicity properties of K. Next, the K-
functional with respect to the pair (L%V(,u),Lg(u)) or (Ly,(p), L} (1)) has to be
computed, via the formula (4.25), say. Finally the corresponding r.i. norm p de-
termines the space L]IR(mTKYXR(“)) as given by Proposition 4.26.

For example, the kernel K of Example 4.25(b) satisfies the hypotheses re-
quired in Proposition 4.26(ii) whenever A < 0. For this example we have w(u) =
(1—e)/X and n(u) = e, on [0,1], and so Ly, (1) = Li(udu) and L} (u) =
L([0,1]), with equivalent norms. The K-functional is then

K(t,f;Liv(u),L;(u)) —/Olf(u) min{u, t}du,  t€[0,1].

Consider the case when Xg () is a Lorentz space LE?([0,1]), with 1 < p < oo
and 1 < ¢ < oo, which is the real Lorentz space Ly?(u) defined in Example
2.76(ii); see also [13, Ch. 4, §4] and [69, Ch. 1, §1.4]). Then the corresponding
space L} (mTK’ XR(M) is precisely the space of functions f satisfying

0o 1 4
[ (e [l minun ) G <o
0 0

see [13, Ch. 5, Definition 1.7]. This implies that the norm of L} (mTK,me) is

equivalent to fol |f(u)| u'/P du, [24, Remark 5.14].

It should be noted that Xg(u) being r.i. does not necessarily imply that
L (mr,. X]Rw)) is r.i. For instance, this phenomenon occurs for the kernel K of
Example 4.25(c) with Xr (1) = Lg ([0, 1]), [24, Example 5.15(b)].

For more details and further results along these lines we refer to [24]. The
particular Sobolev kernel K, as given in Example 4.25(e), is investigated in detail
in [25]. In addition to the description given by Proposition 4.26(ii), it is also shown
in [25, Proposition 3.4], still for the Sobolev kernel, that the space L} (mTK,me)
consists of all functions f € LY (u) satisfying

/01|f(u)|u(1/“)1(/0ug(t) dt) du < o

for every decreasing function g € (X]R(,u)/)Jr.

For particular r.i. spaces Xg(u) this becomes more explicit. For instance, if
Xa(1) = L& ([0,1]), then

L%& (mTKaXR(u)) = Lﬁ%(lmTK,Xuﬁ(u) |) = L]%R (u(l/”)—l du)’
[25, Proposition 2.1], whereas for Xg(u) = Li([0,1]) we have

LﬂlQ(mTK,XR(;L)) = L]llQ(lmTK,xR(#)D = L]%%(ul/n du)?
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[25, Corollary 4.3]. Actually, the latter example is a special case of a more general
fact. Let ¢ be any increasing, concave function on [0, 1] with ¢(0) = 0. Then the
r.i. space

M= {710 1, = [ 7 @aet) < oo},

where f* is the decreasing rearrangement of f, is called the Lorentz space asso-
ciated with ¢, [91]. Recall that the fundamental function ¢x,(,) of a r.i. space
Xg(p) is defined by u ”X[o,u]HXlR(#) for u € [0,1]. It is increasing and qua-
siconcave with lim, o+ ¢x, () (1) > 0. Actually, we may assume that px, () is
concave, [13, Ch. 2, Proposition 5.11]. The space Ax, () := Ay, for ¢ := 0x, () is
the smallest r.i. space having the same fundamental function as Xg(u) and satis-
fies Ax, () € Xr(p) continuously, [91, pp. 118-119]. It turns out that the vector

measure mry, - has finite variation, given by
A X (1

A /Au(l/")_l O xp () (1) du, A € B(Q),

[25, Proposition 3.1], and that

Wm0 o (w) du),

1 1 1
LR (mTK‘AX]R(#)) - LR(‘mTK‘AXR(u) |) = LR (u

[25, Corollary 4.3].
Let us now give an example of a non-u-determined kernel operator.

Example 4.27. Let p be Lebesgue measure on [0, 1] and ¥ := B([0, 1]). Let

A= {(t7u) cl0,1P:t<u< 2—1} U ([2—171] x [0,2—1])

and K(t,u) := x, (t, u) or(ﬁu [0
1

} leen 1 <r < o0, define the associated
kernel operator Tk : L"([0, 0,

(Twe )t / K(tu)f)du,  telo,1], (4.29)

for every f € L"([0,1]). Then the associated vector measure my : ¥ — L"([0, 1]))
satisfies (271,1] € No(mr) \ No(11). Hence, Tk is not p-determined. This can also
be seen from Proposition 4.23 because [, K(¥)(t)dt = 0 for everyu € (271,1]. O

In the above example, Tk is not p-determined because the measure u speci-
fying its domain space L" (1), which is a B.f.s. over the measure space ([0, 1], %, ),
is defined on a set which is “too large” in relation to the operator Tx. However, if
we restrict Ty to the L"-space over [0,27!], then the resulting operator is Ho,2-1)
determined, where ji(g o-1) is the measure y restricted to X N[0, 271]. This feature
occurs for all non-p-determined operators (and general finite measures p).
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Proposition 4.28. Let X (u) be a o-order continuous ¢-B.f.s. over a positive, fi-
nite measure space (2,5, p) and let T : X(u) — E be a Banach-space-valued,
continuous linear operator which is not u-determined.

(i) There exists a set Qy € ¥ such that both Q\ Q1 € No(mr) \ No(i) and also
No(mr) N Q1 = No(p) N Qy. Consequently, T(fXQ\Ql) = 0 or equivalently

T(f) = T(fxg,) for every f € X (1)

(ii) Let p1 := plo,nn. Regard the complemented subspace of X () given by
X(pu1) := {fxQl : f € X(1)}, in a natural way, as a ¢-B.f.s. over the fi-
nite measure space (1,5 N Dy, 1) and let iy + X(pu1) — X(u) denote the
natural embedding (i.e., each h € X (1) is extended to Q by defining it to be
0 on Q\ Q). Then the operator T oiy : X (1) — E is pyi-determined.

(iii) The set 1y is mazimal in the sense that if Qo € ¥ is another set such that
O\ Q2 € No(mp)\No(u) and No(mr)NQa = No(u) N, then the symmetric
difference Q1 AQs of Q1 and Qg is p-null.

Proof. (i) Let A : ¥ — [0,00) be a control measure for my : ¥ — E, that is,
No(A) = No(mr). Since No(u) € N (mr), we have A << p, that is, A is absolutely
continuous with respect to p. So, we may consider the Radon—Nikodym derivative
g := d\/dp, in which case A\(A4) = ngdu, for each A € ¥, with g € L' (u)*. Let
01 =0\ g7 ({0}). Given A € ¥, we claim that

Ae No(mT) < /A(A N Ql) =0. (430)

In fact, A € No(my) if and only if A(4A) = 0 if and only if g(w) = 0 for l-a.e w € A,

which is equivalent to u(AN ;) = 0. So, (4.30) holds. It is clear from (4.30) that

No(mr) N Q1 = No(p) NQy and that Q\ Q; € Ny(mr). Moreover, u(2\ Q1) > 0.

For, if u(2\ Q1) = 0, then (4.30) would imply that AVy(mr) = No(u), which is not

the case as T is not u-determined; see Lemma 4.5(1). Thus Q\Q; € No(mq)\No(u).
Next, given s € sim X, we have

T( =0. (4.31)

$Xa\a, )
Indeed, write s = Z?Zl ajx 4. for some a; € Cand A; € ¥ with j=1,...,k and
J

k € N. Then
k

T(sXqna,) = D aimr(4; N (2\ Q1)) =0
j=1
because Q\ Q1 € No(mr).
Now take a general function f € X(x) and find a sequence {s,}52; C sim ¥

such that |s,| < |f| for n € N and s,, — f pointwise as n — oco. Then Proposition
4.4(i) and the Lebesgue Dominated Convergence Theorem for mp (see Theorem
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3.7(1)) yield that

because of (4.31) with s :=s,, for n € N.

(ii) The operator T o iy is pi-determined because part (i) yields that
No(mroir)) = No(pr).

(iii) By assumption Q1 \ Q2 C Q\ Q2 € Ny(mr) and hence, Q1 \ Qs €
No(mr) N Q1 = No(p) N Qy via part (i). Similarly Qs \ Q1 € No(mp) N Qe =
No(p) N Qs by exchanging the role of Q; with that of Q5. Consequently, we have
that Q1 AQy = (Ql \ Qg) U (QQ \ Ql) S No(/,c). O

Given a g-order continuous g-B.f.s. X () over a positive, finite measure space
(©,3, 1) and a Banach-space-valued, continuous linear operator T' : X (u) — E,
a set Q; € ¥ is said to be an essential carrier of T if Q\ @ € Ny(mr) and
No(mr) N Q1 = No(p) NQy. If T happens to be p-determined, then the whole set
Q) is an essential carrier of T.



Chapter 5

p-th Power Factorable
Operators

Let X (p) be a ¢-B.f.s. with o-o.c. norm and E be a Banach space. A continuous
linear operator T : X (u) — E is p-th power factorable (cf. Definition 5.1 below),
for 1 < p < oo, if there exists T, € L£(X (), £) which coincides with 7' on
X (p) € X(u)[p)- There is no a priori reason to suspect any connection between the
p-th power factorability of T and its associated E-valued vector measure mp : A —
T(x,)- The aim of this chapter is to convince the reader that such a connection
does indeed exist and has some far-reaching consequences. Henceforth, assume
that T is also p-determined.

As noted in earlier chapters, the B.f.s.” LP(mr) satisfy L?(mr)}, = L (mr).

It turns out that the restriction map 1,55’; : LP(my) — E of the integration op-
erator I, : L*(mr) — E to LP(m7) C LY(mr) is always p-th power factorable.
However, it does not follow in general that L(,Zf; : LP(mr) — E is an extension
of the original operator T : X (u) — E. The difficulty is that the containments
X(u) € LY(mr) and LP(mr) C L*(m7), which always hold, need not imply that
X (p) C LP(my); see Example 5.9(i) and Proposition 5.22, for example. However,
as we shall see, many operators of interest coming from various branches of analy-
sis are p-th power factorable and we will focus our attention on these. The crucial
fact in this regard is that T is p-th power factorable if and only if X (¢) C LP(mr)
or, equivalently, if and only if IT(,f; : LP(mp) — E is an extension of T'. This ob-
servation, together with several other equivalences, is established in Theorem 5.7.

The spaces LP(mr) also possess an important optimality property although,
for p > 1, this is more involved than for p = 1. Namely, it is shown in Theorem 5.11
that, if T is p-th power factorable, then LP(my) is maximal amongst all o-order
continuous g-B.f.s.” Y (u) which continuously contain X (u) and such that T has
an E-valued extension Ty, : Y (u) — E which is itself p-th power factorable.
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Whenever my is o-decomposable, the containment LP(mz) C L'(mg) is
proper; see Chapter 3. Accordingly, the factorization of T' through LP(my), when
available, rather than through L!'(mr) (always possible), provides extra informa-
tion about 7. For instance, if p > 1, then T is necessarily weakly compact. Or, if
T is p-th power factorable and mq has o-finite variation with I,,,. : L*(mr) — E
weakly compact, then T is actually compact; see Corollary 5.18. In the setting of
E a Banach lattice and T : X(u) — E a positive operator, it turns out that T is
p-convex whenever it is p-th power factorable (cf. Proposition 5.24). Suppose that
my has finite variation. Then T': X () — E has an extension to the classical B.f.s.
L?(Jmr|) of a scalar measure, rather than L?(mr), if and only if X (1) C LP(|mr|)
which, in turn, is equivalent to d|lmr|/dp € (X (1)[y))’; see Proposition 5.13. Such
factorizations of T via a classical space LP(|mr|) are reminiscent of the Maurey—
Rosenthal factorization theory. Indeed, this link is actively pursued in Chapter
6, where the results of this chapter play a vital role. A second motivation is the
application of the results of this chapter to the factorization theory of convolution
(and related) operators acting in function spaces over a compact abelian group.
This is one of the main themes of Chapter 7. So, let us turn to establishing the
highlights of this chapter.

5.1 p-th power factorable operators

Throughout, let (X (u), [ - [[x(u) be a o-order continuous q-B.fs. based on a
positive, finite measure space (2,%, 1) and E be a Banach space, unless stated
otherwise.

Let 1 < p < oo. The p-th power X (i), of X (u), equipped with the quasi-
norm || - | x (), is a o-order continuous ¢-B.f.s. over (2, %, u), as established in
Chapter 2; see (2.46), (2.47), Lemma 2.21(iii) and Proposition 2.22. Moreover,
X (p) is p-convex if and only if its p-th power X (11)[,) admits a lattice norm equiv-
alent to || - ||x(y),,- If X(p) is p-convex and its p-convexity constant is 1, then
|+ [Ix (), itself is a lattice norm. These facts are in Proposition 2.23(ii).

In view of the continuous inclusion X (1) € X (u)p,) (see Lemma 2.21(iv)), let

[p
ip) ¢ X (1) = X (1)) (5.1)

denote the continuous inclusion map. Since sim ¥ is dense in both X (u) and
X (1)), we have that X (1) = ip) (X (1)) is dense in X (1))

Definition 5.1. Let X (1) be a o-order continuous g-B.f.s. and E be a Banach space.
Given 1 < p < oo, we say that a continuous linear operator T': X (u) — E is p-th
power factorable if there exists a continuous linear operator Ti, : X (u) — F
such that



5.1. p-th power factorable operators 211

In other words, Tj, is a continuous linear extension of T" to the g-B.f.s. X (u);
and the following diagram commutes:

7]

In the above definition, the extension T}, of a p-th power factorable operator
T : X(p) — E to X(u)p) is unique because if, is continuous and ip, (X (p)) is
dense in X (u)(,). It is clear that the collection of all E-valued, p-th power factorable
operators on X (1) equals the set

;C(X(/.L)[m,E) o ’L[p] = {Soi[p] :Se L(X(/,L)[p], E)} (53)

In particular, for p = 1, the collection of all E-valued, 1-th power factorable
operators on X (u) is exactly £(X (u), E).

Given 1 < p < o0, the collection of all p-th power factorable operators from
a o-order continuous g-B.f.s. X (u) into a Banach space F is a linear subspace of
L(X(n), E). In fact, if T, S € L(X (u), E) are p-th power factorable and a,b € C,

then (aT + bS) is p-th power factorable and (aT'+bS) , = aTj, + bSp).

Example 5.2. Let v : ¥ — E be a Banach-space-valued measure and p be any

control measure for v. Let 1 < p < co and, in the notation of Proposition 3.31(iii),

let T := I, 0, denote the restriction of the integration operator I,, : L'(v) — E to

X (p) := LP(v). Then the operator T : X () — FE is p-th power factorable because

LP(v),) = L' (v), via (3.52), and Ty, = I,.. Of course, in this case i) = . O
We present two preliminary results.

Lemma 5.3. Let X (1) be a o-order continuous ¢-B.f.s. and E be a Banach space.
Suppose that 1 < p < co. Then a continuous linear operator T : X () — E is p-th
power factorable if and only if there is a constant C > 0 such that

HT(f)HE < C||f||X(u)[p] = CH |f|1/”]|§((u), feX(pw) € X(wp- (54)

Proof. Let T be p-th power factorable. Let f € X (u), in which case iy, (f) = f.
Since Tj,) : X (u)[p) — E is continuous, it follows from (5.2) that

1Tl = [ @ o i) < 1Tl lia Dl
= Tt 10 = Wil 017 ey

In other words, (5.4) holds with C' := ||T},-

Conversely, assume that there is a constant C' > 0 satisfying (5.4). This im-
plies that T" admits a unique E-valued continuous linear extension to the closure of
X () in X () (p)- But, X (u) is dense in X (u)(,), as observed just prior to Definition
5.1, which implies that 7" is p-th power factorable (by definition). O

[p]
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Lemma 5.4. Let X (u) be a o-order continuous ¢-B.f.s. and E be a Banach space.
Suppose that 1 < p < oo and T : X(u) — E is a p-th power factorable operator.
Given any Banach space Z and S € L(E,Z), the composition SoT : X(u) — Z
is also a p-th power factorable operator and (S o Ty, = S o Ty,

Proof. Since T' admits the unique continuous linear extension T, : X (), — FE,
the operator S o Ty, : X(u)p) — Z is also a continuous linear extension of S o T
to X (u)p)- So, So T is p-th power factorable and (S o T, = S o Ty, O

There are p-th power factorable operators which are not pu-determined. The
operator T in Example 4.27 provides an example. To be precise, with p denoting
Lebesgue measure and for 1 < r < oo, the operator Tk : L"([0,1]) — L"([0,1])
given by (4.29) is not u-determined. But, T is r-th power factorable. Indeed, in
this case X (p) := L"([0,1]) and so the extension (T ) : X (k) = LY([0,1]) —
L"([0,1]) of T : X(u) — L"([0,1]) is also given by the right-hand side of (4.29),
now with f € L([0, 1]).

Our primary concern is the class of y-determined operators. In view of Propo-
sition 4.28, this is no real restriction. So, given 1 < p < oo, let Fi (X(,u),E)
denote the set of all u-determined, p-th power factorable operators from X (i)
into E. In particular, Fy (X (n), E) is exactly the set of all u-determined opera-
tors from X (u) into E. Since the zero operator is not p-determined, we see that
Fip)(X(p), E) is not a vector space.

Example 5.5. Let 1 < p < co. Suppose that v : ¥ — FE is a Banach-space-valued
vector measure and that p is a control measure for v, that is, My(u) = No(v). Let
. LP(v) — E denote the restriction of the integration operator I,, : L'(v) — E
to LP(v); see Example 5.2. Of course, V=1,

(i) For T := 1P and X(p) = LP(v), we have that T € Fp, (X (), E).
Indeed, recall the associated vector measure mp : ¥ — FE of T is defined by
mr(A) :=T(x,) for A € ¥; see (4.4). Then mr = v and so, No(mr) = No(v) =
No(p), that is, T is y-determined. Moreover, Example 5.2 shows that the operator

P =T ¢ Fp(LP(v), E).

(ii) Consider the natural injection ay, : LP(rv) — L'(v) as given by (3.58).
For T := o, X () := LP(v) and E := L'(v), we have that T € Fp,) (X (p), E). In
fact, observe first that mr(A) = a,(x ) = x , € L' (v) for every A € ¥. So, given
A € 3, we have

AeNo(mr) = x,=0el'(v) <= AecNv)=No(n),

which implies that No(mr) = No(u), that is, T is py-determined. Next, the identity
operator id on L'(v) is a continuous linear extension of T = «, to L'(v) =
LP(v) ) = X (1)), by (3.52). So, T' = ay, is p-th power factorable and T, = id.
(iii) Let T := ap, X (1) := LP(v) and E := L'(v) be as in part (ii), in which
case T' is p-determined. Let 1 < ¢ < p be fixed. Then T' € F4(X (1), E). Indeed,
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it is routine to check that X (u)i; = LP/9(v). According to Lemma 2.21(iv) we
have X () € X(u)(y continuously, that is, LP(v) C LP/9(v) continuously. Since
1 < p/q, the operator a4 : LP/4(v) — E is a continuous linear extension of
T = oy to LP/9(v) = X (p)g- So, T € Fig(X (1), E) with Ty = ) O

q:

If E = {0} then, of course, £L(X(p),F) = {0}. It can also happen that
Fip)(X (), E) = {0} with E a non-trivial Banach space.

Example 5.6. Assume that (2, X, 1) is a non-atomic, positive, finite measure space
and that 1 < r < co. Let X (p) := L"(p) and E be a non-trivial Banach space.

(i) Given 1 < p < o0, it follows from Example 2.10 (with (r/p) in place of p)
that

LX)y, E) = {0} <= p>r (5.5)

because X (u)p, = L™/P(p).

(ii) Given 1 < p < oo, the collection of all p-th power factorable operators
from X (p) into £ equals the set L(X (1)[), E) o ipp (see (5.3)). But, (5.5) yields
that

E(X(u)[p],E) o i[p] = {0} = p>r.

In other words, every E-valued p-th power factorable operator on X (u) is neces-
sarily the zero operator if and only if p > 7.

(iii) We shall show that
Fip)(X(n), E) = {0} <= p>r (5.6)

To this end, assume first that p < r. Choose a function g € L"/P(u)’ such that
g(w) # 0 for every w € Q. Fix zg € E \ {0}. Define

S(f) = (f.9)r0 = (/Qfgd,u>xo7 feX(uy.

Since mg(A) = ([, g9du)zo with 2o # 0 and [g| > 0, it is clear that S is u-
determined; see also Example 4.6. The operator T":= S o) is also p-determined
because mr = mg. Since S is the continuous linear extension of T' to X (u)),
we have T' € F, (X (1), E) \ {0}. This proves the implication (=) in (5.6) by a
contrapositive argument.

Conversely, assume that p > r. Then
Fipl (X (1), E) © LIX (1)), E) oigy) = {0}

via the definition of F, (X (1), E) and part (ii). So, we have established (5.6). [
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5.2 Connections with L?(my)

Now let T': X () — E be a Banach-space-valued, p-determined operator on a o-
order continuous g-B.f.s. X (p). Recall the associated vector measure mrp : ¥ — E
is defined by mz(A) = T(x,) for A € ¥. Since T is p-determined, the space
LY(mr) is a o-order continuous B.f.s. (based on (2,3, 1)) into which X (i) is
continuously embedded, via the natural inclusion Jr : X (u) — L'(m7), and the
integration operator I,,, : L'(m7) — E is a unique continuous linear extension
of T satisfying T' = I,,,,. o Jr (see Proposition 4.4). Given 1 < p < oo, recall that
LP(m7) is also a o-order continuous B.f.s. based on (2,%, 1) (see Proposition
3.28(i)) with

LP(myp) = Ll(mT)[l/p] and LP(mr)y = L' (mr); (5.7)

see (3.49) and (3.52), respectively. By Example 5.5(i) above, with v := mrp, the
restriction

1P LP(mr) — E (5.8)
of the integration operator I,,, to LP(my) is p-determined and p-th power fac-

torable, namely
I ¢ Fi(LP(mr), E) (5.9)

with (Iﬁf;)[p] = I;,. The following result shows that 7" is p-th power factorable
if and only if X () € LP(mq). This will enable us to factorize both T and Jr
via the p-convex space B.f.s LP(mr) (see Proposition 3.28); for some immediate
consequences, see Remark 5.8 and Propositions 5.24 and 5.25 below. Such factor-
izations turn out to be useful in the investigation of T'; see Chapter 6. Note that
Theorem 5.7 also involves the B.f.s. L2 (mg) which was studied in Chapter 3.

Theorem 5.7. Given are 1 < p < 0o, a o-order continuous g-B.f.s. X (1) based on
a positive, finite measure space (Q, %, 1), and a Banach space E. The following
assertions for a u-determined operator T : X(u) — E are equivalent.

(i) T is p-th power factorable, that is, T € Fp,)(X (), E).

(ii) There is a constant C > 0 such that

1Tl < Cliflxawy, = CHA PPy F€X W) S Xy

(1) C LP(my) with a continuous inclusion.

(1)) € L*(mp) with a continuous inclusion.

() C L? (mp) with a continuous inclusion.

(11)[p) € L, (mp) with a continuous inclusion.

(vii) For every x* € E*, the Radon—Nikodgm derivative d{mr,xz*)/dy belongs to
the Kéthe dual (X(,u)[p})/ of the ¢-B.f.s. X (1))

(viii) The natural injection Jr : X (u) — L(mr) is p-th power factorable, that is,
Jr € Fip) (X (), L' (mr)).
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Proof. (i) < (ii). This equivalence has already been established in Lemma 5.3.

(ii) < (iv). This equivalence is a consequence of Corollary 4.16, with X (1))
in place of Y(u), because we already know that X(u) € X(u)p via Lemma
2.21(iv).

(iii) < (iv). From Lemma 2.20(ii) and the identities (5.7), it follows that
X(n) € LP(mr) > X(u)y € L' (mr). (5.10)

Moreover, each respective inclusion map in (5.10) is continuous via Lemma 2.7.

(iii) < (v). It suffices to prove that X (u) C LP(my) if and only if X (u) C
L? (mr), because continuity of the respective inclusion is again guaranteed by
Lemma 2.7. Moreover, since LP(mg) C L? (mp) by definition, we only need to
establish that X (p) € LP(mp) whenever X (u) C L2 (mr). To prove this, first
observe the fact, for the order continuous parts of general q-B.f.s” Y1 (1) and Ya(u)
over (Q,%, 1), that

Yi(p) CYa(p) = Yi(u)a € Ya(pa- (5.11)

This is a consequence of the continuity of the natural inclusion from Y;(p) into
Y2(p) (see Lemma 2.7), the definition of the order continuous part of a g-B.f.s. (see
Chapter 4), and the fact that Y7 () C Y2(u) implies that Y7 (u) is solid in Ya(u).
Now, the o-order continuity of X (u) yields X (1) = X (p),. Moreover, LP(mr) =
L? (m7), by (3.86) with v := my. By applying (5.11), with Y3 (p) := X (u) and
Y2(u) := L2 (m7), we have the desired implication

X(p) € Li(mr) = X(p) = X(p), € Li(mr), = LP(m7).
(v) < (vi). This can be proved as for the equivalence (iii) < (iv) because
Ly (mr) = Ly(mr)pyp - and  LE (mr)p) = Ly (mr);

see (3.81).

(vi) = (vii). Let 2* € E*. Since T is p-determined, we have |(mr, z*)
Moreover,

< U.

m 7
L1 S g [ fldlmr ) < . f € Lioma)
Since X (11)(y] € Ly, (mr), we can conclude that d‘(m#x*)l € (X(u)[p])/.

(vii) = (vi). Let f € X (ut)[p). Then (vii) implies that

/‘f|d| mr,T |_/|f| mT’ dlfmr, 7)) dp < oo, z* e E*.

Therefore, f € LL (m7) by definition.
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(iii) = (viii). The given assumption implies that X (1)
ously; see Lemmas 2.7 and 2.20(ii). So, let

[p] c Ll(mT) continu-

B+ X () — L (mr) (5.12)

denote the natural embedding. Then £, is a continuous linear extension of Jr :
X(p) — L*(mr) to the larger domain space X (u)p,); see Lemma 2.21(iv). By Def-
inition 5.1, with J7 in place of T and L!(m7) in place of E, we can conclude that
Jr is p-th power factorable and 8, = (JT) . Since T is p-determined, Proposi-
tion 4.4(iii) shows that Jr is injective. Then JT is p-determined by either part (ii)
or part (iii) of Lemma 4.5 (with Jr in place of T'). So, Jr € Fip) (X(u), Ll(mT)).

(viii) = (i). Since T = Ijn,. © Jp, with Jp € Fp (X (), L' (mr)) and I, €
L(L*(mr), E), the operator T is p-th power factorable via Lemma 5.4. O

Remark 5.8. Let the assumptions be as in Theorem 5.7.

(I) As already noted in the proof of Theorem 5.7, the following conditions
are also equivalent to any one of (i)—(viii).

(iii) X (u) C LP(mr) as vector sublattices of L°(y).
(iv)" X (p)p € L' (mr) as vector sublattices of L%(y).
(v) X(u) C LP (mr) as vector sublattices of L°(u).
(vi)" X(u)p) C Ly, (ma) as vector sublattices of LO(p).

(IT) Assume that T' € F,) (X (u), £) for some 1 < p < oo. We shall present
some factorizations of T' and of the natural injection Jr : X(u) — L'(mz). To
this end, let

Jq(wp) : X (p) — LP(mr) and  ap: LP(m7) — L'(m7) (5.13)

denote the canonical inclusion maps. Here, the inclusion X (x) C LP(my) is guar-
anteed by Theorem 5.7(iii). We also need the inclusion iy, : X (u) — X (u)p) (as
given in (5.1)), the extension Ty, : X (u)p) — E of T (see (5.2)), the restricted
integration operator IT(,’Z; : LP(mr) — E (see (5.8) and (5.9)) and the inclusion
map O, : X (1)) — L' (mr) of (5.12), guaranteed by Theorem 5.7(iv).

(i) Every p-determined operator T' admits the factorization T' = I, o Jr via
Proposition 4.4(iii). If, in addition, T € Fp,)(X (1), E), then we have the further
factorizations

T = Tyjoip and T = I¥) o g,

The first factorization is direct from Definition 5.1 (see (5.2)) and the second is
from (5.13) via Theorem 5.7(iii).
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So, the following diagram commutes:

g
X () —————> LP(my)

ip) 17(5’1)—‘

Tip)
X(p)p ————— F.

(ii) Still assuming that T € Fp,(X (1), E), we have that the natural injection
Jr: X(p) — LY (mr) admits the factorizations

Jr = B oy and Jr = o0 J:(pp),
because X () € LP(mq) by Theorem 5.7(iii) and X (1)) € L' (mq) by Theorem

5.7(iv).

g
X (p) ———— LP(mr)

Jr

X (1) p)

(ili) Given T' € Fpp (X (1), E), the canonical map J;p) s X(u) — LP(mry) is
p-convex. Indeed, the p-convexity of LP(mr) (see Proposition 3.28(i)) implies that
every continuous linear map from X (u) into LP(my) is necessarily p-convex; see
Corollary 2.64. O

LP (mT)

We can determine exactly when the Volterra operators are p-th power fac-
torable.

Example 5.9. Let p be Lebesgue measure on € := [0,1] and let ¥ := B(][0, 1]).
Given 1 < r < oo, write L"([0,1]) = L"(u) as usual. We consider the Volterra
operator V;. : L"([0,1]) — L"([0, 1]) defined by

Vo(F)(t) = / fwdu,  te(0,1], feL(0,1]).

With X (p) := L"([0,1]) and E := L"(]0,1]), we shall determine when V,. is p-
th power factorable. We already know that V. is u-determined; see Example 4.9.
Observe that the associated vector measure my, : A — V.(x,) on ¥ is equal to
the Volterra measure v, of order r, that is,

my,(A) = Vi(x,) = w(d), Aex; (5.14)
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see Example 3.10. Recall from Example 3.26 that the variation measure |v,| of v,
is finite and is given by d|v,|(t) = (1 — )'/"dt. So,

L7([0,1]) € LY([0,1]) € L*((1 —t)/"dt) < L(wy). (5.15)
Observe that L7([0,1]) € L'([0,1]) € L*((1 — t)dt) for 1 < ¢ < oo and that
L9([0,1]) ¢ L'((1 —t)dt)  whenever 0<gq<1, (5.16)

which follows from the fact that the function ¢ — ¢t~ 1.y
but not to L1([0, 1]).

(i) Let r := 1. With X(u) := L'([0,1]) we have, for 1 < p < oo, that
LY(|11]) = L*(11) (see Example 3.26) and so

©.1] (t) belongs to Li([0,1])

Xy = LY7([0,1) ¢ L'~ t)de) = L") = L' (myy)

by (5.16) with ¢ := 1/p. Accordingly, Theorem 5.7 with T := V; implies that V;
is mot p-th power factorable.

(ii) Fix 1 < 7 < o0. Given 1 < p < oo, we claim that V. is p-th power
factorable if and only if p < r. In fact, assume first that V. is p-th power factorable.
Since V;. # 0, it follows from Example 5.6(ii) that p < r.

Conversely, assume that p < r. Then again with X (u) := L"(]0, 1]) we have
(via (5.15)) that

X(w)p) = L77([0,1]) € L}([0,1]) € L'(vy) = L' (mv;).
Accordingly, V. is p-th power factorable by Theorem 5.7 (with T' := V,. and the
space E := L"([0,1]) there).

(iii) Again let 1 < r < co. Given 1 < p < r, the operator V, is p-th power
factorable via part (ii). It then follows from Theorem 5.7 (with 7' := V;.) that
X(u) = L7([0,1]) € LP(my,) = LP(v,) and, of course, LP(v,) C L'(v,.) holds
(even for an arbitrary vector measure in place of v,.). The B.f.s. LP(v,.) is not the

only p-convex B.f.s. over (2, ¥, 1) having this property. In other words, there exist
other p-convex space B.f.s.” Y (i) such that

L'([0,1)) € Y(n) € L' (my,). (5.17)

To see this, fix any positive number v < (1 — p~!) and let Y, (u) := LP(tP7dt),
which is a p-convex B.f.s. (see Example 2.73(i)). For f € Y, (u), Holder’s inequality

yields
1 1 1/p 1 1/p’
/0 |f(t)]dt < </0 f(t)|ptmdt) (/0 t p”dt) < 00

and hence, by (5.15) and p < r, we have

L7([0,1]) € LP([0,1]) € Yy(u) € LI((0,1]) S L' (wr).
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So, (5.17) does indeed hold. On the other hand,
Y (u)y = L@dt) ¢ L'((1—1)"/7dt) € LA (w),
because py > 0. So, we have
Y (0) = (V5 (1) 1y & L0 = L7 () = LP(my)

via Lemma 2.20 and (5.7) with my, = v, in place of mr there. Thus, Y, (u) =
LP(tP7dt) is a p-convex B.f.s. satisfying (5.17) but, it is not contained in LP(v,.).
Moreover, it is also the case that

LP(my,) = L (vr) € Yy (1),

because LP((1 —t)'/7dt) = LP(|v,|) C LP(v,) but, LP((1 —t)¥/"dt) ¢ LP(tPVdt) =
Y (1)~ For the last claim, just consider the function ¢ + (1 —¢)~1/m. X[O,l)(t) on
[0, 1].

Now let us show that Y, (u) # L'(v,). To this end, it suffices to prove that
L'(v,) is not p-convex because Y, (1) = LP(tP7dt) is p-convex. Assume that L' (v;)
is p-convex. Then its closed subspace

X[0,1/2] LMvy) = {f € L'(vy) : fvanishes on[1/2, 1]}7

which is also a Banach lattice when equipped with the induced lattice norm, must
be p-convex. However, (3.45) together with the fact that L'(r1) = L*((1 — t) dt)
(see Example 3.26(i)) yield that

X(0,1/2] - L'(ve) = L1([0, 1/2])

which is not p-convex via Example 2.73(ii-a). Therefore, L!(v,.) is not p-convex
either. Thus Y, () # L(v;.).

(iv) Let the notation be as in part (iii). Recall from part (iii) that the space
Y, (1) = LP(tP7dt) is a o-0.c. p-convex B.f.s. satisfying

YV,(u) € IP)  and  LP(n) € Yy(w) G L1 0n).
Here, we shall exhibit a o-o.c. p-convex B.f.s. Z (), by using Y, (u), such that
LP(v) G Z(pw) & L' (v,). (5.18)

Some of the details will be left to the reader. Define
Z(n) == LP(vy) + Yy (1),

that is, Z(u) is the linear span of LP(v,) and Y, (u), formed in L!(v,.). Given
f € Z(u), define

. 1
1Az = 1ﬂf{(||9||ip(yT) + 1215 () . f=g+h gelP(y) he Yy(p)}.
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Then, |||/ z(,) is a lattice norm for which Z(u) is a Banach lattice. Of course, the
order in Z(p)* is the pointwise p-a.e. one. If p = 1 and if LP(v,) and Y, (u) were
over R, then such a lattice norm would be equal to the one given in [99, Definition
2.g.2]. By using the fact that both L?(v,.) and Y, (u) are B.f.s.” over (Q, X, u), it
can be shown that (Z(u), |- || z(4)) is also a B.f.s. over (2, X, u). Since both LP(v;.)
and Y., (1) are p-convex, the definition of the lattice norm |- || z(, yields that Z(u)
is also p-convex.

To verify that Z(u) is o-o.c., let Z(u)* > f, | 0. We can find g; € LP(v,.)"
and hy € Y, (p)T such that fi = g1 + hy. Indeed, noting that f; is R*-valued, first
take R-valued functions go € LP(v,) and ho € Y, (p) such that fi = go + ho. Let
A= g;*([0,00)) and B := hy ([0, 00)). Since Q \ (AU B) is p-null, we can write

= (QOXAQB + (90 +h0)XA\B) + (hOXAmB + (90 +h0)XB\A)-
Let
91:= 90X anp T (90 +ho)X g\ p and Py i=hoX 45+ (90 + ho)X g 4-

Since hg Xa\p < 0, we have

gOXA\B Z (90+hO)XA\B = leA\B Z 0>

from which it follows that (go + hO)XA\B € LP(v,)" and hence, g1 € LP(v,)".

Similarly, h1 € Y, (u)". So, we can write f; = g1 + hy with the desired properties.
Now, with the understanding that 0/0 = 0, it follows that

L))" 5 ((fa/f1) - 91) 1O and Y5 (u)™ 3 ((fu/f1) -ha) LO.

Moreover, fn = (fu/f1) - g1 + (fn/f1) - ha with (fn/f1) - g1 € LP(vy)" (since
0< fu/fi <land g1 € LP(v,;)") and (fn/f1) - h1 € Yy (p)T (since 0 < f,,/f1 <1
and hy € Y,(u)*). Therefore the o-order continuity of LP(v,) and Y, (p) yields
that

1/
1all zgo < (Ul 10 01l + NUnlf) -l ) =0

as n — oo. Thus, Z(u) is o-o.c.

By the definition of Z(u) we have that L?(v,.)
LP(v,) # Z(p) because Y, (n) € LP(v,). Finally Z(p)
sequence of the fact that Z(u) is p-convex whereas L
above). Thus, we have established (5.18).

(v) When p = r, we can find a Rybakov functional z; € E* = L? ([0, 1]) such
that

Z(u) € L'(v,). Moreover,
# L(v,), which is a con-
Y(v,) is not (see part (iii)

-
1

LP(my,) = LP(vy) © LP (| 23)]) € L' (vy): (5.19)
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This is a consequence of Theorem 6.41 in Chapter 6 and is a case in which Question
(B) below has an affirmative answer (see Remark 6.42(ii)).

Let us verify that both inclusions in (5.19) are strict. First note that
LP(|(vp, x3)|) is both p-convex and p-concave; see Example 2.73(i). Hence,
LP(|{vp, z3)|) cannot be equal to LP(r,) which is not p-concave by the fact that
LP(vy) # LP(|vp|) (see Proposition 3.74). Moreover, L!(v,) is not p-convex (see
part (iii)) and hence, is not equal to L? (| (v, 3)]). O

Given 1 < p < r < oo, Example 5.9(iv) provides a p-convex B.f.s. Z(u)
strictly larger than LP(my,) = LP(v.). So, does there exist a largest p-convex
B.f.s. within L'(1,.)? Since L'(v;) is not p-convex, the answer is no by part (ii) of
the following fact.

Proposition 5.10. Let v : X — E be a Banach-space-valued vector measure defined
on a measurable space (Q, %) and let pn : ¥ — [0,00) be a control measure for v.
Assume that 1 < p < co.

(i) The space L'(v) is a union of p-convex B.f.s.” Namely,
L'w)=J{g- L") : g€ LV (v), g = 1}. (5.20)

In particular, L'(v) is the union of all p-convex B.f.s.” (over (£,%, 1)) con-
tained in L'(v).

(ii) Either L'(v) is p-convexr or there exists no largest p-conver B.f.s. (over
(Q,%, 1)) inside L'(v).

Proof. (i) Let g € L¥ (v) satisfy g > 1 on Q. By Proposition 3.43(i) we have that
g € M(LP(v),L'(v)) and hence,

g-LP(v):= {gf: f € L"(v)}
is an ideal of L!(v). Equipped with the lattice norm

fellf /gl fe g-LP(v),

the ideal g - LP(v) is lattice isometric to the p-convex B.f.s. LP(v); see Proposition
3.28(i) for the latter claim. Consequently, g - LP(v) is also p-convex. Moreover,
simY C g - LP(v) because
s:g~f€g~L°°(V)§g-Lp(u), s € sim 3.
g

Therefore, g - LP(v) is a B.f.s. over (Q, %, p).
To establish (5.20), take an arbitrary function f € L'(v). Define

sen f = f/|f] pointwise on £,
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with the understanding that 0/0 = 0. Since |f|'/? € LP(v) and

, , som 1/p
= Gsen )11 = e DA77 = (107 1) - CE DT

Al

it follows, with 1 < g := (\f|1/p' +1) € L (v), that f € g- LP(v). Thus, L'(v)
is contained in the right-hand side of (5.20). The reverse containment is a conse-
quence of the fact that

LPI(V) LP(v) = Ll(l/)[l/p'] 'Ll(V)u/p] C Li(v)

via Lemma 2.21(i). So, (5.20) holds. This establishes part (i).

(i) If there is a largest p-convex B.f.s. Z(u) inside L'(v), then Z(u) necessar-
ily contains the right-hand side of (5.20) and consequently, Z(u) = L!(v). Thus,
(ii) holds. O

5.3 Optimality

Let 1 <p <ooand T € F,)(X(p), E) for a o-order continuous g-B.f.s. X () and
a Banach space E. Theorem 5.7 guarantees that

X () € LP(mr) C L' (mr), (5.21)
and hence, using the notation of Remark 5.8(II)(ii), we can factorize Jr as
Jr = a0 J. (5.22)
This observation suggests the following questions.

(A) Proposition 5.10(ii), with v := my, says that we do not have the largest
p-convex B.f.s. within L!(my) unless L!(mz) itself is p-convex. On the other
hand, there are many p-convex B.f.s.” within L!(mr), other than LP(v). Is
there some additional property which ensures that LP(mrp) is the largest of
all such p-convex B.f.s.”?

(B) For every Rybakov functional z* € R, [E*], we clearly have LP(mg) C
L (|(mr, z*)]). Can we factorize the inclusion map o, : LP(my) — L*(m7)
through L?(|(my, x§)|) for some suitable 2 € Ry, [E*] via inclusions? That
is, does there always exist zf, € R, [E*] such that

LP(mr) C LP(|(mr, 23)|) € L (mr)? (5.23)

Of course, only the second inclusion is the relevant one.
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(C) Assume that myp has finite variation. Then L?(|mr|) C LP(mr) is a non-

trivial B.f.s. over (Q,%, 1). Can we factorize J:(pp) through L?(|mr|) via in-
clusions? In other words, do we have

X(pn) € LP(Imr|) € LP(mr)? (5.24)
Here only the first inclusion is relevant.

To answer (A), we shall present a property which ensures that LP(my) is
optimal in a certain sense. An operator T' € Fjy (X(,u)7E) is said to admit an
Fip-extension to a B.fs. Y (u) ( based on (Q,%, ) ) satisfying X (u) C Y (p) if

T admits a continuous linear extension T € Fip)(Y(p), E). Such an extension is
unique because X (u), which contains sim 3, is necessarily dense in Y (). Since
LP(mry) is p-convex, the following result provides an answer to Question (A).

Theorem 5.11. Let 1 < p < 0o and T € F, (X (), E). Then the B.f.s. LP(mr)
is the largest one within the class of all o-order continuous ¢-B.f.s.’ (based on
Q,%, ,u)) to which T' admits an JF,)-extension.

Proof. Suppose that Y (1) is a o-order continuous g-B.f.s. to which T admits an
Fip-extension. Denote by T € Fi, (Y (1), B) such an extension. Then mg = mr.
In particular, T is also p-determined. Since T: Y (u) — E is a continuous linear
extension of T to the o-order continuous ¢-B.f.s. Y (i), it follows from Theorem
4.14, with T in place of T and Y (x) in place of X (), that Y (u) C LY(mz) =

L'(mq). Now apply Theorem 5.7, with T in place of T and Y (1) in place of X (1),
to deduce that Y'(u) € LP(ms) = LP(mr). This proves the theorem. O

Now let us attend to Question (B). An affirmative answer would enable us
to factorize both T' € F,)(X(u), E) and Jr : X (u) — E via LP(|(mr, x3)|). This
would have a further advantage because LP(|(mr,z§)|), being the LP-space of
the scalar measure |(my,z{)|, has “nicer” properties than LP(myr). For example,
the B.f.s. LP(|(mr,x})|) is always p-convex and p-concave; see Example 2.73(i).
Unfortunately, part (ii) of Example 5.12 below serves as a counterexample, that
is, it is not always possible to find a Rybakov functional zf € R, [E*] satisfying
(5.23). A sufficient condition guaranteeing an affirmative answer to Question (B)
will be provided in Chapter 6; see Theorem 6.41 and Remark 6.42(ii). We now
present the stated counterexample where we first exhibit, in part (i), a Banach
lattice ' and an E-valued vector measure v such that Lp( ) |) ¢ L'(v) for
all 2* € R,[E*]. We shall then apply this in part (ii) to an approprlate o- order
continuous g-B.f.s. X (u) and operator T' € F,)(X (1), E).

Example 5.12. (i) Let A : B(R?) — [0, 0] denote Lebesgue measure. With

B, = [—mn]z\[—n—l—l, 71—1}2@1@2
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and a,, := n=3 for n € N, define a finite measure p : ¥ — [0, 00) by

j(A) = Zl an%, A e B(R?),

Note that B,, = [-n,n]?\ B, _1 for every n > 2 and so \(B,, N By) = 0 whenever
n # k. Moreover, R?\ {(0,0)} = |J;2, B, with the union pairwise disjoint. Define
functions g; : R* — C for j = 1,2 by

gi(t,u) =1 and  go(t,u) ==t + iu, (t,u) € R%

Clearly g1 € L?(u) € L*(p). But, go € L*(p1) \ L?(p1). In fact, since u(B,) = a,
for every n € N, it follows that

/2 |92|dﬂ=Z/ lgaldp <> V2na, =v2) n7? < oo
R n=1"E5n n=1 n=1

and that
o0 o0 o0
[l an=3" [ lofau=Y" (-1 = 30— 170 = o
R n=1"7Bn n=2 n=2

Now let Q := R? ¥ := B(R?) and F := C? equipped with its usual unitary
norm. Define a vector measure v : ¥ — E by

V(A) = </Ag1d,u,/Aggdu), Aes.

Assume that 1 < p < 3/2, in which case its adjoint index p’ satisfies 3 < p’ < 0.
Our aim is to show that

LP(|(v, z*)|) ¢ L'(v) (5.25)

for every z* € R,[E*]. First, we show that E* \ {0} = R,[E*]. It is clear that
R,[E*] C E*\{0}. To show the reverse inclusion, let * € E*\{0}. With the usual
identification (C?)* = C?, we can uniquely express z* = (z}, x3) with 27, 23 € C
in the canonical way. Thus,

(v, 2")(A) = ﬂc’{/ grdp + w%/ 92 du=/ (2791 + abg2)dp, A€
A A A
Therefore we have, from [141, Theorem 6.13], that
A

If 25 = 0, then |xfg1 + :r;gg’(t,u) = |z7| > 0 for every (t,u) € Q and if =5 # 0,
then ’x’{gl + ngg‘(Lu) = |27 + (t +iu)as| > 0 whenever ¢ + iu # —x7/x5. So,
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(5.26) implies that the scalar measures |<1/, x*)| and p are mutually absolutely
continuous, that is, z* € R, [E*], which establishes the identity E*\{0} = R, [E*].

To identify L'(v), let e} := (1,0) € E* and e} := (0,1) € E*. Then, directly
from the definition of v-integrability, we can see that a given Y-measurable function
f:Q — C is v-integrable if and only if it is <V, e;>—integrable for each j = 1,2, in

which case
/fdv: (/fgldm /fgzdu>, Acs.
A A A

Therefore, we have that
L'(v) = L' (Iw, e)]) N L' ([(v, e3)])
= L' (lgrldp) N L' (lg2ldp) = L' ((191] + |g2]) dp).-
Moreover,
L1l + 102D die = [ 1f1ded)l+ [ 1f1dl0ne] < 20f o, € L0,
. . . (5.27)

To establish condition (5.25), assume the contrary, that is, there exists an
element z* = (z7,23) € E*\ {0} with

12([fwa™)) € L),

Observe that both L (|(v,z*)|) and L*(v) are B.f.s.” over (Q, %, 11). Hence, the nat-
ural injection from LP(|(v,z*)|) into L'(v) is necessarily continuous; see Lemma
2.7 with X (p) := LP(|(v,x*)|) and Y (i) := L' (v). So, with C denoting the oper-
ator norm of this injection, we have from (5.27) that

dp <2 <20 Pdl(v, o~ "
/Qm (1] + lg2]) dps < 2] 2w < (/Qlfl <M’>l) (5.28)
< o0, fELp(|<I/, $*>|)

Consider first the case when x5 = 0. Then the scalar measure |{v, z*})| can
be written as d|(v, x*)| = |x]| dp (see (5.26)) and hence, from (5.28), it follows
that

1/p
/Q 1 (lga] + lga!) di < 201110y < 2C 27 ( / |f|pdl~b> <00, [eLPu).

This means that (|g1|+[g2|) € LP(p)" = L' (11) and hence, also (g1 +g2) € L¥ ().
Since g1 = x, € L¥ () and p/ > 3, we have

g2 € L¥ (1) € L*(p).

This contradicts the fact that go & L?(u).
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Next assume that x5 # 0 and let v := 25 /23. Then (5.26) yields that

L ([(v, 27)]) = LP(|21g1 + 23g2|dp) = LP(|v91 + ga| dps). (5.29)
It follows from (5.28), for every f € LP(|(v,z*)|), that
g1| + |g2] /v
: + 1/p>| < (/ Pd|{v, x*) ) < 00.
(1 galt) AL 7P dlt, o)
(5.30)

Observe, for every h € LP(p), that there exists f € LP(|(v,z*)|) = L?(|yg1+g2ldp)

satisfying h = f - |yg +ggll/p. Since g1 = x,, we have (lg1] + |g2]) = 1 and so it
follows from (5.30) that

h h +
[ [Py
a [vgr + g2| /P o |[vgr+go|'/P

This means that |yg1 + 92’71/}7 € LP(p) = L¥' (). In other words,

ool ™ = (h+aal ") e L. (5.31)

To show that this is not the case, let to := —Re~y and ug := —Im~. Choose ¢ > 0
and N € N satisfying

A(e,N) := {(t,u) € R%:t > tg,u > uog, (t—t0)2 + (u—u0)2 < 62} C Bn.

It then follows that

17 /7
Define hg := h + 92| : “Xa(e,N)

’

_an 1 P "
/Qhod,u— A(BN)A(e,N)<\/(t—to)2+(u—uO)2> dA(t, u)

w/2 € €

an r anNT 1

= ———dr |df = dr =
A(Bm/o </ ) 2A<BN>/0 =z

because p’ > 3. Since |y + ga|' ™" > ho, this contradicts (5.31). Thus, our assump-
tion that LP(|(v,z*)|) € L'(v) also gives a contradiction when z3 # 0. So, we
have established (5.25) for all z* € E*\ {0} = R, [E*].

(ii) Using the same notation and setting as in part (i), consider any o-order
continuous ¢-B.f.s. X (u) over (Q, %, u) with X(u) C LP(v). Let T : X(u) — E
denote the restriction of the integration operator I, : L'(v) — E to X(u), so
that ms = v. The assumption X (u) C LP(v) implies that T' € Fp,)(X (u), E) via
Theorem 5.7. However, by part (i), we have

X(u) € LP(mr) C LP([(mp,2*)|) € L'(mr), o* € B*\{0} =R,[E"]. O
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Now the final Question (C)! As for Question (B), an affirmative answer to
(C) would allow us to factorize T' € F,(X(p), E) and Jr via LP(|mr]|), again
with the advantage that it is the LP-space of a scalar measure, namely |mg|.
The following result provides an affirmative answer in terms of the Koéthe dual
(X(u)[p])/. Since always LP(|mr|) € LP(mr), we note that X (u) C LP(mr)
whenever X (1) C LP(|mr|).

Proposition 5.13. Let X (u) be a o-order continuous g-B.f.s. over (Q, 3, u) and E
be a Banach space. Suppose that T : X (u) — E is a u-determined operator whose
associated vector measure my : % — E has finite variation. Then, for each 1 < p <
oo, both L' (|mr|) and its (1/p)-th power L? (lmz|) are also B.f.s.” over (Q,%, ).
Moreover, the inclusion X (1) € LP(|mqr|) holds if and only if the Radon—Nikodyjm
d|mr|
dp
this case, the restriction I‘

derivative

belongs to the Kothe dual (X(u)[p})/ of the ¢-B.f.s. X(p)p). In
(p)

my| Of the integration operator I,(,f% : LP(mp) — E
to LP(lmr|) € LP(mr) is a continuous linear extension of T to LP(|mr|) and

consequently, T factorizes through LP(lmr|).

X(n) d

®

[mp|
N

Lr(|mr|) ————— LP(mr).
Proof. Since L (|mr|) = L”(|mT|)[p], we have that

X(p) C LP(Imr|) <=  X(wp) C L (Imr]); (5.32)

see Lemma 2.20(ii) with Y () := LP(|mr]). Moreover, since my and |mr| have
the same null sets, it follows from the p-determinedness of T that |mr| << pu.
Accordingly,

d
L = [ifldimal, 1€ X, (5.33)

Suppose now that X (u) C LP(|mg]), that is, X (1)) € L* (Jmr|) by (5.32).
By Lemma 2.7, with X (u)(, in place of X (1) and L*(|m7|) in place of Y (1), the
natural injection from X (u)g, into L'(|mz|) is continuous. So, there is C' > 0
satisfying

Lummﬂscwﬂﬂmﬂ<m, e
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This and (5.33) show that [, |f|d|mT‘d < oo for every f € X(u)p). In other
words, 122l € (X (1) )"
Conversely, suppose that dl":fl € (X(u)p)’- Then, again from (5.33), we

have that [, |f|dlmz| = [, \f|d|dLHT| dp < oo for every f € X(u)p, that is, the
inclusion X (1)) € L* (Jmo|) holds. This completes the proof. O

The following example exhibits a o-order continuous g-B.f.s. X (1), a Banach
space E and a linear operator T' € Fi, (X (1), E) such that X (u) € L?(|mz]).

Example 5.14. Let ¥ := 2N and let ;1 : ¥ — [0, 00) be a finite scalar measure with
u({n}) > 0 for every n € N. Define the positive function ¢ : n — p({n}), for
n € N, in which case ¢ € ¢1. For 0 < r < oo the space ¢" (i) := L"(u), equipped
with the usual L"-quasi-norm for the finite measure pu, is a o-order continuous
g-B.f:s. based on (N, %, p). Fix 1 < p < 0.

(i) The g-B.f:s. £7(p) is p-convex if and only if » > p; see (i) and (ii) of
Example 2.73. In this case, the p-th power £"(u),) = ¢"/?(p) is a B.f.s with the
property that its standard p-th power lattice norm || - ||¢~( )0 B defined by (2.47)
with X (i) := €7 (i), coincides with the usual norm on £7/?(y). On the other hand,
if 1 <r < p, then the q-B.f:s. £"(p)[,] = £"/P(p) is not normable whereas (7 (p) is
a B.fs.

(ii) Suppose that max{1l, r/p} < g < co. We construct a u-determined, p-
th power factorable operator T' from the g-B.f.s. £"(u) into the Banach space £9.
Observe that

ferPu) < |fTPeell = |flm el = |fl¢lrer,

where the last implication uses (r/p) < g. So, we can define the linear injection
S f s f-@P/" from £7/P(1) into £9. The map S is continuous because

- (ZU W >)p/r— T

Now let X (p) := £"(n) = L™ () and let E := ¢9. The natural inclusion map
i - X(p) — X(p)gp = €7/P(p) = L"/?() is continuous because (r/p) < r. So,
the continuous linear injection T" := S o ip,) from X (u) into E is p-determined via
Lemma 4.5(ii). The p-th power factorability of T" is clear because Tj, := S is a

1S(Hlp < [[S(F)

ooy FELTP().

I

continuous linear extension of 7" to the larger domain space X (1), = /P ().
(iii) Under the same assumption as in part (ii), the associated vector measure
my ¥ — E = {9is given by mr(A) =T(x,) = x, - P/ for A € ¥. Therefore,
L'mr) = {feCV: f.or/m e} (5.34)
and I, (f) = f - ¢P/" for every f € L'(mr), which can be verified by applying
Theorem 3.5 with v := mp. Accordingly,

LP(mr) = {feCV: f- o' e}
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(iv) It follows, from Lemma 3.20(i) applied to the purely atomic vector mea-
sure v := mr, that |mr|({n}) = HmT({n})HE = ¢P/"(n) for n € N and hence,

Imr|(A) = 3,4 ¥"/"(n) for A € £. Thus,
L'(Imrl) = {feCV: f-oP/m e}, (5.35)
which is independent of ¢. Since 1 < p < oo and ¢ > 1 by assumption, it follows

from (5.34) and (5.35) that L'(|mz|) # L'(mr).
According to (5.35) we have that

LP(Imp]) = {feCV:|fP-P/m e’} = {feCN:f o/ e}

This identity, together with X (u) = £"(u) = {f eCN:f.pl/m e E’“}, show that
X(p) € LP(|mr]) if and only if r < p. In this case ¢ € £ C £P/" and so |my| is a
finite measure. Consequently, if 1 < p < r, then X (u) = ¢"(p) € LP(|mz]). O

5.4 Compactness criteria

For 1 < p < oo, every operator T" € F,)(X(u), E) factorizes through LP(mr)
and satisfies T = Iif) o sz(ﬂp); see Remark 5.8(II)(i). This enables us to determine
compactness properties of T' by applying the relevant results from Chapter 3.

Proposition 5.15. Let X(u) be a o-order continuous ¢-B.f.s. over (2,3, u) and
E be a Banach space. Let 1 < p < oo. The following assertions hold for every
operator T € Fpp (X (1), E).

(i) The operator T is weakly compact.
(ii) The following conditions are equivalent.

(a) The operator T is compact.

(b) The range R(mr) ={T(x,) : A € £} of the associated vector measure
mr : X — E of T is a relatively compact set in E.

(i) If, in addition, the variation measure |mr| : X — [0,00] of mr is o-finite,
then conditions (a) and (b) in part (ii) are equivalent to any of the following
conditions.

(¢) The restriction Iy, of the integration operator I, : L*(mr) — E to
LY (Jmz|) € L*(my) is completely continuous.

(d) For every set A € X with |mr|(A) < oo, the subset of E given by
mr (3N A)={T(x,): B€XnNA} is relatively compact.

Proof. (i) Recall, in the notation of Remark 5.81I(i), that 7" = %) o J(Tp). Now

Remark 3.62(i), with v := mp, yields that L(,’f; is weakly compact and hence, so
isT.
For parts (ii) and (iii), apply Proposition 3.56 with v := mqy. O
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The following two corollaries of Proposition 5.15 provide useful criteria for
an operator T' € F,)(X (i), E), with 1 < p < 00, to be compact.

Corollary 5.16. Let i : 3 — [0,00) be a purely atomic measure, X (1) be a o-order
continuous ¢-B.f.s. over (Q, %, 1) and 1 < p < oco. Given a Banach space E, every
operator T' € F,)(X (), E) is compact.

Proof. Since T is p-determined, Ny(mr) = Ny(u); see Lemma 4.5(i). So, mr is
also purely atomic and consequently, has compact range, [78, Theorem 10]. Then
Proposition 5.15(ii) implies that T" is compact. O

If 11 is non-atomic, then we can easily find a q.B.f.s. X (1), a Banach space
E and a non-compact operator T' € Fi,)(X (), E).

Example 5.17. Let p : ¥ — [0,00) be a non-atomic measure and X (u) :=
L*(p). With E := L?(u), consider the inclusion map T : X(u) — E. Then
T € Fip(X(u), E) whenever 1 < p < 2; just note that the inclusion Tj, of
X () = LYP(p) into E is an extension of 7. Moreover, {T'(x,) :Ae¥} =
{x 4t AE Y} is not relatively compact in E via Lemma 3.21, where we have
used the fact that L'(mr) = L*(u) C E (cf. Corollary 3.66(ii). Then Proposition
5.15(ii) implies that T is not compact. O

Corollary 5.18. Let X (u) be a o-order continuous B.f.s. over (2,%, 1) and E be a
Banach space. Suppose that T € Fip)(X (), E) for some 1 < p < oo and that the
associated vector measure myp : % — E of T has o-finite variation. The following
assertions hold.

i e restricted integration operator Iy, : mr|) — E is weakly compact,

i) If the restricted integrati tor I, o LY E is weakl t
then T is compact.

ii e integration operator ILp,, : mr) — E is weakly compact, then T' is

ii) If the integrati tor Iy, : L' E i ki t, then T i
compact.

(iii) If the Banach space E is reflexive, then T is compact.

Proof. (i) Given A € ¥ with |mp|(A) < oo, let |mr|a : ENA — [0, 00) denote the
restriction of |mr| to XN A. Then L'(|mr|4) can naturally be regarded as a closed
subspace of L1(|mT|). So, the restriction T4 of the weakly compact operator T
to LY(Jmr|a) is also weakly compact. The Dunford-Pettis property of L!(|mr|a),
[42, Ch. III, Corollary 2.14], guarantees that T4 is completely continuous and
hence, {T'(x) : B € XN A} = {Ta(xy) : B € XN A} is relatively compact via
Corollary 2.42, with |mr|4 in place of u and T4 in place of T. Then Proposition
5.15(iii) implies that T is compact.

(ii) Let ji : L*(Jmr|) — L'(mr) denote the natural inclusion map. By the
assumption on Ip,,., we see that Ij,,,.| = I, o j1 is weakly compact. So, part (ii)
holds via (i).

(iii) The given assumption implies the weak compactness of I,,.. So, part
(iii) follows from (ii). O
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Example 5.19. (i) The o-finiteness assumption in Corollary 5.18 is not necessary.
To see this, adopt the notation of Example 4.11 and suppose further that 1 <
g<r<ooand g € LYT)\ L™ (T). With X(u) := L™(T) and E := L"(T), let
T denote the convolution operator Cgr) := L"(T) — L"(T). Choose u according
to g ' +u~! =r~1 + 1, so that T can be extended to the larger domain space
L*(T). Hence, T' € F)(X (1), ) whenever 1 < p < (r/u) because we already
know that T is p-determined; see Example 4.11. The operator T is compact, [48,
Corollary 6]. However, the variation measure |myp| associated with T is totally
infinite, [123, Theorem 1.2]. In short, the operator T' € Fp,)(X (i), E) is compact
and F is reflexive whereas the variation measure |my| is totally infinite. For more
precise details and further examples along these lines we refer to Chapter 7.

(ii) We present a non-compact, u-determined operator T from a g-B.f.s. X (1)
into a reflexive Banach space F such that

(a) |mr|(€) < oo,
(b) R(mr) ={T(x,) : A € X} is relatively compact in E, and
(c) T & Fip)(X(p), E) for every 1 < p < oo.

Let ©Q :=[0,1], ¥ := B([0,1]) and p : ¥ — [0, 00) be Lebesgue measure. With
1<r<ooand E:= L"([0,1]), let v, : ¥ — E denote the Volterra measure of
order r. Let T denote the restricted integration operator I}, | : L*(|v,]) — E and
let X (u) := L'(|v,]), in which case mz = v,. We claim that T is p-determined.
In fact, since the Volterra operator V, : L"([0,1]) — L"([0,1]) is u-determined
(see Example 4.9), we have Ny(v,) = Np(p). The fact that mp = v, yields
No(mr) = No(v) = No(r) and hence, T is u-determined; see Lemma 4.5(i).

Next, it follows from [129, Proposition 5.2(ii)] that T is not compact.

Condition (a) holds because d|v,|(t) = (1 — t)'/"dt; see Example 3.26. More-
over, condition (b) has already been established just prior to Lemma 3.50 in Chap-
ter 3. The remaining condition (¢) is a special case of Proposition 5.22 below (as
will be confirmed in Remark 5.23(i)). O

An immediate implication of Example 5.19(ii) is that we cannot remove the
assumption in Proposition 5.15 that T € Fp,)(X (), E).

Let us now present another consequence of Proposition 5.15, which shows
that if T' € F (X (u), E) is compact, with 1 < p < oo, then so is its extension
T+ X () — E whenever 1 < r < p. This is not always so for the linear
operator T, : X (1)) — E, in general; see Example 5.21 below.

Corollary 5.20. Let X (u) be a o-order continuous B.f.s. over (,%,u) and E be
a Banach space. Let 1 <p < oo and T' € FJ; (X(u), E). Then T is compact if and
only if its extension Ty : X ()] — E is compact for all/some 1 <1 < p.

Proof. Fix 1 < r < p. Recall that X(u) € X(u)p) € X(u)p (see Lemma
2.21(iv)). Let Tpy © X(p);) — E denote the restriction of Tj, to X (u)},). Then
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Tip) + X (1)) — E is a continuous linear extension of T}y to X (u)fy with

Ty € Fior)(X (W, B)  and (Ty))pye) = Ty

where we have also used the fact that (X (1)) p/r = X (1))

Assume now that T is compact. From the identity mp = mry,,, we see that
R(mr,,) equals R(mr) with R(mr) relatively compact in £ by the compactness
of T'. So, apply Proposition 5.15(ii), with T}, in place of 7" and (p/r) in place of
p, to conclude that 77, is compact.

Conversely, assume that 77,) is compact for some 1 < r < p. Then, the
compactness of T follows from the identity T = T}, oi,) with ipy : X (p) — X (1))
denoting the natural inclusion. O

Example 5.21. Let Q := [0,1], ¥ := B([0,1]) and p : ¥ — [0,00) be Lebesgue
measure. With X (u) := LP((1 — t)V/Pdt) for 1 < p < oo and E := LP([0,1]),
define T': X(u) — E to be the unique linear extension of the Volterra operator
V, : LP([0,1]) — E to LP((1 — t)*/Pdt). Such an extension is possible because

; see Lemma 2.20(i).

LP([0,1)) € LP((1 —t)/Pdt) € L*((1 —)Pdt) = L*(|v,]) € L'(vp)

with v, denoting the Volterra measure of order p; see Example 3.26. Then T' €
Fip) (X (1), E). In fact, from the definition we have X (u);, = L'((1 — ¢)*/Pdt) on
which the restricted integration operator || is an extension of T". That is, T}, =
I,,|. Since R(mr) = R(vp) and R(v}) is relatively compact (by compactness of
Vp), Proposition 5.15(ii) yields that the operator T' € F,)(X (u), E) is compact.
On the other hand, 1), | is not compact; see Example 5.19(ii) (with p in place of r).
In other words, the extension T}, of T" is not compact whereas 7" is compact. [

If the domain space of a pu-determined operator T is already equal to its
o.c. optimal domain L!(mz) then, of course, T is not p-th power factorable. The
following proposition provides a general method for creating p-determined, non-
p-th power factorable operators whose domain space is strictly smaller than their
o.c. optimal domain.

Proposition 5.22. Let 1 <p < oo and v : X — E be a Banach-space-valued vector
measure whose variation measure |v| is finite. Suppose that ¥ is o-decomposable
relative to v and p: ¥ — [0,00) is any control measure for v. Then

LYy ¢ L'(v) (5.36)

and the restriction I, : L'(|v]) — E of the integration operator I,, to L'(|v|) is
u-determined but, not p-th power factorable.

Proof. Tt follows from Theorem 3.7 that L!(v) is a B.f.s. over (2, %, u). Since the
finite measures |v| and p are mutually absolutely continuous, the space L!(|v|)
is also a B.f.s. over (Q, %, 1) and hence, its p-th power LY/?(|v]) = LY(|v|)p is a
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o-B.f.s. over (2, %, n); see Proposition 2.22 with X (1) := L(|v]). To prove (5.36)
assume the contrary, that is,

LM (p])y) € LMW). (5.37)

Then the natural inclusion map jy,; : L' (|v]),) — L' (v) is continuous via Lemma
2.7, with X (p) := L*(|v|);p) and Y () := L' (v) there.

First consider the case when v is non-atomic. Since jp,) : L*(|[v])) — L*(v) is
anon-zero continuous linear operator and the dual space of the Banach space L' (v)
is non-trivial, the ¢-B.f.s. L'(|v|)},) would have a non-trivial dual. This contradicts

the fact that (L1(|1/|)[p])* = L'/?(|v])* = {0}; see Example 2.10. Therefore, (5.37)
cannot hold in this case.

Next, consider the case when v is purely atomic. Since v is o-decomposable,
the space L!(|v|) is infinite-dimensional and so v has infinitely countably many
atoms (see Lemma 3.20(ii)). So, we may assume that 2 = N and ¥ = 2N and that
each singleton {n} € 2" is an atom of v. Let

g(n):= [v|({n}), neN,
in which case
LY(v) = (1/g)- €' = {f/g: fel'}.

Given n € N, let f, := (g(n))ipx{n}. Then

I fallzrqong, = Mfallzegy = (9(n) 7 (IWI({n})” = 1, n €N,
and hence, {f,}52, € B[L!(|v|);], that is,

b [|7) ()| oy < ] < oo (5.38)

On the other hand, since ||v||({n}) = |v|({n}) (see Lemma 3.20(i)), it follows for
n — oo that

Hj[P](f")HLl(u) = (g(n))_pHX{n}HLl(u) = (9(n ) lvll({n})
_ 1-
= (9(m) "l({n}) = (9(n) " — oo,
because >~ [v|({n}) < oo implies that lim, .o g(n) = lim,_ [V|({n}) = 0.
This contradicts (5.38) and so again (5.37) cannot hold.
Finally consider the general case. In other words, v admits an atomic part
., which is the union of the countably many atoms of v (by Lemma 3.20(ii)),
and a non-atomic part Q,, = Q\ Qq, such that both 2, and ,, are non-v-null

sets. Let v, denote the restriction of v to the measurable space (Qna, XN Qna).
Then (5.37) implies that

Lt (|1/na|) 0] C L'(vua).
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But, as already argued above, this is not the case because vy, is purely non-atomic.
So, again (5.37) cannot hold. Since all possibilities have been considered, we can
conclude that (5.36) holds

Now let T := I,|. Then the associated measure m equals v. Hence, we have
No(mr) = No(v) = No(p), that is, T' = I}, is p-determined. That 7" is not p-th
power factorable follows from (5.36). O

Remark 5.23. Let the notation be as in Proposition 5.22.

(i) Proposition 5.22 is only of interest if L!(|v|) # L'(v). We recall that
LY(|Jv|) = L'(v) if and only if L!(v) is lattice isomorphic to an abstract L!-space;
see Lemma 3.14(iii).

An example of a vector measure v for which L!(|v|) # L'(v) is the Volterra
measure v, of order r for 1 < r < oo; see Example 3.26(ii). Consequently, the
restricted integration operator I, | : L'(|vr|) — L"([0,1]) is not p-th power fac-
torable whenever 1 < p < co.

(ii) Since |v| and any control measure p for v are mutually absolutely con-
tinuous, the spaces L' () and L!(|v|) are both B.f.s" over the finite measure space
(Q, %, |v]). Accordingly, we may use |v| instead of a general control measure u to
conclude that the restricted integration operator I}, : L*(|v|) — E of the integra-
tion operator I,, to L(|v|) is |v|-determined but, not p-th power factorable. [

For E a Banach lattice, the positive operators which belong to the class
Fip)(X (), E), with 1 < p < 0o, possess an additional desirable property.

Proposition 5.24. Let 1 < p < co and X (u) be a o-order continuous ¢-B.f.s. over
(2,3, 1) and E be a Banach lattice. If a positive operator T : X (i) — E belongs
to the class Fip) (X(,u), E), then T is p-convez.

Proof. By Theorem 5.7, the operator T is factorized through LP(mq) such that

T= L(,]f; o ;p) (in the notation of Remark 5.8(II)). The vector measure mr is pos-
itive thanks to the positivity of T'. Accordingly, the restricted integration operator
Lgf; : LP(mr) — E is also positive and, in particular, L(f; € Ap(LP(mr), E). On
the other hand, the canonical map J;p D (1) — LP(mry) is p-convex; see Remark

5.8(II)(iii). So, the composition T = Lgf; o J;p) is also p-convex, via Proposition
2.63(ii). O

We have applied Proposition 2.63(ii) to establish Proposition 5.24, for which
the order of the composition Jép ) o L(?f; is crucial. As seen from the proof of

Proposition 5.24, if I,(,f; € A, (LP(mr), E), then T is p-convex. Do we really need
such an assumption? To be precise, let X (u) be a o-order continuous g-B.f.s and
FE be a Banach lattice. Given 1 < p < 0o, do we always have the inclusion

Fip(X (1), E) € KP(X(p),E)?

The answer is affirmative for p = 1,2, while it seems to be open for the remaining
cases. The case p = 1 is easy. Indeed, let T' : X(u) — E be a p-determined
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operator, which is equivalent to saying that T € Fp;j(X (1), E) because T' is 1-th
power factorable by definition. Now, E is 1-convex, which can be seen directly
from the definition (or derived from the 1-convexity of idg via Lemma 2.50). So,
it follows from Corollary 2.64 that T is 1-convex.

The affirmative answer for p = 2 is the following result.

Proposition 5.25. Let X (u) be a o-order continuous g-B.f.s over (0, %, n) and E
be a Banach lattice. Then

Fi (X (1), B) € KP(X (), E).

Proof. Consider any operator T' € Fis(X (1), E). Then the canonical inclusion
map Jj(?) : X(u) — L?(m7) is 2-convex; see Remark 5.8(IT)(iii) with p := 2.
Hence, the composition T' = L(,%; o Jj(?) (which exists by Remark 5.8(II)(i) with
p := 2) is also 2-convex via Proposition 2.63(iii). O



Chapter 6

Factorization of p-th Power
Factorable Operators
through LY-spaces

Maurey—Rosenthal factorization theory establishes a clear link between norm in-
equalities for operators, geometrical properties of Banach lattices, and factoriza-
tions through L4-spaces. This theory essentially has its roots in the work of Rosen-
thal, Krivine and Maurey (see [92], [99], [106], [137]). They developed these ideas
in the late 1960s and during the 1970s for purposes related to the study of the
structure of Banach lattices and operators. In the 1980s, the contributions of
Garcia Cuerva and Rubio de Francia provided powerful new tools for this theory
in the context of harmonic analysis, [61] [62], [138]. Currently, this factorization
theory has become a keystone in several areas of functional analysis with varied
applications, for instance, to interpolation theory of Banach spaces, operator ideal
theory, [31], [41], the study of almost everywhere convergence of series in function
spaces, [163, IIL.H] and to the factorization of inequalities, [14], [61], [62]. Further
contributions to the Maurey—Rosenthal theory have recently been developed in
the context of the geometry of Banach lattices (see for instance [30], [32], [56]).

The aim of this chapter is to relate the factorization results for p-th power
factorable operators as presented in Chapter 5 with Maurey—Rosenthal factor-
ization theory. As we will see, the combination of these two theories leads to a
meaningful improvement of the factorization results through LP-spaces which are
obtained when using each theory individually. The abstract version of the Maurey—
Rosenthal theorems relates the p-concavity of an operator T' (assuming certain
p-convexity conditions on the domain space of T') to its factorization through an
LP-space via a multiplication operator. If we focus our attention on 7' being p-th
power factorable, then the required assumptions can be weakened, thereby obtain-
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ing better factorizations for such operators. The reason is, roughly speaking, that
a p-th power factorable operator T' always factorizes through the p-convex Banach
lattice LP(mq). In this chapter we extend these results further, under suitable
assumptions, to show that it is possible to factorize each p-th power factorable op-
erator through an appropriate Li-space (of some finite positive scalar measure).
Consequently, for this class of operators we provide two canonical factorization
procedures, called the upper scheme and the lower scheme; the first one factorizes
through an L%-space and the other one through the corresponding L9/P-space with
(¢/p) < q. In fact, these schemes preserve and improve the structure of both the
canonical factorization procedures for p-th power factorable operators which were
presented in Chapter 5.

To be more precise, suppose that (2, X, 1) is a positive, finite measure space.
Let 1 < p < o0 and T € Fp (X (1), E) with X (u) a o-order continuous ¢-B.f.s.
and E a Banach space. Then, according to Chapter 5, the operator T' factorizes
through LP(my). Although LP(mr) is always a p-convex B.f.s., the factorization
through a classical LP-space (of a scalar measure) would be preferable, whenever
available. Under certain conditions (e.g., |mr|(€2) < o0), such an operator T' can
indeed be factored through a classical LP-space, namely through L?(|mr|) (see
Proposition 5.13), which then provides an additional tool for analyzing T'. However,
many interesting p-th power factorable operators fail to factorize in this way. This
suggests that we should seek a “different type” of factorization, maybe still through
the Li-space of a scalar measure but, allowing 0 < g < oco.

The Maurey—Rosenthal theory provides such a factorization, modulo certain
assumptions. One version can be formulated as follows. Let 1 < ¢ < oo and let
X (p) be a o-order continuous g-conver B.f.s. Consider a Banach space E and a
q-concave linear operator T : X (1) — E. Then there exists g € L!(u1) satisfying

1/
sup (/ \flquu) q§M<q)[T]'M(q)[X(u)]
If1<1 N Ja

and

T < (/Q If\quu)l/q

for every f € X(u). There is also a factorization version of this result. Namely,
under the above assumptions, T factorizes as

X(u) d E
L(p)

where S is a continuous linear operator, M1/, is the continuous operator of multi-
plication by ¢'/¢ and | M gi/all-[SI] < Mg [T]-M@[X (12)]. This is part of Corollary
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6.17 below which is motivated by an earlier version of the Maurey—Rosenthal type
theorem, [30, Corollary 5], with slightly different settings. By using different ar-
guments, a similar factorization result can also be found in [62, Ch. VI, Theorem
4.5]. In fact, what is traditionally known as the Maurey—Rosenthal Theorem is a
result regarding factorizations through L?(u) for operators taking their values in
L'(u), [41, Theorem 12.30]. Although the arguments given there are related to
ours, this version does not correspond to the one that we develop here, where the
B.f:s. is the domain space of the operator.

One of the main aims of this chapter is to isolate a class of operators T €
L(X (u), E) which admit factorizations through both LP(mq) and L9(u) simultane-
ously (for some 1 < p < 0o and 0 < ¢ < 00) without any convexity assumption on
X (p). Our main result (Theorem 6.9) provides equivalent factorizations for such
an operator T'. Moreover, we “recover” the above version of the Maurey—Rosenthal
Theorem as a consequence of Theorem 6.9; see Corollary 6.17.

6.1 Basic results

Givenl < p < oo and 0 < ¢ < oo, recall the definition of the seminorm ||-|[b x () §
see (2.25) with X (u)(g in place of X (u1). Observe (via (2.46) with (¢/p) in place
of p and Lemma 2.21(iv)) that

1717 € Xy € Xy  f € X(p): (6.1)

Definition 6.1. Let 1 < p < co and 0 < ¢ < co. We say that a continuous linear
operator T' : X(u) — FE from a ¢-B.f.s. X(u) into a Banach space E is bidual
(p, q)-power-concave if there exists a constant Cy > 0 such that

(s, ‘1/”<CH . ,q/pH : e € X (), N.
j;H UDls" < 1;m| oy S fn € XG0, me

(6.2)
The class of all such operators is denoted by A, ((X (1), E). For p := 1, every
bidual (1, g)-power-concave operator T will be called simply bidual g-concave, in
which case (6.2) can be written as

(z [rl) " < e

I fioeoifn € X(w. meN
1 5 5oy tn 5 n .
= J b, X (1) [q] ! K

6.3)

In order to investigate some basic properties of A, (X (1), E), let us define
another class of operators. Under the same assumptions on p and ¢ as in Definition
6.1, we say that a continuous linear operator T : X(u) — E is (p,q)-power-
concave if there is a constant C; > 0 such that, for all choices of n € N and
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fla"-aanX(u)7

§|>T<fj>||‘;;” < caujilw/p . (6.4
or equivalently, from the definition of the quasi-norm || - | x,),,, that
(Shrwi)” < (e S, )
o = X (1)(q]
= (Cy)"" (fj \fﬂ“’)”q p (6.5)
= X (u)

We shall write B, (X (1), E) for the class of all such operators. Operators in this
class are somewhat more tractable than those in A, 4(X (1), E) because the right-
hand side of (6.4) involves the quasi-norm || - [|x(,),, Which is, at least formally,
easier to deal with than the seminorm || - ||, x(u),, Which involves the bidual
(X (W)g)™"

Tt is clear from (2.104) and (6.5) that the (1, ¢)-power-concave operators and
the g-concave operators (from X (u) into E) are the same. That is,

[d]

Bro(X (). E) = Kg)(X (1), E). (6.6)

As will be seen in Theorem 6.9, operators from A, (X (1), E) admit various
factorizations whereas this is not, in general, the case for elements of B, 4(X (1), E).
The usefulness of By (X (i), E) is that it provides a tool which helps to identify
various properties of A, ,(X (1), E). To motivate the discussion concerning the
relationship between these concepts let us present some basic facts.

Proposition 6.2. Let 1 < p < o0 and 0 < g < 0o. The following assertions hold for
any o-order continuous ¢-B.f.s. X(u) and any Banach space E.

(1) -Ap,q(X(H)v E) - prq(X(.U)v E) - ’C(q/p) (X(:u’)a E)

(ii) Every (p,q)-power-concave operator from X (u) into E is p-th power fac-
torable.

(i) Suppose that X (1) is g-concave. Then a linear operator T € L(X (u), E) is
(p, q)-power-concave if and only if it is p-th power factorable.

(iv) If X () is g-convez, then Ap (X (), E) = Bp (X (1), E).

(v) Suppose that X (u) is both q-convex and q-concave. Then a continuous linear
operator T : X(u) — E is bidual (p,q)-power-concave if and only if it is
(p, q)-power concave if and only if it is p-th power factorable.

vi) Let Z be a Banach space. Given T € A, ,(X(u),E) and S € L(E,Z), the

P.q

composition SoT : X (u) — Z is again a bidual (p, q)-power-concave operator.
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Proof. (i) The first inclusion follows from (6.2) and (6.4) because of the inequality
[ o x (g < 1 Ix (e, see (2.27) with X (u)(y in place of X (u). Concerning
the second inclusion, fix T' € B, (X (u), E). To prove that T is (g/p)-concave, we
need to exhibit a constant Cy > 0 satisfying

(ZHT (f) Hq/p) < Gy (jzj:l}fﬂq/p)p/q

whenever n € N and f1,..., f, € X(u). Since T is (p, q)-power-concave, select a
constant C > 0 satisfying (6.5). The continuous inclusion X (u)};,,; € X(p) is
guaranteed by Lemma 2.21(iv). So, there is a constant C5 > 0 such that

(6.7)

X(p)

1/
||9||X(;L Cs ||9||X(u (1/p] =Cs H \g\pﬂxfm, g e X(N)u/p]- (6.8)

Now, (6.5) and (6.8) with ¢ := (Z;-Z:l‘fj’q/p)l/q € X(1)pyyp vield that

(ZHT £i) ||Q/p) < (o)™ ( (i]fﬂ q/p)

that is, (6.7) holds with Cy := (Cg)p/q (Cg)p. So, T is indeed (q/p)-concave and
hence, the second inclusion in part (i) is established.

(ii) Let T € By,q(X (1), E). Take a constant Cy > 0 satisfying (6.4). Apply
(6.4) to a single function f € X (u) to deduce that

)

‘X(u)

p/q
[Tl = (O™ < (ol 1197, ) = (P17 e

which implies that T is p-th power factorable via Lemma 5.3.
(iii) Fix any n € N and f1,...,fn € X(p). With dpy © X(n) — X ()
denoting the canonical injection as given in (5.1), we claim that

S i, < (M) |1, @9

j=1
Note, according to (6.1), that the right-hand side of (6.9) is meaningful. Now,
observe that |f;|'/? € X(pw)pnyp € X(p) for each j = 1,...,n. This and the
g-concavity of X (u) yield that

(S wl,) " = (S 1,)
< (o) (1), = (rotxn) | S,

from which (6.9) follows.
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Now let T' € L(X (1), E) be a p-th power factorable operator. Its continuous
linear extension Tj, : X (u)p — E satisfies T' = Ty o ify as in (5.2). It follows
from (6.9) that

n / n ' n ' /
ST = SN @ o i) EDNET < 1Tl D i D%,
Jj=1 j=1 j=1

/ q n /
< i (M0 | 17
j=1

Therefore, T is (p, q)-power-concave.

Conversely, every (p,q)-power-concave operator from X (u) into E is p-th
power factorable via part (ii).

(iv) The g-convex ¢-B.f.s. X (1) admits an equivalent lattice norm via Propo-
sition 2.23(iv). Since X (u)q is also o-o.c. (see Lemma 2.21(iii)), Proposition
2.13(vi) implies that || - [|x(u),, and [ - [[b,x (4, are equivalent. An examination
of (6.2) and (6.4) then yields the desired equality.

(v) This follows from parts (iii) and (iv).

(vi) Take any constant C; > 0 satisfying (6.2). Then we have

Z |fj’q/17
j=1

whenever n € N and fi,..., f, € X(u). Therefore, SoT € A, (X (1), Z). O

n

Sl ST < IS1P Yo ITUNE < Callsier

j=1

b, X (1)1q]

Corollary 6.3. Let1 < p < 0o and 0 < g < 0o. Given are a positive, finite measure
space (2,2, 1), a Banach space E and a function g € L*(p)*.

(i) An E-valued continuous linear operator defined on L(gdu) is bidual (p,q)-
power-concave if and only if it is (p, q)-power-concave if and only if it is p-th
power factorable.

(i) Ap,q(Lq(g dﬂ)aE) = Bp,q(Lq(g dﬂ)aE) = C(Lq/p(g dp), E) o i) where
ifp) + LY (gdp) — LY/P(gdu) = Li(gdp)p denotes the canonical injection.

(iii) For p =1 we have Alyq(Lq(gdu),E) =Big (Lq(gdp),E) = E(Lq(gdu), E)

Proof. Since L(gdu) is both g-convex and g-concave (see Example 2.73(i)), part
(i) is an immediate consequence of Proposition 6.2(v).

Part (i) follows from (i) after recalling that the set £(L9/P(g du), E) o
i[p) consists exactly of all E-valued, p-th power factorable operators defined on
L(gdp); see (5.3) with X (u) := L9(gdu) and note that X (u) = L9(gdu)p) =
197 (g ).

Finally, part (iii) is a special case of (ii) with p := 1 (as iy} : LI(gdu) —
Li(gduw) is the identity operator). O
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Corollary 6.3 provides a canonical example of bidual (p,q)-power-concave
operators because a general bidual (p, ¢)-power-concave operator defined on X (1)
can always be factorized through L9(gdpu) for some suitable function g € L1(u);
see Proposition 6.27(iii) below.

It is time to present some examples and comments concerning Proposition 6.2.

Example 6.4. Let (2,%, 1) be a non-atomic, positive, finite measure space and
consider the B.f.s. X (u) := L"(u) for any fixed 1 < r < oo. As usual, F is any
Banach space.

(i) If » < p < oo then, for every 0 < ¢ < oo, we have that

Ap,q (X(ﬂ)a E) =Bpgq (X(N)a E) = {0}.

This follows from the facts that A, (X (u), E) C By (X (1), E), that every opera-
tor in By ¢ (X (1), E) is p-th power factorable (via parts (i) and (ii) of Proposition
6.2) and because every E-valued p-th power factorable operator defined on X ()
is necessarily the zero operator (see Example 5.6(ii)).

(ii) If 7 < ¢ < oo, then A, 4(L" (1), E) = {0} for every 1 < p < oo. In fact,
X(wq = L"/9(y) has trivial dual (see Example 2.10) and hence, Proposition
2.13(iii) (with X (p)() in place of X(u)) implies that | - || x (), is identically
zero. So, every bidual (p, ¢)-power-concave operator must be zero in view of Defi-
nition 6.1.

(iii) Assume that 1 <p<r<g<oo. Part (i) gives A, ,(X(n), E) = {0}.
On the other hand, the set of all E-valued, p-th power factorable operators is
non-trivial; see Example 5.6(iii). Moreover, since X () = L™ () is g-concave (see
Example 2.73(1)), this set equals B, (X (1), E) via Proposition 6.2(iii). In partic-
ular,

Ap.q (X(M)a E) a Bp,q(X(M)a E)v

so that the first inclusion in part (i) of Proposition 6.2 is strict. ]
The second inclusion in part (i) of Proposition 6.2 may also be strict, in general.

Example 6.5. Suppose that (Q, X, 1) is as in the previous Example 6.4 and E # {0}
is a Banach space. Let p, ¢ and r be positive numbers satisfying

1<r<p< o and pr < q < oo.
It follows from Example 6.4(i) that B, ,(L" (1), E) = {0}. On the other hand,
Ka/p) (L7 (1), E) = L(L" (1), E) (6.10)

via Corollary 2.69 because (¢/p) > r gives that L"(u) is (q/p)-concave (see Ex-
ample 2.73(i-b)). But, L(L"(u), E') # {0}; for instance, for any e € E \ {0}, the
non-zero (even p-determined) operator f — ( [, f du)e belongs to L(L" (1), E).
So, we can conclude that

Bpﬂ(LT(M)aE) 7 Ka/p) (LT(N)7E)‘ 0
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We shall present a characterization of (p, q)-power-concave operators in Pro-
position 6.34 (see Section 6.3). This characterization will then enable us to exhibit
a p-th power factorable operator which is not (p, ¢)-power-concave (see Example
6.35) and hence, the converse statement of part (ii) of Proposition 6.2 is not valid,
in general. Such an operator has to be defined on a non-g-concave g-B.f.s. and
hence, we cannot remove the assumption that X (u) is g-concave in part (iii) of
Proposition 6.2. Nevertheless, the arguments in the proof of part (iii) of Propo-
sition 6.2 will now be used to characterize g-concavity of a general o-order con-
tinuous ¢-B.f.s. X () in terms of the natural inclusion ip, : X (u) — X (), for
1<p<oo.

(]

Remark 6.6. Let X (u) be a o-order continuous g-B.f.s. over a positive, finite
measure space (2, %, 1) and E be a Banach space. Suppose that 0 < ¢ < co.
(i) The following three conditions are equivalent.

(a) The g-B.f.s. X (u) is g-concave.

(b) For every 1 < p < oo, there exists a constant C' > 0 such that the natural
inclusion ip, : X (u) — X (u)pp) satisfies

n
ZHZ[p (f5) qu/pu) <CHZ|JCJ‘|Q/I)HX v S fn€X(p), nel.
= (1)

(6.11)
(c) For some 1 < p < oo there exists C' > 0 such that i, satisfies (6.11).

Let us verify this. The implication (a) = (b), with C := (M, [X(,u)])q,
is already established in the proof of part (iii) of Proposition 6.2; see (6.9).
There it was also noted that the right-hand side of (6.11) is always finite, that

is, 0, |45 € X ().

Since the implication (b) = (c) is clear, it remains to prove the implication
(¢) = (a). So, let p and C' > 0 be as in part (c). Given n € N and arbitrary
$1,--.,8n € sim X, we first claim that

(i ||Sj|‘§((u)>l/q < C«l/q” (il }5j|q)1/q
Jj= p

In fact, since |s;|? € X (1) € X (p ) for each j =1,...,n (see Lemma 2.21(iv)),
condition (c) implies via (6.11) th

(iH%H?«m) (ZHI i) (Z\mp )
< (CH;OSHP)Q/P )1/q201/q (;szq) qHX(“).

Thus, (6.12) holds.

(6.12)

X(u)

X(Wq
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Now, consider arbitrary functions fi,..., fn € X(u) with n € N. Let K > 1
be any constant appearing in (Q3) of Chapter 2 for the quasi-norm || || x (,,) and let
r > 0 be the number determined by 2" = K (see the discussion prior to Proposition
2.2). To establish (a) it suffices to show that

- 1/q
(S Willx,) =167\ (
j=1
where we note that the right-hand side of (6.13) is finite because
- ok n 1/q
H(Z'fj'q> SOUgl
Jj=1 =

with | f;]9 € X (u)iq for j =1,...,n. To this end, we may assume that f; > 0 for
j=1,...,n because || - || x(,) is a lattice quasi-norm. Given any fixed j = 1,...,n,

|fj|q)1/qH

1

(6.13)

n

X(w)

J

X (1)

X (1) [q]

we can select a sequence {s§k)}2il C (sim2)+ such that sﬁk) T f; pointwise

(relative to k). So, limy_.eo ||s§-k)||X(#) < |[fillx () < oo. Moreover, since X () is

0-0.c., we have limg_ sgk) = f; in the g-B.f.s. X (i). Then Proposition 2.2(vi)
implies that || f;]|x () < 4% limy_o ||5§k)||X(H). Thus

(> Hfjlli(w))1 < gim (3 HSS»’“)HQ,L))l " (6.14)
j=1 j=1

Next, since (37, |s§.k) |’1)1/q T ()= 1£519) Y4 bointwise (relative to k) it follows,
again because X (p1) is 0-o.c. with (Z?:l \fj|q)1/q € X(p), that

lim (é|8§k)‘q)l/q _ (é‘mq)w

k—o0

in the topology of the g-B.f.s. X (u). So, Proposition 2.2(vi) once more implies

that
; RGN Ul (S (g o) 0
i (1) = (S 10) 019

Since (6.12) holds for {sgk)}?zl C sim¥, for each k € N, it follows from (6.14)
and (6.15) that

2 1/q i ” 1/q
(Zl ”fngg(m) < 47 klggo (Zl Hsg-k)H;J((#))
j= j=

n 1/ ‘ n 1/
S41/r01/qk1LH;OH(]Z—;|S§_k)’q) q o < 161/701/qH<;|fj‘q) q

So, (6.13) holds and hence, X () is g-concave.

X(u)
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(ii) We have not yet defined (p, q)-power-concavity for a linear operator T
on X (i) taking values in a quasi-Banach space (F, || - || g). However, we can easily
extend the previous definition (given for a Banach space E) to this setting. The
terms ||T'(f;)|| & in the left-hand side of (6.4) now denote the quasi-norm || - || g of
E applied to each vector T'(f;) € E for j =1,...,n. It then makes sense to speak
about the (p, q)-power-concavity of i, : X(u) — X (i)p), even when X (u)p) is
not a B.f.s. but only a q-B.f.s. Part (i) above can then be rephrased as follows:
statement (a) is equivalent to each of the assertions

(b") g+ X () — X (1)) is (p, q)-power-concave for every 1 < p < oo, and
(¢") iy X(p) — X (1)) is (p, ¢)-power-concave for some 1 < p < oo,

respectively. O

Remark 6.7. Let X (u) be a o-order continuous g-B.f.s. over a positive, finite
measure space (9, %, 1) and E be a Banach space. Suppose that 1 < p; < py and
0<q<oo.

(i) The inclusion A,, (X (p), E) C Ay, (X (1), E) always holds (see Corol-
lary 6.16 below).

(if) If ¢ < r < oo, then the inclusion By, (X (1), E) C By, ~(X(n),E)
always holds (see Corollary 6.38 below). However, the corresponding containment
Ap, (X (1), E) C Ap, »(X (1), E) need not hold, in general, even when p1 = pa,
as we show now.

(iii) Assume that p is non-atomic and E # {0}. Let 1 < p < ¢ < r and
X(p) == Li(p). Then A, (X (), E) = {0} by Example 6.4(ii) (with ¢ and r
interchanged). However, it follows from Proposition 6.2(v) that A, (X (u), E)
is equal to the class of all p-th power factorable operators from X (u) into E
(because X (p) = L%(u) is both g-convex and g-concave; see Example 2.73(i)).
This latter class is always non-trivial because it contains Fp, (L (), E) and p < q
(see Example 5.6(iii)). O

According to the following remark, a non-u-determined, bidual (p, ¢)-power-
concave operator T' can always be treated as if it were u-determined; one simply
restricts T to its essential carrier.

Remark 6.8. Let X (i) be a o-order continuous g-B.f.s. over a positive, finite
measure space (2, 2, 1) and E be a Banach space. Given T' € £(X (p), F), let Q4 be
an essential carrier of T' as defined after Proposition 4.28. By setting u1 := u|zng;,
the complemented subspace

X(m) = xg, - X(10) = {fxq, 1 f€X(w)}

of X (u) can be considered, in a natural way, as a ¢-B.f.s. over the finite measure
space (1, XN O, p1) with

Xy = Xg, - X(W)g,  0<g<oo.
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Moreover, the restriction T of T to X (u1) is p1-determined (and still E-valued);
see Proposition 4.28.

Suppose that 1 < p < oo and 0 < ¢ < 0. Let us show that T € A, (X (u), E)
ifand only if Th € A, (X (1), E). First, givenn € Nand fi,..., f, € X(u), recall
that | f;|7/? € X (p)(q for each j = 1,...,n; see (6.1). Moreover,

Z|ijQ1|q/p = Xm(Zlfjlq”') € Xq, X(Wg = X (1)
j=1 j=1

and hence, (2.36) with X (u1)[g in place of X () and A := Q; implies that

H Z |ij91 Q/P

Now, assume that 7 € A, ,(X (1), E) and take any constant C; > 0 satis-
tying (6.2). Fix n € Nand ¢1,...,9n € X(11), in which case g; = fjxQl for some
fi € X(p) and j =1,...,n. From (6.2) and (6.16), with fiXq, in place of f; for
j=1,...,n, it follows that

Z\m (9)]| /" = ZHT (Fixa,) 2"

<a Sl

SO7 T1 € Ap,q(X(Ml)a E)
Conversely, assume that 71 € A, (X (p1), E). Then there exists a constant
C > 0 such that

_ q/pH 1
boX (1 HZ’f]XQl b X ()1 (6.16)

—C H /, q/p
b, X (1)(q) ! ; ’gj,

b, X (k1) [q)

ZIITl @l" < || lasl"”
j=1

for all n € N and g1,...,9, € X(u ) Given f1,...,fn € X(u), we have that
= f; Xq, € X(u1) for each 5 = 1,...,n. Then the previous inequality and
(6 16) imply that

znm |7 = an |47 = ZHT @Il < || 1ol
= b, X (k1) q)

<C H a/p
b, X (1)1q) ]z:; ‘f] ’

b, X (p1)(q]

- CH Z |£iXe, ’Wp
=1

b, X (1)(g)
where we have used the facts that T'(f;) = T(f;x,, ) for j =1,...,n (see Propo-
sition 4.28(i)) and that | - ||, x (), is a lattice seminorm via Prop081t10n 2.13(ii).

Therefore, T' € A, (X (1), E). O
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6.2 Generalized Maurey—Rosenthal
factorization theorems

In this section we present a generalized Maurey—Rosenthal Factorization Theorem
for p-th power factorable operators. We show that the vector norm inequality (6.2),
as given in the definition of bidual (p, ¢)-power-concave operators, is equivalent to
two factorization schemes (of a quite different nature) which, in turn, can also be
formulated as inclusions between appropriate spaces. The first scheme is related
to the known factorization through LP(mr) for p-th power factorable operators
T : X(u) — E as presented in Chapter 5, whereas the second one is based on
factorization of the operator through X ().

Let us motivate the result with an example.

Let E be a Banach space, 1 < p < ¢ < oo, X(p) := L(p) for a positive,
finite measure y and 7' € F (X (1), E). Then X (1)}, = L9/P(p) and the following

diagram commutes

Lp(mT)

X(Wy) = LY?(n) ———— L' (mr)

with each unlabelled arrow indicating the respective inclusion map and Jr denot-
ing the inclusion of the domain space X () of T into its optimal domain L*(mz);
see Theorem 5.7. Both factorizations in the diagram are, in a sense, natural for
this particular setting.

The following result not only provides a generalized Maurey—Rosenthal type
theorem but also, for a p-determined operator T on a o-order continuous g-B.f.s.
X (), tells us precisely when the inclusion map Jr from X (u) into L'(mr) fac-
tors through a scheme analogous to the one above (just by replacing p with a
suitable measure arising as an indefinite integral p, : A — [ 4 9du for A € ¥).
The requirement that 7' is u-determined is assumed throughout this section. This
is not a genuine restriction. Indeed, if T fails to satisfy this condition, then
we can instead consider the restriction of T' to its essential carrier as noted in

Remark 6.8.

Theorem 6.9. Let X(u) be a o-order continuous ¢-B.f.s. over a positive, finite
measure space (2,5, p). Let E be a Banach space and T € L(X(p), E) be -
determined. For any 1 < p < oo and 0 < q < oo, the following assertions are
equivalent.
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(i)

(i)

(iii)

(iv)

(v)
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There exists a constant C' > 0 such that

1/q

T( £ YP < CH ] q/pH
(j;u ET) " < RIS N

for allm € N and f1,...,fn € X(u); namely, T is bidual (p,q)-power-
concave.

There ezists a function g € (X(u)[q])/ with g > 0 (p-a.e.) such that

p/q
(), < ( /Q flq/pgdu> <o, feX(u). (6.17)

There exists g € L°(u) with g > 0 (u-a.e.) such that the inclusions
X(p) € LU%gdu) C LP(mr)

hold and are continuous.

There exists g € L°(p) with g > 0 (p-a.e.) such that the inclusions
X(w)p) S LY"(gdp) S L (mr)

hold and are continuous.

T € Fp(X(u), E) and there exist a ¥-measurable function g > 0 (u-a.e.)
such that g"/1 € M(X(u)g, LQ/P(M)) and a p-determined operator S €
L(LY?(n), E) satisfying Tiy) = S o Mysq. That is, the following diagram

commutes:

X () - E

Tip)

]ng/q

X(w)p) ————= LY?(p).

T € Fip (X (1), E) and the natural inclusion map Jj(«p) : X(pn) — LP(mr) is
bidual q-concave.

T € Fip (X (1), E) and the natural inclusion map By : X (1)) — L' (mr) is
bidual (q/p)-concave.

(T/G)f[p] (X (), E) and the extension Ty, : X(u)p) — E of T is bidual
q/p)-concave.

Let us make some comments concerning Theorem 6.9.
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Remark 6.10. (I) If a py-determined operator T' € L£(X (), E) satisfies the equiv-
alent conditions (iii) and (iv), then the following diagram commutes

X () ————— L9(gdp) ———— L*(my)

Jr

X)) ———— L¥?(gdy) ———— L' (mr)

with each unlabeled arrow indicating the respective inclusion map. So we have
two factorizations. Namely, the upper diagram X (u) — L%(g du) — LP(mr)
which provides a factorization of the inclusion X (u) C LP(my), that is, of the
map Jép)7 and the lower diagram X (u),) — L%?(gdp) — L*(mr) which provides
a factorization of the inclusion X (u)p; € L'(mr). Statement (iii) of Theorem
6.9 corresponds exactly to the upper scheme, while statement (v) gives the lower
one. This creates further possibilities for determining different properties of T' (by
using either one of the two factorizations). Note that the four corner spaces in
the above diagram are already known to us for p-th power factorable operators
(see Remark 5.8(IT)(ii)). A new feature is the factorizations through the additional
spaces LI(gdy) and LYP(gdu), for some appropriate g. By inserting f = X, into
(6.17) we see that necessarily g € L'(u). If 0 < ¢ < 1, then both L9(g du) and
L9/?(gdu) are, of course, q-B.f.s.’

(I) For every function g € L%(u) with g > 0 (p-a.e.), the multiplication
operator Myi/q @ f g'/af, for f € Li(gdu), is a surjective linear map from
L%(gdp) onto L4(u) which satisfies || Mg1/q f||La(uy = | fllLa(gap), for f € LI(gdu).
Here || - ||za¢uy and || - ||Le(gau) denote the usual quasi-norms in L?-spaces for
0 < g < oo. In particular, M1/, is a bicontinuous isomorphism of L%(gdu) onto
L9(p). Accordingly, an equivalent formulation of condition (iii) of Theorem 6.9 is
commutativity of the diagram:

J’(rp)
X () LP(mr)
Mk 4/4
Li(p)

(IIT) In condition (vi) (respectively, (vii)) the assumption 7' € F, (X (1), E)

implies that the linear map J(Tp ) (respectively, ﬁ[p]) is defined because Theorem
5.7 ensures that X (u) C LP(my) (respectively, X (), € L' (mr)).

(IV) The equivalences of (i) with (vi)—(viii) indicate essentially that we can
separate p-th power factorability and g-concavity type properties of a p-determined
operator when characterizing its bidual (p, ¢)-power-concavity. O
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We need some preparatory results in order to establish Theorem 6.9.

Definition 6.11. A family ¥ of R-valued functions defined on a non-empty set
W is called concave if, for every finite set {¢1,...,1,} C ¥ with n € N and

non-negative scalars cy,...,c, satisfying Z?Zl ¢j = 1, there exists ¥ € ¥ such
that
n
Z Cjwj < 1/1»
j=1

pointwise on W.

Lemma 6.12. Let W be a compact convex subset of a Hausdorff topological vector
space and let W be a concave family of lower semi-continuous, convex, R-valued
functions on W. Let ¢ € R. Suppose, for every i € U, that there exists T, € W
such that y(xy) < c. Then there exists x € W such that ¥ (z) < ¢ for all p € V.

The previous result is known as Ky Fan’s Lemma,; see, for example, [127, E.4].

Lemma 6.13. Let X (p) be a o-order continuous ¢-B.f.s. over a positive, finite
measure space (2,5, u) and E be a Banach space. For any 1 < p < 0o and 0 <
q < 00, the following assertions for an operator T € L(X (u), E) are equivalent.

(i) The operator T is bidual (p, q)-power-concave, that is, there exists a constant
C1 > 0 satisfying

HT M < o Yo 1™ Fiooofa€ X(p), neEN
j=1

||M:

)
b, X (1) q)

(ii) There exists a non-negative function g € (X(,u)[q])l satisfying (6.17).

Proof. (i) = (ii). Endow the convex subset

B [(X(1)g)"] = B[(X(1))"] N (X(w)g)")"

of (X(u)gg)* with the relative weak* topology, in which case BT [(X (u)iq)*] is
compact; see the proof of Proposition 2.13(vii) with X (u)[4 in place of X (u).

Fix n € Nand fi,..., f, € X(u), in which case Z?Zlyfﬂq/p € X (1)(q; see
(6.1). Consequently, the function vy, .. s, : BT[(X(1)[q)*] — R defined by

T ZHM |"/”—01<Z|fm/p &), €eBH(X(wig)'],

is continuous. Moreover, given 0 < a < 1, we have

Vpronfo (@€ + (L=a)n) =a-Yp 5, () + (1 —a) g 1, (0),

for £,mn € BT [(X(1)[q)*], and so the function 1y, ... 7, is convex. Note that X (1)
is 0-0.c.; see Lemma 2.21(iii). So, by Proposition 2.13(vii) with X (1)} in place
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of X () and 37, | £j19/7 in place of f, there exists & € B¥[(X(u)(q)*], which
depends on f1,..., f,, such that

(U &) = || i
j=1 j=1

This and (6.2) yield that

b, X (1) [q]

Vpypa(§) <0, (6.18)
Next we claim that the collection
U= {¢f g0 f1-.o fn € X(1),n € N}

of R-valued continuous, convex functions on the compact set BT[(X (u)(q))*] is
concave in the sense of Definition 6.11. In fact, given numbers ¢; € [0, 1], for

j=1,...,n, with n € N and Z;Z:l c¢; = 1 and finite collections of functions
{fl(j), e ,gj(;)} C X(u) with k(j) € N, for j = 1,...,n, direct calculation shows
that

n

Cj (5 e (§ = . . - (n (.
> 1 TV gD T Verlap D g g el
=

from which it follows that ¥ is a concave family.

Now Lemma 6.12, with W := BT [(X (11)(q)*] and ¢ := 0 and in combination
with (6.18), implies that there exists an element & € BT [(X (u)(q)*] satisfying

Yr (&) <0 whenever n €N and fi,...,fn € X(p).

Apply this to each single function f € X (i) to obtain that ¢ (&) < 0, that is,

HT(f)H(]IS/p < Cl<\f|Q/p, &) < oo. (6.19)

Since X (p)q) is 0-0.c. (see Lemma 2.21(iii)), we can identify & € B¥[(X(1)(q)*]

with a non-negative function h € (X(,u)[q])/ via (2.37) (with h in the role of g):
see Proposition 2.16(ii). So, we can rewrite the inequality (6.19) as

T < € 1prha < oo (6:20)

This is precisely (ii) with g := C1h > 0.
(ii) = (i). The function g € (X(u)[q])/ corresponds to the element ¢, €
(X(,u)[q])* via (2.37) with X (u4)[q in place of X (). Let Cy denote the norm of &,
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in (X(,u)[q])*. Given n € N and f1,..., fn € X (1), it follows from (6.17) that

S IrEIE < - [ 15 gdn = [ (S 1517)gdn

= =i/e QN4

—a( YIn, cie ) < csw {[( 1 €)] €< Bl(XG)] |
j=1

J=1
= ClHZ\fﬂq/’)
=1

So, T is bidual (p, ¢)-power-concave. O

b, X (1)[q)

Before proving Theorem 6.9, let us assume condition (i) of Lemma 6.13 and
derive a useful fact from the proof of (i) = (ii) above. We can identify the non-
negative function h € (X (u)(g)" with the functional & € B¥[(X (1)(q)*]. Then,
of course, C1&p € (X (1)[g)* is identified with the function g := C1h € (X ()q)’.
Now, let us verify that

p/q .
( / 1 gdp) " < Y oy, < O i - Iflxgos  (6:21)

for f € X(p) C X (1)), with Hi[p]H denoting the operator norm (see (2.1)) of the

canonical injection i) @ X () — X (). Fix f € X(u), in which case |f|9/P €
X (u)q) (see (6.1)). Since & € BH[(X (1)(q)*], it follows, from the definition of the
dual norm | - [|(x (), (see (2.16) with X (u)(y in place of X (x)), that

/
([ 1srgan)™ = e, ey

/ / /
A7 15y NNy = OV I iy - N6y

YN xury = CF it (D)l gy, < CF il - 111

IN

IN

that is, (6.21) is established. It is important to note that the function g satisfying
(6.21) depends on the constant C; in condition (i) of Lemma 6.13.

Proof of Theorem 6.9. (i) = (ii). Observe that condition (i) of Theorem 6.9 is
equivalent to condition (i) of Lemma 6.13. So, by (ii) of the same lemma we can find

a non-negative function g € (X (1))’ satisfying (6.17). Then, with A := g=1({0}),
it follows that

HmT(B)HE = HT(XB)HE < (/Q|XB’q/pgd’u)P/q

:(/Bgd@p/qza BexnA,
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which means precisely that A is mp-null. Hence, A is also p-null because T is
p-determined. Thus, g > 0 (p-a.e.). So, (ii) holds.

(ii) = (i). This has already been established in Lemma 6.13.

(ii) = (iv). As noted in Remark 6.10(I) we can conclude that g € L*(u). Since
g € (X(p)jq)’, Proposition 2.29 (with ¢ in place of p) implies that X (u) C L%(gdpu)
continuously. Note, with Y () := L9/P(gdpu), that we always have

X(p) € Li(gdp) <= Xy € Y(w), (6.22)

with continuous inclusions. Moreover, 1 < p < oo implies that X (u) € X (1)
continuously (see Lemma 2.21(iv)) and so X () C Y (i) continuously. Since (6.17)
is then precisely the inequality (4.14), it follows from Corollary 4.16 that Y () C
L'(mg) continuously. So, we have X (u)p; € Y(u) € L'(mp) with continuous
inclusions which is precisely condition (iv).

(iv) = (ii). It follows from x, € X () € L9/?(gdp) that g € L' (). More-
over, with Y () := L%?(gdp), the assumed inclusions of condition (iv) together
with X () € X (p)pp) imply that X(u) € Y(u) € L'(mrp) continuously. Then
Corollary 4.16 implies that (6.17) holds. Moreover, via (6.22) and the inclusion
X(p)p € L9/?(gdy) we can conclude that X (u) € L9(gdp) continuously. Then
Proposition 2.29 implies that g € (X (u)}q)’. Hence, condition (ii) holds.

(iii) < (iv). These statements are clearly equivalent. Indeed, as already ob-
served in (6.22), it is enough to compute the p-th power (or the (1/p)-th power)
of the spaces to obtain one chain of inclusions from the other one; see Lemma
2.20(ii).

(iv) = (v). First, from Theorem 5.7 we have that T' € Fp,)(X (u), E) be-
cause (iv) gives X (p);,) € L (mr). The inclusion X (u)p, C L9/?(gdp) allows us
to define the multiplication operator M ,/q @ X (1) — L%/?(1). Now, for every
f € LYP(p), we have g~P/9f € L9/?(gdp) C L'(mr). Accordingly, we can define
S(f) := Iy (97P/9f). The so-defined linear operator S : L9/P(y) — E is contin-
uous and satisfies Ty = SoM gr/a because S can be viewed as the composition
of three continuous linear operators: M/, : L/P(y) — L9/P(gdp), the canon-
ical inclusion map from L%P(g dyu) into L'(mz), and the integration operator
Ly, : LY(m7) — E. To show that S is pu-determined, let A € ¥ be an mg-null
set. As noted above, g~ P/9f € L'(mr) whenever f € L9/P(u) and hence, with
[ = Xg, we see that g~P/% € L'(m7). Then

/Bg_p/qme — S<XB) = mS(B) = O7 BEEﬂA

This means that (gXA)(w) = 0 for mp-a.e. w € Q and hence, for p-a.e. w € Q
because T is u-determined. Since g > 0 (u-a.e.) by assumption, it follows that A
is p-null. Consequently, the mg-null and p-null sets coincide (because the p-null
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sets are always mg-null). So, S is p-determined. Finally, the continuous inclusion
X(p)p € LYP(g du) and the fact that ng/quLq/p(“) = [|fl| a/r(gay for all

f € L9/?(gdu) imply that gP/9 € /\/l( (1)) LQ/p(u)). So, condition (v) holds.
(v) = (ii). Set g1 := g with g as in (v). The calculation

HT(f)HE = ||T[p] (f)

IA

Lo < ISH- [[M,pra()

||L‘1/”(H)

p/q
5] ( / |f|q/Pgldu) < oo,

is valid for all f € X () € X (u)pp)- So, (ii) holds with g there defined as 15|27 gy.

(iii) = (vi). First, the inclusion X (1) € LP(mr) implies that T'€ F,) (X (1), E)
via Theorem 5.7. Let 1 : X(u) — L% (gdu) and o : LI(gdu) — LP(mr) denote
the respective inclusion map. Then, for each f € X (u), we have

HJY(?)(f)HLP(mT) = (720 ’71)(f)”Lp(mT)

1/q
< sl IOl gy = 1l ([ 19179)"" < o

It follows from x,, € X (u) € L9(gdp) that g € L'(u). Furthermore, because of
the inclusion X (u) C L%(g du), Proposition 2.29 gives that g € (X(u)[q])/. So,
Lemma 6.13 (with E := LP(mr), the operator J;p) in place of T and 1 in place of
p) yields that J}p ) is bidual (1, g)-power-concave, that is, bidual g-concave.

(vi) = (vii). Since J € Ay, (X(n), LP(mr)), we can choose a constant
Cs > 0 satisfying

;H'Ji("p)(gj)H(ip(mT) = C3Hj;|gj|qu’X(,U«)[q], HEN, g15---59n EX(M);

(6.23)
see (6.3) with J:(Fp) in place of T and LP(mg) in place of E. To prove that () €
At g/p(X (W), LY (mr)), fix n € Nand fi,..., fn € X(1)p). By (6.23) with the
functions g; := |f;|*/? € X () for j = 1,...,n, we have that

> Hﬁ[p](fj)Hqup(mT) =y HfJHquIZmT) Z I |f]|1/pHLP(mT
j=1 J=1
- ZHJ(” )y < O Zlf ], e

:C?’H;Uj'q/p

| 7
b, (X (1) (p)) [0/ p)



256 Chapter 6. Factorization of p-th Power Factorable Operators

where X (11);g = (X()1p))1q/p) follows from Lemma 2.20(i). Thus, the operator
Bip) is bidual (¢/p)-concave, that is, (vii) holds.

(vii) = (viii). Setting Z := E and E := L!(mr) in Proposition 6.2(vi), with
By in place of T', the operator T}, in place of 7', the space X (u)j, in place of
X(p) and S := I,,, we have from Proposition 6.2(vi) (also with 1 in place of
p and (¢/p) in place of ¢) that (viii) holds because Tj,] = I, © By and I, is
continuous.
T

X(w) E
TP
i[p] v ImT
Brp)
X (1)) — L'(mz).

(viii) = (i). Since Tj,) € A1,q/p (X (1)), E), we can choose a constant Cy > 0
(see (6.3)) such that

S Tenly” < C4HZ|9j\q/p
=1 =1

b, X (1)1q)

(6.24)
foralln € Nand g1,...,9, € X(1)p) Fixn € Nand fi,..., fn € X(u) € X ().
Then, (6.24) with g; := f; for j = 1,...,n yields that

—C H ja/p
b, (X (1) (p)1a/p) ! ;’gj‘

n

ST = STl < e Y1l
Jj=1 j=1

j=1

b, X (14)[q]

because Tj,) is an extension of 7" to X (u)(,). Thus, part (i) holds for the constant
C:= i/ 7 O

The arguments in the proof of Theorem 6.9 have further implications.

Remark 6.14. Let the assumptions be as in Theorem 6.9. Suppose that we can find
a function g satisfying condition (ii) there. In view of the arguments establishing
the implications (ii) = (iv) and (iv) = (v), let S € L(L9/?(u), F) be the operator
defined there by h +— Iy, (97P/9h) for h € LYP (). Then Tj,) = SoM,p/q with the

multiplication operator Mg,/q : X (1)py) — L4/P(y) as in condition (v). We shall
show that

18]l < 1; (6.25)

note that S is defined according to the particular g satisfying condition (ii). To
/

establish (6.25), first recall the inequality [|T(f)||g < (fﬂ |f|9/Pg du)p ? for each
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f € X(u) as given in (6.17). We claim that

/
or@)le < ([ 1orgdn)™ veray. G20

Note that the continuous inclusion L%/P(g du) € L'(mr) is contained in part
(iv), which is equivalent to (ii). To verify our claim, fix ¢» € LY/P(gdu) and take
a sequence {s,}52; from the dense subspace sim ¥ of the g-order continuous q-
B.f.s. L9P(g dp) such that |s,| 1 || and lim, o [|sn — Yllprra(gay = 0. Now,
the continuous inclusion L%/P(gdu) € L'(myr) ensures that s, — ¢ in L'(m7)
and hence, that T'(s,) = g (Sp) — Iy (¥) in the Banach space E as n — .
This, the Lebesgue Dominated Convergence Theorem for the scalar measure pu,
and (6.17) with f :=s, € sim¥ C X (u) for n € N jointly yield (6.26).

Now, let h € L9/P(u). Since hg~P/9 € L9/?(g du) and ||hg7p/q||Lq/p(
Al Lasv (), it follows from (6.26), with ¢ := hg~P/4, that

gdu)

p/q
ISMlle = [[Tnr (hg™"/1)]|, < ( /Q (g /9" g )" = (18l arog

which establishes (6.25). O

The bidual (p, q)-power-concavity of T : X (1) — E and of the natural injec-
tion Jr : X () — LY(mr) are directly connected.

Corollary 6.15. Let X (u) be a o-order continuous ¢-B.f.s. over a positive, finite
measure space (Q,2,u). Let E be a Banach space. Given wvalues 1 < p < o0
and 0 < q < o0, a p-determined operator T € L(X (u), E) is bidual (p, q)-power-
concave if and only if the natural inclusion map Jr : X (u) — L'(mr) is bidual
(p, q)-power-concave.

Proof. Suppose that T is bidual (p,q)-power-concave. It follows from condition
(vii) of Theorem 6.9 that T" € Fi) (X (1), E) and the inclusion map 8y, : X (1)) —
L'(mr) is bidual (q/p)-concave. Now, we know from Theorem 5.7 that Jp €
Fip) (X (p), L*(m7)) and hence, Jr admits the unique continuous linear extension
(J1)p) : X (1) — L (myr). Since the continuous inclusion X (u) € X (p1)(, is the
natural onme, it is clear that (Jr)p = Bp). In short, Jr € Fpy (X(u),Ll(mT))
and its canonical extension (Jr)p, is bidual (g/p)-concave. Therefore, via the
equivalence (i) < (viii) in Theorem 6.9 (with Jr in place of T), we deduce that
Jr is bidual (p, ¢)-power-concave.

Conversely, suppose that Jr is bidual (p, ¢)-power-concave. Then Proposition
6.2(vi) yields that T is bidual (p, ¢)-power-concave because T' = I,,,,. o Jr. O

The following result is another consequence of Theorem 6.9.

Corollary 6.16. Let X () be a o-order continuous ¢-B.f.s. over a positive, finite
measure space (2,2, u) and E be a Banach space. Suppose that 1 < p1 < pas < 00
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and 0 < g < co. Then

Apsa(X (1), E) C Ap, (X (p), E).

Proof. Let T € Ay, (X (1), E). Let Q1, p1 and X (1) be as in Remark 6.8. Then
the pi-determined operator Ty : X (u1) — F is bidual (pa, q)-power-concave via
Remark 6.8. So, there exists g € L%(u1) with g > 0 (u1-a.e.) such that, with
continuous inclusions,

X(p) € LU(gdpa) S LP*(ma,) (6.27)

(see condition (iii) of Theorem 6.9 with p := p3). On the other hand, we have
LP2(mp,) C LP*(mr,) because p; < po; see (3.49) and Lemma 2.21(iv). This and
(6.27) imply that

X(m) € Ligdm) € L' (mry),

that is, condition (iii) of Theorem 6.9 is satisfied with p := p;. So,
Ty € Ay o(X (1), E).

Now we conclude, again via Remark 6.8, that T' € A,, (X (u), E), which completes
the proof. 0

In the special case when p := 1, Theorem 6.9 reduces to the following
corollary in which we shall provide equivalent conditions for an operator T €
L(X(u), E) to be bidual g-concave (with 0 < ¢ < oo) when X (u) is a o-order
continuous ¢-B.f.s. and F is a Banach space. Our result is motivated by the
Maurey—Rosenthal type factorization theorem presented in [30, Corollary 5] with
a slightly different setting. In that version the domain space is assumed to be
g-convex and the codomain space is a quasi-Banach space. Moreover, the quasi-
Banach function spaces in [30] are assumed to satisfy additional conditions (see
(IT) and (III) on p. 155 in [30]).

Corollary 6.17. Let 0 < g < oo, let X(u) be a o-order continuous ¢-B.f.s. over a
positive, finite measure space (2,3, ) and let E be a Banach space. The following
assertions are equivalent for a p-determined operator T € L(X (u), E).

(i) There is a constant C > 0 such that

(i:l HT(fj)H,qE)l/q < CH zn:l 5"
j= e

that is, T is bidual q-concave.

TLGN, fl?"'vfneX(M)v

1/q
bl
b, X (1) 1q]

(ii) There is a function g € (X(u)[q]), satisfying g > 0 (p-a.e.) such that

T < ([ 1rm9ae) . 1 e X
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(iii) There exists g € L°(uu) with g > 0 (p-a.e.) such that the inclusions
X(p) € L(gdp) C L*(mr)

hold and are continuous.

(iv) There exist a function g € (X(u)[q])/ with g > 0 (p-a.e.) and an operator
S € L(LYp), E) satisfying T = S o My1/q. That is, the following diagram

commutes:
T
X(p) E.
Mm /
L(p)

(v) The natural inclusion map Jr : X (u) — L*(mr) is bidual q-concave.

If, in addition, X (u) happens to be q-convez, then each one of (1)—(v) is
equivalent to

(vi) T is g-concave.

In this case, there exists gy € (X(M)[q])' with go > 0 (p-a.e.) such that

Il < ([ ttgnde) ™ < (Mo 71 MOLXG) [llxg: (628

for every f € X(u). Consequently, for the operator Mgl/q : X(u) — Li(u) of
0

multiplication by g(l)/q (see part (iv) ), we have
1M1 /a]| < M) [TT- MD[X (). (6.29)

Proof. Note that parts (i)—(iii) of Corollary 6.17 correspond precisely to (i)—(iii)
of Theorem 6.9 (with p := 1). Part (iv) of Corollary 6.17 corresponds to (v) of
Theorem 6.9 (also with p := 1) because T is always 1-th power factorable and
because the condition g/ € M (X (u), L%(u)) (coming from (v) of Theorem 6.9
when p = 1) is equivalent to g € (X (u)[q)’, which occurs in (iv) of Corollary 6.17;
see Proposition 2.29. Note that part (v) of Corollary 6.17 corresponds to (vi) of
Theorem 6.9 (with p := 1).

Suppose now, in addition, that X (p) is g-convex. Then A; (X (p), E) =
By g(X(p), E) = Kg)(X (1), E); for the first equality see Proposition 6.2(iv) with
p:= 1, whereas the second equality is exactly (6.6). This gives the equivalence (i)
< (vi) in Corollary 6.17.

Still under the assumption that X (u) is g-convex, suppose that the operator
T : X () — E is g-concave, that is, (vi) holds. In order to show that (6.28) holds,
we first claim that

(Ej:l Hﬂfj)“%)l/q < <M(q)[T] ' M(q)[X(/i)]) Hzi:l ’fj’qH;/i(u)[q] (6.30)
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whenever n € N and fi1,..., fn € X (). Indeed, since X (u) is g-convex, apply
Proposition 2.23(ii), with ¢ in place of p, to find an equivalent lattice norm ;4 on
X (p)[q satistying

() < Iflxoy < (MOX@) (9, F€ Xy (631)

Recalling the definition of the seminorm |- ||y, x(,.),, we can, via (6.31), derive that

() < Wfloxgo, < (MOX@)) ng(H),  fe Xy (632)

Indeed, in the proof of (c) = (a) in Proposition 2.13(vi) we have shown that (2.28)
implies (2.29). Here, (6.31) implying (6.32) is a special case of this. It follows from
(6.31) and (6.32) that

1A, < (MPLX(]) (g (D)7 < (MOX@)) £ %0 (633)

for f € X (u)jg. Now, given n € N and f1,..., fn € X(u ) we have | f;]7 € X (u)q
. n . 1

forj=1,...,nandso Y7, |£i]" € X(u)(g, that is, (3 i1 119 /1 e X (). So,

the g-concavity of T' as well as (6.33), with f := Z;;l ‘fJ’ , imply (6.30) because

(2_) 7)) " < (Mo (1) H(i 5 s
(M(‘ﬂ )HZIM HX(#)[
(o) (x| (S50 1,

In short, with C; := (My[T]- M@ [X (1)])?, we have

IN

;HT(.}CJ)H(]]E < Clsz_;|fj|qu,X(M)[q]a fla"'vfneX(M)a n €N.

This is exactly condition (i) of Lemma 6.13 with p := 1. Now, for this particular
constant Cp, the arguments immediately after the proof of Lemma 6.13 deliver a
non-negative function gg € (X(u)[q])l satisfying (6.21) with p := 1 and g := go. In
other words,

1/q
( / tgodi) < O il 1 xgo = (Mo[T]- M@OIX)]) - £ llx o
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whenever f € X (u); note that ifj is the identity operator on X (x). This and part
(ii), which is valid with g := go, establish (6.28).
. . 1/ .
Finally, since HMqé/“ (f)HLq(u) = (fQ 11990 du) “for f € X(p), the inequal-
ity (6.29) follows immediately from (6.28). O

Remark 6.18. Given 0 < ¢ < oo, let X (u) be a g-convex, g-order continuous q-
B.f.s. over a positive, finite measure space (€2, X, ). Suppose that F is a Banach
space and T' € L(X (), F) is a p-determined, g-concave operator. In other words,
condition (vi) of Corollary 6.17 is satisfied. Then, we claim that it is possible to
select a particular function go € (X (1) [q])/ with go > 0 (p-a.e.) and a particular
operator Sy € L(L4(u), E) such that T = Sy o Mgé/q and

ITI < 1180l - [|M o/ || < Mg)[T]- MDIX (1) (6.34)

in short, we can include an extra condition (6.34) in part (iv) (with ¢ = go
and S := Sy) of Corollary 6.17. The inequality (6.34) was originally given in [30,
Corollary 5]. Now let us verify our claim. Take a function gg € (X (u)[q])/ with gg >
0 (p-a.e.) satistying (6.28) for every f € X (u). Then, gé/q € M(X(n), L9(p)) and
T=Sy0 M /4 with Sy € L(L%(u), E) denoting the operator f +— I, (go_l/qf);
0

see the arguments used to prove the implications (ii) = (iv) and (iv) = (v) in
Theorem 6.9 with p := 1. Moreover, ||Sp|| < 1 via Remark 6.14) (with S := Sy).
Consequently, it follows from (6.29) that

I = 1S o Myl < Soll - [,1] < 1M,y < M 7] M@K (]

The o-order continuity of a g-B.f.s. X (u) in Theorem 6.9 ensures, amongst
other things, that the set function mz : A — T(x,) on X associated with a
Banach-space valued, continuous linear operator T' on X (1) is actually o-additive.
Such a vector measure mp played a crucial role in the proof of Theorem 6.9. Let
us now demonstrate, by example, that if X (u) is not o-o.c., then there may exist
continuous linear operators on X (¢) which do not admit a factorization by means
of a multiplication operator as in part (iv) of Corollary 6.17 (which is exactly part
(v) of Theorem 6.9 with p :=1).

In the following example, we shall use the fact that L°°(u) over a positive,
finite measure space (2,3, i) is g-convex whenever 1 < ¢ < oo. To see this, fix
1 < ¢ < 0. Given n € N and functions fi,...,f, € L(u), it is clear that

(5| £ (w)fq)l/q < (X HfjH(ioo(m)l/q for pi-a.e. w € Q and hence, that

H<§|fj’q>l/q Lo () = (jil”fjﬂqm(u))l/q'

So, according to Definition 2.46, the B.f.s. L>(u) is g-convex with M(9) [L>=(n)] <
1. On the other hand, M@ [L>(y)] > 1 by (2.107) and consequently, we have
M@ [L*(u)] = 1.
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Example 6.19. Suppose that (£2, X, i) is a positive, finite measure space such that
¥ is o-decomposable relative to p. Let 1 < ¢ < oo. The B.fis. X (u) := L>®(p) is
not o-o.c. So, L>(u)* # L>®(u) = L*(p). Since ¥ is o-decomposable relative to
, the L (p)-valued set function A — X 4 is not norm o-additive on X. Hence,
there exists z* € L (u)* such that the finitely additive, scalar-valued set function
At A (x,, ¥) is not o-additive on ¥. Clearly z* can be chosen from (L>(u)*)*,
in which case A > 0. Let £ :=C and T € L(X (u), E) denote the functional x*,
that is, T(f) = (f,2*) for all f € L% (u). Note that E is g-concave, and so
the positive operator T is also g-concave via Corollary 2.70. Moreover, L (u) is
g-convex; see the discussion just prior to this example.

Now, assume that we can factorize T as in part (iv) of Corollary 6.17, i.e.,
T = So Mgy, for some function g € (X(,u)[q})/ with ¢ > 0 (pu-a.e.) and some
operator S € L(L9(u), E). Whenever A(n) | @ with A(n) € ¥ for n € N, it
follows that <XA(77,)’ a*) = T(XA(n)) =So Mgl/q(XA(n)) — 0 as n — oo because

HSOMgl/q(XA(n))H < HSH . ”Mgl/q(XA(n))” and

1/q
HMgl/q(XA(n))HLq(#) = (/A(n)gdli) —0 as n — oo.

We have used here the fact that g'/7 = M1/4(x,,) € L9(n), that is, g € L* (). So,
T(XA(n)) — 0 as n — oo whenever ¥ 3 A(n) | 0. In other words, ) is o-additive.

This is a contradiction and hence, T does not admit a factorization as in Corollary
6.17(iv). O

The following example shows that g-convexity of X (u) is necessary if, in part
(i) of Corollary 6.17, we wish to replace the bidual g-concavity condition on T
assumed there with g-concavity of T

Example 6.20. Let (2,3, u) be a positive, finite measure space for which ¥ is
o-decomposable relative to p. Fix any 1 < r < oo and let X (p) := L"(p) and
E := L"(u), in which case X (i) is both r-convex and r-concave. We denote the
identity operator on L"(u) by T and interpret T : X (u) — E. Given r < ¢ < oo,
it follows that X (1) = L™ (u) is g-concave but not g-convex (see (i-b) and (ii-a) of
Example 2.73).

To show that T is not bidual g-concave, assume the contrary. It then follows
from Corollary 6.17 that there exists g € L%(u) with g > 0 (p-a.e.) for which

L™(p) = X(n) € L(gdp) C L'(mr). (6.35)

Since mr(A) = T(x,) = x, € X(u) for A € ¥, we have that L'(mr) = L"(p),
with their given norms being equal; see Corollary 3.66(ii)(a). Hence, (6.35) implies
that L™ (u) = X () = L%(g dp) as isomorphic B.f.s.”. Since L(gdy) is g-convex (see
Example 2.73(i)), this contradicts the fact that L™(u) is not g-convex. Therefore,
T & A1,4(X (1), E). On the other hand, T € K4 (X (1), E) because its codomain
E = L"(u) is g-concave and T is a positive operator; see Corollary 2.70.
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Noting that x, € X(u) C L9(gdu), we can conclude that g € L'(u). Then
Corollary 6.3(iii) can be applied to deduce that T € A (X (), E).

Finally, suppose that 0 < ¢ < r. Then T, being the identity operator on
L"(u), is not g-concave because L" (1) is not g-concave (see Example 2.73(ii-b)).
So, again T fails to be bidual g-concave; see Proposition 6.2(i) with p := 1. O

Given 1 < p < 0o and 0 < g < oo, we now exhibit a (p, g)-power-concave
operator defined on a non-g-convex g-B.f.s. The choice p := 1 will then show that
Corollary 6.17 allows us to consider a Maurey—Rosenthal type factorization on a
non-g-convex space (whereas that due to A. Defant [31, Corollary 5] requires the
operator to act in a g-convex space X (u)).

Example 6.21. Let ¢ € ¢! satisfy ¢(n) > 0 for every n € N. Define a finite measure
p: 2N —[0,00) by u({n}) := ¢(n) foreveryn € N. Fix 1 < p < oo and 0 < ¢ < oo.

(i) Given 0 < r < ¢ < 00, the q-B.f.s. X (i) := ¢"(11) based on the finite mea-
sure space (N, 21, 1) is not g-convex; see Example 2.73(ii-a). By applying condition
(v) of Theorem 6.9 we shall exhibit a bidual (p, ¢)-power-concave multiplication
operator defined on X (1) and taking values in the Banach space E := £*(u); here
1 < u < oo is arbitrary (but fixed from now on). To this end, apply Lemma 2.80(ii)
(with (r/p) in place of ¢ and (g/p) in place of u) to deduce that

M(ET/”(M), gq/p(u)) = pP/m)=(p/a) . goo (6.36)
Next we shall show that
(i-a) if p < (g/u), that is, u < (¢/p), then

M(EQ/p(u)7 gu(u)) = p/0=01/u) . plaw)/(a=pu)

and
(i-b) if p > (q/u), that is, u > (¢/p), then
/\/l(gq/p(/i)7 gU(’u)) = pP/)=(1/u) . goo,

For (i-a), since u < (g/p), take w > 0 satistying (p/q) + (1/w) = (1/u). Then
Example 2.30(i) gives that

M(EQ/p(u), w)) = £°(u) = @~ (W) g — pp/a)=(/w) | plaw)/(a—pu)

So, (i-a) holds. Next, applying Lemma 2.80(ii) with (¢/p) in place of g establishes
(i-b). Note that both (i-a) and (i-b) are independent of the condition 0 < r < ¢
assumed on 7.

Consider now the function ¢ := > 2~

¥(n) > 0 for every n € N and

5% () defined pointwise on N. Then

be () . (6.37)

0<s<o0
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The function h := p@P/9)=1/%)q) satisfies
My, € L(0VP (), 0% (). (6.38)

In fact, if 1 < p < (g/u), then (qu)/(g—pu) > 0 and so (6.37) gives 1 € ¢(aw)/(a=pu),
Hence, (6.38) holds via (i-a). On the other hand, if p > (¢/u), then (i-b) and the
fact that ¢ € ¢*° again imply that (6.38) holds. Moreover, the operator M}, is
p-determined because h(n) > 0 for every n € N; see Example 4.7(ii).

Recall that 0 < r < ¢. With g := (go(p/r)_(p/q))q/p, we have (p/r)—(p/q) >0
and g(n) > 0 for every n € N. Moreover, gPl1 = <p(p/’”)’(p/‘1)XN and so the function
g7 e M7 (), 977 (1)) = M(X (1)), £7/7 (1)) via (6.36).

Therefore, with if, : X (1) = " (1) — X (u)jp) = ¢"/?(11) denoting the natural
inclusion map, define the operator T' € L(X (i), E) as the composition

T := Mh o Mgp/q o Z[p] (639)

Being the multiplication operator by the function h ¢P/?, which satisfies
hg?/? > 0 pointwise on N, the operator T is p-determined via Example 4.7(ii).
Moreover, the operator Tj, := My, o M /4 belongs to L(X (1)), E) and satisfies
T = Tjp) o i[p)- According to Definition 5.1 the operator T is p-th power factorable
and hence T € F,) (X (1), E). It follows from (6.39) and condition (v) of Theorem
6.9 (with S := M},) that T is bidual (p, ¢)-power-concave.

(i) With X () := £*(p) and E := £*(p) we shall show that
M. € A12(X(n), E)

whenever 2 € (2 and z(n) > 0 for all n € N. We can write z = (¢~ (1/2)2) - p1/2,
Moreover, part (ii) of Lemma 2.80 (with ¢ := 1 and u := 2) gives

P2 = oDy e @D e = M0 (), (),

whereas part (i) of the same lemma (with r := 2 and ¢ := 1, in which case w = 2)
gives

WPz € om WD 2 = () = M(C (), £1(u))-
Since z > 0 pointwise on N, the multiplication operator M, : X(u) — E is
p-determined; see Example 4.7(ii). Moreover, the discussion immediately after

the identity (5.3) implies that M. € Fp3)(X(u), E). Accordingly, M. is bidual
2-concave because the composition

Mz = M@—l/zz o M¢1/2
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ensures that condition (v) of Theorem 6.9 with p:=1, ¢:=2, g := ¢, T := M,
and S := M-1/2, holds, that is, we have:

T=M,

X(u) =0 (n) E=1('(n)
() 0

In order to exhibit an example of a bidual (p, g)-power concave operator on
a ¢-B.f.s. over a non-atomic, positive, finite measure space, we first require the
following fact.

Remark 6.22. Let X (i) be a ¢-B.f.s. based on a non-atomic, positive, finite mea-
sure space (2, X, 1) and E be a Banach space. If 1 < p < oo and 0 < ¢ < p, then

Ap.g(X (1), E) = {0}. (6.40)

If E = {0}, then (6.40) is clear. So, suppose that E # {0} and assume, on the
contrary, that there does exist a non-zero operator T' € A, (X (1), E'). Then we
may as well assume that T is p-determined. Otherwise we simply consider the
restriction 77 of T to its essential carrier 2; because the restriction u; of u to 4
is also non-atomic and because T} is pi-determined; see Remark 6.8. Now apply
condition (iv) of Theorem 6.9 to find g € L°(u), with g > 0 (p-a.e.), such that
X(p)p LY?(gdp) C L' (mg). However, since (¢/p) < 1 and since the indefinite
integral 1y = gdp : ¥ — [0,00) is also non-atomic and finite (as g € L(u1), which
can be seen from the proof of (iv)=-(ii) in Theorem 6.9), Example 2.10 yields that
(Lq/p(gd,u))* = {0}. So, recalling that L!(mr) is a Banach space (and non-trivial
as p is non-atomic with Ny(u) = No(mr)) enables us to obtain from Lemma 2.9
that

L(LYP(gdp), L' (mr)) = {0}.

But, the linear map corresponding to the inclusion L%?(gdu) C L'(mr) is non-
trivial and belongs to £(L%/?(g du), L*(mr); a contradiction. Therefore, (6.40)
must hold. 0

We now present a bidual (p, g)-power-concave operator defined on a non-g-
convex g-B.f.s. (over a non-atomic, finite measure space).

Example 6.23. Let 1 < ¢ < co and 0 < r < g. Consider the Lorentz space L9 (1)
over a non-atomic, positive, finite measure space (2, %, u). Then

L% (u) € Lp) € L'(p),

via Example 2.76(ii-c), and L?"(p) is not g-convex; see Example 2.76(vii). Let
T # 0 denote the natural injection from X (p) := L%" (i) into the Banach space
E := L'(p). Given 1 < p < oo, we claim that T € A, ,(X(u), E) if and only if
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p < ¢. Indeed, if T € A, (X (1), E), then we necessarily have p < ¢ via Remark
6.22. Conversely, assume that p < ¢. Again, by Example 2.76(ii-c), we have (since
(r

/p) < (q/p) and (¢/p) > 1) that

L@ ) € L) € 1) (6.41)
Observe that X (u)p,) = L9 (1) = L9/P: /P)(1); see Example 2.76(iv). Since
mr(A) =T(x,) =x, A€, (6.42)

Corollary 3.66(ii)(a) (with X (u) := L'(u)) implies that L'(mr) = L'(u) with
equal norms. Therefore, we can rewrite (6.41) as

X () C LY%(n) © L' (mr).

Moreover, (6.42) implies that Ny(mz) = No(p), that is, T is u-determined. So,
condition (iv) of Theorem 6.9 is satisfied and hence, T' € A, ,(X (1), E). O

The following result will be applied to the Volterra operators and convolution
operators considered in Examples 6.25 and 6.26 below, respectively.

Lemma 6.24. Let (2,3, 1) be a non-atomic, positive, finite measure space. Given
1 < r < oo, consider the B.f.s. L"(u) and a Banach space E # {0}. Let T €
L(L" (), E) be any u-determined operator (necessarily non-zero). Fix 1 < p < 0o
and 0 < g < 0.

(i) If T € Ay o (L™ (1), E), then we necessarily have p < q < r.
(ii) Suppose that p < q < r. If there exists a number u satisfying 1 < u < (q/p)
such that L*(p) € L*(mr), then T € Ay o(L" (1), E).
(iii) Assume that L*(u) € L*(my). Then T € A, q(L7(n), E) if and only if we
have p < q < r.

Proof. (i) It was noted in Example 6.5 that there ezxist u-determined operators
in L(L"(u), F). Example 6.4(ii) and Remark 6.22 yield that ¢ < r and p < gq,
respectively. So, (i) holds.

(ii) Note that the assumed conditions on p, ¢, 7 and u imply that the inequal-
ities 1 <wu < (¢/p) < g < r hold and hence, we have

L"(n)yp = L™P () € L9P(p) € L*(p) € L' (my).

In other words, condition (iv) of Theorem 6.9 is satisfied with g := x, and X (u) :=
L" (). Hence, T € Ay, 4 (L"(n), E).

(iii) This follows from (i) and (ii) (with u:=1). O
Example 6.25. Let 1 < r < co and p be Lebesgue measure. Given 1 < p < co and

0 < ¢ < 00, the Volterra integral operator V. : L"([0,1]) = L"(u) — L"([0,1]) (see
(3.27)) is bidual (p, ¢)-power-concave if and only if 1 < p < ¢ < r. This follows from
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Lemma 6.24(iii) because it follows from (3.45) that the vector measure my, = v,
associated with V, (see Example 3.10) satisfies

L'(w) € LY (1 -t/ dt) € L'(v,) = L' (my,). O

Example 6.26. Let 1 be normalized Haar measure on the circle group T. Given 1 <
r < oo and g € L'(T)\{0} consider the convolution operator Cér) : L7(T) — L™(T)
as given in (4.10). Let mg) : B(T) — L"(T) denote the vector measure associated
with Q,ST) (see Example 4.11), that is, mE,T) denotes m Fix 1 < p < oo and
0<g<oo.

(i) Assume that g € L"(T). Then L*(m{”) = L'(s) = LY(T) (see Theo-
rem 7.50 or [123, Theorem 1.2]). So, it follows from Lemma 6.24(iii) that Cgr) €
Ay, o (L7(T), L™(T)) if and only if p < ¢ < r. The situation for a general compact
abelian group G in place of T is analogous; see Example 7.51 in Chapter 7.

(ii) Let 1 < s < r and choose u > 1 according to (1/s) + (1/u) = (1/r) + 1.
Then, for any function g € L*(T) \ L"(T), we have L*(y) = L*(T) C L*(m{");
see [123, Remark 3.3(ii)]. So, we can apply Lemma 6.24(ii) to obtain that

Cér) .

Cér) € Apo(L7(T), L"(T)) whenever 1<u<pu<qg<r.

Again for a general group G (of the type in part (i)) in place of T, the situation
is analogous; see Remark 7.45(iv) in Chapter 7. O

6.3 Bidual (p, q)-power-concave operators

Given an operator T € L(X (), E), not necessarily u-determined, we shall present
equivalent conditions for the bidual (p, q)-power-concavity of T'; see Proposition
6.27 below. These conditions do not explicitly contain the associated vector mea-
sure myp. With 77 denoting the restriction of T' to its essential carrier we could,
of course, make use of our previous Theorem 6.9 by applying it to 7;. However,
we prefer to prove the result directly, without recourse to vector measures. We
require some preparation before providing a formal statement.

Given are a positive, finite measure space (2, %, 1) and 0 < g < co. Let X ()
be a ¢-B.f.s. over (2, %, 1) and consider any non-negative function g € (X(u)[q])/.
Then [, g|h|dp < oo for all h € X () (g and hence, with h := x, € X (1)(g, We see
that g € L' (). According to Proposition 2.29, it follows that [, |f|9g du < oo
for every f € X(u). If, in addition, g > 0 (p-a.e.), then the weighted L?-space
Li(ug) = Li(g dp) is also a ¢-B.f:s. over (2,3, ) and we have the inclusion
X (p) € LYgdu), in which case the corresponding natural inclusion map is exactly
the multiplication operator My : X (u) — L%(g du) determined by the constant
function 1 := x,. Even for the general case when g > 0 (i.e., M7 is not necessarily
injective), let us still use the same notation My : X (u) — L(gdu) to denote the
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corresponding multiplication operator. That is, for each f € X (u), the function
M (f) is considered as an element of L7(gdu). Recall that the simple functions
are dense in any ¢-B.f.s. which is 0-0.c.; see Remark 2.6.

According to Corollary 6.3(i), for each 1 < p < oo, the p-th power factorable
operators and the bidual (p, ¢)-power-concave operators defined on L%(g du) are
the same.

Proposition 6.27. Let 1 < p < 0o and 0 < g < oo. Suppose that X (u) is a o-
order continuous q-B.f.s. over a positive, finite measure space (0,3, u) and E is a
Banach space. Then the following conditions for an operator T € L(X (u), E) are
equivalent.

(i) T is bidual (p, q)-power-concave.

(ii) There exists a non-negative function g € (X(,u)[q])l such that
r/q
17l < ([ )™ <o 1 e X,

(iii) There exist a non-negative function g € (X(,u)[q])/ and a bidual (p, q)-power-
concave operator R : Li(gdu) — E such that T = R o My, with the operator
My : X(p) — L9(gdu) denoting multiplication by 1 := x,, that is, we have

T
X () E
M, Rip)

L4(gdp) ——— L9/7(gdp)

where 7yp denotes the canonical inclusion map.

(iv) T is p-th power factorable and there exist g € L*(p)* and S € L(LY?(p), E)
such that gP/9 € M(X (1)) L9/P(1)) and Tip) = S o Mgpq, that is, we have

X (u) - E
. T[p]
[p] S
M p/a
X (1)) : L/P(p)
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(v) T is p-th power factorable and there exist a function h € M(X (1)), L9/P(p))
and U € E(Lq/”(ﬂ), E) such that Tj,) = U o My, that is, we have

X(u) d E

Tip)

M
X (1)) ———— LU (p).

vi) T is p-th power factorable and Ty, : X(u — FE is bidual (q/p)-power-
[p] [»]
concave.

Proof. (i) < (ii). This is exactly Lemma 6.13.
(ii) = (iii). Since f := x, € X(p), it follows from condition (ii) that
g € LY(pn). So, we can define a linear operator R; on the subspace simY of
19/7(g djs) by
Ry(s) :==T(s), s € sim .

Here note that s in the left-hand side is considered as an element of LI/P(g dpu)
whereas s in the right-hand side is considered as an element of X (). Then con-
dition (ii) gives that

[Ra(s)]| < (/ ISIq/pgdu)p/q <oo,  sesm,
Q

that is, || R1(s)||g < [|s|la/p(gay) for all s € sim¥ C LYP(gdp). So, Ry is continu-
ous on the dense subspace sim X of the g-order continuous ¢-B.f.s. L%/?(gdyu) and
hence, admits a unique E-valued, continuous linear extension to L9/? (gdp). This
extension is denoted also by R;. Let

Vo) + L9(gdp) — LY (gdp)y) = LYP(gdp)

denote the canonical embedding; see Lemma 2.21(iv) with L(g du) in place of
X (p) there. The composition R := Ry o7y, € £(Lq(g du), E) is clearly p-th
power factorable with Ry, = R; and hence, R € A, ,(L9(gdu), E) via Corollary
6.3(ii).

Now, consider the multiplication operator My : X (u) — L%(gdu) as discussed
prior to the proposition. Then the F-valued continuous linear operators R o M;
and T coincide on the dense subspace sim ¥ of X () and hence, Ro M7 =T on
X ().

(iii) = (iv). The bidual (p, ¢)-operator R is p-th power factorable (see parts
(i) and (ii) of Proposition 6.2) and hence, admits a continuous linear extension

Ry : LY?(gdp) = LY(gdu) ) — E;
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see Definition 5.1. We can then define a linear operator S : L9/P(y) — E by
S(h) = Ry(g~"n),  he LY(u),
because g~ P/9h € LY/?(gdp) for every h € LY/P(u). Then
ISMe < IRl - lg™ Rl Lorv(gamy = IR - IRl oo

for every h € LY/P(p).

In the discussion /prior to Proposition 6.27 we saw that the non-negative
function g € (X(u)(y) belongs to L'(u)™ and hence, via Proposition 2.29, we
have

9"t € M(X (1)) LYP ().
So, given f € X(u) € X (), we have (because gP/ef € L/P(p)) that

(S0 Mypsa) () = S(g"°F) = Ryp)(f) = (RoM)(f) = T(f),
that is, S o Myu/q @ X(u)p) — E is a continuous linear extension of 7', which
establishes (iv).
(iv) = (v). This is immediate by setting h := g?/9 and U := S.
(v) = (vi). For every f € X(u)p, we have

1T (Nlle = |(U o Mu)(H| g < NUN- 11BN Lareg
— U a/P)p19/P 4 p/a '
([ 177 )" < oo

In particular, [, |f|9/P|h|7Pdp < oo for every f € X (p)p)- Since every ¢ €
(X(Wip)iasn) = X (W)pq satisfies [ = (j9[P/9)9/P, with f = [[P/? € X (), it
follows that [h]|%/? belongs to ((X(1)()ia/p]) - SO, by setting g := [|U[|%/? - [n|o/P
we see that (6.17) holds (with 1 in place of p and (¢/p) in place of ¢ and with
X (p)(p) in place of X () and T}, in place of T'). According to Lemma 6.13 we can
conclude that Ty, € Ay g/, (X (1)), E).

(vi) = (i). The proof of (vili) = (i) in Theorem 6.9 works for this case
without any change (and makes no use of the p-determinedness of T' or the vector
measure mr). O

Remark 6.28. Let 1 <p < oo and 0 < g < 0.

(i) Condition (iii) in Proposition 6.27 illustrates that a prototype of bidual
(p, q)-power-concave operators are those operators induced by p-th power fac-
torable operators defined on the L%-space of some finite scalar measure.

(ii) Condition (v) in Proposition 6.27 allows us to describe the class of all
bidual (p, q)-power-concave operators from a o-order continuous g-B.f.s. X (i) into
a Banach space E as follows:

Apq(X (1), B) = {U 0 My 0y h € M(X (), LY7()), U € L(LY* (1), E) }.
(]
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Let us immediately apply this remark.

Example 6.29. Let 1 < ¢ < oo and 0 < r < ¢q. Consider the Lorentz space
X(u) := L?"(u) over a non-atomic, positive, finite measure space (2,3, u); see
Example 2.76. Given a Banach space E, our aim is to verify that

Apa(X (1), B) = {U o My s h € L¥(u), U € LILY? (), E)}  (6.43)

whenever 1 < p < q.
(i) We shall first show that

M(LY3(p), L' () = L™(p), 0<s<l1. (6.44)
It follows from Theorem 1.4.17(ii) and its proof in [69] that
LY (u)* = LY (n)" = L™ (p); (6.45)

see also Proposition 2.16 and Example 2.76(iii) for the identification L1:%(u)* =
LY(u)’. Now let h € M(L%*(p), L*(p)). Since M;, € L£(L%*(p), L' (1)) and
LY(u)* = LY(n)" = L°°(p), the linear functional

H/hfdu /Mh Vi, fe LY (),

is continuous. This and (6.45) give that h € L™ (u).

Conversely, the inclusion L1#(u) C L'(u) (see Example 2.76(ii-c)), together
with the inequality ||fgllz:(u) < |9l I/l 1(n), valid for all f € L'(p) and
g € L>®(u), yield that

ML (), Lt (1)) 2 L™ ().

So, (6.44) does indeed hold.
(i1) Next we show that if 1 < u < oo and 0 < w < u, then

ML (), L () = L= (p).

In fact, Example 2.76(iv) yields that L' (“/") () = L** (). From (2.77) (with
X(p) == L*“*(u), Y(u) := L*(u), and p := u) and part (i) (with s := w/u), it
follows that

ML (), L () = (M (L ), Lu(”))[“1)[1/ul
= ML ), L) 1y = L (Wi g = L (1)

(iii) Let 1 < p < oo. It follows from part (ii) (with u := ¢/p and w := r/p)
that
M(L(q/p)m“/p)(m’ Lq/p(u)) = L>(n),

that is, M(LO"(u)g), LYP(p)) = L>®(n); see (2.167). This and Remark 6.28(ii)
yield (6.43). O
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In the previous Example 6.29 we have assumed that r < ¢. If r = ¢, then
L% () = L9(p) via Example 2.76(ii-a) and hence, Corollary 6.3(ii) (with g := x,)
gives a description of the class of all bidual (p, g)-power concave operators defined
on L%(u). So, we now consider the remaining case when r > g.

Example 6.30. Suppose that 1 < ¢ < r < oo and that (2, %, 1) is a non-atomic,
positive, finite measure space. Given any Banach space F, we claim that

Ap o (L4 (), E) = {0}, 1<p<oo. (6.46)

To prove this, it suffices to assume that 1 < p < ¢ because (6.46) has already been
verified when p > ¢ (see Remark 6.22).
First we shall show that

M(L(q/px(r/p)(ﬂ)’ L‘I/p(u)) = {0}. (6.47)

Since 1 < (q/p), we have L' (/9 (y) = L(q/p)’(r/p)(p)[q/p] via Example 2.76(iv)
and since L' (1) = LYP(11)y/p), it follows from (2.77), with X (p) := L4/ ("/P) (1)
and Y (u) := L%P () and with (¢/p) in place of p, that

M(LL(T/’”(N), L' (w) :M(L(q/px(r/p)(m[q/p]? LQ/p(M)[q/p])

— M(L(q/pL r/2) (1), Lq/p(u)) (6.48)

la/p]"

However, since 1 < (r/q) < oo, the ¢-B.f.s. L1 (/9 () has trivial dual (see
[69, Theorem 1.4.17(iii)]) and hence, Lemma 2.9 with E := L'(x) implies that
L(Ll’(”q) (1), L'(p)) = {0}. In particular, it follows that

M(LS /D (), L) = {0} (6.49)

because each h € M(Ll’ (T'/‘I)(,u), Ll(u)) corresponds to the multiplication opera-
tor My, € L(LY /D (), L' (1)). Now, (6.48) and (6.49) yield (6.47).
With i, L9 () — L (p)py) = L{a/P), (*/P) (1) denoting the natural em-
i

bedding, Remark 6.28(ii) gives
Ap.g (L7 (1), E)
- {U oMy oip : U€ L(LYP(u),E), h € M(LWP-C/P)(y) L/P (1)) }

So, (6.46) follows from this and (6.47). O
The situation for purely atomic measures is somewhat different.

Example 6.31. Let ¢ € ¢! with ¢(n) > 0 for all n € N and p : 2V — [0,00) be
the finite, positive measure defined by u({n}) := ¢(n) for n € N. Fix positive
numbers ¢, r,u such that ¢ < r and v > 1. Given any 1 < p < oo, our aim is to
identify those functions ¢ € M (£"(u), 0* (1)) for which My, € Ay o (€7 (1), € (1)).



6.3. Bidual (p, ¢)-power-concave operators 273

Recall from Example 2.73(i-a) that the g-B.f.s. £"(u) over the finite measure space
(N, 28 1) is g-convex because 0 < g < 7. Therefore it follows from Proposition
6.2(iv), with X (u) := ¢"(u) and E := £*(u), that

Ap,q(”(,u)» Eu(/i)) = Bnq(ér(li)v Eu(ﬂ))~ (6.50)

This is to be compared with Example 6.20 in which the assumption ¢ > r imposes
non-g-convexity on £"(u).
(i) Observing that 0 < (p/r) < (p/q), let w > 0 be the number satisfying

Apply Lemma 2.80(i) (with (r/p) in place of r and (¢/p) in place of ¢ and noting
that (¢/p) < (r/p)) to deduce that

M(gr/p(u)’ gq/p(u)) = 0¥(p) = oW v = /M= @/a) o, (6.51)

(ii) There are two cases: (¢/p) < w and (q/p) > wu, which will be treated
separately.

(ii-a) Assume first that (¢/p) < u. It then follows from Lemma 2.80(ii) (also
from Example 6.21(i-b)) that

M(gq/p(ﬂ)’ gu(u)) — (p(p/q)—(l/u) A
This, the identity £°° - ¥ = ¢, and (6.51) imply that

M (), () - METP (), €277 ()
= ((p(p/q)—(l/u) L) - (sp(p/T)—(p/q) ) = /M=) pw (6.52)

Given 1) € M(€"(u), £*(p)), we shall show that

My € Ay o (€7 (1), £"(n)) <= v € oP/m=Q/u) g — Sp/r)=(Q/u) . plar)/(p(r=a))

(6.53)
To this end, assume first that My € A, 4(¢" (1), £*(p)). Via Proposition 6.27(v),
there exist a function h € M (€7 (1), LYP(1)) = M(€"/P(pn), £9/P(1)) and an
operator U € L(¢9/P(p), £“(p)) such that

(My),, = U o M. (6.54)

Here (My) ok /e = €7 (1)) — €"(p) denotes the continuous linear extension of

the operator My, : £" () — €*(u) (necessarily p-th power factorable by Proposition
6.27(v)) to the p-th power £" (1), of £"(u). Of course, (Mw)[p] is also the oper-

ator of multiplication by . Let A := h™'(C\ {0}). Then the continuous linear
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operator Uy : £9/P(p) — £%(u) defined by Uy (f) := U(fx,) for every f € 0977 (1)
is continuous and satisfies (because hgx , = hg for every g € /P ()

(Mw)[p] = U, o My, (6.55)
Now we have
Ul(x{n}) = U(X{n}XA) = U(0) = 0, n € N\ A. (6.56)
On the other hand, (6.55) yields that
P(n )X{n} (Mw)[p] (X{n}) =U (hx{n}) = h(n)Uy (X{n})’ ne A (6.57)

We claim that U; € L£(¢4/P(p), €*(n)) is the multiplication operator by 1y :=
(¥/h)x ,- Indeed, given f € 09/P (1), we have f = Zzozlf(n)x{n} in the topology
of the q-B.f:s. £2/P(p). For the case f > 0 this follows from ¢%/?(p) being o-o.c.
and the fact that Zszl f(n)x{n} 1 f in the order of £9/P(y). For R-valued f, the
conclusion then follows by considering f™ and f~ and the case of C-valued f by

then considering Re(f) and Im(f). The previous fact, together with (6.56) and
(6.57), imply that

Ul(if x{n}) Zf )UL(x ()

n=1

t”ﬂg

=1 f.

Therefore 11 € M (£9/P(p), €*(p)) and Uy = My,, which establishes our claim.
Now, this together with (6.55), give that

vy = (My),)(9) = (My,o Ma)(g), g€ (n)
and hence, via (6.52), we have that

Y =1nh€ M(@q/p(u), () .M(gr/p('u% gq/p(u)) = p/m)=(/u)  pw

To prove the reverse implication in (6.53), assume that ¢ € £/ =(1/v) . gw,
Then (6.52) implies that the multiplication operator Mw f = f from £7/7(y)
into £“(u) factorizes through ¢9/?(1) by multiplications; see the discussion prior
to Lemma 2.80. So, Mw is the continuous linear extension of My () — ()
to £ (p)p = = (7/P (), that is, My, is p-th power factorable with Mw = (My)[y) and
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consequently,
Mw = Mh2 O Mh1 o i[p]

for some hy € M(€7/P(p), €9/P (1)) and hy € M (£9/P (), £(n)). Therefore, My, €
Ap.q(€7(p), €* (1)) via condition (v) of Proposition 6.27 or Remark 6.28(ii). So we
have established (6.53).

(ii-b) Now let us consider the case when (¢/p) > u. Let the number v > 0
satisfy
1 1
‘7—?—1——:—, ie, v= “w
qg v u q—pu

Then Lemma 2.80(i) (with (q/p) in place of 7 and u in place of ¢) implies that
M2 (), 04()) = € (1) = € (@)y)-
Therefore, via (6.51) and Lemma 2.21(i) we have
MEP (), £ () - M(ETP (), €977 (1))

=07(p) () = ()0 (W sw) = L (W) [(1/0)+(1/w))
= (W) (1 ju)— gy = LT TP (). (6.58)

Given a function ¢ € M (¢"(p), £*(1)), we can conclude that
My € Ap (07 (n), () == ¢ € L0/,

We omit the proof of this because it is similar to that of (6.53), which requires
Proposition 6.27 and the discussion prior to Lemma 2.80.

(iii) Let us assume further that p = 1 and ¢ < w. Then the following condi-
tions for a function ¢ € M (¢"(n), £*(p)) are equivalent.

(a) My : €7 (1) — £%(p) is bidual g-concave.
(b) M,y is g-concave.
(0) ¥ € /M=Ww) . glan)/(r=a).
(d) M,y factorizes through () via multiplications.
In fact, the equivalence (a) < (b) is from (6.50) with p := 1 and (6.6). The above

(ii-a) (see (6.50)) with p := 1 verifies the equivalence (a) < (c). Finally, in view
of (6.52) with p := 1, we can see that condition (c) is equivalent to

e ML), €4(p)) - ML (1), £9()),

which in turn is equivalent to (d) in view of the discussion prior to Lemma 2.80.
Hence, we have established the equivalence of (a) to (d).

Note that the equivalence (b) < (d) answers the question posed after Lemma
2.80 with the assumption that v > 1. O
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As an application of Proposition 6.27, we now provide a characterization
of g-convex B.f.s.” for 1 < ¢ < oo. For real B.f.s.”, such a characterization has
already been given in [32, Theorem 2.4], which is recorded as Lemma 6.32 below;
it is needed for our characterization of the complex case as given in Proposition
6.33. As before, ¢} denotes the real part of the complex sequence space ¢9 for
1 < ¢ < oo. Given a function ¢ : N — R satisfying ¢ - £ C £ with 1 < p, ¢ < o,
let M SR) : U} — £ denote the corresponding multiplication operator. Of course, if
we consider complex spaces P and ¢4 and ¢ € M(£%, ¢P), then the corresponding
multiplication operator will be denoted by My : {9 — (P as usual.

Lemma 6.32. Let 1 < q < oo. The following assertions are equivalent for a real
B.f.s. Xgr(u) over a positive, finite measure space (2,3, ).

(i) Xr(p) is g-convez.
(ii) There is a number p € [1,q) such that every positive operator S: Xg(p) — €%

admits a factorization S = MSR) o R through 0% for some R-linear operator
R € L(Xr(p), £%) and some R-valued function v on N satisfying - €% C (5.

4>gp

\ /@

We shall now settle the complex case in Proposition 6.33 below. Our proof
requires an application of Corollary 2 in [30] to a continuous R-linear operator
with values in the real Banach lattice ¢4 (which is the real part of £!). For this, we
need to check that ¢} is a B.f:s. in the sense of [30, p. 155], where the definition
is different from ours. First, observe that £ is an order ideal of the real vector
lattice RY (in the pointwise order) which is, of course, the L%space corresponding
to counting measure on (N, 2"). So, condition (I) in [30, p. 155] holds. Moreover,
0% being a real Banach lattice, condition (II) in [30, p. 155] holds with ¢ := 1
there. Finally, for ¢%, condition (III) in [30, p. 155] requires that [Ynlle — 11¥]le
whenever 1, (n € N) and v are elements of ¢}, satisfying v, | 1 pointwise on N;
this surely holds because /4 is o-o.c. Therefore, £} is indeed a B.f.s. in the sense
of [30].

Proposition 6.33. Let 1 < g < oo and X (u) be a o-order continuous B.f.s. over a
positive, finite measure space (Q, %, u). The following assertions are equivalent.
(i) X () is g-convex.

(ii) For each q-concave Banach lattice E and each positive operator T: X (u) — E,
there exist a non-negative function g € M (X(,u), Lq(,u)) and a linear operator
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U € L(LYw),E) such that T factorizes as T = U o M,,.

(iii) For every positive operator T : X (u) — (! there exist a non-negative func-
tion g € M(X(n),L9(pn)) and an operator U € L(L(p), ¢*) such that T
factorizes as T'= U o M.

(iv) There is a number p € [1,q] such that every positive operator T : X (1) — £F
admits a factorization T = MyoV through (7 for some V € L(X (y), £7) with
V(Xr(p)) C 04 and some R-valued function 1 on N satisfying ¢ - (3 C (%.

4> or .

Proof. (i) = (ii). Let E and T be as in the statement of (ii). The positive operator
T is g-concave because E is g-concave (see Corollary 2.70). This and (i) imply
part (ii) via Corollary 6.17, whenever T is pu-determined. Otherwise, argue for the
restriction 77 of T to an essential carrier 1 (see Remark 6.8) and note that T3 is
also positive and g-concave and that X (u1) is again g-concave.

(ii) = (iii). Part (iii) is a special case of (ii) because ¢! is 1-concave and
hence, also g-concave (see Example 2.73(i-b)).

(ili) = (iv). Fix a positive operator T' : X (u) — ¢9. According to (iii),
we can choose a non-negative function g € M (X (p), L%(u)) and an operator

U € L(L(p), £*) such that T'=U o My. Set A :={w € Q: g(w) # 0} and define
an operator Uy € L£(L7(p), £*) by

Ui(h) = Ulhx,),  he L)

Then
UoMy = UyoM, on  X(p).
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We claim that U is positive. In fact, let h € Li(u)™. It follows from Proposition
2.27 that the range R(M,) of M, is dense in the closed subspace x , - L9(u)
of L4(u). Since g > 0, we can select a sequence {f,}32; C X(u)™ such that
Mgy(fn) — hx , in L (u) as n — oo. So,

which implies that U; is positive.
The positive operator Uy on the g-convex B.f.s. LI(u) is g-convex (see Corol-
lary 2.65). In view of the inclusion U (L%(u)) C (¢}, due to the positivity of

Uy € L(LY(p), £Y), let Ul(R) : LE(p) — 04 denote the restriction of Uy to L (),

with codomain £}. Then Ul(R) is also g-convex, which is an immediate conse-
quence of Definition 2.46 and Remark 2.48. Moreover, being 1-concave, /4 is also

g-concave; see Lemma 2.49(ii) and Example 2.73(i-b). Consequently, Ul(R) is a ¢-
convex R-linear operator from the real Banach space L{(u) into the g-concave
space £%. Recall that £} is a B.f.s. over (N, 2V), relative to counting measure, in
the sense of [30, p. 155]; see the discussion immediately prior to this proposition.

So, it follows from [30, Corollary 2] that Ul(R) = MSR) o W® for some R-linear
operator W® € £(LE (), ¢%) and non-negative function ¢ on N with - €% C .
Here, MSR) U — 0} is, of course, the multiplication operator corresponding to 1.

Recalling that g > 0, let Mg(R) denote the corresponding multiplication op-
erator from the real part Xg(u) of X (u) into the real part Lf () of L9(u). Now,
given f € Xgr(u) C X (u), it follows that

T(f) = (UoMy)(f) = (UroMy)(f) = (MSY o (W® o M®))(f). (6.59)

Let V € £(X (u), €7) denote the natural C-linear extension of the R-linear operator
(W® o M) : Xg () — £2, that is,

V(f1 +if2) — (W(R) ° MéR))(fl) + i(W(R) ° MSR))(h)

forall f=f1+ifs € Xp(p)+iXr(p) = X (p); see [149, p. 135], for example. Then
we have from (6.59) that T' = My, o V because, given fi, fo € Xg(p), it follows
that

T(f1+if2) = T(f1) +iT(f2)

= (MP o (W® o M) (f2) +i (MP o (W 0 MP))(f2)
= My (W 0 MI)(f1) +i(WE 0 MO) (1))

= (My o V) (f1 +if2).

In other words, part (iv) holds with p := 1.



6.3. Bidual (p, ¢)-power-concave operators 279

(iv) = (i). If ¢ = 1 in the assumptions of Proposition 6.33, then part (i)
always holds (without any recourse to parts (ii)—(iv)) because every B.f.s. is always
1-convex (see Proposition 2.77).

Now, assume that 1 < ¢ < co and let p be as in part (iv). In order to establish
condition (ii) of Lemma 6.32, let S : Xg(u) — £ be any positive operator. The
natural continuous C-linear extension 7" : X () — ¢P of S is defined by

T(fi+if2) = S(f1) +15(f2), f=hHh+ifs e Xp(p) +iXp(n) = X(pn);

again see [149, p. 135]. Clearly T is positive because S is. Since V(XR(M)) C 43,
let V®) : Xg(u) — €% denote the restriction of V to Xg(u), with codomain £%.
Then the factorization T' = M, o V, as given by the assumptions in part (iv),
yields that S = Mi}R) o VB That is, condition (i) of Lemma 6.32 is satisfied

with R := V(® and hence, Xg(p) is g-convex via the same lemma. Finally, apply
Lemma 2.49(i) to obtain the g-convexity of X (u). O

Inspired by the equivalence (i) < (vi) in Proposition 6.27, we now present a
corresponding equivalence for a (p, ¢)-power-concave operator.

Proposition 6.34. Let X (u) be a o-order continuous ¢-B.f.s. over a positive, finite
measure space (Q,2,u) and E be a Banach space. Suppose that 1 < p < o0
and 0 < q¢ < o0o. Then a continuous linear operator T : X (u) — E is (p, q)-power-
concave if and only if it is p-th power factorable and its continuous linear extension
Ty : X (1)) — E is (q/p)-concave.

Proof. Assume first that T is (p, ¢)-power-concave. Proposition 6.2(ii) gives that T
is p-th power factorable. By the definition of (p, ¢)-power-concavity, there is C' > 0
such that

z |5 < || Jsi]
j=1

To prove that Tj,) € L(X(u)), E) is (¢/p)-concave, fix n € N and f1,..., f, €
X(p)pp)- Given j = 1,...,n, the fact that X (u) is o-o.c. (see Lemma 2.21(iii))

allows us to select a sequence {s(j) }OO C sim ¥ such that lim k_,oosk = f; in the

, neN, s,...,s, €sim3. (6.60)
X(W1a)

quasi-norm || || x (), and \8 | 1 |f;| pointwise (relative to k). Then, since X (u)[q

is also o-o.c. and Zj:1| ,(j |q/p 1 Zj:1|fj|q/p € X(u)[g pointwise (relative to
k), it follows that
hm Z}qu/p Z{fﬂq/p
j=1

in the topology of X (1)(g. Proposmon 2.2(vi) applied to the ¢-B.f.s.X (11)[q yields

that
1 H (4) q/pH < 47 Q/pH 6.61
s Z’sk | X(1)(a) Z|fﬂ‘ X(1)(q) ( )
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for some 7 > 0 determined by the quasi-norm || - ||x (), (see (2.5) with Z :=
X ()[q)- Now, the continuity of Tj, gives that limg .o Ty (s,(g)) = Ty (f;) in
the Banach space E, which implies (since all sg) € X(u) € X(p)pp) that

1T 5 = Jim 1T ()] = Jim 72

whenever j = 1,...,n. This, (6.60) and (6.61) yield that
S qa/p v/ q/p
(Stmmnze)” = (3 )™
j=1
. . )\ 19/p . (5)19/p vla
(o Sures) " = (S, )
<41/7~CHZU ’q/pH ) - 4p/(qr)0p/qH(i’fj‘q/p)z)/q
j=1

Here the last equality is a consequence (via (2.47)) of the general fact that

IN

X(1)(q) X(u)[p]'

Hg| P/qu)[q] = H |g|p/q||X(M)[p]’ g€ X(U)[q]a (662)

because Y77 ’fj‘q/p € X(u)[g- According to Definition 2.46(ii), the operator
Tip : X (1)) — E is (q/p)-concave.
Conversely, assume that Tp, : X () — E is (¢/p)-concave in which case
there exists a constant C; > 0 such that
X(1)q

(Z| a4 < H(ZIJP“’)M
(663)

for all n € N and g1,...,9n € X(ut)[p). Here, for the equality in (6.63), we have
again applied (6.62) with g := Z?:l |gj|Q/p € X(u)jq- Now, fix n € N and
hi,...;h, € X(u) € X(p)p)- Then, (6.63) with g; := hy; for j = 1,...,n yields
that

r/q

q/p
X =G H Z 9]

S ([T = ZHTM ME < | St
= = 1) (q]

because T}, is an E-valued extension of 7' from X (u) to X (u)py. According to
(6.4), we see that T : X () — F is (p, ¢)-power-concave. O

Let us now show that the converse statement of part (ii) of Proposition 6.2
may not hold, in general; see the discussion after Example 6.5.

Example 6.35. Let (2,%, 1) be o-decomposable, positive, finite measure space.
Take positive numbers p, ¢, r such that 1 < p,r < co and 0 < ¢ < pr. Fix any
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continuous linear operator S : L"(u) — L"(u) which is not (q/p)-concave; for
instance, the identity operator on L"(u) will do by applying both the inequality
(g/p) < r and Example 2.73(ii-b). Let

X(p) = LP"(n)  and  E:= L"(p)

and consider T' := S o ip,), where i, @ X(u) = LP"(u) — X(p)p = L"(k) is
the canonical injection (note that (pr) > r). Clearly, T : X (u) — E is p-th power
factorable; see (5.3). However, its continuous linear extension Tf, to X ([, which
equals S, is not (¢/p)-concave. Therefore, Proposition 6.34 yields that the p-th
power factorable operator T' is not (p, q)-power-concave for all 0 < ¢ < (pr). O

Corollary 6.36. Suppose that 1 < p < g < co. Let X () be any p-convex ¢-B.f.s.
(over a positive, finite measure space (0,2, 1)) for which MP)[X (u)] = 1. Then,
for every Banach space E, we have

Hq/p(X(/‘)[p]’ E) o i) € Bpg(X(n), E). (6.64)

Proof. The assumption that M®)[X (u)] = 1 guarantees that the given quasi-
norm || - |[x (), is a norm on the p-th power X (u),) (see Proposition 2.23(iii)).
That is, X (u)fp is a B.f.s. with 1 < (¢/p) < oo and hence, we can speak of the F-
valued absolutely (¢/p)-summing operators on X (i)(,); see Example 2.61. Now, fix
Selly, (X(,u)[p], E) Then the composition 7" := Soip, is a p-th power factorable
operator from X (u) into E with T, = S; see (5.3). It follows from Example 2.61
that Tj,) = S+ X(u)p) — E is (¢/p)-concave. So, T' is (p, ¢)-power-concave via
Proposition 6.34. (]

The assumption in Corollary 6.36 that M(®)[X (1)] = 1 is not essential. In
fact, suppose that X (i) is any p-convex q-B.f.s. but, M(")[X ()] is not necessarily
equal to 1. Then the p-th power X (u)(,) of X () admits an equivalent lattice norm
nip) (see Proposition 2.23(ii). So, we need to replace (6.64) with

/o (X (W) 0p))s E) 0] S Bpg(X (1), B) (6.65)

because (in this monograph) absolutely (¢/p)-summing operators are only defined
on Banach spaces.

Let us give an application of the previous corollary to the construction of
(p, q)-power-concave operators arising from a class of classical kernel operators.

Example 6.37. Let 1 < p < g < r and (2,3, u) be a positive, finite measure space.
Set X (u) := L"(u) and E := L9/P(y). Then L"(p) is p-convex with M(?) [L"(u)] =
1 (see Example 2.73(i-a)). We first exhibit an absolutely (g/p)-summing operator
from L"/?() = X (u)p) into E = LYP(p). Let u := (r/p)’, that is, u = r/(r — p).
Take any strongly p-measurable function F :  — L¥%(u) (see Section 3.2 for the

q/p
L (p)’

to L'(p). This is usually denoted by F € L%P(u, L*(ut)) in the literature; see

definition) such that the scalar function w +— HF(w)’

defined on 2, belongs
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[41, p. 43] and [42, pp. 49-50], for example. Noting that L“(u)* = L"/P(u), it

follows from Holder’s inequality that |{g, F(w))‘q/p < ||g||qL/f;p(u) : ||F(w)||%/f(u) for

each w € Q and each g € L"/?(p). Accordingly, we can define a continuous linear
operator S : L"/P(u) — L/P () by

S(9)(w) = (g, Fw)), geL’"(n), we

Then [41, Example 2.11] can be applied to deduce that S is absolutely (q/p)-
summing on L"/P(p) = X (u)gp)- Hence, So iy, : X(u) = L' (n) — E = La/P (1) is
(p, q)-power-concave; see Corollary 6.36. O

Typical examples of operators S of the form given above are kernel operators
of Hille-Tamarkin type, [41, p. 43].
The following result was already announced in Remark 6.7(ii).

Corollary 6.38. Let X (u) be a o-order continuous q-B.f.s. over a positive, finite
measure space (2,2, 1) and E be a Banach space. Suppose that 1 < p1 < py < 00
and 0 < g <r < oo. Then

By (X (1), E) C By, (X(p), E).

Proof. Let T € By, (X (1), E). Then it follows from Proposition 6.34 that T is
p2-th power factorable and its continuous linear extension Tj,, : X (i), — E
is (q/p2)-concave. According to Proposition 2.54(iv), the operator Tj,,; is also
(r/p1)-concave because (r/p1) > (q/p2). Let My : X (p)p, — X (1)[p,) denote
the multiplication operator by the constant function 1 := x, (i.e., it is the nat-
ural injection). Since X (u)p,] S X (p)p,) (see Lemma 2.21(iv)), the operator
T: X(u) — E is also p1-th power factorable and we have T' = Tj,,; o if,,] where

T[Pl] = T[Pz] © M]-'

That is, we have

X(p) E
[p1] 2! Tipy)
M
X(M)[Pl] - X(‘u)[Pz]'

Since T7,,) is (r/p1)-concave, the map T,,) = T, © My is also (r/p1)-concave via
Proposition 2.68(ii) because

M, € Ar/;m (X(N)[pl]v X(M)[m]);

see Example 2.59. Consequently, it follows from Proposition 6.34 above that T €
By, (X (n), E). 0
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6.4 Factorization of the integration operator

Let X(u) be a og-order continuous g-B.f.s. over a finite, positive, measure space
(Q,%, 1) and E be a Banach space. The importance of the integration operator
Iy, @ LY(mr) — FE lies in the fact that it is the extension of a u-determined
operator T : X (u) — E to its optimal domain L'(mr) and hence, plays a crucial
role in the detailed understanding of 7" itself. Hence, it is most useful to be able
to find factorizations of T' and/or I,,,, whenever they may exist. So, suppose
that T" € Fi,) (X (u), E) for some 1 < p < oo. Then Theorem 5.7 guarantees that
the natural inclusion map Jr : X () — L'(m7) factors through LP(m7) via the
natural inclusions. In other words,

X(u) € LP(mr) C L'(mr)

or equivalently
)

Jr = apo J:(Fp ,
where J¥) : X(p) — LP(mr) and ay : LP(mg) — L'(m7) denote the respective
natural inclusion map; see Remark 5.8. Given further assumptions on 7', Theorem
6.9 gives equivalent conditions for Jq(«p ) to factorize through L%(g du) for some
g € L°(p) and 0 < ¢ < oo. In this section we focus our attention on factorization
of the map «,. However, since the main role of X (¢) and T in this context is to
define the vector measure my : ¥ — E, we shall present our results in the setting
of general vector measures. In order to provide further explanations concerning
the contents of this section, we begin with a consequence of Corollary 6.17.

Lemma 6.39. Let 1 < p < co. Given a measurable space (2,%), the following four
conditions are equivalent for a Banach-space-valued vector measure v : ¥ — E.
(i) The restricted integration operator I,Ep) : LP(v) — E is p-concave.
(ii) The inclusion map oy : LP(v) — L*(v) is p-concave.
(iii) For every Rybakov functional x* € R,[E*], there exists a function g € L°(X)
with g > 0 (v-a.e.) such that
LP(v) C LP(gd|(v,z*)|) € L'(v).

(iv) There exists a constant C' > 0 such that

n p \ /P n P\ 1/P
(Sl el (SR, o0
for alln e N and s1,...,s, € simX.
If, in addition, we can select a constant C7 > 0 such that
flow <l [1nar],.  rerio, (6.67)

then any of (i) to (iv) above is equivalent to the following condition:
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(V) there exists a constant C* > 0 such that

n » 1/
(S1ft)
j=1 7% o

for alln € N and s1,...,8, € sim X.

[ >ls; |pduHZp (6.68)
j=1

Proof. (i) < (ii). This is a special case of Corollary 3.73(i).

(i) & (iii). For every x* € R,[E*], the space LP(v) is a B.f.s. over the
finite measure space (Q, ¥, |(v,z*)]); see Proposition 3.28(i) with p := |(v, z*)|.
Moreover, recalling that LP(v) is p-convex (see Proposition 3.28(i)), we can apply
Corollary 6.17 (with ¢ := p, p:= |(v,2*)|, T := 1P and X (p) := LP(v) in which
case mp = v and T is p-determined) to derive the equivalence (i) < (iii).

(i) & (iv). In view of the fact that [, sdv = I(p)( ) for all s € sim¥, the
equivalence (i) < (iv) is a consequence of Lemma 2.52(ii) (with ¢ := p, Z := LP(v),
Zy:=simX, W := Fand S := L(,p)) because sim X is dense in the order continuous
B.f.s. LP(v) (see Remark 2.6 and Proposition 3.28(i)).

Now we shall prove that part (iv) together with the assumption (6.67) imply

part (v). Fix n € N and sq,...,s, € sim¥. Then we have, from part (iv) and
(3.50), that

p\1/p n 1/p

) =¢ H(Z‘Si‘p) o
1Y 1/
i < OO [ Xl ]

we have used the assumption (6.67) with f := 2?21 |sj|p € L'(v). That is, (v)
holds with C* 1= CCL/P.
Finally we shall verify the implication (v) = (iv), for which we do not require

(6.67) as will be seen now. Fixn € Nand s1,...,s, € simX. Then part (v) together
with (3.50) and (3.99) imply that

(_ZHZH/QSidV\

1/10 1/p - 1/p
(%] e ol =),
j=1
y 1/p " 1/p
< C*||L|"P HZ|SJ| ‘Ll(u (Z}Sﬂp) iy
j=1
In other words, part (iv) holds with C' := C*. O

Given a general Banach-space-valued vector measure v : ¥ — F, a natural
question arising from Lemma 6.39(iii) above is whether or not we can choose
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g = X, for an appropriate choice of z* € R, [E”], that is, whether or not
LP(v) C LP(|(v,2*)]) C L'(v)? (6.69)

A positive answer would be most desirable. Unfortunately, this is not the case
in general, as already demonstrated in Example 5.12(ii). Accordingly, our aim in
this section is to present two classes of vector measures v for which (6.69) does
hold, for a suitable choice of z* € R, [E*]; see Proposition 6.40 and Theorem 6.41
below. Consequently, we shall have available two independent sufficient conditions
each of which provides an affirmative answer to Question (B) posed in Section
5.3; see Remark 6.42 below. Moreover, each of Proposition 6.40 and Theorem 6.41
also provides a sufficient condition under which the p-concavity of the restricted
integration operator L(,p ) is equivalent to condition (v) of Lemma 6.39.

Proposition 6.40. Let v : X — E be a Banach-space-valued vector measure on a
measurable space (0, %) such that the integration operator I, : L*(v) — E is an
isomorphism onto its range R(I,). Given any 1 < p < oo, the following assertions
are equivalent.

(i) The restricted integration operator . L?(v) — E is p-concave.

(i) There exists xf € Ry [E*] such that the scalar measure (v, z§) is positive and
LP(v) € LP((v,25)) € L'(v).

(ili) There exists a constant C > 0 such that

n » 1/p n , 1/p
(S0 foall) " <l fSeral;

for alln e N and s1,...,s, € simX.

Proof. (i) = (ii). Fix any 7 € R,[E*]. By Lemma 6.39, there exists g € L°(2)
with g > 0 (v-a.e.) such that

LPWw) € LP(gd|(ma3)]) € LM(w).
In particular, we have

L'(v) = LP(v)y) C LP(gdl(v,27)])y, = L'(gdl(v,27)));

[r]
see Lemma 2.20(ii). Since x,, € L'(v), we conclude that the indefinite integral
gd|{v, z3)| is a finite, positive measure and hence, the corresponding linear func-
tional f — [, fgd|(v,x})| is continuous on L'(gd|(v,z7)|). It then follows that
the linear functional

ng:fH/QfgdKVwi‘)\, feL'(w).
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is continuous on L!(v), that is, n, € (Ll(u)*)+. Since I, is an isomorphism onto
its range, the space L!(v) can be identified with the closed subspace R(I,) of E.

*

Hence, the dual operator I}; : (R(I,))” — L'(v)* is a vector space isomorphism.
So, via the Hahn-Banach Theorem, there exists x; € E* satisfying n, = I (20"),
where 75" € (R(I,))" denotes the restriction of z to R(1,). It follows that

o ng) = (L(f), a3) = / fdw.zy),  feI'w)

Since n, > 0, it is easy to deduce that (v, z§) is a positive scalar measure satisfying
Lr(gd|(v,x})|) = LP((v,x})). Moreover, since g > 0 (u-a.e.), we must have that
x§ is a Rybakov functional for v. Accordingly, (ii) holds.

Apply Lemma 6.39 to derive the implication (ii) = (i).

(i) & (iii). Since I} : R(I,) — L(v) is continuous on R(I,) equipped with
the topology induced by E we have, for any f € L(v), that

s = 157 Dy < 1520 | [ rav],

and hence, it follows that

£y = 116 lgrgy < W20 [ 171

Namely, (6.67) holds with Cy := |1, *||. Therefore, the equivalence (i) < (iii) is a
consequence of Lemma 6.39. ]

Recall that the class of all vector measures whose associated integration op-
erator is an isomorphism onto its range is exactly that consisting of the evaluations
of all spectral measures; see Proposition 3.64.

Let us now consider the case of positive vector measures.

Theorem 6.41. Suppose that E is a Banach lattice and that v : ¥ — E is any
positive vector measure defined on a measurable space (2,%). Let 1 < p < 0.
Then the following assertions are equivalent.

(i) The restricted integration operator AR L?(v) — E is p-concave.

(ii) There exist a constant C > 0 and a positive element x§ € B[E*] such that

1/p
1P < C(/Qlﬂpd(%xé‘)) . [eLl(w). (6.70)

(iii) There exists a positive functional xf € B[E*] such that
LP(v) C LP((v,z})) C L*(v), (6.71)

in which case x§ is necessarily a Rybakov functional for v.
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(iv) There exists a constant C > 0 such that

n » 1/p n . 1/p
(;H/Qsjdu E) < CH/Q;|SJ| duHE

for alln € N and s1,...,s, € simX.

Proof. (i) = (ii). Equip the convex subset
BT [E*] .= B[E*| N (E*)"

of E* with the relative weak* topology. Then BT[E*] is compact because B[E*]
is weak* compact (by the Banach-Alaoglu Theorem) and (E*)* is weak* closed.
Let C == M, [II)].

Fix n € Nand f1,..., fn € LP(v). Define a function vy, ., : BY[E*] = R
by

Then ¢y, .. s, is continuous because Z;L:l Jo |fj|pd1/ € E. Given z*,y* € B[E*]
and 0 < a <1, we have

Hence, ¢y, ... 4, is a convex function on B*[E*]. Moreover, since L(,p ) is p-concave,
it follows that

Sl < | (S 1)L = e Sl
j=1 j=1 j=1

where we have used (2.104) to obtain the inequality and (3.50) to obtain the
equality in (6.72). On the other hand, from Lemma 3.13 we have

Héwplwz H/ﬂgfj|pdyHE: p ]</Q§|fj|pd% <) @

z*eBt[E*
. .. p . .
because v is positive and Z;'L=1 | fj| > 0. Now, the continuous function

x* — </sz_;}fj|pdu, x*>, r* € BT [E*]

on the compact set BT[E*] attains its maximum at some point yi € BT[E*]
(depending on f1, ..., f, and n € N). This, together with the definition of ¢y, ... .,
(6.72) and (6.73), imply that

6.72
oy (672

Uyt (U5) <0 (6.74)
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Now let ¥ := {9, 5. : f1,--., fn € LP(v),n € N}. Then ¥ is a con-
cave family of R-valued functions, in the sense of Definition 6.11. In fact, given
numbers ¢; € [0,1], for j = 1,...,n, with n € N and }_7_, ¢; = 1 and finite
collections of functions {fl(j), .. (J) } C X(p) with k(j) e N, for j =1,...,n
direct calculation shows that

1 7 1
) P b g

n

Cj j j = 1/p p(1
21 Vo @ Vet/o ) A p)
j:

from which it follows that ¥ is a concave family.

Apply Lemma 6.12 (with ¢ := 0 and W := BT [E*] and in combination with
(6.74)) to the concave family ¥ of R-valued continuous, convex functions to find
a positive element zj € B[E*] satisfying ¢y, ... 7, (2§) < 0, that is,

n 1/p n 1/p
(Shwwy) <o [ Sinravss)
j=1 Q=1

whenever f1,..., f, € LP(v) and n € N. In particular, the case n := 1 gives

1/p
119l < o [iPana) = il fe20)

So, (ii) holds.
(ii) = (i). Let n € N and f1,..., fn € LP(v). Then it follows, from (ii), (3.7)
and (3.50), that

(i!\fﬁ”(fj)u’;)l/p <C ( /Q i»fj!pdwm)l/p
<0Hm H@fa )"

which implies that I @ i p-concave. Note that in order to be able to apply (3.50)

we need to know that (37, [f;|?) VP e LP(v), namely, that Y7, [f;[P € L'(v),
which actually is the case because f; € LP(v) forall j =1,...,n

(i) & (ii). If 2§ € B[E*|N (E*)" satisfies (6.70), then af € R, [E*] because
(6.70) yields, with f := x ,, that

Le(v)’

Ale = 190, < € (mam@) ", aen

Similarly, if z§ satisfies (6.69), then the second inclusion in (6.69) ensures the
existence of a constant C; > 0 such that

1/p
”V(A)”E < ||XA||L1(V) < Cl”XA”LP((za:vg)) = (<Vv .1‘3>(A)> ) Ae %,
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and so again zf € R,[E*]. Therefore, we can apply Corollary 4.16, with p :=
(v,zf), X(p) = LP(v) and Y (u) = LP({v,x)) to the p-determined operator
T := I, to establish the equivalence (ii) < (iii).

(i) < (iv). Since v is positive, it follows from Lemma 3.13 that ||f||z1(,) =
| Jo I fldv||, for f € L*(v). So, (6.67) is satisfied with Cy := 1 and hence, Lemma
6.39 establishes the equivalence (i) < (iv). O

By considering vector measures of the form v := mg, each of Proposition
6.40 and Theorem 6.41 provides sufficient conditions under which an affirmative

answer to Question (B) in Section 5.3 is equivalent to p-concavity of the restricted

integration operator Lg,f; : LP(my) — E. Let us formulate this more precisely. We

also include an additional equivalent condition.

Remark 6.42. Let X (u) be a o-order continuous ¢-B.f.s. over a positive, finite
measure space (§2,%, 1) and E be a Banach space. Let mp : ¥ — E denote the
vector measure associated with a p-determined operator T': X (u) — E. Suppose
that 1 < p < co. We assume that either:

(a) the associated integration operator I,,, : L'(mz) — E is an isomorphism
onto its range, or that
(b) E is a Banach lattice and T': X (u) — E is a positive operator.
Observe that (a) is exactly the assumption of Proposition 6.40 with v := mrp,
whereas (b) is precisely the hypothesis of Theorem 6.41 with v := mp (because

myp is necessarily positive). So, according to Proposition 6.40 and Theorem 6.41,
the following assertions are equivalent.

(i) The restricted integration operator IT(,’Z% : LP(mr) — E is p-concave.

(ii) The continuous inclusions
LP(mr) C LP({mp, 23)) € L'(mr)

hold for some xj € Ry, [E*] such that the scalar measure (mr, 3) > 0.
(iii) There exists a constant C' > 0 such that

(S lrel)” = efr(Xnl)

for all n € N and s1,...,s, € sim 2.

‘1/17
E

Note, under the assumption (b), that there exists a positive functional zf €
R, [E*] satisfying (ii) (see Theorem 6.41). Regarding (iii) we have, of course,
used the fact that T'(s) = fQ sdmp for every s € sim X, which is a direct conse-
quence of the definition of the vector measure mr. O

It is worthwhile to record a special case of Theorem 6.41.
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Corollary 6.43. Let E be a Banach lattice and let v be any E-valued, positive vector
measure. Then the following conditions are equivalent.

(i) The associated integration operator I, : L'(v) — E is 1-concave.

(ii) There exists a positive x§ € R, [E*| satisfying
L'(v) = L' ((v.a7)),
with the given lattice norms being equivalent.

Proof. This is a consequence of Theorem 6.41 (with p := 1) and the fact that
we always have L!'(v) C L'(|(v,z*)|) with a continuous inclusion whenever z* €
R,[E*]; see (I-1) immediately after Lemma 3.3 and the definition of Rybakov
functionals (given just prior to Theorem 3.7). O

Recall that Proposition 3.74 presents several equivalent conditions to I, being
1-concave (for a general Banach-space-valued vector measure v). Corollary 6.43(ii)
exhibits a further equivalent condition provided that v is a positive vector measure
(with values in a Banach lattice, of course). Can we extend this extra equivalence
to a general vector measure, that is, to one which is not necessarily positive? The
answer is no as will now be demonstrated.

Example 6.44. Let the notation be as in Example 5.12, where v : B(R?) — E := C?
as given there is surely not positive. Then

L'(v) # L' (|(v,2*)]), r* € R, [E*]. (6.75)

To see this fix z* € R, [E*].

Given 1 < p < 3/2, recall from (5.25) that L?(|(v,2*)]) ¢ L'(v). This,
together with the general fact that L?(|(v,z*)|) C L'(|(v,2*)|) for the scalar
measure |(v, z*)|, yield (6.75).

On the other hand, the integration operator I, : L'(v) — C? clearly has
finite rank, and hence, is absolutely 1-summing (see [41, Proposition 2.3]). So,
apply Example 2.61 with ¢ := 1 to conclude that I, is 1-concave. O

The following fact, whose proof is obvious, has already been used in Example
6.44.

Lemma 6.45. Let v : Y — FE be a Banach-space-valued measure defined on a mea-
surable space (0, X). If there exists xfy € R, [E*] such that L*(v) = L'(|(v,z})]),
then

LP([(v,a5)]) € LY ([(wag)l) = L'(v), 1<p<co.

In Corollary 3.19, we have exhibited conditions equivalent to L'(v) =
L'(|{v,x})|) for some Rybakov functional . In certain cases, it is possible to
identify such a Rybakov functional explicitly; see, for instance, Lemma 3.14(ii)(b)
(and its proof) and Example 3.67.
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We end this chapter with some examples of positive vector measures v for
which we can find an explicit functional zf; € B[E*| N (E*)*" satisfying (6.71).
Note that Theorem 6.41 does not provide a general method for constructing such
a functional x{.

Example 6.46. Let 1 < r < co and consider the Volterra measure v, : B([0, 1]) —
L7([0,1]) of order r; see (3.23) and (3.26). For the case 1 < r < oo, the constant
function 1 := x, ,; belongs to L” ([0,1]) = L"([0,1])* and satisfies

(v, 1)(A) :/A(l—t) &, AeB(o 1)), (6.76)

which follows easily from the definition of v,. and Fubini’s theorem. In particular,
1 is a positive Rybakov functional for v,..
(i) Consider r := 1. Then, according to Example 3.26(i), we have

L' (1) = L'(Jn|) = L' ({1, 1)) = L' (1 — t) dt).

This situation is quite typical for Lemma 3.14(ii)(b). So, we can apply Lemma
6.45 to deduce (6.71) for every 1 < p < oo.

(ii) Let 1 < 7 < oo. Then, for the function 1 € L" ([0,1]) = L"([0,1])*, we
have LP((v,,1)) = LP((1 — t)dt) and so

LP(v,) C LP((1—t)dt) € LY (1 —t)'/7dt) = L*(|v,|) € L*(vy) (6.77)

whenever p satisfies r < p < oo; see Example 3.76. In other words, for every
r < p < oo, (6.71) holds with v := v, and z3 := 1 € L" ([0,1]) = L"([0, 1])*.

(iii) For r = oo, it follows from (3.27) that the Volterra operator Vy, satisfies
Voo (L=([0,1])) € €C([0,1]). So, we have

R(veo) € R(Vee) € C([0,1]),

where R(voo) and R(Vs) denote the ranges of the vector measure v and the
operator Vo, respectively. Accordingly, let vy : B([0,1]) — C([0,1]) denote the
Volterra measure v, considered as being C([0, 1])-valued. Then

L'(ve) = L'(w) = L'([0,1)); (6.78)

see [129, Proposition 3.1]. As usual, the dual space of C([0,1]) is identified with
the space of all C-valued Borel measures on [0, 1]. In particular, the Dirac measure
01 at the point 1 belongs to the dual space C([0,1])*. With u denoting Lebesgue
measure on [0, 1], it follows that

1

. )4 = [ K [ rawan) asie) = [ =uia), aeB(0.1),
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This and (6.78) yield that
LY(vo) = L'((r,01)) = L'([0,1]).

(iv) Finally we consider the vector measure v : B([0,1]) — L*°([0, 1]). Let
Jj : C([0,1]) — L*(]0,1]) denote the natural injection (actually an isometry).
That is, j(f) is the equivalence class (modulo p-a.e.) in L°°([0, 1]) determined by
f € C([0,1]). Then j(C([0,1])) is a closed subspace of L>°([0,1]) and v = j 0 g
(see Lemma 3.27). Moreover, 6, defined by (gvl(](f)) = (f,01), for f € C(]0,1)), is
a continuous linear functional on j(C([0, 1]) which, by the Hahn-Banach Theorem,

has an extension (not unique) to an element n € L ([0, 1])*. Since the containment
R(vs) € j(C([0,1])) holds, it follows that

Voo, M(A) = (oo (A), n) = (3 (n0(A)), 61) = (v0(A), b1) = p(A), A€ B([0,1]).

This and (6.78) imply that
L'(vso) = L' ((vee,m) = L*([0,1])- O

Example 6.47. Given a positive, finite measure space (2, X, ) which is o-decom-
posable and 1 < p < oo, select functions g; € L'(u)T, for j € N, such that
> i1 lgjllziny < oo and g; > 0 (u-a.e.) for each j € N. Let {e;}32; denote the
standard unit vector basis for the Banach space £P. The (norm 1) inclusion ¢! C (P
implies that

(Do) < D lgsllrgy < o
j=1 j=1

which enables us to define a finitely additive set function v : ¥ — (P by

V(A) = f: (/Agj dn)e;, AeS. (6.79)
j=1

Note that the separable Banach space ¢P contains no copy of ¢*° and that the
standard unit vector basis {7,}32,; C (¢2)* = ¢P is a total subset of (¢7)*. Let
n € N. Observe that

(V(A), 1) = /Agndu, Aex,

which implies that the finitely additive set function (v,v,) : A+ (V(A),v,) on X
is equal to the indefinite integral of g, € L'(u) (with respect to p) and hence, is
o-additive. Consequently, the generalized Orlicz-Pettis Theorem (see Lemma 3.2)
implies that v is o-additive, that is, v is a positive, fP-valued vector measure.
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Now let ¢ € /7" = (£2)* be the (non-negative) function defined by the formula
P(j) = ngHi/fzu) for j € N. Then

A =3 w0) [ gydn, Acs

j=1 A

Our aim is to show, for zj := 1, that
LP(v) C LP((v,25)) = LP ((v.9)) € L'(v),

that is, (6.71) holds. Since ¢ (j) > 0 for each j € N, the scalar measure (v, 1)
and the vector measure v are mutually absolutely continuous and so, the first
inclusion LP(v) C LP({v,v)) necessarily holds. To prove the second inclusion
LP({v,4)) € L*(v), we shall first verify that

||S||L1(,,) < HSHLP((,M/,)), s € sim Y. (6.80)

To this end, fix s € sim . It follows from Lemma 3.13 and (6.79) that

bl = | [ ], = |32 ([l
- (§(A|s|gjdu)p)l/ps (zwﬁ/ﬂspgjdu)l/p. (6.81)

Here the last inequality in (6.81) is a consequence of the identity (1/p)+(1/p’) =1
and Holder’s inequality as follows: for each j € N we have

([taran) = ([ (w6 7is1) (w70 ) an)

< (/Qw(j)ISI”gj du>p/p (/ﬂw(w’% d/t)p/pl

= (v [ IsPPgsdu) (Nlgslloi, | 95dm " w(G) [ 1sl” g5 dp.
(v fjerose) (loli [pman) = o0 |

Since the right-hand side of (6.81) equals ||s||1r((1,4)), the inequality (6.80) does
indeed hold.

Now, let f € LP({v, 9)). Select a sequence {s,}>2; C sim ¥ such that s,, — f
both pointwise and in the norm || - || Lr((u,¢)) @s n — co. Then we have from (6.80)
that

op

llsn = skllLiw) < lsn — skllewp)), n,k €N,

and hence, {s,}5°; is Cauchy in L!(v). So, Theorem 3.5(ii) yields that f € L!(v).
This establishes the inclusion LP((v, %)) C L*(v). O



Chapter 7

Operators from Classical
Harmonic Analysis

Two of the most important operators arising in harmonic analysis are the Fourier
transform and convolutions (which include translation operators via convolution
with Dirac point measures). The aim of this final chapter is to make a detailed
analysis of these two classes of operators, acting in LP-spaces, from the viewpoint
of their optimal domain and properties of the corresponding extended operator.
In particular, for the well-known class of Le-improving measures, it turns out that
the corresponding convolution operators can be characterized as precisely those
which are p-th power factorable for a suitable range of p; see Section 7.5. This
makes a close and important connection between the results of Chapter 5 and the
classical family of convolution operators.

To fix the setting, let G denote a (Hausdorff) compact abelian group with
dual group T. Tt is always assumed that G (hence, also T') is infinite. The identity
element of GG is denoted by 0. Normalised Haar measure in G is denoted by u;
it is defined on the Borel o-algebra B(G) (i.e., that generated by the open sets).
For each 1 < p < o0, let LP(G) denote the (complex) Banach space of all p-th
power p-integrable functions f : G — C with its standard norm || f|zr(q) =

([ | fIPdp) 1/p, that is, LP(G) = LP(p). As usual, L>°(G) = L* () is the Banach
space of u-a.e. bounded measurable functions equipped with the essential sup-

norm || - || e (c)-
The adjoint index to p is denoted by p’ and is determined by
11
p P

Since p is finite, we have

L=(G) C LI(G) C LP(G) C L'(G) (7.1)
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whenever 1 < p < ¢ < 0o. Moreover, since u(G) = 1, we have that all inclusions in
(7.1) are continuous with operator norm 1. As G is infinite, these inclusions are all
proper (adapt the proof of [95, Lemma 4.5.1]). The dual space LP(G)* of LP(G)
is identified with L? (G) via the duality

() = /wadu, feING), eI’ (G).

We will also require the Banach spaces ¢P(I'), equipped with the norm

1/
I€llerry == (E,erl€()P) " for 1 < p < oo and [[€]lie(ry = sup,er [€(7)]
for p = oo, where elements & of ¢P(T") are considered as functions £ : T' — C de-

fined on the discrete space T'. The Banach space dual ¢2(T')* of ¢P(T") is identified
with ¢ (T') via the duality

&n) =D &),  Eer(T), ner (D).

yel’

Of course, ¢y (T") denotes the Banach space of all functions £ : I' — C which “vanish
at infinity” (i.e., for each € > 0 the set {y € I' : [¢(y)| > ¢} is finite), equipped
with the norm || - ||,y inherited from £°°(I"). Actually, co(I") is a closed subspace
of £°°(T"). Both ¢o(T") and ¢>°(T") are algebras relative to pointwise multiplication
of functions on T'.

For each v € T', the value of the character v at a point x € G is denoted by
(x,7). The identity element of I" will be denoted by e. Let

T(G) := span{(-,7) : v €T}

be the space of all trigonometric polynomials on G. Clearly we have 7(G) C
MNi<r<oo L"(G) and ||(~,7)||LT(G) =1 whenever y € T'and 1 <r < 0.

Finally, the space of all C-valued, regular measures defined on B(G) is de-
noted by M (G); it is a Banach space when equipped with the usual total variation

norm ||-||ar(c)- The Fourier-Stieltjes transform X:T = Cof a measure A € M(G)
is defined by

A7) = /G (x,7) d\(z), vel, (7.2)
in which case A € /> (T). If X is absolutely continuous with respect to y, denoted
by A < p, then it follows from the Radon—Nikodym Theorem that there exists
h € L'(G) whose indefinite integral

A / hdu, A € B(G), (7.3)
E

equals A. In this case, \is equal to the Fourier transform h of h defined by

hy) = /G @) du(z), v eT. (7.4)
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Clearly ||ngac(F) < | fllz1(c) for each f € L' (G) and so the Fourier transform
map
Fy: LYG) — (1)

defined by f +— fis continuous. Actually, by the Riemann—Lebesgue Lemma, [140,
Theorem 1.2.4], F} is ¢o(T')-valued. If we wish to consider F; as being co(I')-valued,
then we will denote it by

Fio: LYG) — co(T).

Since the inequalities
[flleory < Ifllzre) < 1fleey.  f€LP(G), (7.5)

hold for each 1 < p < o0, it follows that the Fourier transform map is also defined
on each space LP(G) and maps it continuously into ¢o(T"). We denote this map by

Fp}o : LP(G) — CO(F).

Actually, more is true: it turns out that f e ("), whenever 1 < p < 2 and
f € LP(G), with

1flleer iy < Wfllzoey, — f € LP(G). (7.6)
This is the Hausdor(f-Young inequality, [76, p. 227], [95, Theorem F.8.4.]. The
continuous linear map f — f so-defined is denoted by

E,: LP(G) — 7 (I),

foreach 1 <p < 2.

For 1 < p < oo and each A\ € M(G), the convolution operator C’g\p) from
LP(G) into itself, defined by

CP: fs fxA,  feLP(G), (7.7)

is linear and continuous. Indeed, the function f * A : G — C defined by

fxA: acn—>/f(x—y) dA(y), p-a.e. x € G,
G
belongs to L?(G) and satisfies
ILf * Mlzea) < Marey - 1 f e e, (7.8)

[75, Theorem 20.13]. So, ||C’/(\p)|| < Mlarca)- For fixed a € G, let 6, denote the
Dirac measure at a, that is, 6,(A) = x ,(a) for A € B(G). Then C(gf) is precisely
the translation operator 7, € L(LP(G)) given by

Tof ¢ T f(z—a), z € G, (7.9)

for each f € LP(G). It is clear that 7, o C)(\p) = Cip) o7, for each a € G.



298 Chapter 7. Operators from Classical Harmonic Analysis

Since 7 (G) C LP(G) and

CP((7) = (N=A =) (), e, (7.10)

with equality as elements of LP(G), we see that the trigonometric polynomials are
invariant under each convolution operator Cg\p ).
As indicated above, the aim of this final chapter is to make a detailed and

systematic study of the convolution operators C;p), for1 <p<ooand A € M(G),
and the Fourier transform maps Fpo : LP(G) — ¢o(I') for 1 < p < oo and
F, : LP(G) — £ (T') for 1 < p < 2. We begin with the Fourier transform, after
noting that each B.f.s. X (p) = LP(u), for 1 < p < oo, which appears in this
chapter has o-o.c. norm.

7.1 The Fourier transform

We begin with an analysis of the Fourier transform maps Fp,o : LP(G) — ¢o(T)
for 1 < p < oo. First we require a preliminary result.

Lemma 7.1. The map Fi: L'(G) — ¢o(T) is not weakly compact.

Proof. Since T' is infinite we can choose (and fix) a sequence {7,}22; of distinct
elements of I'. Given h € L*°(G) we have

<(-,7n), h> = /G(:U,yn)h(x) du(z) = ﬁ(—%), n € N.

Since h € LY(G), we know that he co(T") and so limy, o E(_'Yn) = 0. Accordingly,
{C, fyn)}zo:l converges weakly to 0 in L(G). Moreover, the orthogonality relations

/G(x77) du(ﬂ?) = X{,y}(e)a vel,

[140, p. 10], imply that
)= xgy Vel (7.11)

Suppose that F} o is weakly compact. Since L!(G) has the Dunford-Pettis
property, it follows that Fj o maps weakly convergent sequences in L'(G) to
norm convergent sequences in c¢o(I"), [42, pp. 176-177]. Hence, the sequence
{Fl,O('Yn)}ZO:l = {(~,'yn)A}Zo:1 would be norm convergent in ¢o(T'); this is surely
not the case since (7.11) implies that

[ = Gl e =1 k#n (7.12)
O

Remark 7.2. The proof of Lemma 7.1 also shows that Fio : L'Y(G) — co(T)
is not completely continuous. According to Corollary 2.42; it then follows that
{Fl,O(XA) : A € B(G)} is not a relatively compact subset of co(I). O
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Define a set function my, : B(G) — ¢o(T") by
myp : A Fpo(x,) = Xas A € B(G). (7.13)
According to (7.5) we have
[mp(A)lleory < u(4), A€ B(G),

from which it follows that m,, is both o-additive and has finite variation. Of course,
in the notation of Chapter 4, m,, is precisely the vector measure mp, , induced by
the operator F), 9. The unit vector X{e} € 1) = co(T)* satisfies

<mp(A), X{e}> = X,(e) = u(A), A € B(Q). (7.14)
Accordingly, for each A € B(G), we have
W) = [mp(A), x| < Imp(Dllesiry < n(A),

from which it is clear that actually |m,| = p. It is also clear from (7.14) that
Fpo: LP(G) — co(T) is a p-determined operator. Moreover, (7.14) implies that

Limy) € Lh(my) € LM ([tmps xp))) = LHG)
which, together with L'(G) = L'(|m,|) C L'(m,), yields
Ly (my) = L (mp) = L'(Imyl) = L1(G).

Since [, sdm, =5 for each s € sim B(G) C LP(G), we see that I,,,, which is the
continuous ¢y (T)-valued extension of F,, o : LP(G) — co(T) to L'(m,) = LY(G), is
precisely the operator Fy g : L'(G) — co(T'). The following result summarizes the
above discussion.

Proposition 7.3. Let 1 < p < 0o and m,, : B(G) — co(T) be the vector measure
associated to the (u-determined) Fourier transform map Fp o : LP(G) — co(T') via
(7.13).

(i) The vector measure m, has finite variation, satisfies |m,| = u, and its range
R(my) is not relatively compact in co(T').
(ii) We have
Ly (mp) = L'(my,) = L'(Imy|) = L'(G) (7.15)

and the integration operator Ip,, : LY(my) — co(T) is precisely the Fourier
transform map Fy o : LY(G) — ¢o(T). In particular, I, is injective. More-
over,

L"(my) = L"(G), 1<r<oo.

iii) The integration operator L L'(m,) — co(I') is not weakly compact or
P P
completely continuous.
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Proof. Parts (i) and (ii) have already been established above. Part (iii) follows
from the identity Ip,, = Fy together with Lemma 7.1 and Remark 7.2. O

Remark 7.4. (i) Since LP(Q) is reflexive, for 1 < p < oo, the Fourier transform
map Fpo @ LP(G) — co(I') is necessarily weakly compact. However, its optimal
extension Ip,, = F o is not weakly compact.

(ii) In the notation of the proof of Lemma 7.1, note that the sequence
{(-,’yn)}zo:l belongs to B[LP(G)] for every 1 < p < oo. It is clear from (7.12)
that {(~,7n)A}Zo:1 cannot have a convergent subsequence in ¢y(I"). Accordingly,
the Fourier transform map F), o : LP(G) — ¢o(T') is not a compact operator. O

Remark 7.5. Fix 1 < p < co. Let X(p) := LP(G) and E := ¢o(I'). Then the
operator T' := F,o € L(X(u),E) is p-determined and L'(mr) = L'(p); see
Proposition 7.3. Since p is non-atomic (see Lemma 7.97 below) we can apply
Lemma 6.24(iii) (with p and r interchanged) to conclude that

Fpo € Arq(LP(G), co(I)) ifand only if 1<r<q<p.

Therefore, if 1 < r < g < p, then Theorem 6.9(v) (again with p and r interchanged)
guarantees that there exists a Y-measurable function g > 0 (p-a.e.) and a p-
determined operator S € £L(L9/"(u), E) for which the continuous linear extension
Tiry = (Fp0) : X (1)) — E is factorized as Tjy) = (Fp0) [, = S © Mgr/q. That is,
we have

T=F,,
X(u) = L7(G) — E = co(T)
. Fp/ryo
i) s
Mg7‘/q

X(M)[r] = L") —— LY7(@)

because (Fpp) e Fip/r),0- However, in this particular case, it is possible to take
g:=1=x,and S = Fy/) 0 because Fy/n 0 : LY/7(G) — ¢o(T) is a continuous
linear extension of both F}, o and F,/,) o. With My : LP/"(G) — LY (G) denoting
the operator of multiplication by 1 (i.e., the natural inclusion of LP/"(G) into
LY/7(@)), we have a more “concrete” diagram:

X () = LM (@) — 22

E = co(T)

) Fp/ryo
i) Fa/ryo

X(‘u)[r] — Lp/T(G) M14> Lq/T(G).
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Proposition 7.3 identifies the main properties of the optimal extension of
each Fourier transform map F,o : LP(G) — ¢o(T"). If we change the codomain
space from co(I) to the space 7' (T), that is, we consider the Fourier transform
maps Fp, : LP(G) — (') for 1 < p < 2, then the situation changes dramat-
ically. Indeed, it turns out that the optimal domain space of F}, (equivalently,
of the Hausdorff-Young inequality (7.6)) is no longer an L"(G)-space for any
1 < r < oo. Moreover, it is possible to give alternative, concrete descriptions of
this space (other than saying that it just consists of mp, -integrable functions);
these descriptions show that the optimal domain of F, is a genuinely new type of
B.f.s. Nevertheless, it is still “well behaved” in that it is translation invariant and
such classical operators as translations, convolutions and Fourier transforms act
continuously in it. Moreover, these optimal domains solve a problem in classical
harmonic analysis raised by R.E. Edwards some 40 years ago. It is time to be more
precise.

Fix 1 < p < 2 and consider the linear operator F, : LP(G) — (7 (T). Ac-
cording to the Hausdorff—Young inequality (7.6), the finitely additive set function
mp, : B(G) — 7' (') defined by

mr, 1 A= F(x,) =X, A € B(G), (7.16)

satisfies [|mp, (A)|[p (ry < X 4llLr(e) = p(A)YP. Accordingly, mp, is o-additive
and mp, < p. The following result collects together some of the basic properties
of me .

Proposition 7.6. The following statements are valid.

(i) For each 1 < p < 2, the vector measure mp, : B(G) — () as given
by (7.16) is mutually absolutely continuous with respect to p (i.e., mp, and
u have the same null sets). In particular, the Fourier transform operator
F, : LP(G) — (P (T') is p-determined.
(ii) For each 1 < p < 2, the vector measure mp, has infinite variation.
(iii) For each 1 < p < 2, the vector measure mp, does not have relatively compact
range in (7 (T).

Proof. (i) It is clear from (7.16) and the definition (7.4) of Fourier transforms that
if A€ B(G) is pnull, then X, = 0 for all B € XN A. So, A is mp,-null.

On the other hand, suppose that A € B(G) is mp,-null. In particular, we
have X | = mp,(A) = 0 and hence, by injectivity of the Fourier transform, [76,
Theorem 31.5], [140, p. 29], x , = 0 in LP(G). That is, u(A) = 0.

(ii) Fix 1 < p < 2. Suppose that mp, has finite variation. By part (i) and the
fact that the reflexive Banach space ¢’ (T') has the Radoanikodym property, [42,
p. 218], there exists a Bochner p-integrable function H : G — ¢7 (T') such that

A

% = mp(A) = (B)- /A Hdu, AcB(G) (7.17)
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Given v € T, the element X(,y € (P(T) = 7' (I')* satisfies

(mr(A). X)) = R,0) = [ @A duto). A€B@). (119

with (-,7) € L*(G). On the other hand, (7.17) implies that
(mp, (A), X{'v}> = /A (H(x), X{.y}> du(z), A € B(G), (7.19)

also with (H(-), X{v}> € LY(G). It follows from (7.18) and (7.19) that

(H(x), x(py) = (7).,  2€G\N(), (7.20)
for some p-null set N () € B(G). Choose any infinite sequence of distinct elements

{52, C T, in which case N := [J37, N(v,) is p-null. Since H is ¢¢'(T')-valued
pi-a.e., we can select 29 € G\ N such that H(zo) € £’ (T'). But, by (7.20) it follows

that
o0 p/ o0 p/
Zl‘<H(x0)7 X{'Yn}>’ = Zl ’(xOv’Y'ﬂ)| = o0

which is impossible. So, mp, must have infinite variation.
(iii) For v € T fixed, write

('7’7) = [Re('77)]+ - [Re('v’)/)]_ + i[Im(-,’y)]+ - Z-[Im('a’}/)]_

and note that each of the four [0, 1]-valued functions on the right-hand side, being
bounded, is mr,-integrable. Since the closed convex hull of R(mp,) is given by

C = ER(mFP) = {/ fdep 0< <, fELOO(me)},
G
[42, p. 263], we conclude that
X{V} = ('57)/\: FP((”Y)) :/G(7’Y) dep €C+C+ZC+'LC

So, if R(mp, ) is relatively compact in ¢ ("), then so is C+C +iC +iC and hence,
also {X{v} : v € T'}. But, this is surely not the case as ||X{7} — X{W}Hez”(r) = 21/¥'
forall y #nin I. O

Remark 7.7. (i) For p = 1, the inequalities
||mF1(A)Hgoo(1") = ||>?AHéoo(r) < ||XAHL1(G) = p(4), A € B(G),

show that the vector measure mp, : B(G) — ¢°°(I") does have finite variation.
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(ii) Parts (ii) and (iii) of Proposition 7.6 should be compared with Proposi-
tion 7.3(i).

(iii) Let A € B(G) satisty u(A) > 0. The same proof as for part (ii) of Propo-
sition 7.6 shows that mp, restricted to ANB (G) has infinite variation. Hence, m F,
has infinite variation on every measurable subset of G with positive Haar measure.
In other words, the variation measure of mp, is totally infinite. O

Because the optimal domain spaces L!(m F,) of the continuous linear opera-

tors F, : LP(G) — 7' (') turn out to be of special interest in harmonic analysis,
we will adopt a special notation for them, as introduced in [113] for the case of
G = T with d € N. Namely, we will denote L'(mp,) by FP(G) and the norm

|| : ||L1(mpp) by || - ||FP(G)~

Proposition 7.8. Let 1 < p < 2. For each B.f.s. FP(G) over (G,B(G), 1), neces-
sarily o-o.c., we have that LP(G) is a dense subspace of FP(G) with

I fllerce) < Ifllere), [ e Lr(G), (7.21)
and FP(G) C LY(Q) with
Ifllzrey < Iflleecays [ € FP(G). (7.22)

Also, FP(G) is dense in L*(G) and the optimal extension Iy,  FP(G) — ()
of F,, is the Fourier transform map, that is,

mgﬁzéﬁm&:ﬁ € FP(G). (7.23)

In particular, Ime 18 injective.
Proof. As in (7.14), the unit vector X(ey € ¢2() = 7' (I)* satisfies
(mr, (A), X(y) = n(A),
that is,
pA) = (me,(4), X,) = [(mr, x DI, AcBO).

So, if f € FP(G), then

L1t = [ 11 dme x ) < 1l = 1l

This establishes FP(G) C L!(G) with (7.22) holding.

According to Proposition 7.6(i), the B(G)-simple functions in L'(mp,) co-
incide with those in L'(G). Since sim B(G) is dense in L*(G), it follows that
LY(mp,) = F?(G) is also dense in L'(G) because of the continuous inclusions

sim B(G) C F*(G) C LY(G).
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As FP(Q) is the optimal domain for F, : LP(G) — 7 ('), we automatically
have L?(G) C FP(G) with a continuous inclusion and

/Gfdep = F(f)=Ff  feL’Qq). (7.24)

To establish (7.21), observe that the Hausdorff-Young inequality (7.6) means that
| F,|| < 1. So, the natural inclusion map Jp, : LP(G) — L'(mp,) = FP(G) satisfies
I, || = || Fp|l < 1 (see Proposition 4.4(ii) with X (u) := LP(G), E := ¢ (T') and
T := F,) and hence, (7.21) holds because

Ifleey = 175, (Dllgoay < 1RM - If oy < Wflleve),  f € LP(G).

Furthermore, recall that sim B(G) is dense in L'(mp,) = F?(G) from Theorem
3.7(ii) with v := mpg,. So, the continuous inclusions

sim B(G) C LP(G) C FP(G)

imply that LP(G) is dense in FP(G).

To establish (7.23) fix f € FP(G). Choose {s,}52, C sim B(G) with s, — f
in LY(mp,) = FP(G) as n — oco. By continuity of the associated integration
operator I, : L'(mpg,) — 7' (T') and (7.24) we have

lim s, = lim sp dmp, :/ fdmp, = Ime(f)
with convergence in £7'(I'). On the other hand, (7.22) implies that s,, — f in L*(G)
as n — oo and so the continuity of Fy : L'(G) — £°(T) yields lim, . 8, = 7
with convergence in £°°(T). Since £ (I') C ¢>°(T') it follows from uniqueness of
Fourier transforms that (7.23) is valid. O

Remark 7.9. (i) For p = 1, Proposition 7.8 shows that F1(G) = L'(G) with their
given (lattice) norms being equal.

For p = 2, the Plancherel Theorem, [140, Theorem 1.6.1], and (7.21) yield,
for every f € L*(Q),

||f||F2(G) < ||f||L2(G) = ||ﬂ|@2(F) = ||ImF2(f)||g2(p) < ||f||F2(G)7

where the last inequality follows from || I, || = 1; see (3.99) with v := mp,. This
implies that F2(G) = L?(G) with their given norms being equal.

So, for p = 1,2 both the Fourier transform maps Fy : L*(G) — ¢>°(T') and
Fy : L*(G) — £2(T") are already defined on their optimal domain; no further
extension is possible.

(ii) The reflexive spaces ¢’ (T'), for 1 < p < 2, cannot contain an isomorphic
copy of ¢y, and so we know from the discussion immediately after Remark 3.33
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that LY (mp,) = L'(mp,). Since mp, takes its values in the closed subspace co(I')
and mp, = my on B(G), with m; defined by (7.13), it follows from (7.15) that
LY (mp,) = L'(mp,) = L'(G). Accordingly,

L(mp,) = L'(mp,), 1<p<2 (7.25)
O
Proposition 7.10. Let G be a compact abelian group.

(i) The operator Fy : LY (G) — €>°(T") is not weakly compact whereas, for 1 < p <
2, each map F, : LP(G) — o’ (T") is weakly compact. For each 1 < p < 2, the
same conclusion as for the operator F, also holds for the extended operator
Iy, : FP(G) — (7 (T).

(ii) For each 1 < p < 2, the Fourier transform map F, : LP(G) — ¢ (T) is
neither compact nor completely continuous. The same conclusion as for F,
is also true of the extended operator I, : FP(G) — o’ ().

Proof. (i) Since 7' (') is reflexive whenever 1 < p < 2, it follows that both the
operator F, : LP(G) — ¢ (T') and its extension I,  FP(G) — 7' (T') are weakly
compact. For p = 1, we note that F'(G) = L'(G) and that I,,,,, = F takes its
values in the closed subspace c¢o(I") of ¢>°(I"), that is, it coincides with F . By
Lemma 7.1 we conclude that Fy = I, is not weakly compact.

(ii) Since I, = F1 coincides with F} o we conclude from Remark 7.2 that
Fy = Iy, is not completely continuous. Of course, not being weakly compact (by
part (i)), it is clear that Iy = I,;,. also fails to be a compact operator.

Suppose now that 1 < p < 2. Fix any sequence of distinct points {7,,}22, C
I. As in the proof of Lemma 7.1 we have, for each h € L (G), that ((s7m), h) =
Tl(f’}/n) for each n € N. Since h € L'(G), we have he co(T"), from which it follows
that lim,,_, o0 /f\l(—’}/n) = 0. That is, {(-,’yn)}:; converges weakly to 0 in LP(G).
Again via (7.11) it follows that

||('57k)/\_ ('7711)/\”@’({‘) = 21/1)/7 k 7"é n,

1

and hence, that {F,((-,7,)) }20:1 has no convergent subsequence in £’ (I'). Accord-
ingly, the map F), : LP(G) — o’ (T) is neither compact nor completely continuous.
The same is then true of its extension I, : FP(G) — ' (). d

To describe the space L'(m), for a general vector measure m, is rather dif-
ficult. However, for the vector measures mp,, with 1 < p < 2, we now show that
this is possible. These alternate descriptions of m,-integrable functions will allow
us to make a more detailed analysis of the optimal domain spaces FP(G).

Define a vector subspace VP(G) of 2 (G), for 1 <p <2, by

VP(G) = {he Lp/(G) th= é for some ¢ € (P(T')}.
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Since ¢(T') C ¢*(T), the inverse Fourier transform

p(z) = > (#,7)¢(1), z€G, (7.26)

yel

is well defined as an element of L?(G) whenever ¢ € ¢?(T'). The Plancherel Theo-
rem implies that V?(G) = L?(G). For p = 1 we note that V1(G) = {% tpe M)}
and hence, V1(G) C C(G) where C(G) is the space of all C-valued continuous func-
tions on G (a Banach space for the sup-norm || - [|¢(¢)). Since G is infinite, it is
known that the inclusion V1(G) C C(G) is proper, [140, Theorem 4.6.8]. Given
1 < r < o0, a subspace Y of L"(G) is called translation invariant if 7,(Y) C Y
for every z € G. For both p = 1,2, it is clear that V?(G) is a translation in-
variant subspace of Lp,(G) which is stable under formation of complex conjugates
and reflections. By the reflection of a function f : G — C we mean the function
Raf :x v f(—z) for z € G. The reflection Rr& of a function £ : I' — C is defined
analogously. We now show that the situation for 1 < p < 2 is similar.

Lemma 7.11. Let G be a compact abelian group.

(i) If 1 <p <2, then
VP(G) C L (G); (7.27)

the containment in (7.27) is always proper and VP(G) separates points of
F?(G). Moreover, V*(G) = L*(G).

(ii) For1<p< q<2itisthe case that VP(G) C VI(G) C L*(G).

(iii) For each 1 < p < 2, VP(Q) is a translation invariant subspace of L¥ (G)
which contains T(G) and is stable under formation of complex conjugates
and reflections.

Proof. (i) The cases p = 1, 2 were discussed above. That the containment V?(G) C
Lp,(G) is also proper for 1 < p < 2 is known; see [76, p. 429], for example.

Since X(yy € P(I), for each v € T', and (-,y) = )v({ﬂ (see (7.26)), it follows
that 7(G) € VP(G). By Lemma 7.15 below, (F, H) := [, FH dy exists in C for
each ' € FP(G) and H € VP(G). Accordingly, if (f, h) = 0 for some f € FP(G) C
L'(G) and all h € VP(G), then also (f, (-,7)) = ]?(—7) = 0 for all v € T. By
injectivity of Fy it follows that f = 0. Hence, V?(G) separates points of F?(G).

(ii) The condition 1 < p < ¢ < 2 implies that ¢P(T") C £9(T"). Moreover, since
then 2 < ¢ < p’ we also have L¥ (G) C LY (G) C L*(G). So, if h € VP(G), then
surely h € L9 (G). Moreover, h = c\,é for some ¢ € (P(I") C ¢4(T") and so h € VI(G).

(iii) Fix 1 < p < 2. It was already noted in the proof of part (i) that 7 (G) C
VP(G).

Fix a € G. Let h € VP(G) so thatﬁ = ¢ for some (unique) ¢ € ¢P(I"). Since
h € LP (G), also the translate 7,h € L? (G). Moreover, the identity

(rah)(7) = (a,7) h(7), €T, (7.28)
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shows that (7,h)" = (a,-)¢ € ¢P(T") and hence, 7,h € VP(G). This shows that
VP(G) is translation invariant.

It is routine to check that & € L?'(G) and

(hy" = Rrg = Rrh. (7.29)

Since both R and the conjugation operator ¢ — & are isometries on ¢P(T), it
follows from (7.29) that h € VP(G). Hence, VP(G) is also stable under complex
conjugation.

Finally, since Rgh € L? (G) and (Rgh)™= Rre, it follows that the function
Rgh € VP(G). That is, VP(QG) is stable under formation of reflections. O

For each f € L'(G) define a linear map
Sy L7(G) — co(T)

by the formula

S¢:hw (hf), h e L*(G). (7.30)
Clearly Sy € L(L>®(G), co(T')) with operator norm || S¢|| < [|f|z1(c)- For each
1<p<2andT € ,C(LOO(G), E”/(F)), we denote the operator norm of T by
|T|co,p- We note that if f € L'(G) has the property that S;(L=(G)) C (),
then the Closed Graph Theorem implies that Sy € L£(L>(G), I (T')) and, in
particular, ||Sf|copr < 00. Indeed, let h, — 0 in L*°(G) and Sy(h,) — ¢ in
7 (') as n — oo. Since €7 (I') C ¢o(T') continuously, it follows that Sf(h,) — ¢
in ¢(T). On the other hand, h, f — 0 pointwise p-a.e. in G and |h, f| < M| f| for
n € N (with M := sup,,cy [|Anl| (@) By the Dominated Convergence Theorem
|hnfllLi(e) — 0 as n — oo and hence, by continuity of the Fourier transform
map Fi o : L'(G) — ¢o(T), we can conclude that S¢(hy,) = (hnf) — 0 in co(T)
as n — oo. Accordingly, ¢ = 0 and so Sy : L>(G) — 7 (I) is indeed a closed
linear operator. Moreover, the dual operator S} : ¢P(I') — L°°(G)* turns out to
be rather “nice”.

Proposition 7.12. Let 1<p<2 and suppose that f € L*(G) satisfies Sy (LOO(G)) C
0% (). Then the dual operator St e L(P(T), L=(G)*) actually takes its values in
the closed subspace L'(G) of L*°(G)* and is given by

S f()Y (EM),  ceer(D). (7.31)

~el’

Proof. Observe that h € L(G) is identified with the element Fj, € L>®(G)* de-
fined by 1 — [, hp dp, for 1 € L*°(G), which then satisfies (with || - || denoting

Iz ())

| FullLoe(cys = sup  |[(o, Fu)| = sup ’/Wldu‘ZHhHLl(G)-
[I]loc <1 l¥le<1'JG
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Suppose that {h,}5°; C L'(G) satisfies F},, — p in L°(G)*. Then

[ = hillLrey = 1Fh, = FullL=(c)-
and so {h,,}22; is Cauchy in L*(G). Accordingly, there exists h € L'(G) such that
| — hllL1(@) — 0 as n — oo, that is,
1Fh, = Frllzoe@)s = llhn = hllLye — 0, n— oo

It follows that p = F}, and hence, that L'(G) is a closed subspace of L>(G)*.
Let v € L>(G) and £ € ¢P(T") have finite support. Then

(S;0), €) = (Fb, €) = S () /G @) Fle)i() du(z).

yel

Since this is a finite sum, it follows that

(5. & = [ v@[@) X @ )] dua) = (v 556)
vel
with S%(¢) € L'(G) as given by (7.31).

For a general element £ € ¢P(T") there is a countable set {v, : n € N} C T
such that &(y) = 0 for all v ¢ {~,, : n € N}. Define the finitely supported elements
En = 25:1 f('yn)x{v } of ¢P(T) for each N € N, in which case {y — &€ in £P(T)
as N — oco. By continuity of % it follows that S7(§n) — S}(€) in L*(G)* for
N — oo. Since {S;Z(fN)}JOVo:l C LY(G) it follows from the above discussion that
S7(§) = Fy, for some ¢¢ € L'(G) and that SHEn) = pe in L'(G). By passing to
a subsequence, if necessary, we may assume that

SiEn) = FO) Y. GNEN() = e, N = oo, (7.32)
~el
pointwise p-a.e. on G. Since £P(T') C ¢(T') continuously and &x — & in P(T) as

N — o0, it follows that also {xy — £ in £2(I"). By Plancherel’s Theorem we have
that (Ex)Y — (€)Y in L?(G) and hence,

> G =Y G, N —ox,
yel’ vyel
in L?(G). So, for some subsequence
Z mfz\/(k)(’ﬂ - Z Wf(v), k — oo,
yel’ yel
pointwise p-a.e. on G. It follows from (7.32) that
e() = £() D e
yer

In particular, S3(§) = Fy,, belongs to L'(G) and the formula (7.31) is valid. [
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We can now present some alternate descriptions of L!(m F, ), first formulated
in [113, Theorem 1.2] for the d-dimensional torus G = T9.

Proposition 7.13. Let 1 < p < 2. Fach of the spaces

AP(G) = {f e LYG): /G |f] - |h] du < oo for all h € VP(G)},
OP(G) = {f € LYG) : (fx )€ " (T) for all A € B(G)}, (7.33)
A(@) = {f € L} (@) : 8;(L=(@)) € ¢/ (D)}, (7.34)

coincides with the optimal domain F?(G) of F, : LP(G) — £ (T'). Moreover, in
the case of (7.34) we have

1St oo,y = I fllrr(c)s f € FP(G). (7.35)

Remark 7.14. (i) As noted above, for G = T? Proposition 7.13 occurs in [113,
Theorem 1.2]; our proof will, to a certain extent, follow the lines of that given
there.

(ii) Tt is not obvious from (7.33) that the space ®P(G) is actually an order
ideal in L°(u). Of course, being equal to the B.f.s. FP(G), it must have this prop-
erty. In addition to having ¢-o.c. norm it will follow from Proposition 7.13 that
the optimal domain spaces F?(G), for 1 < p < 2, have other desirable properties.

(iii) For G =T and 1 < p < 2 the following question was raised some forty
years ago by R.E. Edwards, [54, p. 206]:

What can be said about the family of functions f € L*(T) having the property
that fx, € ¢ (Z) for all A€ B(T)?

As noted in [113, Remark 1.3(iii)], Propositions 7.8 and 7.13 provide an

exact answer: this family of functions is precisely the optimal domain F?(T) of the
Fourier transform map F), : LP(T) — 7' (Z). O

The proof of Proposition 7.13 will be via a series of lemmata.

Lemma 7.15. Let 1 < p < 2. A B(G)-measurable function f : G — C belongs to
F?(Q) if and only if

/ [fl-|hl dp < oo,  heVP(G). (7.36)
el
Proof. Let 1 < p < 2. Suppose that f € FP(G), that is, f is mp, -integrable. Let

h € VP(@), that is, h = g\é for some ¢ € ¢7(I). Since then ¢ € 7' (F)*, it follows
that [, |f] d|(mp,, )| < co. Now, for A € B(G), we have

(mr,(4), ¢) = Y X, (MWh(Y) = > X, () (Rch) (7).

yel' yel



310 Chapter 7. Operators from Classical Harmonic Analysis

Since x , € L*(G) and h € LP (@) C L*(G) implies that Rgh € L2(G), it follows
from Parseval’s formula, [140, p. 27], that

SR, () (Rehy () = /G X (@) Ra (@) dp(z) = /A Reh du.

yel

This establishes the formula (with h = <\;/>)
(e, (A), @) = / Rohdp,  AcB(G) (7.37)
A

Accordingly, the variation measure of (mp,, @) is given by

(i, )](4) = /A Rehl du, A< B(G),

and so

/|f|~\RGhI du :/ Fldi(m,, @] < o. (7.38)
G G

Since VP(G) is invariant under formation of reflections (see Lemma 7.11(iii)), it
follows that (7.36) holds.

Conversely, suppose that the B(G)-measurable function f : G — C satisfies
(7.36). Let o € ¢*' (F)* = (P(T') be arbitrary. According to [76, p. 229] there exists
h € L* (@) such that h=¢. Then h € VP?(G) and so [ |f|-|h] dp < oo. Moreover,
the same calculation as above shows that the equality in (7.38) holds and hence,
is finite. That is, f € LY (mp,) and so, by (7.25), we have f € L'(mp,) = F*(G).

For p = 1, we know that F!(G) = L'(G). Moreover, since the constant
function 1 = )v({e} (see (7.26)) belongs to V1(G) and also V(G) C C(G), it
follows easily that the stated assertion holds for p = 1. O

For the diligent reader, we point out that the use of Lemma 7.11(iii) in the
above proof is logically legitimate as its proof did not use Lemma 7.11(i) (whose
proof makes use of Lemma 7.15).

Fix 1 < p < 2 and let f € ®P(G); see (7.33). Then the vector-valued set
function s/ : B(G) — ¢ (T) defined by

A kI (A) = (x,f),  A€eB(G), (7.39)

is surely finitely additive. Actually, more is true.

Lemma 7.16. Let 1 < p < 2. Then, for each f € ®P(G), the finitely additive set
function k¥ as defined by (7.39) is o-additive, that is, it is an £7 (I')-valued vector
measure on B(G).

Proof. Let H := {X{w} :y € T'}, considered as a subset of the dual space 7' )" =
¢°(T). Fix v € I'. Then the set function A — (x/(A), x{,y}> on B(G) is o-additive
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because it equals the indefinite integral of the function (-,7)f € L!(G) with respect
to p as seen from the calculation

<"€f(A)7 X{’Y}> = <(XAf)A7 X{’Y}> = /GWfXA dM: /Amf dﬂa A€ B(G)

Since the reflexive space o’ (T") cannot contain an isomorphic copy of the Banach

sequence space ¢ and H is a total set of functionals in Ep'(I‘)* = (P(T"), it follows
from the generalized Orlicz-Pettis Theorem (see Lemma 3.2) that x/ is o-additive.
O

Lemma 7.17. Let 1 <p < 2. Then L'(mp,) = ®(G).
Proof. By Proposition 7.8 it is clear that L*(mp,) C ®7(G).
Conversely, suppose that f € ®P(G). Given h € VP(G) there exists ¢ € ¢P(T)
such that h = ¢ and (7.37) holds. According to Lemma 7.16,
A (K(A), ) = (W f75 By, AeB(G),
is o-additive. Define A,, := |f|~1([0,n]), for n € N, in which case (AN A,,) T A for
A € B(G) fixed. By o-additivity of (k7, ) we have

<Iif(A), <p> = lim <(XAmAnf)A’ E>

n—oo

Since x ,, € L>(G) C L2(G) and h € L (G) C L*(G) we can apply Parseval’s
formula to yield

<(XAmAnf)A7 ﬁ> = /GXAM" - f - Rgh dp, n € N.

That is,
(k7(A), p) = lim [ f,dn

n—oo A

where the functions f, := x, f € L*(G) converge pointwise on G to f and

dn = Rgh dp is a complex measure (as Rgh € L'(G)). By Lemma 2.17 we
conclude that f is 7-integrable (i.e., f - Rgh € L'(G)) and

/ f- Rah dp =/ fdn = (s(A4), ¢).

A A

So, f-Rgh € LY(G) for all h € VP(G). Then Lemma 7.15 implies that the function

feL(mpg,). O
We have an immediate consequence for the spaces AP(G) as given by (7.34).

Corollary 7.18. For each 1 < p <2 we have L'(mp,) = AP(G).
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Proof. Let f € AP(G). Then the operator Sy (see (7.30)) maps each h € L>(G)
into ¢ (T'). In particular, for h = X4 We have

Si(x,) = (fx, € (), AeB(G),

that is, f € ®?(G). By Lemma 7.17 we have f € L'(mp, ).

Conversely, suppose that f € L'(mp,). Given h € L>(G), we have that
Al < (k] L)) X (p-a.e.). Since the p-null sets and mp,-null sets coincide, it
follows that

| < (Ihllee@) xg:  mE,-ae. (7.40)
In particular, h € L>®(mp,) and so hf € L'(mp,) by the ideal property of the

B.f.s. L'(mp,). It follows from (7.23) that S;(h) = (fh)"= [, fh dmg, € ¢*'(T)
and hence, that

IS5y = || [ 1,

But, (7.40) yields | fh| < ||h| () - |f| (mF,-a.c.). Since the norm of L' (mp,) is
a lattice norm we have || fhlliony,) < [[Pllz(c) - 1|21 (np,). Accordingly,

1Ss M)l por iy < I0llL=(ay - W fLagmg,ys € LZ(G).
)

< Rl Lt me, - 7.41
wrry = Mz G, (7.41)

This shows that Sy € L(L>(G), v (T)) with [|S]lccp < £l z1(mp,)- In particu-
lar, f € AP(G). O
Remark 7.19. Let 1 < p < 2. Fix f € AP(G) = L*(mp,). It was shown in the proof
of Corollary 7.18 that [|Sy[lccp < || fllL1(mp,) for 1 < p < 2; the arguments there

also apply to obtain the same inequality for p = 1. To prove the reverse inequality,
consider the indefinite integral

(me)ftAHAfdmpp, AGB(G)

Then (3.2), with v := (mg, )y, together with the definition of Sy and (7.23) imply
that

o' (D)

|(me, )¢ ||(G) = supHiaj/Afdep
j=1 j

<|IS /
[ 7 s

= 5 (3, )

j=1
where the supremum is taken over all choices of scalars a; € C with |a;| < 1
(j =1,...,n), E-partitions {A;}7_; of G, and n € N. This, together with the fact
that [|fl[z1(mp,) = [[(mr,)f[[(G) (see (3.8) with v := mp,), yield the inequality
[ £l 1mr,) < [1Sylloo,prs Which thereby establishes (7.35). O
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Proof of Proposition 7.13. Since FP(G) = L'(mp,), it follows from Lemma 7.15
that FP(G) = AP(GQ) for all 1 < p < 2. For 1 < p < 2, Lemma 7.17 states that
F?(G) = ®7(G). Clearly L!(G) = ®1(G); see (7.33). Hence, by Remark 7.9(i), also
FY(G) = ®}(G). For 1 < p < 2, Corollary 7.18 states that FP(G) = AP(G). Clearly
LY(G) = A (G); see (7.34). Again by Remark 7.9(i) it follows that F1(G) = AY(G).
Finally, the equality (7.35) was established in Remark 7.19. O

Remark 7.20. (i) It follows from Lemma 7.11(ii) and the fact that FP(G) = AP(G)
that
L*(G) C FY(G) C F?(G) C L'(G), 1<p<qg<2.

Moreover, the inclusions are continuous. Indeed, since [|£[pa(ry < [|€]ler(r) and
(mp,,&) = (mg,,§), for all £ € £P(T") C £9(I"), it follows from the definition

19w i= sup{ [ 1f1dime, &) ¢ Nl <1}
G
that

I fllerey < IfllRaca), f e FI(G).

(ii) The optimal domain spaces FP(G), for 1 < p < 2, are all translation
invariant and stable under formation of reflections and complex conjugates. Indeed,
fix f € FP(G) and a € G. For each h € VP(G) we have, according to (7.9), that

[t bl i = [ 191 tr-ahl i < s
G G

note that 7_,h € VP(G) because of Lemma 7.11(iii). It then follows from Lem-
ma 7.15 that 7, f € FP(G) and hence, that F?(G) is translation invariant. Similarly,

/WMHMW=/UH%MW<M
G G

with Rgh € VP(G); see Lemma 7.11(iii). Again by Lemma 7.15 it follows that
R f € FP(G), that is, FP(G) is reflection invariant. Finally,

Luumwzéuumw<m

together with Lemma 7.15 show that FP(G) is also stable under formation of
complex conjugates. O

We now collect together a few Banach space properties of the optimal domain
spaces FP(G).

Proposition 7.21. For each 1 < p < 2 the following statements are valid.

(i) FP(G) is weakly sequentially complete and hence, its associate space satisfies
FP(G) = FP(G)*.
(ii) FP(G) has o-o.c. norm and satisfies the o-Fatou property.
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(iil) FP(G) is weakly compactly generated.
(iv) Whenever G is metrizable, the space FP(G) is separable.

Proof. By Theorem 3.7 the optimal domain space FP(G) = L'(mp,) has o-o.c.
norm. The equality (7.25), stating that Ll (mp,) = L'(mp,), is equivalent to
LY(mp,) = FP(G) being weakly sequentially complete (see Proposition 3.38(I)
with p := 1), which then implies that L*(mp,) has the o-Fatou property and that
LY(mp,) = L*(mg,)"; see (3.84) and (3.85) in Chapter 3. According to Proposition
2.16(ii) we also have FP(G)' = FP(G)*. This establishes (i) and (ii).

(iii) See Theorem 3.7(ii) with v:=mp, , after recalling that F*(G)=L"(mp,).

(iv) If G is metrizable (in addition to being compact), then C'(G) is separable
for the sup-norm | - [[¢(g), [140, Appendix A16]. As a consequence of Lusin’s
theorem it follows that LP(G) is separable for every 1 < p < oo, [140, Appendix
E8]. But, LP(G) is dense and continuously embedded in FP(G), for each 1 < p < 2,
from which it follows that FP(G) is also separable. O

Remark 7.22. From the viewpoint of analysis, the weak sequential completeness of
F?(G) is difficult to use in practice since FP(G)* is not explicitly known. However,
there is available a good (partial) substitute in this regard. Indeed, since F?(G) C
LY(G) and FP(G) has the o-Fatou property, we see that FP(G) is also a B.f.s in
the more restricted sense of [13, p. 2]. Moreover, FP(G) C L'(G) implies that
L>(G) C FP(G)* = FP(G)'. Since L*(G) is an order ideal of FP(G)’ containing
sim B(G), it follows from [13, Ch. 1, Theorem 5.2] that FP(G) is also sequentially
o(FP(G), L>*(G))-complete. O

We also record some useful properties of the dual spaces FP(G)*.

Proposition 7.23. For each 1 < p < 2, the dual space FP(G)* is a translation
invariant B.f.s. satisfying

L=(G) CFP(G)* and VP(G) CFP(G)* and FP(G)* C LV (G). (7.42)

The first two inclusions in (7.42) are always proper, whereas the last inclusion is
proper whenever LP(G) # FP(G).

Proof. Tt follows from LP(G) C FP(G) C L'(G) with continuous inclusions (see
Proposition 7.8) that
L™(G) C F*(G)* C LY (Q). (7.43)

Moreover, (7.36) implies that V?(G) is contained in the associate space FP(G)" =
F?(G)*. This, together with (7.43), establish all three containments in (7.42).

According to [55, p. 151], for each 1 < p < 2 there exists h € C(GQ) C L? (G)
such that % ¢ (P(T'). That is, h ¢ VP(G). Now, if it were the case that VP(G) =
F?(G)', then VP(G) would be a B.f.s. over (G,B(G),p). Since x, € VP(G) and
|h| < (”h”C(G))XG it would follow from the ideal property that h € V?(G). But,
this is not the case and so VP(G) # FP(G)".
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If it were the case that L>°(G) = F?(G)’, then
L'(G) = L™(G) = F*(G)" = L"(mp,)" = L' (mg,);

see the proof of parts (i) and (ii) of Proposition 7.21 for the last equality. That is,
LY(G) = F?(G). But, for 1 < p < 2, it is known that there always exists f € L'(G)
such that f§é 7' (), [55, p. 160]. Accordingly, f ¢ F?(G) as the optimal extension
of F,, maps F?(G) into ¢ (T). Hence, L>(G) # F?(G)". Thus we have established
that the first two inclusions in (7.42) are always proper.

If it were the case that F?(G) = L? (G), then also F?(G)” = L?(G). But,
as already noted above FP(G)” = FP(G) and so FP(G) = LP(G) would follow,
contrary to our hypothesis that the containment LP(G) C FP(G) is proper. So,
the last inclusion in (7.42) is proper whenever LP(G) # F?(G).

Finally, to see that FP(G)’ is translation invariant, let h € FP(G)’. By the
definition of the associate space this means that [ |f| - |h| du < oo for all f €
F?(G). Fix a € G. Since F?(G) is translation invariant (see Remark 7.20(ii)), it
follows that

/ F1- rah] du :/ l7—af] - |h] du < o0
G G

for all f € FP(G). Accordingly, T,h also belongs to the associate space FP(G)'.
This establishes that F?(G)’ is translation invariant. O

Remark 7.24. The linear space V?(G) C L? (G) is not an ideal in L? (G). This
follows from an argument along the lines of that in proof of Proposition 7.23 where
it was established that V?(G) # L? (G). O

Is was noted in Remark 7.20(ii) that the optimal domain spaces F?(G), for
1 < p < 2, are all translation invariant. From the viewpoint of harmonic analysis
they are even “nicer”.

A homogeneous Banach space on G is a linear subspace B of L'(G) having a
norm || - || > || - ||z1(¢) under which B is a Banach space satisfying the following
properties:

(H-1) If fe Band a € G, then 7, f € B and ||7o.fl|5 = || ]| 5-
(H-2) For all f € B and ag € G we have

lim || 7of — Tao fllB = 0.
a—agp

This notion, for G = T, was introduced by Y. Katznelson, [84, Ch. I, Defini-
tion 2.10]; see also [11] for general G. According to Sections 2 and 7 of Chapter I
in [84], formulated for G = T, such spaces are well suited to harmonic analysis.

Proposition 7.25. Let 1 < p < 2. The following assertions are valid.

(i) FP(G) is a translation invariant subspace of L'(G) which is stable under
formation of reflections and complex conjugation.
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(ii) For each a € G, the translation operator 7, : FP(G) — FP(Q) is a surjective
isometry. In particular, {1, : a € G} C L(FP(G)).

(iii) For each ap € G and f € FP(G) we have limg_.q, To f = Tao f in the norm of
FP(G).

In particular, each FP(G) is a homogeneous Banach space on G.

Proof. For (i) we refer to Remark 7.20(ii).

(i) Bach ¢ € £2(T") is of the form ¢ = h for some unique h € V?(G). Via
(7.28) and (7.37) we see that

(mr,, @) o)A) = (T (rad)) = /A Re(rad) dp,

for each A € B(G) and a € G. It then follows from this identity and (7.37) that,
for each f € F?(G), we have (with [ - ||, denoting || - [|¢»(r))

Irafleri) = sup / iraf| dl(mp, o) = sup / 7] - IR Y| di
[lellp< lellp <1

— sup / 1 1—a(Re®) du= sup / |- [Re(ra®)| du

lellp<1

lellp<
— sup /Ifldl me,, @ )¢) = sup /|f| dl(mr, &) = |fler(c.
lellp<1 llElp<1

(iii) By part (ii) it suffices to show that lim, .o 7,f = f in FP(G). But,
{7a : @ € G} is uniformly bounded in £(F?(G)) and so we only need to consider
f coming from a dense subspace of F?(G). According to (7.21) and the density of
7(G) in LP(G), [140, p. 24], the space T (G) is also dense in FP(G). Since each
trigonometric polynomial is a finite linear combination of functions of the form
(-,7), for v € T, it suffices to show that lim,_q Ta((-,'y)) = (-,v) in F?(G), for
each v € I'. But,

('77) - Ta(('a'Y)) = [1 - (CL?A/)} (',’Y)

with [(-,7)| = X Since || - [|gr(g) is a lattice norm it follows that

||('v')/) - Ta(("’Y))HFp(G) = ‘1 - (a77)| ’ ”XGnFP(G)'

Continuity of the function (-,) on G implies that lim,—o(a,vy) = 1 and hence,
limg 074 (7)) = (,7) in FP(G). -

As pointed out in [84, Ch. I. Sections 2 & 7], homogeneous Banach spaces B
over T always admit convolution with measures from M (T) as continuous operators
in B. An examination of the proofs given there (see pages 11 and 39) shows
that B-valued Bochner integrals are involved. For groups more general than T,
extra care needs to be taken in this regard. This we now do, with the aim of
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extending Theorem 7.7 of [84, Ch. I] to the homogeneous Banach spaces F?(G).
To this end we require the following formula, which follows routinely from Fubini’s

Theorem and the definitions of Fourier transform and convolution. Namely, for
fixed f € L'(G) and A € M(G), the element (XA(f *\))” € co(T) is given by

(X (F* V) () = /G @) - (fr—e(x) () dA (@), (7.44)

for each v € T" and A € B(G).

Proposition 7.26. Let 1 < p < 2 and G be metrizable. For each A € M(G), the
convolution operator Cil) € L(L*(@)) as given by (7.7) maps F?(G) continuously
into itself and has operator norm, as an element of L(FP(G)), at most 4||A|| rr(c)-

Proof. The cases p = 1,2 are clear; see Remark 7.9(i). So, we may assume that
1 <p <2 Fix f € FP(G) and A € B(G). Define the vector-valued function
Hf,A G — P (F) by

Hya(w) i — (5,7) (sz(xA))A(v)%(x), Yer,

for |\|-a.e. x € G.

Claim 1. The function Hfa : G — (P (T) is strongly |\-measurable (i.e.,
strongly B(G)-measurable).

To see this, note first that I' is countable (by the metrizability of G, [140,
Theorem 2.2.6]) and hence, ¢F (T') is separable. By the Pettis Measurability The-
orem, [42, p. 42], it suffices to show that Hy 4 is scalarly |A|-measurable. So, let

cer (F)* = (P(T"). Then (Hy 4, &) is the scalar function given by the (countable)
series

v 3 @) - (fo(XA))A(v);f—i(w)» (7.45)

yel’

for |A-a.e. x € G. Since T" is countable, the function z — (z,7) is continuous,
and % is Borel measurable, it suffices to show that the C-valued function z +—

(fT,z(XA))A(fy), for x € G, is B(G)-measurable for each fixed v € T', that is,

2 — /G TN (ra(x) () dult),  z€G,

is B(G)-measurable. Direct calculation shows that this integral equals

/G ) F(0 (o + 1) da(t) = /G (B (Rex ) (—x — 1) dut)

= Ra((7)f * (Rax ) () ().
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Since (-,7)f € L'(G) and (Rgx ,)(-) € L>®(G), the convolution of these two
functions is continuous, [95, p. 250, F3]. Hence, Ra((-,7)f * (Rax ,)(-)) is also
continuous and thus, B(G)-measurable. This establishes Claim 1.

Claim 2. [, |[H.a(@)| 0 0y AN (@) < [Masco) 11l 2o(cy < 00

Indeed, since |(z,7)| = 1, for all z € G and v € T, and |d\kl z)| =1 for
|A-a.e. x € G, it follows that

H = —x “, < || g
|| ra(z ||gp ) || (fT (XA)) ||ep T B:LI;I(DG) I xg) Nler )

sup H / fdm
BEB(Q)
This inequality easily implies Claim 2.

Claims 1 and 2 show that Hf 4 : G — 7" (T) is Bochner |\|-integrable.

Accordingly, there exists a vector (B)-[, Hy,a d|A| € 7' (") which, for each element
¢ € (P(T), satisfies

B[ Hyadp €) = [ (Ha@). € dw).

The choice & = X(yy for each v € T, yields via (7.45), that

B[ Hyadi)0) = (B)-[ Hoadl. x,,,)
= [T (et 05 @) d@) = (a7 M) 0,
G

where the last equality follows from (7.44). Since v € T is arbitrary and ¢o(T") is a
space of C-valued functions on T, we have (B)-[, Hy a d|A] = (x ,(f *A))” as ele-

< M lerome,) = IfllEre)

(1)

ments of ¢o(T"). Hence, the element (x , (f*A))™ of ¢o(T') actually belongs to ' (I).
But, A € B(G) is arbitrary and so (f x \) € ®P(G) = FP(G); see Proposition 7.13.
This establishes that C’/(\l) (Fr(G)) CFP(G).

Finally, by (3.4) (with v := mp,) and the inequality of Claim 2, we have

1f * Mlpr(ey <4 sup H/(f*A) dmp,

AEB(G) e’ (1)
—4 DY) [ — / Hyad || |
PR LCOCARDR Ity Aggpc) A M

<4 s S A@ oy A < AN v

This establishes that the norm of the operator f — f % A, as an element of
L(FP(G)), is at most 4|\ a(q)- O
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Remark 7.27. Let 1 < p < 2. Given 1 <r <2 and h € F"(G) C L'(G) we can
consider the measure A\ = py, as given by (7.3). It follows from Proposition 7.26 that
h convolves F?(G) continuously into FP(G) and that the norm of this operator,
as an element of £(F?(G)), is at most

pnllarey = 4L < 4lhlerc)- g

Finally, we come to the most delicate question: Is FP(G) genuinely larger
than LP(G) whenever 1 < p < 27 This point already occurs in Proposition 7.23.
It turns out that the question has an affirmative answer for the classical groups
T9, for d € N. The proof, based on Fourier restriction theory, uses results from the
theory of Salem measures as developed in [110], [111], [143]. We formally record
the result: for the details see [113].

Proposition 7.28. Let 1 <p < 2 and d € N. Then both the inclusions
/(%) C F/(T) C LY(T%) (7.46)

are proper.

Remark 7.29. (i) The second inclusion in (7.46) is actually proper for every
G, that is, always FP(G) & L'(G). This was already established in the proof of
Proposition 7.23. It is the strictness of the first inclusion in (7.46) which is delicate
but, of course, it is precisely this fact which shows that {FP(G)}1<p<2 is a new
class of B.f.s.” Moreover, the results of this section show that the properties of the
spaces FP(G) make them of some interest for classical harmonic analysis.

(ii) For each 1 < p < 2, it turns out that

L™(T%) ¢ FP(T%), 1<r<p.

This follows from the fact that f(t) =¢~/?, for [t| < 7, belongs to L"(T) \ LP(T)
for 1 <r < p and satisfies f(n) = O(|n|~'/?") for |n| — co. The construction used
in the proof of Proposition 7.28, as given in [113], shows that

F?(T%) ¢ L™(T9), 1<r<p. O

7.2 Convolution operators acting in L'(G)

In this section we make a detailed investigation of various operator theoretic,
measure theoretic and topological properties of the convolution operators

cV: LNG) — LNG)

as given by (7.7) for p = 1. We distinguish two cases, namely whether A <
or not. The importance of the collection C;(G) := {Cgl) : A € M(G)} is that it
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coincides with the class of all S € L£(L'(G)) satisfying S o7, = 7,0 S for all
a € G, [140, p. 75]. Since C1(G) is also an involutive semisimple commutative
Banach algebra with unit, it has received a great deal of attention from harmonic
analysts and Banach algebraists alike; see for example [73], [96], [140] and the
references therein. A point of some importance concerns the identification of its

closed subalgebra {C’g\l) : A = pyp, for some h € L'(G)}. One of our aims in this
section is to establish some characterizations of this closed subalgebra.

For A € M(G), a result of Akemann, [1, Theorem 4], states that A\ < p if
and only if C’S) € L(L*(@)) is a compact operator if and only if Cf\l) is a weakly
compact operator. By Costé’s Theorem, [42, pp. 90-92], these three equivalent
statements are in turn equivalent to C’g\l) being Bochner representable. Further
additional equivalences (of a different nature) are given by the following

Theorem 7.30. For A € M(G), each of the following conditions is equivalent to X
being absolutely continuous with respect to p.

(i) The operator C’gl) : LY(G) — LY(G) is Pettis representable.
(ii) The function Ky : G — M(G) defined by

Ky :x— 0, %\, z € G, (7.47)

is continuous for the norm topology in M(G).
) The M(G)-valued function Ky is weakly continuous.
) The range of Ky is norm compact in the Banach space M(G).
(v) The range of Kx is weakly compact in M(G).
) There exists A € B(G) with u(A) > 0 such that its image Kx(A) is norm
separable in M(G).

Concerning statement (i) of Theorem 7.30 and Costé’s Theorem, it is relevant
to note that L1(G) does not have the Radon—Nikodym property, [42, p. 219].
An important subalgebra of M(G) (see [73], [96]) is

Mo(G) == {\ e M(G) : X € ¢(I)}.
Since G is infinite, the inclusions
LY(G) € Mo(G) € M(G)

are proper, [96, p. 422]. For an interesting history of My(T) we refer to [103] and
the references therein. It is known that every A\ = uj, with h € L'(G) has natural

spectrum (in the sense of Zafran [167]), meaning that the spectrum O'(C)(\l)) of
Cgl) € L(L*(G)) coincides with X(F) = E(I‘), where the bar indicates “closure
in C”. The situation for elements of the larger space My(G) is rather different:
there always exists a measure A € My(G) \ L'(G) without natural spectrum, that
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is, the containment )\( ) C O’(C( )) is proper, [96, p. 422]. Let No(G) denote the
subset of My(G) consisting of all elements of M (G) which have natural spectrum.

Characterizations of Ny(G) are known. For instance, A € No(G) if and only if C’gl)

is a decomposable operator if and only if C)(\l) is a Riesz operator, [96, Theorem
4.11.8]. In view of the above discussion we note that the containment Ny(G) C
My (G) is proper, [96, Theorem 4.11.9]. Moreover, No(G) itself contains L(G) as
a proper subspace, [167, Proposition 2.9]. So, we have

LY (G) C No(G) € My(G) € M(G)

with all inclusions strict. Characterizations of My(G) are also known. Define the
Fourier—Stieltjes transform map

Fs: M(G) — ¢>(I")

by A — A with A as defined by (7.2). Then it is known that A € M(G) belongs to
My(G) if and only if Fso Ky : G — ¢>°(T"), with K as in (7.47), is continuous for
the sup-norm in ¢*°(T"), [68]. Our second main aim of this section is to establish
the following result which presents some further (and diverse) characterizations of

My(G) in terms of the operator Cgl) and/or the function Kj.
Theorem 7.31. For A\ € M(G), the following assertions are equivalent.
(i) The measure X belongs to My(G).
(ii) The vector measure mg\l) : B(G) — LY(G) defined by

m®(4) = CP(x,) = x,+ A AEB(G), (7.48)

has relatively compact range in the Banach space L'(G).

) The convolution operator C(l) : LY(GQ) — LY(G) is completely continuous.
) The map Fygo Cgl) : LY(G) — co(T) is completely continuous.

(v) The map Fygo C’g\ ). LY(G) — co(T) is compact.

(vi) The map Fy o Cg\ ). LY (G) — co(T) is weakly compact.

(vil) The map Fy o Cg ) LY@

(viil) The map Figo Cg\ : LY(G) — ¢o(T) is Pettis representable.

(ix) The function Fso Ky is weakly continuous in £°°(T").

) — co(T") is Bochner representable.

(x) The range of Fs o Ky is norm compact in £>(T).

(xi) The range of Fs o K is weakly compact in £>°(T).
(xii) The function Fs o Ky is Bochner p-integrable in £>°(T).
(xiii) The function Fs o Ky is Pettis p-integrable in £>°(T).

xiv) The co(I')-valued vector measure F o o m{Y has relatively compact range.
A
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(xv) There exists H € P(p,co(T)) such that

(Fl,o o m<;>) (A) = (P)-/A Hdu,  AcB@G).
(xvi) There exists H € B(u,co(T)) such that

(Fl’oomg1)> (A) = (B)-/AHdu, A€ B(G).

Remark 7.32. (i) In relation to (vii), (viii), (xii) and (xiii) of Theorem 7.31, we
point out that neither co(I') nor £°°(T") has the Radon—Nikodym property, [42, p.
219

(ii) A result of Pigno and Saeki, [128, Corollary 3], provides a connection
between Theorems 7.30 and 7.31. It states that A € M(G) belongs to L'(G) if
and only if A * My(G) C LY(G). Equivalently, O/(\l) o C’,(,l) is compact for every
completely continuous operator 07(71) € C1(G) if and only if C’g\l) is itself a compact
operator.

(i) Let

J:LYG) — M(G)

be the linear map which assigns to each h € L!(G) the finite measure u; as given
by (7.3). Since ||un || am(e) = |2 £1(q), the map J is an isometry. So, we may regard
LY(G) as a closed subspace of M(G). Let

A:cg(T) — £2°(T)

denote the natural inclusion. Then Fs : M(G) — ¢>°(T) and Fy o : L' (G) — co(T)
satisfy
FsoJ = AOFLO» (749)

that is, the following diagram commutes:

LNG) — (D)

Fs

M(G)

().
Both Fj ¢ and Fg are continuous, because of (7.5) and the inequality
[Allesery < [Mlary, A€ M(G),

[140, p. 15], respectively. In relation to various statements in Theorem 7.31 we
note that both Fj o and Fg are themselves not completely continuous and not
weakly compact. This follows from Lemma 7.1, Remark 7.2 and (7.49). O
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The proofs of both Theorem 7.30 and Theorem 7.31 will require various

preliminary results. We begin with an analysis of the vector measures mg\l), for
A € M(G), as given by (7.48). It follows from (7.48) and (7.8), for p = 1, that

1mS7 (A 1 ey < IMlarce) - Ixallzr@ = [Nl #(A), (7.50)

for each A € B(G). Accordingly, mg\l) is surely o-additive and has finite variation.
Actually, the variation measure can be precisely described.

Lemma 7.33. For each A € M(G), the variation measure ‘mf\l)| is a multiple of
Haar measure. Namely,

mSV[(4) = [m{P[(G) - w(4),  AeB(G).

In particular, |m&1)| is translation invariant. Moreover, L' (|mg\1) |) = LY(G) when-
ever A # 0.

Proof. It follows from (7.50) and the definition of variation measure that
1
[ (4) < I\l - w(4), A€ B(G).
Fix x € G. For each A € B(G) we have

ng\l)(A + x)HLl(G) = (G2 x,) * )\HLl(G) = 162 % (x , * )\)HLl(G)

" (7.51)
= Ix, * ML) = [|my (A)HLl(G)’
where we have used the identities 6, * x , = X, o and

fxbs = 1f,  feLYG).

It follows from (7.51) and the definition of the variation measure |m5\1)\ that
!mf\l)|(A+x) = |m5\1) |(A) for A € B(G). Since x € G is arbitrary, we can conclude
that there exists a constant ¢ > 0 such that |m&1)| = cu, [140, p. 2]. In particular,
c=cu(G) = ’m&l) (G). O

Since the mg\l)-null and ’mg\l) ‘—null sets coincide, it follows from Lemma 7.33

that the convolution operator C/(\l) € L(LY(G)) is p-determined for every A €
M(G) \ {0}. To identify its optimal domain L' (mg\l)) we require a further pre-
liminary result. Recall, for A € M(G) given, that its reflection RN\ € M(G) is
defined by

R): A— A(—A), A e B(G),
and satisfies both (see [140, p. 16])

(RA" = and (R\"=XoRp, XeM(G). (7.52)

Here 7j(A) :=n(A), for A € B(G), whenever n € M(G).
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Lemma 7.34. Let A € M(G). Then
(), ) =(f, p*RN),  feL'(G), ¢el™Q). (7.53)

Proof. The convolution ¢ * RA belongs to L*°(G), [75, Theorem 20.13]. According
to Fubini’s Theorem and translation invariance of u we have

(f. ¢+ RA) = /G 70 ( /G ot~ 2) dRA(z)) dp(t)

:/Gf(t)</ccp(t+s)d)\() / /f o(t +s) dp(t ))dA(s)
- /G ( /G F— )¢ () duly) ) dA(s) = /G o) ( /G Py —5) dA(s)) d(y)

=/Gso<y>-<fm><>du = (C(f), 9. 0

Proposition 7.35. Let A € M(G) \ {0}. Then L' (mg\l)) = LY(G) with their given
norms being equivalent. In particular,

LY (jm{)) = Lt (m{) = LY(@), (7.54)

and hence,
LT(‘mg\l) )= Lr(mf\l)) =L"(Q), 1<r<oo.

Proof. 1t follows from (7.53) with f = x , that
(m$Y(4), ¢) = /Acp*R)\ du, A€ B(G),
for each p € L>°(G) = L*(G)*, and hence, that
(mP, )| (4) = /A xR du,  AeB@G). (7.55)

For each v € T', the function ¢ := (-,7) € L*(G) satisfies ||¢||z~(q) = 1. Fix
felrLt (mg\l)). Then it follows from (7.10), (7.52) and (7.55) that

7)\/G|f| dy =|ﬁ|/ fldu = mmn/ ] du
:/ rige *R)\|du7/|f\ (,7) * RA| dp
= [ 1011 T < Mgy
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where we have used h * 1 = h*% whenever h € L'(G) and n € M(G). Since vy € T’
is arbitrary, we can conclude that

Rl ey 171236y < 1712 gy (7.56)

But, A # 0 implies that ||XH(0®(F) > 0, [140, p. 29], and hence, L* (mg\l)) C LYG)
continuously. Moreover. Lemma 7.33 gives L!(G) = L* (|mg\1) |) and we always have
LY (|m{"]) € L (m{") continuously. From these comments, (7.54) is immediate.

O

Remark 7.36. (i) Since L!(G) is weakly sequentially complete, [46, Ch. IV, The-
orem 8.6], it cannot contain an isomorphic copy of ¢y. So, we have that

Ly (m{") = L' (m{") = LY (|m{"]) = L'(G), X e M(G)\ {0},

(ii) Proposition 7.35 shows that the optimal domain of C(l is Ll(G) itself,
that is, C is already defined on its optimal domain with m = C( Accord-
ingly, Theorems 7.30 and 7.31 are also statements about the mtegratlon operator
Im(;) corresponding to the vector measure mE\ ) In particular, the discussion im-
mediately prior to Theorem 7.30 shows that Im(;) is compact if and only if it is
weakly compact if and only if A <« p. Furthermore, Corollary 2.43 (applied to
T := C’/(\l)) and the equivalence (i) < (ii) in Theorem 7.31 show that I m() is com-
pletely continuous if and only if A € My(G). Theorems 7.30 and 7.31 also provide
examples of bounded operators in Banach spaces which are completely continu-
ous but fail to be compact or weakly compact. Indeed, all convolution operators

Cg\l) € L(LY(G)) with A € My(G)\L*(G) are of this kind. For the existence of such
measures A we refer to the discussion immediately prior to Theorem 7.31. (]

It is time to prove Theorems 7.30 and 7.31. As usual, some preliminary results
are needed.

Let A € M(G). Fubini’s Theorem yields (f x A\]” = Fea (an equality of
functions on T') for every f € L'(G). This is a special case of the general result
that the convolution A xn = n* A of any measure n € M(G) with A, as defined in
[140, Section 1.3.1], is again an element of M (G) and satisfies (A*n) = X7, [140,
p. 15]. For the special case of n = §, with € G we have

(60 % A)( /5 (A—y) d\y) = \A—g), AcBG), (7.57)

[140, p. 17], where we have used the identity 0, (A—y) = ,(y) for y € G. That
is, 05 * A is the z-translate of A\. Now, let v € I'. In view of (7 47),

[KA@)] (1) = (02 * A (7) = 8:(1)A() = (2,7) A(), (7.58)
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for every x € G. So, for f € L(G), it follows that

/G F@)[FA@)] () dpu(x) = FAR) = (F = A7 (). (7.59)
Applying (7.59) with f := x, and recalling the definition of Cﬁ\l) yield

/A (K@) () dulz) = [CV ()] (), A€ B(@). (7.60)

Let Z be a Banach space. A function F' : G — Z* will be called Gelfand
u-integrable if the scalar function <z, F()> ST <z F(x > for z € G, is p-
integrable for every z € Z. In this case, given A € B(G), there is a unique vector
w¥)-[, F dp € Z* satisfying

*)_/Aqu>:/A<z, F())du, — 2€Z,

[42, p. 53]. The vector (w*)-[, Fdu € Z* is called the Gelfand integral of F over
A (with respect to p). If a function F' : G — Z* happens to be continuous with
respect to the weak™ topology o(Z*, Z) on Z*, then F is necessarily Gelfand p-
integrable because, for each z € Z, the scalar function <z7 F ()> is continuous on
the compact space G and hence, is bounded.

Lemma 7.37. Let Z and Y be Banach spaces and T : Z* — Y™ be a linear map
which is continuous for the weak* topologies on Z* and Y*. If F : G — Z* is
Gelfand p-integrable, then so is the composition T o F : G — Y™ and

(W*)-/AToFdM:T((W*)—/Aqu), AcB@)

Proof. According to duality theory, there exists a linear operator S : Y — Z
(continuous for o(Y,Y*) on Y and o(Z, Z*) on Z) which satisfies S* = T, [88,
§20.4]. Fix y € Y, in which case S(y) € Z. Then

(y, (ToF)(x)) =(S(y), F(z)), z€d.

Accordingly, the Gelfand p-integrability ofF ensures that <y, (ToF)(-)> € LYG).
Moreover, for A € B(G), the vector T'((w*)-[, F du) € Y* satisfies

<y7 T((W*)_/AFd,u)> = <S(y)7 (W*)-/AFd,u>
:/ (S(), F(-)>du=/ {y, (T'o F)(-)) dp,
A A

for all y € Y. That is, (w*)-[, T o Fdu =T ((w*)-[, F du). O
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We point out, for a Banach space Z, that every Pettis p-integrable func-
tion H : G — Z* is Gelfand p-integrable and (P)-[, Hdp = (w*)-[, H dy for
A € B(G). Hence, if F' € B(u, Z*), then

(B)-/AFdM:(P)-/Aqu:(w*)—/Aqu, A€ B(G).

Relevant to this section are Gelfand integrals in the particular dual spaces
M(G) = C(G)* and ¢>(T") = ¢(I')*. The duality between C(G) and M(QG) is
given by

N = [edr  pec@). reM@),

Fix v € T'. Let my : £>°(I') — C denote the coordinate functional at -y, that
is, my(§) = €£(y) for £ € €(T). In terms of x , € 1) C ¢°(T')* we have
(&) = <XM,§> for £ € ¢°°(T"). Similarly, 7, o Fg : M(G) — C corresponds to

(,v) € C(G) € M(G)* via
(), A) = (my 0 Fs)(N) = (xy Fs(V). A€ M(G). (7.61)

The following result collects together various facts about Gelfand integrals
which are needed in the sequel.

Proposition 7.38. Let A € M(G). The following assertions hold.

(i) The function Ky : G — M(G) defined by (7.47) is continuous when M(G)
is equipped with its weak™ topology. In particular, Ky is Gelfand p-integrable
in M(G) = C(G)*.

(ii) The Fourier—Stieltjes transform map Fs : M(G) — (°°(T) is continuous
when M(G) = C(G)* and (*(T) = (Y(T)* have their weak* topologies.
Hence, Fso Ky : G — (>(T) is weak* continuous and, consequently, Fso K
is Gelfand p-integrable in (>°(T") = ¢}(T)*.

(iii) Suppose that X # 0. For a Borel measurable function f : G — C the following
conditions are equivalent.

(a) f € LYG).

(b) The pointwise product fKy : G — M(QG) is Gelfand u-integrable in
M(G) = C(G)*.

(¢) The pointwise product f-(FsoKy) : G — £°(T") is Gelfand p-integrable
in £°°(T) = (Y(T)*.

In this case we have the identities

(Jo C)@)(f) = (w*)-[o fEKxdp  and }

) (7.62)
(Ao FiooCy)(f) = (W[ f - (Fs o Kx)du



328 Chapter 7. Operators from Classical Harmonic Analysis

and hence, for each A € B(G), also

(Jo m(l))(A) fA Kydp and }

. (7.63)
(Ao Figom ))(A) #-[, Fs o Ky dp.
Proof. (i) Observe that K : G — M(G) is weak® continuous if and only if, for
each ¢ € C(G), the scalar function (¢, Kx(+)) is continuous on G. The case A = 0
is trivial. So, assume that A # 0. Fix ¢ € C(G). Then, (7.57) implies that

(p, Ka(z)) = /Gap(t) d(0z x N)(t) = /Ggo(x +5) dX(s), x € G.

Let € > 0. Since ¢ is uniformly continuous on G, choose a neighbourhood V' of 0
such that |p(u) — o(w)| < e/|A\|(G) whenever (u—w) € V. Hence, given a € G, it
follows that

[{p, Ka(z)) — (¢, Kx(a / lo(z +5) — pla+s)| dA(s) <e

for x € a+ V. So, < o, Kx(: > is continuous, that is, K is weak* continuous.

(ii) Let p € £1(T'), in which case the support p~!(C\{0}) of p is a countable
subset of I'. So, H(p) : G — C defined by z — 3°_ . (2,7)p(y) for x € G is
continuous. It follows from (7.61) and the Dominated Convergence Theorem that
(H(p), n) = (p, Fs(n)) for n € M(G), which implies that Fg : M(G) — £>°(T) is
continuous for the respective weak™ topologies on M (G) and ¢°°(T"). By this and
part (i) the composition Fso Ky : G — £°°(T") is continuous for the weak™ topology
in £°°(T). In particular, Fs o K is Gelfand p-integrable in ¢>°(T') = ¢*(T)*.

(iii) Assume (a). For every ¢ € C(G), the scalar function (@, Kx(-)) is
bounded and continuous on G (see the proof of part (i)) and hence, we have
that (g, (fK3)()) = F(){, Kr()) € L(G). So, (b) holds.

(b) = (c). This follows from part (ii) and Lemma 7.37 applied to T := Fg
because Fs(f(z) Kx(z)) = f(z) - (Fs o K))(z) for € G. Lemma 7.37 also gives

P (9 / n / J-(Fso K») du. (7.64)

(¢) = (a). Choose v € T such that X(’y) # 0. Since f - (Fs o K,) is Gelfand
p-integrable in ¢>°(T") = ¢}(T")* and Xy € 21(I'), we have

(xap 1)+ (Fs 0 KN)()) € LY(G). (7.65)

On the other hand, for every = € G, it follows from (7.58) that

(xpyr 1) (Fs o Kx)@)) = () - [Kr(@)] () = @ f@AG).  (7.66)



7.2. Convolution operators acting in L*(G) 329

Since |(x,7):\\(7)| = |/)\\(’y)\ # 0 for every z € G, we conclude from (7.65) and
(7.66) that f € L'(G). Thus (a), (b) and (c) are equivalent.

It remains to verify (7.62) and (7.63). Since [C(l)f] = (f*x A= oA it
follows from (7.59) and (7.64) that

/ FE du] / £(@) [Ka@)] () du(z) = [(J 0 COYAT )

for every v € T.
Then the injectivity of Fg, [140, p. 29], establishes that (w*)-[, fK\ du =

(J o C’E\l))(f) as elements of M(G), which is the first identity in (7.62). This
identity and (7.64) then give the second identity in (7.62) because FgoJo C/(\l) =
AoFipo C)(\l) (see (7.49)).

Finally, (7.63) follows from (7.62) with f := x , for A € B(G). O

Our final preliminary result is the following one.
Lemma 7.39. For any A\ € M(G), the following assertions hold.

(i) If a cimmcter v €T satisfies [, [Kx(z)]~(7) du(z) = 0 for every A € B(G),
then A(y) =0
(ii) Let @ : G — £°°(T') be a Pettis p-integrable function satisfying

/ [EA(2)](7) dp(=) Z/[Q(ﬂf)](v) du(z), A B(G), (7.67)
A A

for every v € I'. Then the following statements hold.
(a) Given any countable subset T'g C T', there exists a set Ag € B(G) with
1(Ag) = 1 such that [K(x)]["(v) = [Q(x)](7) for allz € Ay and~ € Ty.

(b) If there is a countable subset o C I' such that [Q(z)](y) = 0 for all
x € G andy €'\ Ty, then (Fso Ky)(x) = Q(z) for p-a.e. x € G.

Proof. (i) The assumption implies that [Kx(z)|"(y) = 0 for p-a.e. z € G. Then
(7.58) implies that A(y) = 0 because (x,7) # 0 for every = € G.

(ii) To prove (a) we may assume that Ty is infinite. Let {7, : n € N} be an
enumeration of I'g. For each n € N, applying (7.67) with « := ~,, we can find a set
A, € B(G) such that p(A4,) =1 and [K\(z)] (1) = [Q(2)](7,) for all z € A,.
Then the set Ag := (), —_, A, satisfies the requirement of (a).

To prove (b), choose any v € I'\Tg. For each A € B(G), the identity (7.67)
gives [, [Ka(z)]"(y) du(x) = 0 because [Q(z)](y) = 0 for all 2 € G. Apply part
(i) to deduce that X(’y) = 0 which then implies, via (7.58), that

[Kx(@)] () = (2,7) A7) =0 = [Q()](7)
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for all z € G and v € T'\ T'g. Now choose any set Ay € B(G) satisfying the
conclusion of part (a). The properties of Ay then imply, for every x € Ay, that

[(Fs o Kx)(@)](v) = [Ea(@)] (1) = [Q@)](v), €T,
so that (Fg o Ky)(z) = Q(x). Since u(Ap) = 1, part (b) is proved. O
Before starting the proof of Theorem 7.30, observe that the Banach space
L'(G) is generated by {x , : A € B(G)}, that is, the linear span of this set is dense
in L*(G). Since {x , : A € B(G)} is the range of the L'(G)-valued vector measure

A = x,, for A € B(G), and such a range is always relatively weakly compact (see
Lemma 3.3), we see that L'(G) is weakly compactly generated.

Proof of Theorem 7.30. By the classical equivalences mentioned immediately prior
to Theorem 7.30, it suffices to prove that (i)—(vi) are equivalent to A < p.

Now, by Costé’s Theorem and the fact that Bochner representability implies
Pettis representability, we see that A < p implies (i). Conversely, assume that (i)
holds. Let f € L'(G). Then the L'(G)-valued vector measure given by the formula

A Cf\l)(fXA) = Ax (fx,) has finite variation, because

X e < I Il = Nl [ 171 dn, A € B(G).

(see (7.8) with p = 1) and A — [, | f| dy is a finite measure. Since L*(G) is weakly
compactly generated and C/(\l) is Pettis representable (by hypothesis), it follows

from Proposition 3.46 with E = L'(G) that T := Cg\l) is Bochner representable.
By Costé’s Theorem A\ < p.

To see that A < p implies (ii), let h € L1(Q) satisfy A = pp = J(h). The
function F}, : G — LY(G) defined by

Fp(z) :=pp %0y = hxd, =1h, z€GQG, (7.68)
is continuous, [140, Theorem 1.1.5], and satisfies K = J o Fj,. Since J : L}(G) —
M (G) is continuous (even an isometry), (ii) follows.

(ii) = (iil) and (ii) = (iv) = (vi) are clear.

To see that (iii) implies A < p, let A € B(G). The linear functional given by
ay 1 — n(A) for n € M(G) is norm continuous and hence, belongs to M(G)*.
So, by (iii) and (7.57) the function

apoKy:x— (Axd,)(A) = A4 —2), x € G,

is continuous. Then A < p follows from [139, Theorem, p. 230].

(i) < (v). Clearly (iii) = (v). So, assume (v). Since the range K (G) is then
compact for both the weak (by hypothesis) and weak* (by Proposition 7.38(i))
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topologies, these Hausdorff topologies actually coincide on K (G). But, by Propo-
sition 7.38(i), K» : G — M(G) is weak* continuous and hence, it is weakly
continuous, that is, (iii) holds.

(vi) = (i). If A = 0 there is nothing to prove. So, suppose that A # 0. Assume
that (i) fails. Then, A = n + up for some singular measure n € M(G) and some
function h € LY(G). Let F}, : G — L*(G) be the continuous function defined by
(7.68). The range of the continuous function J o F}, on G is compact and hence,
separable in the metric space M(G). Since K\ = K, + J o F}, it follows that
K (A) is separable if and only if K, (A) is separable. So, we may further assume
that A = 0, that is, A (= n) is singular. Hence, there is a set C' € B(G) such that
[A|(C) =0 and u(G\ C)=0.

Since K5 (A) is separable in M (G), there exists a sequence {z, } 22, in A such
that the vectors Ky(z,) = A % d,,,, for n € N, form a countable dense subset of
Kx(A). Let B:=(,—,(C + ). Then

IN(B = 2,) < N ((C+an) — ) =|A(C) =0, neN.

Given x € G, there exists a subsequence Ky(zy)) — Ka(z) in M(G) as k — oo.
Since |0, * A| = d, = |A], for z € A, and

| IAM(B) = [A2|(B)| < A1 — A2l (B), AL, A2 € M(G),

it follows that limg oo [A[(B — 2pk)) = [A|(B — ). In particular, we have
[A|(B — ) = 0. This and Fubini’s Theorem give

O:/A|/\|(B—x) du(x):/Gu(Aﬂ(B—t)) dA(1). (7.69)

On the other hand, u(B) =1 as u(C + z,) =1 for every n € N. So, u(B—t) =1
and hence, (AN (B —t)) = p(A) for all t € G. This and (7.69) imply that
0 = p(A) |AN(G), which contradicts the fact that both pu(A4) > 0 and |A(G) =
IAllar(ay > 0. So, (i) must hold.

This completes the proof of Theorem 7.30. O

Remark 7.40. (i) The equivalences (A < p) < (ii) < (iii) rely on Rudin, [139],
as indicated in the proof. The proof of (vi) = (i) was suggested by L. Rodriguez-
Piazza.

(ii) For G = R™ and A € M (R™) it is shown in [51] that if there exists a set
A € B(R™) with p(A) > 0 such that either, K (A) is relatively compact in M (R"™)
(see Corollary 2 in [51]) or, Kx(A) is norm separable in M(R™) (see Corollary
1(b) in [51]), then A < p. It is stated that the same conclusions hold for a general
locally compact abelian group G but, no details are provided.

Let G again be a compact abelian group. A measure A € M (G) has a separable
orbit if there exists a countable set D)y C G with the property that, for every
r € G and € > 0, there exists z € D) such that [[Kx(z) — Kx(2)|m@) < e. Of
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course, in this case u(Dy) = 0. It is known that if A € M(G) has a separable
orbit, then Ky : G — M(G) is norm continuous, [159, Lemmal, and that A < p,
[159, Theorem 1]. Actually, A\ < p if and only if A has a separable orbit, [159,
Theorem 3].

(iii) Since G is infinite, there always exists a singular measure A\ € My(G),
[73, Remark 10.2.15]. Then X\ ¢ L'(G) and so K\(G) C M(G) is non-separable
by Theorem 7.30. Hence, My(G) is always non-separable. This is of particular
interest when G is metrizable. For, in this case, L!(G) is actually a separable closed
subspace of My(G), [140, Appendix E8]. So, the gap between L'(G) and My(G)
may be rather large. For metrizable G, a different proof of the non-separability of
My(G) is also possible; this is part of Menchoff’s Theorem, [163, II1.C.6].

(iv) It has already been noted that L(G) is always weakly compactly gen-
erated. Suppose that the larger Banach space M(G) is also weakly compactly
generated. Since M(G) = C(G)* is a dual Banach space, Kuo’s Theorem would
imply that it has the Radon—Nikodym property, [42, Ch. III, Corollary 3.7]. It
would then follow that its closed subspace L(G) also has the Radon—Nikodym
property, [42, Ch. III, Theorem 3.2], which is not the case, [42, p. 219]. Accord-
ingly, M(G) is neither weakly compactly generated nor has the Radon—Nikodym
property. Since separable Banach spaces are necessarily weakly compactly gen-
erated it follows that M(G) is non-separable. Of course, this also follows from
part (iii) above or, directly from the observations that |6, — 0.||ar(e) = 2 for
distinet x, z € G and that G is uncountable. Since L(G) is a closed subspace of
My(G) it follows, again from [42, Ch. ITI, Theorem 3.2], that My(G) also fails to
have the Radon—Nikodym property.

More can be said about M(G). Indeed M(G) is closed (for the variation
norm) within the Banach space ca(B(G)) of all C-valued o-additive measures,
[46, Ch. III, Section 7]. Let M (G) denote the cone of all non-negative measures
A € M(G), that is, A(A) > 0 for all A € B(G). Then the R-valued measures in
M(G), denoted by Mg(G), can be ordered via A\; > Ay if and only if (Ay — A2) €
M™(G). Equipped with this order, Mr(G) is a Dedekind complete Banach lattice
(over R). If {\,}52; C Mg(G) has the property that lim,, . A, (A) exists in R for
each A € B(G), then X : B(G) — R defined by A +— lim,, o A, (A) is an element
of Mg(G); see [46, Ch. III, Corollary 7.4]. It follows that if {\,}5°, C MT(G)
satisfies A, | 0 in the order of Mg(G), then lim,_,oo A\, (A4) = 0 for all A € B(G).
In particular, for A = G, it follows that ||\, | az(e) — 0 as n — oco. Accordingly,
the Banach lattice Mr(G) has o-o.c. norm and, due to Dedekind completeness,
even o.c. norm. Hence, so does its complexification M (G) = Mr(G) + iMgr(G),
after noting that the variation measure |A| of A € M(QG) is exactly the modulus of
A formed as an element of Mr(G) + iMgr(G) via

sup |(cos@)Re(A) + (sin 6)Im(N)].
0<0<27
So, M(G) is a Dedekind complete, complex Banach lattice with o.c. norm. Since
M(G) is not weakly compactly generated, it follows that M (G) cannot have a
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weak order unit (see [108, p. 18] for the definition). This follows from Theorem 2
and Theorem 8 of [21], for example. The positive and negative parts of A € Mg(G),
in the sense of Banach lattices (see [108, p. 2], for the definition), are precisely
those corresponding to the Hahn decomposition A = AT — X\~ of X in the sense of

measure theory. It follows that every convolution operator Cf\l), for A € M(G), is
a reqular operator in L'(G); see [149, p. 233] for the definition. This remains true

for the operators C&p) (as given by (7.7)) for A € M(G) and 1 < p < co. For more
precise details of the “lattice theoretic” aspects of the class of regular operators
Cg\p) acting in the complex Banach lattices LP(G), 1 < p < oo, we refer to [4], [5],
[7], for example. O
Proof of Theorem 7.31. Since all statements are trivially true for A = 0, we may
agsume that A # 0.

(i) = (ii). As (i) holds, the operator Ty : f +— f * X is compact from L?(G)
into itself, [42, p. 93]. So, the set {T\(x,) : A € B(G)} is relatively compact in
L?(G). Since L?*(G) C LY(G) continuously, this set is also relatively compact in
LY(G). So, (ii) holds because the range of mg\l) equals this set in L}(G).

(ii) < (iii). This is immediate from Corollary 2.43 with T' := Cgl).

(iii) = (iv) is clear.

(iv) = (i). Let {y,}22; be any sequence of distinct characters from I'. By

the Riemann-Lebesgue Lemma, lim,,—oo(+,7,) = 0 weakly in L'(G). By (7.10),
with v := 7, there, we have

HILII;O X('Vn)X{,Yn} = nlgr;o Fl,O(('»A/n)/)\\('Yn))
= Jim (Fio0C)(57m) =0

with convergence in the mnorm of ¢o(I"), because of hypothesis (iv). Because
’)‘('Yn)| = ||)‘(’Yn)X{%}
So, A € £°(T") has the property that lim,,_ X(*yn) = 0 for every sequence of dis-
tinct elements {,, }52; C I'. This easily implies that A € ¢(T'), that is, A € My(G).

(i) = (v). For A € My(G), the function Fg o Ky : G — £>°(I") is norm
continuous, [68, p. 158], and so has compact range. Hence, Fgo K € B([L, E‘X’(F)).
By Proposition 7.38(iii) we have

’600(1“) for each n € N, it follows that lim,,_, /):(ryn) = 0.

(AOFLOOCS)) (f)= (W*)-/Gf.(FS oKy)du= (B)—/Gf.(FSOK)\) du

for every f € L*(G). It then follows from Proposition 3.47 that the linear operator
Ao (Fipo Cg\l)) : LY(G) — ¢(T") is compact. Consequently, so is the operator
Fipo C)(\l) : LY(G) — ¢o(T) because co(T) is a closed subspace of £>°(T") and the
operator A : ¢o(I") — £°°(T") is the natural inclusion.
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(v) = (vi) = (vil) = (viii). Clearly (v) = (vi) and (vii) = (viii). For the
implication (vi) = (vii) apply [42, Ch. III, Theorem 2.12].

(viii) = (i). Choose a p-scalarly bounded function H € P(u, co(I')) such that

(FLooC\)(f) = (P)-f, fH du for f € L*(G). Fix any € T and recall the defini-
tion of the coordinate functional 7 : £>°(I') — C (just prior to Proposition 7.38).
It is continuous on ¢*°(I") and hence, its restriction to the closed subspace ¢(T")
is also continuous. Since H € P(u,co(T')), it follows that

0 = (0] Hau w,) = [ (H@I0) dute),

for A € B(G). This and (7.60) yield

/ [EA ()] (7) dp(x) = / [H(2)|(7) dp(z), A€ B(G).
A A

Now, let {7,}52, be any infinite sequence of distinct characters in I'. Apply
Lemma 7.39(ii)(a) to @ := H (or, strictly speaking, to @ := Ao H) to find a
set Ag € B(G) such that p(Ag) = 1 and [Kx(2)] (7)) = [H(2)](7n) for all z € A
and n € N. Take any point a € Ag. Then

)l = [(@7m) Av)| = | [Kx(@)] ()| = | [H(@)](3a)] — 0

as n — oo because H(a) € co(T'). For the same reason as in the proof of (iv)
= (i) it follows that the element A € ¢°°(T") actually belongs to c¢o(T'), that is,
AE MO(G)

(i) = (x) = (xi). The implication (i) = (x) has already been established in
the proof of (i) = (v) whereas (x) = (xi) is clear.

(ix) < (xi). Recalling that Fs o Ky : G — ¢>°(T") is weak™ continuous (see
Proposition 7.38(ii)), one can argue as in the proof of (iii) < (v) in Theorem 7.30.

(ix) = (iv). In this case Fg o K has weakly compact range in ¢>°(T") and
hence, takes its values in a weakly compactly generated (closed) subspace of
£°(T"). So, it is Pettis p-integrable by D.R. Lewis’ Theorem, [42, p. 88]. As u
is a perfect measure (see, for example [162, Proposition A.4]), it follows by a
result of C. Stegall, [162, Proposition 5.7], that the Pettis indefinite u-integral
A (P)-[, Fs o Kx dp on B(G) has relatively compact range in £>°(T). On the
other hand, Proposition 7.38(iii) implies that

(A o Fi o0 m<;>) (A) = (W*)-/ Fso Ky dy= (P)—/ Fso Ky dp,
A A

for A € B(G). So, the vector measure Ao(Fy, Oomg\l)) : B(G) — £°°(T") has relatively

compact range. Since the range R(F}, Oomg\ )) C ¢o(I") with ¢o(I") a closed subspace

(1)

of ¢>°(T"), the range of the vector measure Fi o my’ is relatively compact in
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co(T). It follows from Corollary 2.43, with T := Fj g o C’/(\l) : LY(G@) — ¢o(T), that
Fipo C’)(\l) is completely continuous.
(i) = (xii). This has already been established in the proof of (i) = (v).
(xii) = (iv). The indefinite Bochner p-integral A — (B)-[, Fs o K du on
B(G) has relatively compact range in ¢°°(T"), [42, Ch. II, Corollary 3.9]. Hence,

the range of the vector measure A o Fj o mf\l) : B(G) — £>°(T) is also relatively
compact because

(AOFLO omg\l)) (A) = (W*)-/ Fso Ky du= (B)-/ Fs o Ky du,
A A

for A € B(G); see (7.63) in Proposition 7.38(iii). So, we can obtain (iv) as in the
proof of (ix) = (iv).

This establishes the equivalences (i)—(xii). The equivalence of these with each
of (xiii) and (xiv) has been established along the way.

(xv) = (xiv). If there exists H € P(u,co(I')) as in (xv), then the argument
of (ix) = (iv) shows that Fy ¢ o m(;) has relatively compact range in co(T").

(viil) = (xv) is clear.

Finally, (xvi) = (xv) is clear, as is (vii) = (xvi).

This completes the proof of Theorem 7.31. O
Remark 7.41. As a consequence of Theorems 7.30 and 7.31 we see that every
A € My(G)\ L*(G) provides an example of a vector measure, namely the measure
mg\l) : B(G) — LY(G), which has relatively compact range but, whose associated
integration operator Im(;) = C’g\l) fails to be a compact operator. O

7.3 Operators acting in LP(G) via convolution
with functions

For A € M(G) we now consider the convolution operators C;p ) € L(LP(G)) for
1 < p < o0, as given by (7.7), from the viewpoint of their optimal domain. Of

course, the corresponding vector measure mf\p) : B(G) — LP(G) is defined by
mP A CP(x ) =Axx,, AeBG) (7.70)

Both the properties and the identification of the optimal domain Ll(mg\p )) of

the extended operator I ) : Ll(mg\p)) — LP(G) of Cg\p) are important as well
A

as certain operator theoretic properties of I ). The subclass corresponding to

A
A < p has been investigated in [123]. As will be seen, the situation for A < p
with 1 < p < oo is very different from that of p = 1 as treated in Section 7.2. The
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situation for general measures \ acting in LP(G) (i.e., not necessarily A € L*(G)),
which is treated in [124], is quite different from that of absolutely continuous
measures. Accordingly, this case will be considered separately in Section 7.4. So,
here we will deal exclusively with the measures A = py, (see (7.3)) for h € L'(G). In

this case, we will simply write C}(bp ) for the convolution operator C’ff; € L(LP(G))

and mglp ) for the corresponding vector measure m,(f? as given by (7.70). Since the
results for 1 < p < oo are (mostly) already available in the literature (unlike for
p =1 as treated in Section 7.2), we will restrict ourselves to a careful and detailed
summary of the relevant definitions and theorems, together with various remarks
and examples. So, let us begin.

Let 1 <p < oo and fix h € L'(G). Then the operator

O f—fxh,  feLPG),
is continuous (i.e., belongs to L(LP(G)) ) because of the inequality

1C Nl oy < IFlzee by, F € LP(G); (7.71)

see (7.8) with A := ujp. Moreover, C’,(Lp) is always a compact operator, [48, Corollary
6], [63, Theorem 4.2.2]. The set function m\” : B(G) — LP(G) defined by

mP A CP(x ) =x,%h, A€ B(Q), (7.72)

is surely finitely additive. Actually, the inequality
1/
172 (A)l| oy < I allzrcoy Il = (1(A) 7 [l A€ B(@),

which follows from (7.71) and (7.72) with f := x ,, shows that mzp) is o-additive.
For each ¢ € LP (G) = LP(G)” it turns out that

<m§Lp), ©)(A) = / (¢ * Rgh) du, A € B(G); (7.73)
A

see [123, p. 531]. The proof is similar to that of Lemma 7.34, which is the case
p = 1. The variation measure is then given by

[(mP, o)|(A4) = / % Rohl du, A c B(G). (7.74)
A

It is a consequence of Holder’s inequality, (7.71) with p’ in place of p, and
[Rchlly e = IhllLyq) that

/G F1 19 * Rahl di < | Fllzwce llo * Rehllor

< fllizey llellLr 6 IhllLi@) < oo,

(7.75)

for each f € LP(G).
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The next result, [123, Lemma 2.2], collects together some basic properties

of the vector measure mglp ). Part (i) relies on the compactness of the operator

C,(Lp) € L(LP(G)). The formula (7.76) in part (ii) follows from the definition of the

semivariation of mgp ) and (7.74). Then (7.76), together with the inequality (for
pe L (@)

1
/A % Rehl di < (1(A) "0l o) Il iy A € B(G),

which is a consequence of (7.75) with f := x ,, form the basis of the proof of
(7.77). Part (iii) is then immediate from (7.77). For the precise details we refer to
[123].

Lemma 7.42. Let 1 <p < oo and fiz h € L*(G).
(i) The range R(mgp)) of mglp) is a relatively compact subset of LP(QG).

(ii) Given any set A € B(G), its semivariation equals

[m®l(4) = sup{ [ los Ratl dus ol @ < 1}7 (7.76)
and satisfies
[l eo (ry 11(A) < Hm || < Hh||L1(G)(M(A))1/p~ (7.77)

(#) s always absolutely continuous with respect to (.

(p)

(iii) The vector measure my
Conversely, if h # 0, then 1 1s absolutely continuous with respect to m,,

Remark 7.43. (i) It follows from Lemma 7.42(iii) that the convolution operator
C’,(Lp) € L(LP(G)) is p-determined whenever 1 < p < oo and h € L*(G) \ {0}.
(ii) Lemma 7.42(i) should be compared with Proposition 7.6(iii). O

The following result, which is a combination of Theorem 1.1, Lemma 3.1 and
Proposition 3.4 of [123], summarizes the essential properties of the optimal domain

space Ll(mzp)) of C’,(Lp).
Theorem 7.44. Let 1 < p < oo and fix h € L*(G) \ {0}.

(i) A B(G)-measurable function f:G — C is mép)-integmble if and only if

[ 111 lox Bohldn < 0. pe 17(G) = 17(G)', (7.78)
G
Moreover, the norm of f € L' (m%p)) 18 given by

sy = s { [ 1116 % Retl dus 0 € 276, el <1}
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(ii) The inclusions
(@) < L'(my”) = Ly, (m)”) < L}(@) (7.79)
hold and are continuous. Indeed,
1Al sy < W0llzrey (Lo feLr(G),
and also

1£lsey < MBI tey 1 meys €L m?). (7.80)
(iii) For each 1 < q < p we have L* (mng)) - Ll(mEf)) and
1l iy < Wl gagmerys f € LH(mP).

(iv) The subspaces T (G) and LP(G) are both dense in L' (mép)).

(v) Lt (mgp)) is a translation invariant subspace of L'(G) which is stable under
formation of reflections and complex conjugates. Moreover, for each x € G,
we have

([m;p) OTI) (f)= (7‘9; O[mglm) (f)s felL (mgp)%

where the equality is between elements of LP(G). The range of I ) and its
h
closure are both translation invariant subspaces of LP(G).

(vi) The extension I ) : L' (mgp)) — LP(G) of C'}(Lp) to its optimal domain
h

Lt (mép)) is given by
Law(f)=h+f  feL'(ml). (7.81)

Remark 7.45. (i) Since the weakly sequentially complete space L'(G) and the
reflexive spaces LP(G), for 1 < p < oo, cannot contain an isomorphic copy of cg,
the equality in (7.79) is clear. Moreover, (7.78) is based on (7.74).

(ii) The inequality (7.80) is a consequence of [123, Lemma 3.1] and (7.56) in

the proof of Proposition 7.35. Indeed, fix f € Ll(mgp)). Then it follows from [123,
Lemma 3.1] that

On the other hand, (7.56) gives

Blleory 1@y = Enlle= @y 1 fllzrey < Il mmy = 1L aim)-

Therefore, (7.80) holds.
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(iii) It follows from (7.81) that (Im;p) (f)) = h-fforal feL! (mgf)). Of
course, also (C,(Lp) (f))A: h - f for all f € LP(G). By considering the functions
f:=(,7), for y € T, and (7.10) it is clesir that C,(Lp) is injective if and only if its
extension I ) is injective if and only if h(7) # 0 for every v € T".

(iv) If hh€ LY(G)™T, then it follows from (7.78) that

L'(m®) = MP = NP, (7.82)
where
MP = {f e L'G): (fx,) *h € LP(G) for all A€ B(G)}
and

NP .= {f e LNG) : |f|*h € LP(G)},
[123, Proposition 3.2]. Actually, for arbitrary h € L1(G),

NI L (mP), (7.83)
[123, Remark 3.3(i)]. These alternate descriptions of L! (mELp)) as given by (7.82),
for h > 0, have some interesting consequences. Indeed, let 1 < p < co. For any r
satisfying 1 < r < p, choose any function h € L"(G) \ LP(G); see the discussion
immediately after (7.1). If ¢ € (1, p) satisfies

1 1 1

-+-=-+1

r.q p
(i.e., g =pr/(pr —p+r)), then it follows from [75, Theorem 20.18] that | f|* |h| €
L?(G) for every f € LU(G). That is, L¢(G) C N{¥). Combining this with (7.83),
we conclude that

LP(G) C Lp7-/(1)7'—p+7-)(G) - N(}ﬂ) c Lt (mgp)), l<r<p<oo, (7.84)

for every h € L"(G) \ LP(G), where the last inclusion in (7.84) is an equality
whenever h € L'(G)". Since 1 < ¢ < p, this shows (for C'f(bp )) that there exists
an Li-space which is strictly larger than LP(G) and lies between LP(G) and the
optimal domain space L' (mglp )). This is a quite different phenomena to that for
the optimal domain space FP(T9), for 1 < p < 2, of the Fourier transform map
F, : LP(G) — (7 (T), where there is no strictly larger space LI(T?) than LP(T¢)
which lies between LP(T9) and F?(T?); see Remark 7.29(ii).

As a consequence, we can extend Example 6.26(ii). Suppose that 1 < p < co
and fix 1 <r <pand h € L"(G) \ L?(G). If g satisfies (1/r) + (1/q) = (1/p) + 1,
then (7.84) shows that L(G) C L! (mgp)). So, we can apply Lemma 6.24(ii) to
obtain

C e A, (LP(@), LP(G))
whenever t,v satisfy 1 < ¢ <tqg<v <p.
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(v) What about the function h € L'(G) itself ? If it happens that h € LP(G),
then (7.79) implies that h € L! (m%p)). It can also happen that the function

heL! (mgp)) \LP(G). Indeed, let 1 <p < oo and define r:=2p/(p+1), in which case
1 < r < min{2,p}. Choose any h € L"(G)\ L?(G). Since pr/(pr—p+r) now equals
r, it follows from (7.84) that h € L™(G) = LP"/®r=»+(G) C L} (mP)). O

We record the conclusion of Remark 7.45(v) formally.

Proposition 7.46. For each 1 < p < co and every h € L**/®PtD(Q) the inclusions
LP(G) C L/®+)(q) C L (mglp))
are valid, with the first inclusion proper.

It turns out that the first equality in (7.82) is actually valid for arbitrary
h € LY(G).

Proposition 7.47. Let 1 < p < oo and h € L*(G) \ {0}. Then the optimal domain
Lt (mglp)) of C;Lp) is given by
LY (mP) = {f € LY(G) : (x,f) * h) € LP(G) for all A€ B(G)}.

Proof. Let f € L* (mgp)). Since L! (mgp)) isa B.fs., also x, f € Lt (mglp)) for all
A€ B(G), that is, ((x ,f) * k) € LP(G) for all A € B(G); see Theorem 7.44(vi).

Conversely, suppose that f € L1(G) satisfies ((XAf) * h) € LP(G) for all
A € B(G). Then the set function 5/ : B(G) — LP(G) defined by

A nf(A) = (X 4 ) *h, A e B(G),

is surely finitely additive. Let H := {(7 v) iy E F}, considered as a subset of the
dual space L? (G) = L?(G)*. Fix v € T'. Then

(A, () = G('ﬁ) (¢ f) * ) dp

= (T =) [ T3] @) @) di(e).
So, the C-valued set function (n/, (-,7)) — (n/(4), (-,7)) on B(G) equals the
indefinite integral of (ﬁ(v)(,’y)f) € L'(G) with respect to p and hence, is o-
additive. Since the weakly sequentially complete space L!(G) and the reflexive
spaces LP(G), for 1 < p < o0, cannot contain an isomorphic copy of £*° and
H C LP(G)" = LP (G) is a total set of functionals for LP(G), it follows from
Lemma 3.2 that n/ is o-additive.
Let ¢ € LP (G). Then it was just shown that

A (f(A), ©) = ((x,f) *h, ©),  A€B(G),
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is o-additive. Define A,, := | f|~1([0,n]) for n € N, in which case (AN A,,) T A for
A € B(G) fixed. By o-additivity of (nf,¢) we have

(' (A), @) = lim ((x 44 f) %D @)

n—oo

But, x ,, [ € L®(G) C Lt (mgp)) and so by Theorem 7.44 and (7.73) we have

<(XAﬂAn'f)*h’ ()0> = <Im§f) (XAﬂAnf)’ SO> = AXAnfd<m2p)aw>

That is,
(n’(A), ¢) = lim Afn d(mP, o),

where the functions f, := x, f € L>(G) C LO"((mgp), ¢)) converge pointwise on
G to f and <m§lp), <p> is a complex measure. By Lemma 2.17 we conclude that f is
<m§lp)7 ¢)-integrable, that is, [ |f| cl|(m§zp)7 ©)| < oo. Because of (7.74), it follows
from Theorem 7.44(i) that f € L! (mgp)). O

The same arguments used in the proof of Proposition 7.21 and Remark 7.22
also apply to yield the following Banach space properties of the optimal domain

spaces L! (mglp)).

Proposition 7.48. Let 1 < p < oo. Fach of the following assertions is valid for
every h € L'(G).

i) L' (m'P) is weakly sequentially complete and hence, its associate space
(i) h y seq y comp ) P
Li(m®P) = L1 ()"
(i) L*>=(G) C L! (mglp))/ and L' (m%p)) is also sequentially complete relative to
o(LY(mP), L=(G)).
i) L' (m'P) has o-o.c. norm and satisfies the o-Fatou property.
h

(iv) Lt (mgp)) s weakly compactly generated.

v) Whenever G is metrizable, the Banach space L' m®P) is separable.
h

Theorem 7.44(iv),(v) together with next result show that the optimal domain
spaces L' (mglp )) are well suited for harmonic analysis.

Theorem 7.49. Let 1 < p < oo and h € L*(G)\{0}. For each a € G the translation
operator T, : L' (mglp)) — Lt (mglp)) is a surjective isometry. Moreover, for each
ap € G and f € L! (mglp)) we have lim,_q, 7o f = Ta, f in the norm of L' (mzp)),
In particular, L' (mﬁf’ )
lattice norm.

) is a homogeneous Banach space on G, up to an equivalent
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Proof. Fixa € G and f € L* (mzp)). Then, for ¢ € L' (G),

/G|7'af|'|<P*RGh| d#=/G|f\'|T—a(<P*RGh)|du

- / 1+ [(r—a) * Reh| d.
G

Since 7_, : LP (G) — LP'(G) is a surjective isometry, it follows from (7.74) and
the definition of the norm in L* (mglp)) that

ITafll;1(,,y = sup |7 f| - |¢ * Rah| du
(my)”) p

lell,r <1

— wup /|f\-|<f_aso>*RGh|du
<1Ja

el

= sup [ Uf1- s Rah die = s i
el <1J/G "
where || - ||, denotes || - || (g)- Accordingly, 7, € L(L* (mﬁlp))) is a surjective

isometry.

The analogous argument as in the proof of Proposition 7.25(iii), together with
the density of 7(G) in L* (mgp)) (see Theorem 7.44(iv)), shows that limg_,q, 7o f =
Taof in L1 (mzp)) for each ap € G and f € Ll(mip)). O

The reader will have noticed that, up to now, it has not been discussed
whether the inclusion L' (mgp )) C LY(G) is proper or not. Moreover, the variation

measure ‘m,(f )| has not been considered. We now address these topics, for which

some preparation is required.
Fix 1 <p < oo and let h € LP(G). The “translation function”

FP .G — L*(G)

defined by
F,gp) cx = Th, z € G, (7.85)

is continuous, [140, Theorem 1.1.5], and so has compact range in LP(G). Hence,
F,ﬁp ) assumes its values in a separable (closed) subspace of LP(G). Moreover,
HF,gp)(as)HLp(G) = ||h|lzr(@) for each x € G, that is, the scalar-valued function

T — HF,EP) (x)”p is constant on G. Hence, F}Ep) is strongly p-measurable by the

Pettis Measurability Theorem, [42, Ch. II, Theorem 2.2], and has bounded range.

Accordingly, F,&p) € IB%(,u7 LP(G)). For the following result we refer to [123, Theo-
rem 1.2].
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Theorem 7.50. Let 1 < p < oo and fir h € LYG) \ {0}. Then the following
assertions are equivalent.

(i) h e LP(G).
(ii) The extended operator I ) : L' (mgp)) — LP(G) of C}(f’) € L(LP(@)) to its
h

optimal domain space L' (mglp )) 18 a compact operator.

(iii) There exists H € B(p, LP(G)) such that
= B)—/ Hdy, A e B(G).
A

) The vector measure m(p) : B(G) — LP(G) has finite variation.
(v) There exists A € B(G) such that 0 < |m2p)|(A) < 00.

(vi) Ll(\m“’ ) =L'(q).

(vii) L' (m}/”) = L'(G).

(viii) L1(|m(p)|) Ll(m(”)).

(iv

If any one of (i)—(viii) holds, then for each f € L*(m (p )) = LY(G) the func-
tion thp) € B(u, LP(G)) (with F( ) as given by (7.85)) and

I (p) / fF(p) dp.

Moreover, |mgp)| is given by

[P |(A) = || o) n(A), A€ B(G).
The following fact is an extension of Example 6.26(3).

Example 7.51. Let 1l < p< ocand fix 1 <r < oo and 0 < g < co. Given any
h € LP(G), Theorem 7.50 implies that Ll(mgp)) = LY(G). Since p is non-atomic
(see Lemma 7.97) it follows from Lemma 6.24(iii) that

C}(f’) € Arq(LP(G),LP(G)) ifandonlyif 1<r <gqg<p. O

We have already noted that C’,(Lp ) L?(G) — LP(G) is a compact operator for
every 1 < p < oo and h € LY(G). In particular, C,(Lp ) is also completely continuous.
What about its optimal extension I : ! (mﬁlp )) — LP(G)? Since the codomain

h

space LP(G) is reflexive (whenever p # 1) this extension is always weakly compact.
Moreover, Theorem 7.50 shows that the extended operator I () is compact if and
h

only if h € LP(G). The following result, essentially Proposition 4.1 of [123], shows

that more can be said about Im(p>. Because the proof is quite illuminating we
h

reproduce it here.
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Proposition 7.52. Let 1 < p < co and h € L*(G) \ {0}.
(i) Whenever h ¢ LP(G), the extended operator I ) : L' (mflp)) — LP(G) is
h

not compact, and both inclusions
(@) € LY(m?) € LY(G) (7.86)
are proper.

(ii) The first inclusion in (7.86) is proper for arbitrary h € L'(G) \ {0}. In
particular, the optimal domain space L' (mglp)) of C,(Lp) s always genuinely
larger than LP(G).

(i) If h ¢ LP(G), then the variation measure ‘m%p) : B(G) — [0,00] is to-
tally infinite, that is, |mgp)|(A) € {0,00} for every A € B(G). In particular,
LY (|mi”[) = {0}

(iv) There exists h € L*(G) with the inclusion Ui<pcoo Lt (mép)) C LY(QG) proper.

Proof. (i) and (ii). Suppose that h ¢ LP(G). The non-compactness of I ) is
h

a consequence of (i) < (ii) in Theorem 7.50. Since I () is an extension of the
h

compact operator C}(Lp) € L£(LP(G)) and LP(G) C L* (mzp)) continuously, the
domain L' (m%p)) of I ) must be strictly larger than LP(G). That L* (mglp)) is a
proper subspace of Ll(é) follows from (i) < (vii) in Theorem 7.50.

If h € LP(G), then L! (mgbp)) = LY(G) by (i) < (vii) in Theorem 7.50. Hence,
LP(G) S L'(G) shows that the second containment in (7.86) is also proper in this
case.

(iii) This is clear from (i) < (v) in Theorem 7.50.

(iv) By [55, p. 160], there exists h € L'(G) with h belonging to the set
co(D)\ Ui <pcno ¢ (T). Consider first 1 < p < 2. If it is the case that h € L* (mgp)),

then I ) (h) = hxh € LP(G) by (7.81). Then the Hausdorff-Young inequality
h

(7.6) implies that (ﬁ)2 = (hxh)™ e £ ('), that s, he ¢2P"(T). This contradicts the
choice of h and so h ¢ Ll(mﬁlp)). Now let 2 < p < co. Assume that h € Ll(mﬁlp)).
Again by (7.81) it follows that I ) (h) = hxh € LP(G) € L*(G) and hence,
h
(h)? = (h* h)~ € £*(T"). That is, h € £*(T), which again contradicts the choice of
h. So, b ¢ L' (m")). m
Remark 7.53. (i) In the proof of part (iv) of Proposition 7.52 it is necessary to
consider the cases 1 <p<2 and 2 < p < oo separately. Indeed, the Hausdorff-Young
inequality fails in LP(G) for every (infinite) G and every 2 < p < oo, [55, p. 151].
(ii) As noted immediately after Example 7.51, every convolution operator
C}(Lp ) for 1<p<oo and he LY(G) is completely continuous. According to Theo-
rem 7.50, each extended operator I ) (being compact) is completely continuous
h
whenever he LP(G).



7.3. Operators acting in L?(G) via convolution with functions 345

Question. Is I completely continuous for all h € L*(G)?
h
(iii) The gaps between the proper inclusions in (7.86) are rather “large”.
That is, if 1 < p < oo and h € L*(G) \ L?(G), then both L'(m\") \ L?(G)

and L'(G) \ L! (mgp)), considered as subsets of L'(G), contain infinite, linearly
independent subsets, [123, Proposition 4.2].

By Proposition 7.52(iv), there exists h € L*(G) with h ¢ Ui<p<oo L (mgp)).
For such functions h, the set L'(G) \ U; cpcoo L' (mglp)) also contains an infinite,
linearly independent subset, [123, p. 539].

(iv) Let 1 < p < oo and fix h € LY(G) \ LP(G). Then the compact operator
C’}(Lp ) € E(Lp (G)) does not have any Bochner p-integral representation, that is,
there is no H € B(u, LP(G)) such that C’,(lp)(f) = (B)-J, fH du for f € LP(G),

[123, Remark 4.3]. This contrasts with the fact that C}(Ll) € L(LY(G)) is Bochner
representable (due to Costé’s Theorem; see Theorem 7.30).

The above example of the compact operators C}(lp), with h € LY(G) \ LP(G),
shows that the Dunford-Pettis Integral Representation Theorem (see Proposition
3.47), stating that every compact operator T' € L(L'(p), Z) with p a finite mea-
sure and Z a Banach space is Bochner representable, does not have any natural
extension to compact operators T € L(LP(u),Z) for 1 < p < oco. In fact, such

operators need not be Pettis representable either ! This follows from the facts that

the vector measure mglp ) fails to have o-finite variation (see Proposition 7.52(iii))

and that vector measures arising as Pettis indefinite integrals necessarily have
o-finite variation (see the discussion immediately prior to Example 3.45). O

Precise information about the surjectivity and injectivity of the extended
operator I (beyond that of Remark 7.45(iii)) is also known, [123, Theorem
F

1.3]. Namely: we have
Proposition 7.54. Let 1 < p < co and h € L*(G) \ {0}.
(i) The range I (Ll(mglp))) of the extended operator I ) of C}(Lp) is always
h h
a proper subspace of LP(G).
(ii) The following assertions are equivalent.

(a) The range I (Ll(mgp))) is a dense subspace of LP(QG).
h

(b) E(’y) £ 0 for every v €T.
(¢c) The extended operator I o : Lt (mép)) — LP(G) is injective.
h

If any one of (a)—(c) holds in part (ii) and 1 < p < oo, then the inclusion
G (LP(@) € 1 (L} (i)

18 proper.
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Remark 7.55. If there exists h € L'(G) such that I ) (or C}(Lp)) is injective,
"h

then necessarily G is metrizable. Indeed, since he ¢o(T"), we have that the set
{y €T : h(v) # 0} is countable. By (b) < (c) in Proposition 7.54(ii) it follows that
T itself is countable and hence, G is metrizable, [75, Theorem 24.15]. In particular,
if G is non-metrizable, then I ) fails to be injective for every h € LY(G) and
1<p<oo. " O

Let 1 < p < co. An operator T € E(LP(G)) is called a p-multiplier operator
if it commutes with all translations, that is, 7, o T = T o 7, for all x € G. In this
case, there exists a unique function ¢ € £°°(T") such that

(TfY=wf,  feLPQ);

see [16, Theorem 4.4] or [95, Corollary 4.1.2], for example. The unique function v is
called the p-multiplier corresponding to T'; we also denote T by ngp ). The space of
all such p-multipliers 1 is denoted by M,,(G). It was already noted at the beginning
of Section 7.2 that M1(G) = {:\\ : A € M(G)} and, for each X € My(G), that the
corresponding 1-multiplier operator T 3(\1) equals C;l). For p = 2 it is known that
My (G) = £3(T), [95, Theorem 4.1.1]. No characterizations of M,(G) are known
for p # 1,2. Of course, in this case, M,(G) is a proper subset of ¢>°(I'). Since
the p-multiplier operators form a commutative, unital subalgebra of £(Lp (G)), a
p-multiplier operator T' € /.’,(L” (G)) is idempotent if and only if its corresponding
p-multiplier is equal to x , for some subset A C I'. In this case, A is called a
p-multiplier set.

A linear map P : Z — Z, with Z a Banach space, is a projection if P? = P.
Let W and Y be linear subspaces of Z satisfying WNY = {0} and Z =W + Y.
Then we say that Z admits an algebraic direct sum decomposition via W and Y,
and write Z = W + Y. In this case there is a unique projection P : Z — Z
satisfying P(Z) = W and (I — P)(Z) = Y. If, in addition, P is continuous, we
write Z = W @Y and say that Z admits a topological direct sum decomposition
via W and Y. In this case, both W and Y are closed because Y = P~1({0}) and
W = (I — P)~({0}). A closed subspace V of Z is said to be complemented in Z
if there exists a closed subspace U of Z satisfying Z =V & U.

Our final result of this section (see [123, Theorem 1.4]) makes an important
connection between the range of the extended operator I ) : L' (mgp)) — LP(G)
h

and elements of M, (G). For any subset A C T, the linear span of those trigono-
metric polynomials on G whose Fourier transform has its support in A is denoted
by 7 (G, A). Recall, for £ € £>°(T"), that its support is the subset of I' given by

supp (§) := {y € T': £(v) # 0}.
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Proposition 7.56. Let 1 < p < oo and h € L'(G) \ {0}. The following assertions
are equivalent.

() Xupp 0 € M,y (G).
(ii) The Banach space LP(G) admits the algebraic direct sum decomposition

LP(G) = I, (L} (mi)) + T(G, T\ supp(h)).

(iii) The Banach space LP(G) admits the topological direct sum decomposition

L'(G) =1, (L'(m{)) @ T(G, T\ supp(h)).

For the restricted case 1 < p < 0o, any one of (i)—(iii) is equivalent to:
(iv) The closed subspace I ) (Ll(mgp))) is complemented in LP(G).
h

We end with a remark concerning harmonic analysis. Given any countable set
A C T there always exists h € L'(G) satisfying supp(h) = A. Indeed, if {7,}5>,

is any enumeration of A, then the continuous function h := > >2  n=2(-,7,) has

the required property. Restrict attention now to the circle group G := T (hence,
' =7Z) and let 1 < p < r < 2. Then there exists an r-multiplier set A C Z

which is not a p-multiplier set, [112]. Choose h € L*(T) with supp(h) = A. By
Proposition 7.56 we have the topological direct sum decomposition

L'(T) = I, (L'(my”)) @ T(T, Z\ 4),
whereas such a decomposition does not hold for L?(T).

Indeed, the space I ) (Ll(mglp))) is not complemented in LP(T) at all!
h

7.4 Operators acting in L?(G) via convolution
with measures

The aim of this section is to study the class of convolution operators C’)(\p ) €

L(LP(G)) as given by (7.7), for 1 < p < oo and arbitrary A € M(G), from the

viewpoint of their optimal domain and the extended operator I ) - For the corre-
A

sponding vector measure mE\p) : B(G) — LP(G) as given by (7.70), the properties
and identification of the optimal domain space L' (mf\p )) are important as well as

certain operator theoretic properties of the extended operator I ) of C’)(\p ). The
A

case when A < p was treated in Section 7.3. Here we are mainly interested in the
measures A € M(G) \ L*(G). Although there are several similar features to the
results of Section 7.3, there are also many differences, some quite surprising. For
instance, it can happen that L? (mg\p)) = LP(G) (i.e., no further extension of C;p)
is possible), a phenomenon which is impossible for A < u; see Proposition 7.52(ii).
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So, some new techniques and arguments will be required. Some of the results of
this section occur in the recent paper [124] and hence, will only be (appropriately)
summarized. However, many others are new; these will (of course!) come with
complete proofs.

We begin by characterizing compactness of the convolution operators C;\p ).
If p=1, then C/(\l) € E(LI(G)) is compact if and only if A < p; see the discussion
immediately prior to Theorem 7.30. For 1 < p < oo some preparatory facts are
needed.

For each measure A € M(G), we recall that its reflection is denoted by RA
and satisfies (7.52). The following result occurs as Lemma 2.2 in [124].

Lemma 7.57. Let 1 < p < co. For each A € M(G) the following assertions hold.
(i) If p € L (G) = LP(G)", then ¢ * R\ € L? (G) and

(CP(f), o) ={f, o R\),  [eLP(Q). (7.87)

(ii) The dual operator (C&p))* of Cgp) € L(L*(G)) is the convolution operator,
from Lp/(G) into L' (G), defined by v — @xRX. In particular, if 1 < p < oo,
then (CP)" = %),

Those measures A € M(G) for which C/(\p ) is actually compact can now be
described; see [124, Proposition 2.3] for the equivalences (i)—(iii) below, where
the given proof is based on Lemma 7.57 above and Schauder’s Theorem. Since
’R(mg\p)) = {I w(x,) : AeB(G)} and X(u) := Ll(mg\p)) is a B.f.s. over
(G,B(G), 1) (seeALemma 7.59 below) with o-o.c. norm, the equivalence (iii) <
(iv) below follows from Proposition 2.41.

Proposition 7.58. For each A\ € M(G), the following statements are equivalent.
(i) A € My(G).
(ii) The convolution operator C’g\p) € L(LP(@)) is compact for some (every) value

of 1 <p < oo.

(p)
A

(iii) The range R(mf\p)) of the vector measure my "’ is a relatively compact subset

of LP(G) for some (every) 1 < p < oo.
(iv) Im(;ﬂ (Lt (mg\p)) — LP(G) maps every bounded, uniformly p-integrable subset

of L (mf\p)) to a relatively compact subset of LP(G).

We point out, in particular, that C’,(lp) € E(LP(G)) is a compact operator for
every h € L'(G) C My(G). This was already noted at the beginning of Section 7.3.
Proposition 7.58 should be compared with Lemma 7.42(i).

Various properties of the vector measures mg\p), for A€ M(G)and 1 < p < oo,

)

will also be required. The o-additivity of mg\p is immediate from the continuity
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of C/(\p) (see (7.8)) and the definition of mg\p) (see (7.70)). For each ¢ € LP'(G) =
LP(G)*, it follows from (7.87) that

(m®), o) (A) = / (RN du,  AcBG), (7.88)
A
and hence, that
(m®, )|(4) = /A o« R du,  AcBG). (7.89)

These formulae, which should be compared with (7.73) and (7.74), are crucial for
the proof of the following result (see [124, Proposition 2.4]).

Lemma 7.59. Let 1 < p < oo and fix A € M(G).

(i) Given any set A € B(G), its semivariation equals

) = sup{ [ 1o+ BN s € 176 el <1
and satisfies

X eme ry (A) < [[m$P][(A) < [IMlancay (1(A)) 7.

E\p) is always absolutely continuous with respect to .

Conversely, if X\ # 0, then p is absolutely continuous with respect to mg\p).

(ii) The vector measure m

Remark 7.60. (i) It follows from part (ii) of Lemma 7.59 that the convolution

operator Cgp) € L(LP(G)) is p-determined whenever 1 < p < oo and the measure
Ae M(G)\ {0}.

(ii) Lemma 7.59 should be compared with parts (ii) and (iii) of Lemma 7.42.
Note that part (i) of Lemma 7.42 has no analogue in Lemma 7.59, for a good
reason; see Proposition 7.58. (]

The following result (see Theorem 1.1 and Corollary 3.2 of [124]) summarizes

the essential properties of the optimal domain space L* (mg\p )) of C;p ). Tt should
be compared with Theorem 7.44 which corresponds to the case when A < pu.

Theorem 7.61. Let 1 < p < oo and fix A € M(G) \ {0}.
(i) A B(G)-measurable function f:G — C is mg\p)-integmble if and only if
/ [fl-lp* RA[dp <00, €L (G)=LP(G)"
G

Moreover, the norm of f € L! (mg\p)) s given by

LAl 1 ) = sUP {/G f1 - 1@+ BA dpa ¢ € LX), |9ll o () < 1} :
(7.90)
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(ii) The natural inclusions
L(G) € L (m) = L4 (m{") € LY(G) (7.91)
hold and are continuous. Moreover, if
J)(\p) LP(G) — L* (mg\p))
denotes the natural injection, then
Mlewcry < 7211 < N larcey (7.92)

and, if Ag\p) Lt (mg\p)) — LY(Q) denotes the natural injection, then
1 . B
(Ilm$l1@)] < 1AL < [¥lewey]

(iii) For each 1 < q < p we have L' (mg\p)) - Ll(mg\q)) continuously and the

natural injection QE\‘“’) s Lt (mg\p)) - Ll(mg\Q)) satisfies
ImP1(@) - [IMare] ™ < Q¥ < 1.

(iv) The subspaces T (G) and LP(G) are both dense in L' (mf\p)).

(v) Lt (mg\p)) is a translation invariant subspace of L*(G) which is stable under
formation of reflections and complex conjugates. Moreover, for each x € G,
we have

(1w om) (D= (rolw) ()  feL'(m?),

where the equality is between elements of LP(G). The range of I o and its
A

closure are both translation invariant subspaces of LP(G).

(vi) The extension of Cgp) to its optimal domain, namely the linear operator

I o : Lt (mg\p)) — LP(Q), has operator norm precisely 1 and is given by
A
Im(;’) (f)=[f=*A\ felL! (mg\p)). (7.93)

We point out that the equality L? (mg\p)) =L} (mg\p)) in (7.91) holds for the
same reason as explained in Remark 7.45(i).
Define the spaces

MP = {f € LYG): (fx,)* X € LP(G) for all A € B(G)}

and

NP .= {f e LNG): |f|* A e LP(G)}.
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Then it turns out that Ll( g\p)) Mﬁp) = Nip) for every mon-negative measure
A € M(G) and that Nl(p‘) C L*(m g\p)) for arbitrary measures A € M(G), [124,
Proposition 3.3]; this inclusion can be strict (see Proposition 7.105). For the case

when A < p we refer to Remark 7.45(iii).
An examination of the proof of Proposition 7.47 shows that if n/ as given
there is replaced with the set function

A=l (A):=(x, /) *A A€ B(q),
and we use (7.88) in place of (7.73), then the same argument can be adapted to
prove the following result.
Proposition 7.62. Let 1 < p < oo and A € M(G) \ {0}. Then the optimal domain
Lt (mg\p)) of C’/(\p) is given by
LmP) = {fe L@ ): (fx,) * A € LP(G) forall A€ B(G)}.

Some further comments concerning (7.92) are worthwhile. Indeed, the follow-
ing result gives more precise details about the exact value of the operator norms

1137

Proposition 7.63. Let 1 < p < oo and Jip) € L(LP(G), Ll(mg\p))) be the embedding
as given in the statement of Theorem 7.61(ii).

(i) For each A € M(G) we have ||J)(\p)H = HC’&”H
(ii) If A > 0, then the second inequality in (7.92) is actually an equality, that is,

1T = MG) = [Alle=(r)

(iii) For each A € M(G)\{0} and 1 < p < oo, the operator Jip) is weakly compact,
but fails to be completely continuous or compact.

Proof. (i) According to Lemma 7.57(ii) and the fact that the norm of an operator
equals the norm of its dual operator, [46, Ch. VI, Lemma 2.1], it suffices to show

that /7| = [|C||. Now, with [|- ||, and ||-||, denoting ||+ | o) and ||| Lo
respectively, we have

199 = s 1Dy = s s [ 171+l BN dn
£l P T A el <1
where we have used (7.90). Exchanging suprema gives
JP|| = o RA| d
|77 = sup  sup [ |f]- | RA| du
llelly <1 NIfllp<1/G

— sup [ RAJy = [|C%|-

el <1
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(ii) For A > 0 we have ||A[|yr(q) = A(G) and so ||J)(\p)|| < A(G) follows from
(7.92).

On the other hand, since also RA > 0, it is routine to check that Xg * R) =
(RA)(G)xg = MG)x,, is a constant, non-negative function on G. By noting that
the constant function 1 belongs to the unit ball of LP (G) = L?(G)*, it follows
from (7.90) that

1202 1737 W] ey = 12 gy

= sup /\1|-\<p*R)\|du2/1-|XG*R)\|du:)\(G).
G G

llell,r <1

So, we have established the first equality HJip) H = AG).

For the second equality in part (ii), it is clear from (7.2) that ||/):||goc(1“) <
[Al(G) = M(G). On the other hand, also

Xl = ry = [A(€)] = [AG)] = A(G).

(iii) Since LP(G) is reflexive, it is clear that J/(\p ) is weakly compact. Also,

the reflexivity of L?(G) implies that complete continuity and compactness of J /(\p )

coincide. So, it suffices to show that Jip ) is not completely continuous. Assume
the contrary. Since LP(G) C L! (mf\p)) C LY(G) continuously, it follows that the
natural inclusion

W, : LP(G) — LY(G)

is also completely continuous. Choose a distinct sequence of elements {v,}52, C
I', in which case the sequence {(~,’yn)}20:1 converges weakly to 0 in LP(G) (by
the Riemann-Lebesgue Lemma). By complete continuity of W, it follows that
{(-,fyn)}:o:l is norm convergent (in L!(G)) to some h € L*(G). Since {(-,%L)}oo

also converges weakly to 0 in L'(G) (again by the Riemann-Lebesgue Lemma), it

follows that h = 0, that is H(~,'yn)HL1(G) — 0 as n — oo. This is nonsense because
H(, 'VH)HLl(G) =1 for all n € N. So, W, and hence, also J/(\p)7 cannot be completely
continuous. O

Remark 7.64. (i) Let M; € L((*(I')) denote the operator of (coordinatewise)

multiplication by A € £>°(T'), in which case [|[M5| = ||/>\\||goo(1"). Since the Fourier
transform map Fy : L?(G) — ¢?(') is an isometric isomorphism and satisfies
C§\2) = Fy ' o M; o Fy, it follows that

172 = |62 = IM5]] = [Mlewry

holds for arbitrary A € M(G), not just for A > 0.
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Consider now p = 1 and those measures A = yj, with h € L1(G); see (7.3).
Then

1
(o [ hy—a) f) duty). @€ G,
for f € LY(G), is a kernel operator. Hence, its absolute value |C}(11)| in the Banach
lattice of regular operators on L!(G) is precisely Cl(fi\)’ [149, pp. 282-283]. Since

LY(@G) is an abstract L!-space, it has property (P) in the sense of [149, p. 251]. It
then follows from Theorem 1.5 and Corollary 2 (p. 235) of [149, Ch. IV] that

||C\(hl|)H = Al = H ‘C}(Ll)| H = HC](ll)H_
In particular, it follows from the previous paragraph that

172 = |62 = Whllewry < ol = |GV = (1752

Hh

|
for every h € L'(G). It would be interesting to know, even for those measures
A = up with h € LY(G), what the dependence of the operator norm HC)(\p)H of
C’g\p) € L(LP(G)) is as a function of p and \.

(i) For each 1 < p < 0o and A € M(G) \ {0}, the natural injection

Ag\p) Lt (mg\p)) — LYG)

fails to be completely continuous or compact. Indeed, if Ag\p ) is completely contin-
uous (resp. compact), then also the inclusion W), : LP(G) — L'(G) is completely
continuous (resp. compact), which is surely not the case (see the proof of Propo-
sition 7.63(iii)). O

The same arguments used in the proof of Proposition 7.21 and Remark 7.22
also apply to yield the following Banach space properties of the optimal domain

spaces L' (mE\p )). Note that the special case when A\ < p is precisely Proposi-
tion 7.48.

Proposition 7.65. Let 1 < p < oco. Fach of the following assertions is valid for
every A € M(G).

(i) Lt (mg\p)) is weakly sequentially complete and hence, its associate space
L) = L)’
(i) L*>(G) C Lt (mg\p))/ and L' (mg\p)) is also sequentially complete for
o(L* (mg\p)), L>(@)).
(iii) Lt (mf\p)) has o-o.c. norm and satisfies the o-Fatou property.
(iv) L! (mg\p)) is weakly compactly generated.

v) Whenever G is metrizable, the Banach space L' mP) is separable.
A
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The following result, which shows that the spaces L' (mg\p )) are well suited
for harmonic analysis, can be established by appropriately modifying the proof of
Theorem 7.49. Indeed, wherever Rgh occurs in that proof simply replace it with
R), and replace the use of the identity (7.74) with the identity (7.89).

Theorem 7.66. Let 1 < p < oo and A € M(G)\{0}. For each a € G the translation
operator T, : L' (mg\p)) — Lt (mf\p)) is a surjective isometry. Moreover, for each
ap €G and f € L! (mg\p)) we have limy_qy Taf = Tay f in the norm of L* (mg\p)),

In particular, L' (mg\p)) 18 a homogeneous Banach space on G, up to an equivalent
lattice norm.

The compactness of C’g\p ) s completely characterized by Proposition 7.58.

The following result, which characterizes the compactness of the optimal extension

I o :L! (mg\p)) — LP(G) of C;p), is a combination of Theorem 1.2, Remark 4.2(b)
A

and Proposition 4.3 of [124]. The special case of A < p occurs in Theorem 7.50.

Theorem 7.67. Let 1 < p < oo and fir A € M(G) \ {0}. Then the following
assertions are equivalent.

(i) There exists h € LP(G) such that A = pp; see (7.3).
(ii) The extension I : L* (mg\p)) — LP(G) of C;p) € L(LP(G)) to its optimal
A

domain space L (mE\p)) 18 a compact operator.
(iil) There exists H € B(u, LP(G)) such that

m® (A / Hdu, AcB@)

(iv) There exists Ay € B(G) with 1(Ag) > 0 and a Bochner integrable function
Hy : Ay — LP(G) with respect to p restricted to Ay such that

m® (AN Ay) = (B)-/ Hody,  AcB@G).
ANAg
(v) There exists F € P(p, LP(G)) such that
= P)-/Fd,u, A € B(G).
A

(vi) The vector measure mE\p) : B(G) — LP(Q) has finite variation.

(vii) There is a set Ao € B(G) satisfying 0 < ’m(p) (Ap) < 0.
(viii) L' (|m{P|) = LY(G) .

(ix) L' (m{") = L}(G).

(x) L' (jm{]) = L' (m").

Moreover, for p =1, the statements (1)—(v) are equivalent.
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Remark 7.68. (i) For p = 1, each of the statements (vi)—(x) always holds individ-
ually without assuming any extra conditions on \; see Lemma 7.33 and Proposi-
tion 7.35.

(ii) Let 1 < p < oo and A € My(G) \ LP(G). By Proposition 7.58 the
convolution operator C;p e E(LP(G)) is compact, but its optimal extension
I L' (mf\p)) — LP(QG) fails to be compact (cf. Theorem 7.67). However, the

A
composition Fj g0l o) : ! (mf\p)) — ¢o(T") is compact since
A

Fpool o =Fipo Cﬁ” o Af\p)
A

and Fy g o C;l) is compact (cf. Theorem 7.31). O

We now turn our attention to a closer look at the optimal domain spaces
Lt (mf\p )) for arbitrary A € M(G). Some preparatory results will be required.

Lemma 7.69. Let 1 <p < oo and \,n € M(G). Then

m{), = m{® +m® (7.94)
and
LP(G) € LY (m¥) n LY (mP) C LY (m{),). (7.95)

If Lt (mgp)) = LP(G) for some p € (1,00), then also

LYmP)yn LY (m{)) = LP(G). (7.96)

Proof. The identity (7.94) follows from the formula f* (A+n) = (f *X) + (f *n),
valid for each f € LP(G).

The first inclusion in (7.95) is clear as LP(G) C L* (m,(f)) for all kK € M(G).
The second inclusion in (7.95) is immediate from the identity

(fx ) * A +n) = ((Fx,) = A) + ((Fxy) #n), A€ B(G),

valid for each f € L'(G), and Proposition 7.62.

Concerning (7.96), it is clear that LP(G) C L' (mg\p)) nLt (mg\lﬁn) On the
other hand, (7.95) implies that

L) AL m),) = L m®) N2 m,) € L) = 17(G).
These two containments imply (7.96). O

Corollary 7.70. Let 1 < p < oo and \,n € M(G)". Then

LYmP)y N LY (m@®) = LY (m{),). (7.97)
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Proof. Since A +n € M(G)", it follows from the discussion immediately after
Theorem 7.61 that

Lm),) = N, = {f € LYG) : || * (A +n) € LP(G)}.

So, let f € Ll(mg\p]_ ), in which case | f|*(A+7) € LP(G). Since | f|*X < [f[*(A+n)
and |f| *n < |f| * (A +n), it follows that both functions |f| * A and |f| * 7
belong to LP(G) and hence, that f € Nﬁp) N Nr(,p) =I! (mg\p)) N L (mg,p)). That
is, L1 (mg\+ ) C L? (mg\p)) N L (m%p)). The equality in (7.97) then follows from
Lemma 7.69. U

Fix a € G. Then C’(p ) = 1, is an isomorphism of L?(G) onto itself. According
to Proposition 4.18 we have

LY(m¥P) = (@), 1<p<oo, acG. (7.98)

a

This phenomenon cannot occur for measures which are absolutely continuous with
respect to u; see Proposition 7.52(ii). We will see soon that there exist many
measures, other than just Dirac measures (and not necessarily purely atomic),
which also exhibit this feature. We begin with some simple examples.

Lemma 7.71. Let 1 < p < co. Given h € L*(G) and a € G, we have

LYm®, YN LY (m®) ) = LP(G). (7.99)

—Hh

If either h € LY(G)* or h € LP(G), then

LY(m, ) = LP(G). (7.100)

Proof. Note that (0 + pr) + (—pn) = 4. So, (7.95) and (7.98) yield

LP(G) C L' (m@ yn L' m®) ) € L' (md)) = L7(G).

This is precisely (7.99).

If h € LP(G), then Theorem 7.67 (for 1 < p < oo) and Theorem 7.50 (for
p = 1) imply that L' (m (p) .) = L*(G). In this case, (7.91) shows that the left-hand
side of (7.99) equals Ll(mgp)_s_w ) and hence, (7.99) reduces to (7.100).

Suppose that h € L'(G)T, in which case A := &, + up belongs to M(G)*.
For f € L! (mg\p)) = N;p) we know that |f|* A € LP(G). Then the inequalities

|Taf‘ = |f*5a| = ‘f|*5a§ |f|*)‘ (7'101)

show that 7, f € LP(G) and hence, also f € LP(G). So, Ll(mg\p)) C LP(G) which
then implies that L! (mg\p)) = LP(G). This is precisely (7.100) again. O
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Remark 7.72. Let 1 < p < co and x € M(G)T. Then, for each a € G, we again
have that

LY(m®); ) = LP(G). (7.102)
This can be established as in the proof of Lemma 7.71. Indeed, now set A := 0, +k,
in which case 0 <, < A, and again use inequality (7.101). O

The class of examples recorded in Lemma 7.71 and Remark 7.72 will shortly
be enlarged by removing the restriction that x (or ) is a non-negative measure.
But, the element a € G will be required to lie outside the support of k. First we
require a technical fact.

Lemma 7.73. Let K be a compact subset of G with 0 ¢ K. Then there exists an
open neighbourhood W of 0 in G satisfying W N (K + W) = 0.

Proof. For each ©* € K, choose an open neighbourhood V, of 0 for which we
have V, N (x + V) = 0. Since {x + V, : # € K} is an open cover of K there
exist finitely many elements z1,...,z, € K with K C U?Zl(xj + Vz,). Then
V :=(Nj—, Vi, is an open neighbourhood of 0 satisfying V' N K = (. Now choose
an open neighbourhood W of 0 such that W — W C V. Then it is routine to check
that

W (x4 Ve, + W) =0, 1<j<n.

From these identities it follows that W N (K + W) = (. O

Recall that the support of A € M(G), denoted by supp (A), is the smallest
closed set K C G with the property that |A[(K) = |A(G). Its existence is a
consequence of the regularity of A.

Proposition 7.74. Let A € M(G) satisfy 0 ¢ supp (A). Then
L'(m{);,) = LP(G),  1<p<oo. (7.103)

Proof. With K := —supp (), in which case 0 ¢ K, it follows from Lemma 7.73
that there exists an open neighbourhood U of 0 in G satisfying
(U —supp(\)) NU = 0.

We proceed by contradiction. So, suppose that there exists a function h €
Lt (mg\lﬁéo) \ LP(G). Since {x + U : x € G} is an open cover of G, there exist
finitely many elements x1, ..., z, € G satisfying G = U;L:I (x;+U). The inequality
Il <370 \h|xmj+U together with |h| ¢ LP(G) implies that ‘h|ij+U ¢ LP(QG) for
some j € {1,...,n} and hence, also hXIjJrU ¢ LP(G). Accordingly, there exists
x € G such that hx ;& LP(G). Note that hx, = h7a(x ). Define

f= T_x(hxx+U) = Xy T-xz(h). (7.104)

Since hx, , ¢ LP(G) also f =7 (hszrU) ¢ LP(G).
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Now, he L (mE\zﬁé ) implies that 7, (h) € L! (m&zﬁé ) (see Theorem 7.61(v))
and hence, by the ideal property, also x,,7-(h) € Lt (mf\zﬁ 5 ). That is, the func-
tion f € Ll(mg\p_zé ). It follows that

(f+N+f=Ffx(A+d) =1 » (f)€LP(G) (7.105)

MXx+5¢

and hence, also (f * (A + 50))XU € LP(G). But, according to (7.104) and (7.105)
we have

(fxA+d0))xy = (FxNx, +Fxy = (F*xXx, + f

and so (f * \)x,, + f € LP(G). If we can show that
(f*Nx, =0, (7.106)

then f € LP(G) will follow and we have the desired contradiction. That is, no such
function h € L* (m&’ﬁéo) \ L?(G) exists, from which (7.103) follows.
So, it remains to establish (7.106). Recall, for u € G, that

(f =) / flu—y)d\y) = / o flu—1y) d\(y). (7.107)

If w € U, then (U — supp ()\)) NU = ) implies that u —y ¢ U for all y € supp (N).
Accordingly, (7.104) implies that

flu—y) = x,(u—y) - (T-zh)(u—y) =0, wel, yéesupp(}),

and so (by (7.107)) we can conclude that (f * A)(u) = 0 for all w € U. It is then
immediate that (7.106) is indeed valid. O

Corollary 7.75. Let 1 <p < oo andn € N.
(i) Given distinct elements {a;}}_; € G\{0} and {B3;}}_, € C\{0}, the measure
A= 00+ Y7 Bjda, satisfies L' (mg\p)) = LP(G).
(i) Let h € LY(Q) satisfy hx, = h for some compact set K C G with 0 ¢ K.
Then L' (mgpzruh) = LP(G).

In order to extend Proposition 7.74 from &g to d, with a € G arbitrary, we
require the following fact.

Lemma 7.76. Let 1 <p < oo and A\ € M(G). Then

L'(m{®) = L'(m¥; ), aed. (7.108)



7.4. Operators acting in L?(G) via convolution with measures 359

Proof. Fix a € G. Tt follows from (\ * 5,)(A) = A\(A — a) that
R(A#6,)(A) = (R\)(A+a), AcB(G).
Direct calculation gives
@* R(\*0,) = (T_ap) *RA, ¢ € L7 (G),

with equality as elements of L’ (G). Hence, for each Borel measurable function
f:G — C, it follows that

[ 1nldiox Rl < o0 = [ [fldir-ap) x RA < .
G G

Since ¢ > T_q is an isometric isomorphism of L¥' (G) onto itself, (7.108) follows
from Theorem 7.61(i). O

Remark 7.77. (i) Let 1 < p < oo and A € M(G) satisfy supp(\) # G. Then

Lt (m&p_gga) = LP(G), a ¢ supp(A).

To see this, fix a ¢ supp (A). Let k := A+, in which case d_, %k = 09+ (d_q ¥ A).
Since supp (0—q *A) = supp (A) —a and 0 ¢ supp (\) —a (as a ¢ supp (X)), we have
0 ¢ supp (6_4 * A). By Proposition 7.74 we can conclude that L* (mz(iﬁl(éfam)) =
L?(G). But,

Ll(mgﬁ)jtw,a*/\)) = Ll (mt(szi)a*rc) = Ll (ml(ﬁ}p))7

where the last equality follows from Lemma 7.76. Hence, L' (m,(.f )) = LP(G) as
required.

(ii) Let {a;}52; be a sequence of distinct elements of G with lim; . a; =0
and let (3;)32, € £*. For n := > 521 Bjda; we have

Ll(mgp)) = L*(@G), 1<p<oo.
To see this, we may assume without loss of generality that a; # 0 and 5, # 0,
in which case a := a; ¢ supp (A) where A := Z]O.';Q(ﬂj/ﬂl)éaj. According to part

(i) above we have L! (mgﬁéa) = LP(G). Then 1 (A + d,) = n and the identity
L' (mé’?) =L (m,(.gp)), valid for all K € M(G) and g € C\ {0}, imply the stated

claim.

(iii) If A € M(G)™ satisfies A({a}) # 0 for some a € G, then
L'(mP) = 17(@), 1<p<oc (7.109)

Indeed, simply note that A = A({a})d, + (A — A({a})d,) and apply (7.102). As a
special case, let {3,152, € (€')" and {a;}32, be any sequence of distinct elements
in G. Then (7.109) is satisfied for A := 322, 3,0, O
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Let M.(G) denote the subspace of M (G) consisting of all continuous measures
A, that is, A({a}) = 0 for all @ € G. The following observation is the contrapositive
statement to (7.109).

Corollary 7.78. Let A € M(G)" satisfy L' (mg\p)) # LP(Q) for some 1 < p < 0.
Then X € M(G).

The following result follows from the same argument used to establish (7.98).
Proposition 7.79. Let a € G and A € My(G). Then
L'(m{);) = LP(G), 1<p<oo. (7.110)
Proof. For each p, we note that

or), =0V + o) =, +CP.

The operator C’ip) is compact because A € My(G) (cf. Proposition 7.58). Conse-

quently, since 7, is an isomorphism of LP(G) onto itself, the operator 7, + C’ip )
is Fredholm, [150, Theorem 5.10]. Then Proposition 4.18 implies that (7.110) is
valid. O

Lemma 7.80. Let \,n € M(G). Then
LYmP) C LYm{)),  1<p<oo.

Proof. 1t follows from the formula

(A m)(4) = /G /G (@ +y) dA@)dn(),  Ac B(G),

[140, p. 15], that R(A x ) = (R\) * (Rn) as measures on G. Let f € L! (me”).
Given ¢ € LP (@), also ¢ := ¢ * R\ € L¥'(G). Accordingly,

/ |f| dl¢ * Rn| < oo (cf. Theorem 7.61(i)).
G

But, direct calculation yields that

/\fldlsa*Rnl - / [l dl« R+ R = / [l dip * R(Ax 7).
G G G

Hence, [, |f] d|i)+ R(Axn)| < oo for all ¢ € LP'(@). Then Theorem 7.61(i) implies

that f € L' (m{)). m

Corollary 7.81. Let A € M(G). If there exists n € M(G) satisfying A\xn = do, then

LYmP) = 17(@), 1<p<oo.
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Proof. According to Lemma 7.80 we have

PG) € L) € L (i) = 1 ().

Since L! (mgﬁ)) = LP(Q) (see(7.98)), the desired equality follows. O

Remark 7.82. (i) If A € Mo(G), then there is no solution to the equation Axn = d
for n € M(G). For, any solution n must satisfy X7 =1 with A € co(T") and
7 € £>°(T"), which is impossible. So, Corollary 7.81 only applies in M (G) \ My(G).

(ii) Let k € M(G) satisfy L! (m,({p)) = LP(Q) for some 1 < p < oo. Given
A € M(G), if the equation A * 7 = k has a solution n € M(G), then the same
argument as in the proof of Corollary 7.81 shows that L* (mgp)) = LP(Q). O

So far we have produced several results which exhibit measures A € M(G)
satisfying L' (mg\p )) = LP(Q), that is, the p-determined operator Cg\p ) is already
defined on its optimal domain and so no further extension is possible. The following
result, [124, Proposition 4.5], which is based on Theorems 7.61 and 7.67 above,
shows that there also exist many measures A for which the inclusion LP(G) C

Lt (mg\p)) is proper. U

Proposition 7.83. Let 1 < p < co. Then the inclusion
L’(G) € L' (mP)
is proper for every A € My(G) \ {0}.

It is also possible to determine precisely when the optimal domain L' (mg\p ))

of Cip) is the largest possible, that is, equals L'(G). Indeed, Theorem 7.67 shows
that this is the case exactly when A = py, for some h € LP(G). Accordingly, the

inclusion L! (m&p)) C LY(G) is proper whenever A € M (G) \ LP(G). In particular,
for every A € My(G) \ LP(G) we can conclude that

(@) S L'mP) S LNG), 1<p<co.

Our final aim in this section is to investigate the injectivity and surjectivity
of the extended operator I ), along the lines of A\ = puy (with h € L'(G)) as
A

considered in Proposition 7.54.

Lemma 7.84. Let 1 <p < oo and A € M(QG).

(i) 7(G, supp (V) = CY(T(@)) = 1,0 (T(@) € R(CY) € R(L,»).

(ii) 7 (G, supp (3\\)) = R(C’g\p)) = R(I ), with closures in LP(G).
A
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Proof. (i) For each v € T', it follows from (7.10) that

CP((47) = Lo (1) = (1) A = A ):

So,
Cip) (T(G, supp (X))) - T(G, supp (X))

and
Im;p) (T(G, supp (X))) - T(G, supp (X))

~

Conversely, let v € supp (\). Then
(57) = AN () = A 0 ()

This establishes the equality in (i). The stated inclusions are obvious.

(i) Theorem 7.61(iv) shows that 7(G) is dense in L! (mg\p)), from which it
follows that N
T (G, supp (\)) C R(Imgp)) = Im(;,)(T(G)),

where the bar denotes “closure with respect to || - ”. By continuity of the

operator I ) : L' (mg\p)) — LP(@) and part (i) we have
A

”Ll(mf\p))

Lo (T(G)) € 1,0 (T(G) = T(G, supp (V)),

where now the bar denotes “closure in LP(G)”. The previous two containments
give 7 (G, supp (X)) = R(Im<p>). Part (i) then yields that also
A

R(C)) = T(G, supp (V). O

Lemma 7.85. Let 1 < p < 0o and A € M(G). The following assertions are equiva-
lent.

(i) dim(kerIm<p>) < 0.
(ii) dim(kerC’gp)) < o0.
(iif) '\ supp(X) is a finite set.
If any one of (i)-(iii) holds, then
T(G, T\ supp (\)) = ker C{) = ker I (). (7.111)
A

Proof. (i) = (ii) is clear.
(ii) = (iil). Suppose that T" \ supp (:\\) is an infinite set. Let {v,}52; be
any sequence of distinct elements in '\ supp (A). For each £ = (£,)5%, € ¢! the



7.4. Operators acting in L?(G) via convolution with measures 363

continuous function he := > 07 &,(, v,) satisfies (he x A\) = ng =0onT. By
injectivity of Fg we conclude that he € ker C’/(\p ). Since ¢ € (' is arbitrary, this
contradicts the assumption that ker C’/(\p ) is finite-dimensional.

(iii) = (i). According to (7.93), a function f € Ll(mg\p)) belongs to ker Lw
ff fxA=0if fA=0onliff f=0on supp(X) iff supp(f) - F\supp(X).
The same argument shows that f € LP(G) belongs to ker C’gp ) iff supp (f) -
I\ supp (X) From these two observations it is immediate that (iii) = (i) and also
that (7.111) holds whenever dim(ker Cgp)) < 00. O

We have an immediate consequence of the previous two results.

Corollary 7.86. Let 1 < p < o0 and A € M(G). The following statements are
equivalent.

-~

(i) supp(A) =T
(i) C) : LP(G) — LP(G) is injective.
(iti) I o : Ll(mg\p)) — LP(Q) is injective.

(iv) R(L,,») = R(CY) = LP(Q).

Proof. (i) = (iii). Let f € ker [ . Then (f * A\)" = FA=0o0nT and so actually
A

f=0onT (as supp (A\) =T). Hence, also f = 0.

(iii) = (ii). This is clear as LP(G) C L! (mg\p)).

(i) & (v). It is clear, from Lemma 7.84(ii) and the observation that
T(G,T) =T(G) is dense in LP(G), that (i) = (iv).

Suppose that supp (X) # I'. Then there exists v ¢ supp (X) Since p(y) =0
for every ¢ € T (G, supp (//\\)) but (-,7) () =1, it follows from continuity of F} o
that (+,7) ¢ 7 (G, supp (X)) According to Lemma 7.84(ii) we see that (iv) fails to
hold.

(ii) = (i). Assume to the contrary that there is vy € T' for which :\\(fyo) =0.

Then Cg\p) ((v70)) = X(7o)(~,70) = 0 which contradicts (ii). O
Perhaps more interesting is the question of surjectivity. First a preliminary

result.

Lemma 7.87. Let A € M(G) \ {0}.

~

(i) supp()) is a finite subset of T if and only if A € T(G).
(ii) Suppose that X € Mo(G). Then A € T(G) if and only if

B := inf { IA(7)| : 7 € supp(}) }>o. (7.112)
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Proof. (i) If A € T(G), that is, A = yu, for some h € 7(G), then clearly supp ) =
supp( ) is a finite set. On the other hand, if supp ( )= {71, ..., Yn} is finite, then
g = ijl )\(7])( ,7;j) belongs to 7(G) and satisfies g = X. By injectivity of Fg
we conclude that A = p, can be identified with g € 7(G).

(i) If A € T(@), then supp (A) is a non-empty finite set and so (7.112) clearly
holds.

Suppose now that A ¢ 7 (@), in which case supp ()) is infinite (by part (i)).
Then there exists an infinite sequence {’yn}n 1 of distinct elements in supp ().
Since A € co(T), it follows that lim, oo /\(*yn) = 0 and so (7.112) fails to hold. O

Proposition 7.88. Let A € M(G) \ {0} satisfy
B := inf { X)|:v € supp(/)\\)} = 0. (7.113)

(i) Let p € [l,00) be arbitrary. Then, for every 1 < r < oo, we have
Lr(mg\p)) - Ll(mg\p)) and the range of the restricted integration operator
I o :L" (m&p)) — LP(@) is not closed.
A

(ii) The range of Cgp) : LP(G) — LP(G) is not closed for every 1 < p < cc.

(iii) supp(X) = T if and only if both ’R(C’/(\p)) and R(Im(m) are proper dense
A
subspaces of LP(G) for every 1 < p < oo.

Proof. (i) Fix r,p € [1,00) and note that always 7(G) C L” (mg\p)) C Ll(mg\p)).
According to (7.113) there is an infinite sequence {v,}52; C supp (A) such that
lim,, o0 |X(’yn)| = 0. Since A ¢ 7(G) (by Lemma 7.87(i)) we may suppose that
|X(”yn)| > 0 for all n € N. By passing to a subsequence, if necessary, we may

assume that 0 < |[A(7,)| < n~2 for all n € N. Then h := S n2(+,7n) belongs
to C(G) C LP(G). Suppose that h belongs to the range of the restricted integration

operator I ) : L" (mg\p)) — LP(@), in which case there exists f € L” (mg\p)) such
A
that Im“’) = f+*A=h. Then h=f X and so
A
[f ()l = [R()l / A(w)[ > 1, neN.

Since, L" (mf\p)) crL (mE\p)) C LY(@), this contradicts f € co(T"). So, the function
h¢l o (L7 (m{)). However,
A

N

= lim Zn Yo :A;iinooz(n“‘X(%))*lImgp)((.,%)), (7.114)

N —oo
n=1

with convergence in LP(G), shows that h € I (Lr(mg\p))),
A



7.4. Operators acting in L?(G) via convolution with measures 365

Accordingly, I ) (Lr(m&p))) is not closed in LP(G).
A
(ii) The element h constructed in the proof of part (i) also fails to belong
to R(C’;p)), by the same argument (as the domain space LP(G) of C’/(\p) is also
contained in L'(@)). Since I ) and C’/(\p) coincide on LP(G), the formula (7.114)
A

remains valid if we replace I & with C’gp ) 1t follows that h € R(C’ip )) and so
A
R(C’gp)) is also not closed in LP(G).
(iii) This is a combination of parts (i), (ii) and Corollary 7.86. O

~

Corollary 7.89. Let A € My(G) satisfy supp (\) =T'. Then

R(CP) C R(I,,») € L'(G), 1<p<oc, (7.115)

with both inclusions proper. In particular, neither Cgp ) nor its optimal extension
Im(p> are surjective.
A

Proof. That the containments in (7.115) hold is obvious.

According to Corollary 7.86, both C’g\p ) and Im(;ﬂ are injective. Moreover,
Proposition 7.83 ensures that LP(G) & L' (mg\p)). Since LP(G) is the domain of
Cgp) and L1 (mf\p)) is the domain of the extension Im(;) of C/(\p), it follows that the
first containment in (7.115) must be proper.

The second containment in (7.115) is proper via Proposition 7.88(iii) above,
after noting that our assumptions on \ ensure that (7.113) is valid. 0

~

Remark 7.90. For A € My(G), the set supp (A) is necessarily countable (because
A € ¢o(T)). Hence, the equality supp (A) = I is only possible if G is metrizable. O

For the Hilbert space setting more precise information is available.

Proposition 7.91. Let A € M(G).

(i) ker C’/(\Q) = T(G, T\ supp (X))
(ii) The following assertions are equivalent.
(a) R(Im@)) is closed in L*(Q).
A
(b) R(C;Q)) is closed in L*(G).
(¢) The inequality (7.112) holds, that is, 5y > 0.

In this case,
R(CY) = R(L,o)-
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Proof. (i) The calculation in the proof of (ii) = (i) in Corollary 7.86 shows that
C§\2)(( 7)) =0 for all y € I\ supp (A). Hence, T (G, '\ supp (A )) C ker C’)(\z) and
so also T (G, T'\ supp (A )) - kerC’A

Given f € ker 0(2 we have (0(2) (f))Af FX =0in 2) and so f(y) =
0 for all v € Supp( )- So, f= Zﬁsupp( f( )X{ } in (%(T), with the series
necessarily a countable sum as supp ( f) is countable. By Plancherel’s Theorem
=3 goump F() () in L2(G). Accordingly, f € T (G, T\ supp (:\\))

(ii) Proposition 7.88(i) implies that (a) = (c) and Proposition 7.88(ii) im-
plies that (b) = (c). Since R(C}Y) € R(I,») € R(L,@) it follows from
Lemma 7.84(ii) that (b) = (a).

(¢) = (b). For h € R(C;Q)) we have /f;("/) = 0 for all v € T'\ supp (X),
see Lemma 7.84(ii). Since 8y > 0, the function ¢ := (h/A) x Xoupp () _ e 2(I).
Moreover, f:= 3" (7)(-,7) € L*(G) satisfies (f * \)"= X =@\ =h, that is,
Cg\z)(f) = h and so actually h € R(Ciz)). This establishes (b).

Finally, the identity R(C;Q)) =R(I () follows from (a), (b) and the iden-
A

tity R(C”) = R(I»); see Lemma 7.84(ii). O
A

Observe that (7.113) holds, that is, 8y = 0 if and only if there exists an
infinite sequence {7, }52; C supp ()\) satisfying lim,, oo |)\(7n)\ = 0. In particular,
if A € My(G)\ T(G), then Xe ¢o(T) and so this is necessarily the case. However,
the following examples show that there also exist measures A ¢ My(G) which
satisfy Oy = 0.

Example 7.92. (i) Let G := T be the circle group, in which case I' = Z, with
duality (z,n) = 2" for all z € T and n € Z. Let u € T be any (fixed) element of
infinite order and define A := d; — 5u, where 1 € T is the (multiplicative) identity

element. Fix 1 < p < oo. Then CY ®) — 1 - C'(p = I — 7. It is known that the
spectrum of C(p) = 7, € L(LP(T)) is given by U(C(p) = T, [64, Theorem 1],
and so, by the Spectral Mapping Theorem, [46, Ch. VII Theorem 3.11], we have

(Cﬁp)) = {1 -z : 2z € T}. Note that the range b (zZ ) = {u" : n € Z} and so
the range X(Z) = {1 —u" : n € Z}. Moreover, bupp( ) = Z \ {0}; this follows
from the assumption that u has infinite order. Since §, (Z) is known to be dense
in T (see the proof of Theorem 1 in [64]), it follows that A(Z) is dense in O’(Cg\p)).
As 0 € U(C&p)), there exists a sequence from A(Z \ {0}) which converges to 0.
Accordingly, By = 0. However, A ¢ My(T). To see this, observe that the element

2¢€ J(C&p)) can be approximated by a sequence of elements {z,}22; C X(Z) and
so, for some N large enough, |z,| > 1 for all n > N.
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(ii) Again let G := T and consider the Riesz product measure given by
A=112, (14 a; cos(n;t)) as constructed in [148, Example 2, p. 310], where it is

denoted by p. Set a; = 1 for each j € N, in which case X(Z) ={1}u{27*: ke N}
see [148, p. 315]. Clearly 85 = 0. However, as noted on p. 310 of [148], the positive
non-atomic measure A ¢ My(T).

(iii) For a more abstract class of examples, let G1, G2 be infinite, separable,
compact abelian groups and G = G1 X G2 be the product group. Then the dual
group of G is identified with I' = I'; x I's in the sense that

((x1,22), (11,72)) = (z1,m) - (22,72), (x1,22) € G, (m1,72) €T,

[140, Theorem 2.2.2]. The separability condition ensures that B(G) is precisely the
product o-algebra B(G1) ® B(G2). Normalized Haar measure on G; is denoted by
wj, for j =1,2. Let Ay € My(G1) \ 7(G1) be arbitrary and £ € I'y be any fixed
element (other than the identity element). Define Ao € My(G2) by

)\Q(A) = /A(7£) dug, Ae B(Gg)

Let 5(()3‘) be the Dirac measure at 0 € G, for j = 1, 2. Then the measure A € M(G)
defined by

Ni= (% g) + (660 x (68 = xa))
satisfies

Av1,72) = A1) Az (92) + (0577 (1) - (657 = A2)(72)
M) x g (72) + (1= Xy, (12)),

for all (y1,72) € I'. That is,

(v, 72) = M(n) if oy €Ty and o =€,
1,72 1 if v €T'7 and vy, # €.

Clearly A\ ¢ My(G), but 8y < inf {|X1(71)\ : 1 € supp (Xl)} = 0, where we have
used the fact that supp (Xl) x {¢} C supp (:\\) O

7.5 p-th power factorability

Let 1 < ¢ < oo and A € M(G). Then A is called Li-improving if there exists
r € (¢, 00) such that
Ax fe L (Q), f e LiG), (7.116)
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briefly, A * LY(G) C L"(G). Such measures, introduced by E.M. Stein in [152],
have become of importance; see [12], [15], [18], [71], [72], [74], [116], [132], [133] for
example, and the references therein. The interest in this class of measures, from
the viewpoint of this monograph, lies in the fact that they lead in a very natural
way to an extensive and non-trivial collection of important operators arising in
classical harmonic analysis which are p-th power factorable (in the sense of Chapter
5). We begin by summarizing various known results about L%-improving measures
which are relevant to this monograph.

An interpolation argument, [74, p. 295], shows that if A is L%-improving for
some 1 < q < oo, then A is L?-improving for every 1 < ¢ < oco. So, when we
speak of L9-improving measures we may not specify 1 < ¢ < oo explicitly. Given
1<g<r<oo,let M?"(G) denote the space of all measures A € M (G) such that
Ax LY(G) C L™(G). Since L"(G) C L9(G) continuously, a Closed Graph Theorem
argument shows that the linear map

CrT L LI(G) — L7 (G)

defined by (7.116) is necessarily continuous, that is, C{"" € L(L?(G), L"(G)). The
M®*"(G)-norm of A is defined to be the operator norm of C{". Since L(G) #
L"(G) whenever g # r, no Dirac measure ¢,, for z € G, can be Li-improving.
Actually, if A is L%-improving, then necessarily A € M.(G), [71, p. 80]. Examples
of Li-improving measures are, of course, those of the form A = u;, for h € LI(G).
If A€ (9(T) and 2 < g < r, then A € M2"(G), [72, p. 473]. Hare [74] characterizes
L%-improving measures A in terms of certain properties of . In particular, if
A € £7(I") for some r < oo, then A is Li-improving, [74, Corollary 1]. There are
also many known examples of LI-improving measures which are u-singular (usually
constructed via Riesz products); see [12], [15], [18], [116], [132], [133] for example.

Proposition 7.93. Let 1 < ¢ < 0o and A € M(G).

(i) If A € M?"(G) for some ¢ < r < oo, then each translate of A belongs to
M%7 (G) and has the same M%7 (G)-norm as A.

(i) If y € T and A € M%7 (G) for some ¢ < r < oo, then the measure A —
J4() dX on B(G) belongs to M7 (G) and has the same M®"(G)-norm as
A

(ili) If 0 < A € M?"(G) for some q < r < oo and f : G — C is a bounded,
B(G)-measurable function, then the measure A — [, fdX on B(G) belongs
to M7 (G).

(iv) If A € Mycyen MO2(G), then A € My(G).

For parts (i) and (ii) we refer to [72, Theorem 0.1], for part (iii) to [72,
Corollary 1.2], and for part (iv) to [72, Corollary 3.2]. Concerning some interesting

“negative results”, we record the following facts; see Theorems 1.3 and 1.4 and
Remark (iv), p. 487, of [72].
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Proposition 7.94. Let G be a compact abelian group.

(i) There exists A € M(G) such that X is L-improving but, its variation measure
[A| is not Li-improving.
(ii) Let A € M(G)\ {0} be Li-improving. Then there exists a probability measure
n € M(G) such that X\ and n are mutually absolutely continuous and n is not
Li-improving.
(iii) There exists A € Mo(G) such that every non-zero measure n < X fails to be
Li-improving. In particular, A itself is not LY-improving.
Remark 7.95. (i) An examination of the proof of Theorem 1.3 in [72] shows that
the measure A given in Proposition 7.94(i) can be chosen to be R-valued. Hence,
if we decompose the variation measure |[\| = AT + A\~ according to its Hahn
decomposition, then at least one of AT or A~ is not LY-improving.

(ii) Let 1 < r < oo and h € L"(G)*. Define \ := pp,. Then X is L-improving
because, for any 1 < g < r, we have

hx LYG) C h* LY (G) C L"(G);

see (7.71). Choose n according to Proposition 7.94(ii) and write (via the Radon—
Nikodym Theorem)

n(4) = /A gdr = /A ghdi = pgn(4), A€ B(G).

This shows that there always exist measures of the form yuy, for f € L'(G), which
are not Le-improving. For the circle group G := T this was noted in [72, Remark
(ii), p. 487], via a different argument. The function f € L!(T) given by

> cos(nt)

fit)y = W, t € [0, 2n],

n=2
provides a particular example, [72, Remark (i), p. 481].

Note that f & (U, ., LP(T); just observe that if f € LP(T) for some value
of 1 < p < 2, then f € ¢/ (Z) (by the Hausdorff-Young inequality) which is not
the case. It is also noted in [72, Remark (i), p. 481] that there exist functions
¢ € LN(T) \ Uy <peoo LP(T) such that pg, is L9-improving. O

Concerning convolution operators which are p-th power factorable, let us be-
gin with absolutely continuous measures. We recall that all convolution operators
C’/(\p ) with 1 < p < coand A € M (G) \ {0} are necessarily p-determined; see
Remark 7.60(i).

Proposition 7.96. Let 1 <r < p and u € (1,p) satisfy
1 1 1
—4+>=>+1
u r p

Let h € L"(G) \ L*(G).
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(i) pn is Li-improving and belongs to M™P(G).
(ii) The following inclusions hold:

(@) G LG) C L' (mP).

(iil) C,(Lp) is (p/u)-th power factorable.

Proof. (i) According to Remark 7.45(iv) we have | f|«|h| € LP(G) for all f € L*(G).
Since |f*h| < |f|*|h| and LP(G) is an order ideal it follows that also fxh € LP(G).
That is, h x L*(G) C LP(G) or, equivalently, up € M“P(G).

(ii) The first inclusion (necessarily proper) is standard (see (7.1)) and the
second inclusion is precisely (7.84).

(ili) For X(u) := LP(G) and E = LP(G) and T := C,gp) it follows from
Theorem 5.7 that C}(lp) is (p/u)-th power factorable if and only if X (u);/. €
Lt (mglp)). But, since X (u)jp/u) = LP(G)(,/ = L*(G), we see from part (ii) that
this is indeed the case. U

In order to formulate an interesting consequence of Proposition 7.96 we need
the following fact.

Lemma 7.97. Let G be an infinite, compact abelian group with normalised Haar
measure p. Then p is non-atomic.

Proof. Suppose that B € B(G) is an atom for p. We claim that u(B) = p({w})
for some element w € B. To see this, define

K:={C: CC B,C compact, u(C) = u(B)}.

Then K has the finite intersection property and, by regularity of u, we have K #
0. So, A := Neex C is non-empty. Observe that B\ A = Ugcrc(B \ C) with
w(B\ C) =0 for all C € K. By regularity, u(B\ A) = 0 and so p(A) = p(B) with
A compact and A C B. Choose any w € A. Then pu(A\ {w}) + p({w}) = u(A4). If
it were the case that p({w}) =0, then p(A\ {w}) = u(A) = u(B) and so A\ {w}
is an atom for p. By the previous argument applied to A \ {w} in place of B,
there is a compact set D C A\ {w} C B such that pu(D) = u(A\ {w}) = u(A).
By definition of £ and A we have A C D and so w € D. However, this is a
contradiction because D C A\ {w}. Therefore, p({w}) = u(A4) and actually,
A = {w}. Moreover, u(B) = p({w}), that is, {w} is an atom for pu.

Now, suppose that u did possess an atom. By the previous argument there is
an element w € G such that {w} is an atom for y. Since G is infinite, there exists
an infinite sequence {x,}72, of distinct elements in G. By translation invariance
of u we have p({z,}) = p({w}) > 0 for every n € N. Since the singleton sets {x,,},
for n € N, are pairwise disjoint, it follows that p(G) = oo, which is a contradiction.
Accordingly, ¢ has no atoms. ([l
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We can now formulate the consequence of Proposition 7.96 alluded to above.
Proposition 7.98. Let 1 < p < oo.
(i) The set L(G:p~) := (ﬂ1<r<p L™(@)) \ LP(G) is non-empty.
(ii) For each h € L(G:p~), the following inclusions hold:
U £u6) ¢ L'(m) ¢ LYG).

1<u<p
(i) Leth € L(G:p~). Then the operator C,(Lp) € L(LP(G)) is v-th power factorable
for every v € [1,p), whereas C}(lp) s mot p-th power factorable.
Proof. (i) According to Lemma 7.97, there exists a sequence {A(n)}zo:l C B(G)

of pairwise disjoint sets satisfying M(A(n)) = 27" for each n € N. Define the
function f := ZZO:1 X 4 (n) with a,, 1= 27/ n=1/? for n € N. Then

L1 = 3 o pam) = Son~t -

and so f ¢ LP(G). However, for any r € (1,p) we have (1 — (r/p)) > 0 and hence,

oo

/|f| du = Za (A Z 1/n7'/p gn((r/p)~1)
n=1

Z (1/2'-C/P)" < o,

that is, f € L"(G).
(ii) Given any 1 < u < p, let r € (1,p

~

be determined by
1
4=
u T

Since h € L"(G) \ LP(G), Proposition 7.96(ii) yields L*(G) C L! (mgl )) That is,

U £G) ¢ LY (mP). (7.117)

I<u<p

To prove that this inclusion is proper, assume on the contrary that the equal-
ity holds. Select a strictly decreasing sequence {u(n)}5; in the open interval (1, p)
such that lim, . u(n) = 1. Then we have

e}

U L@ = |J £46) =L (m?); (7.118)

n=1 I<u<p
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see (7.1). With B, denoting the closed unit ball of L*(")(G) for n € N, it follows
from (7.118) that

U kB. = L“™(G) = L (m").
n=1

k,n=1

The Baire Category Theorem, [88, §4,6.(1)], applied to the Banach space L* (mgp))
then yields that there exist k,n € N for which the closure kB,, has non-empty in-
terior in L! (mﬁlp )). But, kB, is weakly compact in the reflexive Banach space

L™ (G) and hence, also in L' (mglp)) because L“™)(G) is continuously embedded

into L' (mgf )) (see Lemma 2.7, for example) and, consequently, the natural em-
bedding is weakly continuous. In particular, kB, is closed in L' (mgp )) and has
non-empty interior. So, there exist a function g € kB,, and a neighbourhood V' of

0in L' (m,(f)) such that g+ V C kB,,. Since V C kB,, — g C 2kB,,, we have
L@y Ll(mgp)) = span(V) C span(2kB,) = L*™(Q).

This contradicts the fact that the inclusion L*("(G) € L¥"*+1(G) is proper as
noted immediately after (7.1). Therefore, we conclude that the inclusion (7.117)
is proper.

Since h ¢ LP(G), Theorem 7.50 gives the (proper) inclusion

L'(m{P) S LY(G).

Finally, the (proper) inclusion

wae s | e

1<u<p

is known; see the discussion immediately after (7.1), for example.

(iii) Fix any 1 < v < p. Choose u € (1,p) and r € (1,p) which satisfy
(p/u) = v and (1/u) + (1/r) = (1/p) + 1. Since h € L"(G), Proposition 7.96(iii)
implies that C,(lp ) is v-th power factorable.

However, by part (ii) we have

/(@) = L'G) ¢ L' (mP),

[p

and so the p-determined operator C’,(lp ) is not p-th power factorable (by Theo-
rem 5.7). O

In the setting of Proposition 7.98, part (iii) shows that for h € L(G: p~)

'p
there is no largest number vy such that the convolution operator C}(Lp ) e L(LP(G))
is vp-th power factorable.
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We now turn to general measures, for which the following fact will be useful.

Proposition 7.99. Let A € M(G) be Li-improving and 1 < u < co. Then, for every
u < r < oo such that A € M™"(G) we have

L*(G) € LY (m) (7.119)

with a continuous inclusion. Moreover, Cy) is p-th power factorable for every
1<p<(r/u).

Proof. Observe that L™(G) C L*(G) continuously and the bounded linear operator
Cy" : L*%(G) — L"(G) is an extension of the p-determined operator Cgr). By
optimality of the space Ll(my)) we necessarily have (7.119).

Let 1 < p < (r/u). Arguing as in the proof of part (iii) of Proposition 7.96
it suffices to verify that L"(G)p) € L* (mf\r)). But, 1 < p < (r/u) implies that
u < (r/p) and hence, L"(G),) = L"/?(G) € L*(G). Then (7.119) ensures that

indeed L"(G)p,) € L! (mg\r)), as required. O

Corollary 7.100. Let A € M(G) be an Li-improving measure and 1 < r < oo be

arbitrary. Then there exists 1 < s < r such that Cy) is p-th power factorable for
all1 <p<s.

Proof. Let 1 < 1 < g2 < 0o be arbitrary (but fixed). Define

b ae(o)

pjla) = Py R

for j = 1,2. Tt is routine to check that p;(a) < p2(a) and 1 < p1(a) < ¢ for all
a € (0,1). Moreover, given « € (0,1), it is clear that

q1 < p2(a) if and only if % +(1-a)g <1.
2
The continuous function f(a) := <2 + (1 — a)q1 on [0,1] satisfies f(1) = & < 1.
It follows that there exists ag € (0,1) such that f(a) < 1 for all a € (g, 1). That

(
is, ¢1 < p2(@) for all o € (ag,1). Now, for each a € (o, 1) it follows from [72,
Theorem 0.2] that

A x LP1@)(@) € LP2()(G) C L (G), (7.120)

that is, A € MP (@) a1 (@),

Define now ¢1 := r > 1 and u := p1(a) for any a € (ap, 1), in which case
u < r. According to (7.120) we have A x L*(G) C L"(Q), that is, A € M*"(G).
Then s := (r/u) has the desired property; see Proposition 7.99. O
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Remark 7.101. Suppose that A € M(G) is not an Li-improving measure; see
Proposition 7.94 and Remark 7.95 for the existence of such A (also, any A ¢
M.(G) will do). Then, for every 1 < r < oo the operator Cy) fails to be p-th
power factorable for every 1 < p < r. On the contrary, suppose that Cy) €
Fip)(L"(G), L"(G)) for some 1 < p < r. Then 1 < (r/p) < r and Cgr) has
a (unique) continuous L"(G)-valued extension (C’y))[p] to L"(G) = L"/P(G) C
LY(G). So, (Cy))[p] (9) = C)(\T) (9) = Axgforall g € L"(G). Given any f € L"/?(G)
there exists a sequence {f,,}2°, € T(G) C L"(G) such that f, — f in L"/?(G) as
n — oo. Since Cy/p) € L(L"/?(G)), it follows that f, x A — f =X in L"/?(G) as
n — oco. But,

fusd = CV(fa) = (), (Fa),  mEN,

and so the continuity of (C’y))[p] ensures that (Cgr))[p] (fn) — (Cg\r))[p] (f) in
L"(G) as n — oo and hence, also in L"/?(G) as n — oo (since L"(G) C L"/?(Q)
continuously). Accordingly,

() (f) = Fxx feLP@), (7.121)

(]

with the equality as elements of L™/P(G). Since the left-hand side of (7.121) ac-
tually belongs to L"(G) so must the right-hand side. Accordingly, the (unique)

continuous extension (Cy)) ok L"/?(G) — L"(G) is precisely the operator of con-

volution with A and hence, A € M("/P):"(@). This contradicts the hypothesis that
A is not L9-improving. O

We record formally a fact that was just established in Remark 7.101. In a
certain sense it is a “converse” to Proposition 7.99 and Corollary 7.100.

Proposition 7.102. Let A € M(G) and 1 < r < co. If Cy) is p-th power factorable
for some 1 < p <r, then X is necessarily LI-improving and the unique continuous
extension (C’/(\T))[p]

Cg\r/p)’r € L(L"?(@), L"(G)). In particular, L"/P(G) C L! (mg\r)).

(LG — L7(G) of C’)(\T) is precisely the convolution operator

Characterizations of L?-improving measures A in terms of the decay of \ are
well known, [74, Theorem], [132, Theorem]. The following result gives a different
kind of characterization.

Corollary 7.103. Let A € M(G). The following assertions are equivalent.
(i) A is an Li-improving measure.

(ii) There exists 1 < r < 0o such that the convolution operator Cy) is p-th power
factorable for some p € (1,00).
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(iil) For every 1 < r < oo there exists some p € (1,00) such that the convolution
operator Cg\r) is p-th power factorable.

Proof. (i) = (iii). This follows from Corollary 7.100.

(ii) = (i). This is immediate from Proposition 7.102.

(iii) = (ii) is clear. O
Remark 7.104. (i) For measures A € M(G) which satisfy 5y > 0 (see (7.112) for
the definition of (3)) the following statements are known to be equivalent.

(a) X is Li-improving.

o~

(b) supp (\) is a finite subset of T.
(¢) A= pp for some h € T(G).

For (a) < (b) we refer to [74, Corollary 4] and for (b) < (c) to Lemma 7.87(i).
What about measures A for which 8y = 07? For instance, if A € My(G), then
surely B = 0. In this case (b) and (c¢) remain equivalent (cf. Lemma 7.87(i)) and,
when satisfied, surely imply that A is L9-improving. However, the converse is false;
measures of the form \ = py, for suitable h € L'(G) \ 7(G) belong to My(G), are
Li-improving but, fail to satisfy (b) and (c); see Remark 7.95(ii).
The Riesz product measure A > 0 of Example 7.92(ii) satisfies A ¢ My(T)

and By = 0. Since
1

sup{[A(n)| : n € Z\ {0}} = 5 <L
it follows from [132, Theorem| that X is necessarily L?-improving. According to
Proposition 7.93(iv) and the fact that A ¢ My(T), there must exist 1 < ¢ < 2 such
that A ¢ M%2(T).
(ii) The measure A of Example 7.92(ii) also exhibits other interesting features.

According to Corollary 7.100, whenever 1 < r < oo is given, the operator C’y)

is p-th power factorable for some 1 < p < r. However, Cir) is not compact (by
Proposition 7.58 as A ¢ My(T)) and has totally infinite variation (by Theorem 7.67
as A ¢ Moy(T) implies that A ¢ L"(T)). Furthermore, both of the inclusions

(1) € L' (m{”) € L'(T)

are necessarily proper. Indeed, since C’y) is p-th power factorable for some value
of 1 < p < r we have (by Proposition 7.102) that L™/P(T) C Ll(mE\T)) with
(r/p) < r. Hence, L"(T) & L"/P(T) shows that the first inclusion is proper. Since
A ¢ My(T) implies that A ¢ {up : h € L"(T)}, the second inclusion is proper by
Theorem 7.67. O

Is was observed after Theorem 7.61 that

LY(mP) = NP = {f e LNG) : |f]* A € LP(G)}
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whenever A € M(G)T and that

NG < L' (m) (7.122)

for arbitrary A € M (G); see also Remark 7.45(iv). The following result shows that
the inclusion (7.122) can be strict. For the existence of L?-improving measures A
such that |A| is not L-improving we refer to Proposition 7.94 and Remark 7.95.

Proposition 7.105. Let A € M (G) be any LI-improving measure such that |\| is not
Li-improving for some (all) 1 < q¢ < co. Then the containment N|(;‘) - Ll(mg\r))
is proper for every q < r < oo such that A« L1(G) C L"(G).

Proof. On the contrary, suppose that NI(;:\) =I!

tion 7.99 we then have

(mE\r)). According to Proposi-

10,y _ a0

LYG) C L*(m)"”) = Ny

That is, for each f € L(G), the function |f|x|A| € L"(G). Since | f*[A]| < [f|*|Al,

also f* |\ € L"(G). That is, |A| * LI(G) C L"(G), contradicting the fact that the

measure |\| is not L-improving. O

Remark 7.106. (i) In the setting of Proposition 7.105 we note that L*(G) ¢ N\(;I)

for every ¢ < s < r. Indeed, if L*(G) C NI(;\) for some ¢ < s < r, then the

argument used in the proof of Proposition 7.105 shows that |A\| * L*(G) C L"(G).
This contradicts the fact that |A| is not Le-improving.

(i) Suppose that A € M(G) is not an L%-improving measure. Then, for each

1 < r < oo, the space L"(G) is the largest amongst the spaces {L"(G)}1<u<oo

which is contained in L! (mg\r)). That L"(G) C L* (mf\r)) follows via optimality.

Suppose that L*(G) C L! (m(;)) for some 1 < u < r. Then Theorem 7.61(vi)
implies that

A+ L(G) = 10 (L*(@) S 1,0 (L' (m{)) € L7(G)

and hence, X is L9-improving, contrary to the choice of A.

If, in addition to being not L9-improving, also A € My(G), then L"(G) &
Lt (mg\r)) by Proposition 7.83 (for the existence of such A we refer to Proposition
7.94(iii) and Remark 7.95(ii)). So, even though A does not convolve L"(G) into
L"(G) for any u < 7, it does convolve the B.f.s L* (m(;)), which is genuinely larger
than L™(G), into L"(G). From this point of view, for arbitrary A € M(G), the
optimal domain space L' (mg\r)) is also the largest B.f.s. X (u) with o-o.c. norm
which contains L"(G) and such that A« X(u) € L"(G). If we call A a B.f.s.-
improving measure whenever the inclusion L™(G) C L* (mg\r)) is proper (for some
1 < r < o), then an examination of the proof of Corollary 7.100 shows that every
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L4-improving measure is necessarily B.f.s.-improving. It was just argued above that
every A € My(G) is necessarily B.f.s.-improving but, not necessarily Li-improving.
So, the notion of a B.f.s.-improving measure is a genuine extension of that of an
Li-improving measure and hence, may be worthy of further investigation. For an
example of a continuous measure in M (G) \ My(G) which is B.f.s.-improving we
refer to Remark 7.104(ii). Section 7.4 provides many examples of measures which
fail to be B.f.s.-improving. O

As already seen, whenever they are defined, the convolution operators C{™"
for 1 < ¢ < r < oo play an important role. We note that the vector measure
mear : B(G) — L"(G) induced by CY" : LY(G) — L"(G) is precisely the vector
measure mg\r). Accordingly, every operator C{"" is necessarily p-determined (as
C’g\r) is) and L'(m{") = L! (my)), where m{" denotes mgar. So, even though
the domain space LI(G) of C{" is genuinely larger than that of Cy), both Cy)
and C{" have the same optimal domain. Of course, this is to be expected as
CY" is an extension of C’/(\T). In particular, I,ar = I . The following result

. A
concerning the operators CY{" is of some interest; it shows that “L%-improving” is
also “compact-improving”.
Proposition 7.107. Let A € My(G) be an Li-improving measure. Given 1 < r < oo,
there exists 1 < uw < r such that X € M™“"(G) and CY" : L*(G) — L"(G) is
compact for every u < s <r.

Proof. An examination of the proof of Corollary 7.100 shows that there exists
1 < u < rsuch that A € M™"(G). Proposition 7.58 ensures that Cy) € L(L"(G))
is compact. So, C}\"" : L*(G) — L"(G) is continuous and Cg\r) : L"(G) — L"(G)
is compact. By a standard interpolation result, [90, Theorem 3.10], it follows that
CY" : L*(G) — L"(G) is compact for every u < s <. O

Remark 7.108. There is also a converse to Proposition 7.107. Namely, if we have
1<g<r<ooand A€ M?"(G) has the property that C}"" is compact for some
q < s < r, then necessarily A € My(G). Indeed, let J : L"(G) — L*(G) be the
natural inclusion, in which case Cy) = Cy" o J. Then C’)(\T) is compact and so
A € My(G) by Proposition 7.58. O

In conclusion, we point out that the situation for p-th power factorability of
the Fourier transform map is quite different to that for convolution operators. We
restrict attention to G = T (also T¢ is allowable).

Proposition 7.109. Let 1 < r < 2. The Fourier transform map F, : L"(T) — " (Z)
fails to be p-th power factorable for every 1 < p < oo.

Proof. Let X (u) := L™(T) and T := F,.. According to Theorem 5.7 we have F, €
Fio (X (), i (Z)) if and only if X (1)) € L'(my), that is, if and only if L™/P(T) C
F7(T). Since always (r/p) < r, this never happens; see Remark 7.29(ii). O
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Getting back to a general GG, we may also consider the Fourier transform map
as being ¢o(I')-valued rather than ¢" (T')-valued. In this case we have the following

Proposition 7.110. Let 1 <r<2. The Fourier transform map Fyo:L"(G)— co(I)
is p-th power factorable if and only if 1 < p < r.

Proof. Let X(p) := L"(G) and T := F, . According to Theorem 5.7 we have
Fro € Fip) (X (1), co(I)) if and only if X (u)(,) € L*(mr). Since L (mr) = L*(G)
(see Proposition 7.3(ii)), this is the case if and only if L"/?(G) C L'(G), i..,
1<p<r. O
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