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Preface

Operator theory and functional analysis have a long tradition, initially being
guided by problems from mathematical physics and applied mathematics. Much
of the work in Banach spaces from the 1930s onwards resulted from investigating
how much real (and complex) variable function theory might be extended to func-
tions taking values in (function) spaces or operators acting in them. Many of the
first ideas in geometry, basis theory and the isomorphic theory of Banach spaces
have vector measure-theoretic origins and can be credited (amongst others) to
N. Dunford, I.M. Gelfand, B.J. Pettis and R.S. Phillips. Somewhat later came the
penetrating contributions of A. Grothendieck, which have pervaded and influenced
the shape of functional analysis and the theory of vector measures/integration ever
since.

Today, each of the areas of functional analysis/operator theory, Banach
spaces, and vector measures/integration is a strong discipline in its own right.
However, it is not always made clear that these areas grew up together as cousins
and that they had, and still have, enormous influences on one another. One of
the aims of this monograph is to reinforce and make transparent precisely this
important point.

The monograph itself contains mostly new material which has not appeared
elsewhere and is directed at advanced research students, experienced researchers
in the area, and researchers interested in the interdisciplinary nature of the mathe-
matics involved. We point out that the monograph is self-contained with complete
proofs, detailed references and (hopefully) clear explanations. There is an empha-
sis on many and varied examples, with most of them having all the explicit details
included. They form an integral part of the text and are designed and chosen to
enrich and illuminate the theory that is developed. Due to the relatively new na-
ture of the material and its research orientation, many open questions are posed
and there is ample opportunity for the diligent reader to enter the topic with the
aim of “pushing it further”. Indeed, the theory which is presented, even though
rather complete, is still in its infancy and its potential for further development and
applications to concrete problems is, in our opinion, quite large. As can be gleaned
from the above comments, the reader is assumed to have some proficiency in cer-
tain aspects of general functional analysis, linear operator theory, measure theory
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and the theory of Banach spaces, particularly function spaces. More specialized
material is introduced and developed as it is needed.

Chapter 1 should definitely be read first and in its entirety. It explains com-
pletely and in detail what the monograph is all about: its aims, contents, phi-
losophy and the whole structure and motivation that it encompasses. The actual
details and the remainder of the text then follow in a natural and understandable
way.

Chapter 2 treats certain aspects of the class of spaces on which the linear
operators in later chapters will be defined. These are the quasi-Banach function
spaces (over a finite measure space), with the emphasis on C-valued functions. This
is in contrast to much of the existing literature which is devoted to spaces over R.
Of particular importance is the notion of the p-th power X[p], 0 < p < ∞, of a given
quasi-Banach function space X . This associated family of quasi-Banach function
spaces X[p], which is intimately connected to the base space X , is produced via a
procedure akin to that which produces the Lebesgue Lp-spaces from L1 and plays
a crucial role in the sequel.

Let X be a quasi-Banach function space and T : X → E be a continuous
linear operator, with E a Banach space. Then mT : A �→ T (χ

A
), for A a mea-

surable set, defines a finitely additive E-valued vector measure with the property
that T (s) =

∫
s dmT for each C-valued simple function s ∈ X . Under appropri-

ate conditions on X and/or T , it follows that mT is actually σ-additive and so∫
f dmT ∈ E is defined for each mT -integrable function f ∈ L1(mT ). The crucial

point is that the linear map ImT : f �→
∫

f dmT is then typically defined for
many more functions f ∈ L1(mT ) than just those coming from the domain X of T
(which automatically satisfies X ⊆ L1(mT )). That is, ImT is an E-valued exten-
sion of T . This is one of the crucial points that pervades the entire monograph. In
order to fully develop this idea, it is necessary to make a detailed study of the Ba-
nach lattice L1(mT ) and the related spaces Lp(mT ), for 1 ≤ p ≤ ∞, together with
various properties of the integration operator ImT : L1(mT ) → E. This is system-
atically carried out in Chapter 3, not just for mT but, for general E-valued vector
measures ν. Of course, there is already available a vast literature on the theory
of vector measures and integration, of which we surely make good use. However,
for applications in later chapters we need to further develop many new aspects
concerning the spaces Lp(ν) and the integration operators I

(p)
ν : Lp(ν) → E, for

1 < p < ∞, in particular, their ideal properties in relation to compactness, weak
compactness and complete continuity.

Chapter 4 presents a detailed and careful analysis of the particular extension
ImT : L1(mT ) → E of an operator T : X → E. In addition to always existing, the
remarkable feature is that L1(mT ) and ImT turn out to be optimal, in the sense
that if Y is any σ-order continuous quasi-Banach function space (over the same
measure space as for X) for which X ⊆ Y continuously and such that there exists
a continuous linear operator TY : Y → E which coincides with T on X , then
necessarily Y is continuously embedded in the Banach function space L1(mT )
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and TY coincides with ImT restricted to Y . The remainder of the monograph then
develops and applies the many consequences that follow from the existence of this
optimal extension.

For instance, a continuous linear operator T : X → E is called p-th power
factorable, for 1 ≤ p < ∞, if there exists a continuous linear operator T[p] : X[p] →
E which coincides with T on X ⊆ X[p]. There is no a priori reason to suspect
any connection between the p-th power factorability of T and its associated E-
valued vector measure mT . The purpose of Chapter 5 is to show that such a
connection does indeed exist and that it has some far-reaching consequences. The
spaces Lp(mT ), for 1 ≤ p < ∞, which are treated in Chapter 3, also exhibit certain
optimality properties and play a vital role in Chapter 5. Many operators of interest
coming from various branches of analysis are p-th power factorable; quite some
effort is devoted to studying these in detail.

According to the results of Chapter 5, a p-th power factorable operator
T : X → E factorizes through Lp(mT ). However, whenever possible, the factor-
ization of T through a classical Lp-space (i.e., of a scalar measure) is preferable.
The Maurey–Rosenthal theory provides such a factorization, albeit under various
assumptions. In Chapter 6 we investigate norm inequalities in the following sense.
Let 0 < q < ∞ and 1 ≤ p < ∞ be given and X be a q-convex quasi-Banach
function space. Then T is required to satisfy( n∑

j=1

‖T (fj)‖q/p
E

)1/q

≤ C
∥∥∥( n∑

j=1

|fj |q/p
)1/q∥∥∥

X
(0.1)

for some constant C > 0 and all finite collections f1, . . . , fn of elements from X .
This inequality already encompasses the main geometrical condition of p-th power
factorability. In fact, we will treat a more general inequality which can be applied
even when X is not q-convex, namely( n∑

j=1

‖T (fj)‖q/p
E

)1/q

≤ C
∥∥∥ n∑

j=1

|fj |q/p
∥∥∥1/q

b,X[q]

, (0.2)

where ‖·‖b,X[q] is a suitable seminorm which is continuous and defined on the quasi-
Banach function space X[q]. If X is q-convex, then (0.1) and (0.2) are equivalent;
if, in addition, p = 1, then (0.2) reduces to q-concavity of T . In this case, we
are in the (abstract) setting of the Maurey–Rosenthal Theorem, a version due to
A. Defant. The main aim of Chapter 6 is to establish various equivalences with
(0.2), thereby providing factorizations for a subclass of the p-th power factorable
operators for which the required hypotheses of the Maurey–Rosenthal Theorem
are not necessarily fulfilled. In view of the fact that the spaces Lp(mT ) are always
p-convex, this has some interesting consequences for the associated integration
operator I

(p)
mT : Lp(mT ) → E.

Chapter 7 is the culmination of all of the ideas in this monograph applied to
two important classes of operators arising in classical harmonic analysis (over a
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compact abelian group G). One class of operators consists of the Fourier transform
F from X = Lp(G), for 1 ≤ p < ∞, into either E = c0(Γ) or E = �p′

(Γ),
where Γ is the dual group of G and 1

p + 1
p′ = 1. Concerning the optimal domain

L1(mF ) and an analysis of the extension ImF : L1(mF ) → E, the situation depends
rather dramatically on whether p = 1 or 1 < p < ∞ and whether E = c0(Γ) or
E = �p′

(Γ). This is particularly true of the ideal properties of ImF and whether or
not the inclusion Lp(G) ⊆ L1(mF ) is proper. The second class of operators consists
of the convolution operators Cλ : Lp(G) → Lp(G) defined via f �→ λ∗f , where λ is
any C-valued, regular Borel measure on G. Again there are significant differences
depending on whether p = 1 or 1 < p < ∞ and whether λ is absolutely continuous
or not with respect to Haar measure on G. Also relevant are those measures λ
whose Fourier–Stieltjes transform λ̂ belongs to c0(Γ). There is also a difference for
certain features exhibited between the two classes of operators. For instance, with
E = �p′

(Γ) the Fourier transform map F : Lp(G) → E is (for certain groups G)
never q-th power factorable for any 1 ≤ q < ∞. On the other hand, the q-th
power factorability of the convolution operator Cλ : Lp(G) → Lp(G) is completely
determined as to whether or not λ is a so-called Lr-improving measure (a large
class of measures introduced by E.M. Stein). Many other questions are also treated,
e.g., when is L1(mCλ

) = L1(G) as large as possible, when is L1(mCλ
) = Lp(G)

as small as possible, what happens if the vector measure mF or mCλ
has finite

variation, and so on?
During the preparation of this monograph (circa 3 years!) we have been

helped by many colleagues. A partial list of those to whom we are especially grate-
ful for their special mathematical effort is: O. Blasco, G.P. Curbera, A. Defant,
P.G. Dodds, F. Galaz-Fontes, G. Mockenhaupt, B. de Pagter and L. Rodŕıguez-
Piazza. We also thank J. Calabuig for his invaluable technical assistance in relation
to LATEX and “matters computer”. The first author (S. Okada) also wishes to ac-
knowledge the support of the Katholische Universität Eichstätt-Ingolstadt (via the
Maximilian Bickhoff-Stiftung and a 19 month Visiting Research Professorship), the
Universidad Politécnica de Valencia (for a 12 month extended research period via
grants CTESIN-2005-025, Generalitat Valenciana, MTM2006-11690-C02-01, Min-
isterio de Educación y Ciencia, Spain, FEDER, and 2488-I+D+I-2007-UPV), the
Universidad de Sevilla (for a 12 month extended research period via the Spanish
Government Grant DGU # SAB 2004-0206) and the Centre for Mathematics and
its Applications at the Australian National University in Canberra. And, of course,
for the real driving force, motivation and moral support needed to undertake and
complete such an extensive project, we are all totally indebted to our wonderful
partners Eileen O’Brien, Margit Kollmann and Maŕıa José Arnau, respectively.

The Authors November, 2007



Chapter 1

Introduction

Let g ∈ L2([0, 1]) and fix 2 < r < ∞. The corresponding multiplication operator
T : Lr([0, 1]) → L1([0, 1]) defined by T : f �→ gf , for f ∈ Lr([0, 1]), is surely
continuous. Indeed, if 1

r + 1
r′ = 1, then g ∈ Lr′

([0, 1]) and so, by Hölder’s inequality

‖Tf‖L1([0,1]) =
∫ 1

0

|f(t)| · |g(t)| dt

≤ ‖g‖Lr′([0,1])‖f‖Lr([0,1]),

for f ∈ Lr([0, 1]). Accordingly, ‖T ‖ ≤ ‖g‖Lr′([0,1]). Somehow, this estimate awak-
ens a “feeling of discontent” concerning T . It seems more natural to interpret T
as being defined on the larger domain space L2([0, 1]), that is, still as f �→ gf
(with values in L1([0, 1])) but now for all f ∈ L2([0, 1]). Again Hölder’s inequality
ensures that the extended operator T : L2([0, 1]) → L1([0, 1]) is continuous with
‖T ‖ = ‖g‖L2([0,1]) ≥ ‖g‖Lr′([0,1]). Of course, for each 2 ≤ p ≤ r, we can also con-
sider the L1([0, 1])-valued operator T as being defined on Lp([0, 1]). In the event
that g /∈ ⋃2<q<∞ Lq([0, 1]), the space L2([0, 1]) is the “best choice” of domain
space for T amongst all Lp([0, 1])-spaces in the sense that it is the largest one
that T maps into L1([0, 1]). For, suppose that there exists p ∈ [1, 2] such that
gf ∈ L1([0, 1]) for all f ∈ Lp([0, 1]), in which case T : f �→ gf is continuous by the
Closed Graph Theorem. Since ξ : h �→

∫ 1

0 h(t) dt is a continuous linear functional
on L1([0, 1]) it follows that the composition ξ ◦ T : f �→

∫ 1

0
f(t)g(t) dt is a contin-

uous linear functional on Lp([0, 1]) and so g ∈ Lp′
([0, 1]) with 1

p + 1
p′ = 1. Since

2 ≤ p′ ≤ ∞, this is only possible if p = 2 (by the assumption on g). Can there exist
another function space Z (over [0, 1]), even larger than L2([0, 1]), which contains
Lr([0, 1]) continuously and such that the initial operator T : Lr([0, 1]) → L1([0, 1])
has a continuous L1([0, 1])-valued extension to Z? If so, then we have just seen
that Z cannot be an Lp([0, 1])-space.
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Consider now the kernel operator T : L2([0, 1]) → L2([0, 1]) given by

Tf : t �→
∫ t

0

f(s) ds, t ∈ [0, 1], f ∈ L2([0, 1]). (1.1)

For each t ∈ [0, 1], Hölder’s inequality gives∣∣∣∣∫ t

0

f(s) ds

∣∣∣∣ ≤ ∫ 1

0

|f(s)| ds ≤ ‖f‖L2([0,1]) (1.2)

and so
(∫ 1

0 |(Tf)(t)|2 dt
)1/2

≤ ‖f‖L2([0,1]); this shows that T is continuous with

‖T ‖ ≤ 1. For f ∈ L1([0, 1]), we see from (1.2) that |(Tf)(t)| ≤ ‖f‖L1([0,1]) for

all t ∈ [0, 1] and so
(∫ 1

0 |(Tf)(t)|2 dt
)1/2

≤ ‖f‖L1([0,1]). Hence, the operator T

can be continuously extended to the larger domain space L1([0, 1]) ⊇ L2([0, 1])
while maintaining its values in L2([0, 1]). Now, the function f(s) := 1/(1− s), for
s ∈ [0, 1), does not belong to L1([0, 1]). However, for each 0 < t < 1 we have∫ t

0
f(s) ds = − ln(1− t) and an integration by parts (twice) shows that∫ 1

0

∣∣∣∣∫ t

0

f(s) ds

∣∣∣∣2 dt =
∫ 1

0

ln2(1 − t) dt = 2 < ∞.

Accordingly, Tf is defined pointwise on [0, 1) by (1.1) and satisfies Tf ∈ L2([0, 1]).
So, the vector space Z consisting of all measurable functions f on [0, 1] such that
T |f | is defined pointwise a.e. on [0, 1] (via (1.1)) and belongs to L2([0, 1]), has
the property that it contains both L2([0, 1]) and L1([0, 1]) and is genuinely larger
than L1([0, 1]). Can we put a topology on Z so that Z becomes complete and
T : Z → L2([0, 1]) becomes continuous? If so, then again Z is, in some sense, the
largest function space which contains the domain space of the original operator
T : L2([0, 1]) → L2([0, 1]) and such that T has a continuous L2([0, 1])-valued
extension to Z.

The phenomena exhibited by the two operators T above, namely the possi-
bility to extend T to some sort of maximal or optimal domain (but, keeping the
codomain space fixed) has been studied in various contexts within the general the-
ory of kernel operators, differential operators etc. for some time; see for example
[8], [24], [50], [93], [114], [126], [155], [156] and the references therein. In more re-
cent years this idea has also turned out to be fruitful in the investigation of other
large classes of operators (in addition to kernel and differential operators), such
as convolutions, the Fourier transform and the Sobolev embedding; see [25], [28],
[29], [113], [123], [124], for example. Let us formulate the basic idea more precisely.
Given are a function space X(μ) equipped with a linear topology (μ ≥ 0 is some fi-
nite measure), a Banach space E and a continuous linear operator T : X(μ) → E.
One seeks the largest function space Z(μ) over μ, usually within a given class,
for which X(μ) ⊆ Z(μ) with a continuous inclusion and such that there exists a
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continuous linear operator from Z(μ) into E (again denoted by T ) which coincides
with the initial operator T on X(μ). If it exists, Z(μ) is called the optimal domain
for T (within the given class). The aim is then to answer certain natural questions:
which properties of T on X(μ) are transferred (or not) to the extended operator T
on Z(μ), can one identify Z(μ) more concretely, what properties does Z(μ) have,
does the space Z(μ) always exist, is it always genuinely larger than X(μ), and so
on? Of course, one hopes to better understand the initial operator T on X(μ),
whenever one has “good information” about its maximal extension T : Z(μ) → E.
These aims form one of the central themes of this monograph and are worth elab-
orating on in more detail. In particular, it will (hopefully!) become apparent that
the ideas are not as abstract as the first impression above may suggest, that they
have some worthwhile and far-reaching consequences, and that they apply to a
large, diverse and interesting class of operators which arise in various branches of
analysis.

So, what is this “mysterious” optimal domain space? To describe it more
explicitly, let (Ω, Σ, μ) be a positive, finite measure space and X(μ) be a complete
space of C-valued functions on Ω (relative to some lattice quasi-norm ‖ · ‖X(μ) for
the pointwise μ-a.e. order) such that the space simΣ, consisting of all Σ-simple
functions, is contained in X(μ) and the quasi-norm ‖ · ‖X(μ) is σ-order continuous
(i.e., limn→∞ ‖fn‖X(μ) = 0 whenever fn ↓ 0 in X(μ)). As a consequence of the
σ-order continuity of ‖ · ‖X(μ), the space sim Σ is necessarily dense in X(μ). Let E
be a (complex) Banach space and T : X(μ) → E be a continuous linear operator.
Then the finitely additive set function mT : Σ → E defined by

mT (A) := T (χ
A
), A ∈ Σ, (1.3)

is actually σ-additive, again due to the σ-order continuity of ‖ · ‖X(μ), that is, mT

is an E-valued vector measure. Moreover, for each s ∈ sim Σ, it follows from (1.3)
that ∫

Ω

s dmT = T (s) (1.4)

with the integral
∫
Ω

s dmT ∈ E defined in the obvious way. Assume now that μ
and mT have the same null sets, a mild restriction in practise. Then it is possible
to extend (1.4) from sim Σ to the space of all mT -integrable functions, denoted
by L1(mT ) and equipped with an appropriate lattice norm ‖ · ‖L1(mT ) (see (1.9)
below with ν := mT ), in such a way that:

(T-1) L1(mT ) is a Banach function space (over μ), with σ-order continuous
norm and containing X(μ) continuously and densely,

(T-2) T has an E-valued, continuous linear extension to L1(mT ), namely
the integration operator ImT : f �→

∫
Ω f dmT , and

(T-3) if Y (μ) is any quasi-Banach function space (over μ) with a σ-order
continuous quasi-norm and containing X(μ) continuously such that T has an E-
valued, continuous extension from X(μ) to Y (μ), then Y (μ) ⊆ L1(mT ) continu-
ously.
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Remarkably, under the mild assumptions on X(μ) and T mentioned above,
we automatically have the existence (unique up to isomorphism) of the optimal
domain space of T , namely L1(mT ) and, simultaneously, also the maximal exten-
sion of T , namely ImT . As a bonus, much of the general theory of vector measures
and integration needed is already available and rather well developed, [42], [86].
However, to apply it explicitly in the above context requires us to further develop
some new aspects of the theory. This is the aim of Chapter 3. In particular, we
require the theory of the spaces

Lp(mT ) := {f Σ-measurable : |f |p ∈ L1(mT )}, (1.5)

for 1 ≤ p < ∞ (needed in Chapter 5 and later chapters), equipped with the norm

‖f‖Lp(mT ) :=
∥∥ |f |p∥∥1/p

L1(mT )
, f ∈ Lp(mT ). (1.6)

We also develop important criteria related to various ideal properties of integration
operators, such as compactness, weak compactness and complete continuity.

Another important notion that is mentioned above, if only in passing, is that
of a quasi-Banach function space. The general theory of quasi-Banach spaces is
by now well established; see [83], [87], [88], [135], for example, and the references
therein. However, we need its specialization to function spaces, where the existing
literature is rather sparse. Moreover, those results which are actually available,
are often only for spaces over R. For applications occurring later in the book, we
really need the theory over C. Accordingly, a major effort is invested in Chapter 2
with the aim of developing the theory of quasi-Banach function spaces over C, at
least to the extent needed in later chapters. Perhaps the most important concept
in this chapter is that of the p-th power

X(μ)[p] := {f Σ-measurable : |f |1/p ∈ X(μ)} (1.7)

of a given quasi-Banach function space X(μ), defined for 0 < p < ∞ and equipped
with the quasinorm

‖f‖X(μ)[p]
:=
∥∥ |f |1/p

∥∥p

X(μ)
, f ∈ X(μ)[p]. (1.8)

These spaces, introduced in [61, Definition 1.9] and [30, p. 156], are crucial for
the factorization results of Chapters 5–7. It is clear from (1.5) and (1.6) that the
Banach function spaces Lp(mT ) =

(
L1(mT )

)
[1/p]

for 1 ≤ p < ∞ are particular
examples of such spaces.

As also noted above, one is under the assumption that μ and mT have the
same null sets. This property assures that L1(mT ) is a Banach function space
relative to the same scalar measure μ over which the domain space X(μ) of T is a
quasi-Banach function space; when this property holds, we say that the operator
T : X(μ) → E is μ-determined. For a general vector measure ν : Σ → E it is
difficult to identify the Banach function space L1(ν) in a more concrete way, other
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than that due simply to its definition. Namely, a Σ-measurable function f : Ω → C
is ν-integrable whenever

∫
Ω
|f | d|〈ν, x∗〉| < ∞ for each x∗ belonging to the dual

space E∗, of E (the space of such functions is denoted by L1
w(ν)) and, additionally,

for each A ∈ Σ there exists a vector in E, denoted by
∫

A f dν, satisfying〈∫
A

f dν, x∗
〉

=
∫

A

f d〈ν, x∗〉, x∗ ∈ E∗.

Here, 〈ν, x∗〉 denotes the complex measure A �→ 〈ν(A), x∗〉 and |〈ν, x∗〉| is its
variation measure. The norm in L1(ν) is then given by

‖f‖L1(ν) := sup
‖x∗‖E∗≤1

∫
Ω

|f | d|〈ν, x∗〉|, f ∈ L1(ν). (1.9)

However, for vector measures of the particular form ν = mT , for some μ-deter-
mined operator T : X(μ) → E, it is often possible to identify L1(mT ) more
explicitly, which then provides the possibility to study the maximal extension
ImT : L1(mT ) → E, of T , in some detail. Chapter 4 is devoted to an analysis of
the optimal domain spaces L1(mT ) and the extended operators ImT in the setting
of μ-determined operators T . Many (and varied) examples are presented, each one
exhibiting its own particular features. For instance, for operators T of the form

(Tf)(x) :=
∫ 1

0

K(x, y)f(y) dμ(y), x ∈ [0, 1],

acting on functions f : [0, 1] → R coming from some Banach function space X(μ),
where μ is Lebesgue measure in [0, 1] and K : [0, 1] × [0, 1] → R is a suitable
kernel, it is possible to characterize precisely when T is μ-determined in terms of
certain properties of K. Moreover, in this case, it is often also possible (e.g., if
X(μ) is rearrangement invariant) to describe L1(mT ) rather precisely via interpo-
lation theory (e.g., using the K-functional of Peetre), [24]. A particular instance
is the Volterra operator (i.e., the kernel operator T given by (1.1)), studied in
[129]. An important example from classical analysis, which fits precisely into the
above context, arises from the Sobolev kernel (introduced in [50]); see [25]. The
approach to analyzing this Sobolev kernel operator via the methods suggested
above, that is, based on an investigation of its optimal domain, its maximal exten-
sion operator and vector integration, has already been carried out with significant
consequences for compactness and other properties of the Sobolev embedding in
rearrangement invariant function spaces over bounded domains in Rn, [28], [29].
A further important class of operators, arising in harmonic analysis and which is
susceptible to our methods, consists of the Fourier transform maps from Lp(G)
to �p′

(Γ) and convolution operators from Lp(G) to Lp(G) for 1 ≤ p < ∞, where
G is a compact abelian group with dual group Γ; these are treated separately and
in depth in Chapter 7. The main feature of Chapter 4 is, of course, the “Opti-
mality Theorem” itself, as formulated via (T-1)–(T-3) above. But, this is not all:



6 Chapter 1. Introduction

a natural question is whether the optimal domain L1(mT ) is always larger than
X(μ), that is, whether the integration operator ImT is a genuine extension of
T ? In general, no! For instance, whenever X(μ) is a Banach function space and
the μ-determined operator T : X(μ) → E is semi-Fredholm, then it is shown that
L1(mT ) = X(μ), that is, T is already defined on its optimal domain and no further
E-valued extension is possible. This result is applied to the finite Hilbert transform
in Lp((−1, 1)) for p �= 2, certain Volterra type operators, and multiplication oper-
ators which arise as the “evaluation of a spectral measure”, for example. It is also
used in Chapter 7 to show that various convolution operators are already defined
on their optimal domain (e.g., all translation operators in Lp(G) for 1 ≤ p < ∞).
In the last part of Chapter 4 there is also a discussion of operators T : X(μ) → E
which are not μ-determined. It is shown that these can actually be reduced to
μ-determined operators if we are prepared to work with the restriction of T to
a closed (even complemented) subspace of X(μ). Curiously, there also exist non-
trivial quasi-Banach function spaces X(μ) on which no μ-determined operators
exist at all (into any non-zero Banach space E) ! For instance, this is the case if
X(μ) has trivial dual.

Chapter 5 is, perhaps, the core of the monograph. Let X(μ) be a quasi-
Banach function space (over a finite, positive measure space (Ω, Σ, μ)), henceforth
assumed to have a σ-order continuous quasi-norm ‖·‖X(μ). Its p-th powers X(μ)[p]

(see (1.7)) satisfy X(μ) ⊆ X(μ)[p] for 1 ≤ p < ∞ and X(μ)[p] ⊆ X(μ) for 0 < p ≤
1, with continuous inclusions; see Chapter 2. Moreover, the σ-order continuity of
the quasi-norm ‖·‖X(μ)[p]

(see (1.8)) is inherited from that of X(μ). Let 1 ≤ p < ∞
and E be a Banach space. A continuous linear operator T : X(μ) → E is called
p-th power factorable if there exists a continuous linear operator T[p] : X(μ)[p] → E
which coincides with T on X(μ) ⊆ X(μ)[p]. In other words, T[p] is an E-valued
continuous linear extension of T to the quasi-Banach function space X(μ)[p] (in
which X(μ) is always dense). Hence, the following diagram commutes:

X(μ) T ��

i[p] ����
��

��
���

E

X(μ)[p]

T[p]

�����������
(1.10)

where i[p] : X(μ) → X(μ)[p] denotes the natural (and continuous) injection. Of
course, (1.10) is equivalent to the existence of a constant C > 0 such that

‖Tf‖E ≤ C ‖f‖X(μ)[p]
= C

∥∥ |f |1/p
∥∥p

X(μ)
, f ∈ X(μ). (1.11)

It should be mentioned that there exist operators T : X(μ) → E which are not p-
th power factorable for any 1 < p < ∞ and others which are p-th power factorable
for some, but not all p. Since X(μ)[q] ⊆ X(μ)[p] continuously whenever q ∈ [1, p],
it follows that T is q-th power factorable for all q ∈ [1, p] whenever it is p-th power
factorable.
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There is no a priori reason to suspect any connection whatsoever between
the p-th power factorability of an operator T : X(μ) → E and its associated
vector measure mT as specified by (1.3). So, it is somewhat remarkable that
there is indeed a connection between the two and, with some far-reaching con-
sequences. Now, there surely exist p-th power factorable operators which are
not μ-determined; our primary concern is, however, those which are. So, given
1 ≤ p < ∞, let us denote by F[p](X(μ), E) the set of all μ-determined, p-th
power factorable operators from X(μ) into E. Consider now a μ-determined op-
erator T : X(μ) → E. It was already noted earlier that the Banach function
spaces Lp(mT ) satisfy Lp(mT ) = L1(mT )[1/p] for all 1 ≤ p < ∞ or, equivalently,
that L1(mT ) = Lp(mT )[p]. Moreover, the restriction map I

(p)
mT : Lp(mT ) → E

of the integration operator ImT : L1(mT ) → E to Lp(mT ) ⊆ L1(mT ) satisfies
I
(p)
mT ∈ F[p](Lp(mT ), E). Indeed, S := I

(p)
mT is μ-determined, because its associated

vector measure mS : Σ → E coincides with mT , and S admits a continuous linear
extension to Lp(mT )[p] = L1(mT ), namely the integration operator S[p] := ImT .
So, for every 1 ≤ p < ∞, we always have I

(p)
mT ∈ F[p](Lp(mT ), E) together with

the commutative diagram:

Lp(mT )
I(p)

mT ��

i[p] �������������� E .

Lp(mT )[p] = L1(mT )
ImT

���������������
(1.12)

However, even though (1.12) always holds, it does not follow in general that the
map I

(p)
mT : Lp(mT ) → E is an extension of the original operator T . The problem

is that the containments X(μ) ⊆ L1(mT ) and Lp(mT ) ⊆ L1(mT ), which always
hold, do not necessarily imply that X(μ) ⊆ Lp(mT ). However, if we are in the sit-
uation that X(μ) ⊆ Lp(mT ) does hold, then we should be rather pleased! Firstly,
T would have an E-valued extension to Lp(mT ), a space which is intimately con-
nected to the operator T itself (indeed, it is actually constructed from T ), whereas
X(μ)[p] has no features that it inherits directly from T . Secondly, Lp(mT ) has
the advantage that it is a Banach function space, whereas X(μ)[p] may only be a
quasi-Banach function space, a class of spaces which is typically not so well un-
derstood as Banach spaces and whose duality theory may be severely restricted.
Thirdly, Lp(mT ) is always a p-convex Banach lattice with σ-order continuous
norm and possessing further desirable properties (see Chapter 3). So, operators
defined on it would be expected to have additional properties. Furthermore, the
particular extension of T that we are dealing with (when it exists) is the inte-
gration operator I

(p)
mT corresponding to a vector measure (of course, restricted to

Lp(mT ) ⊆ L1(mT )), a class of operators about which many detailed properties are
known; see Section 3.3 of Chapter 3. This detailed information is then available for
a thorough analysis of T itself. As a sample: for each 1 < p < ∞ it is known that



8 Chapter 1. Introduction

the operator I
(p)
mT : Lp(mT ) → E is always weakly compact (a result in Chapter 3)

and so, if T factors via I
(p)
mT , that is, if the commutative diagram

X(μ) T ��

J
(p)
T ����������� E

Lp(mT )
I(p)

mT

�����������

is valid, where J
(p)
T denotes the (assumed) inclusion of X(μ) into Lp(mT ), then

T is necessarily weakly compact! For all of these reasons one of the main aims
of Chapter 5 is to establish the following important result: for 1 ≤ p < ∞,
a μ-determined operator T : X(μ) → E is p-th power factorable if and only
if X(μ) ⊆ Lp(mT ) or, equivalently, if and only if I

(p)
mT : Lp(mT ) → E is an

extension of T . That is, T ∈ F[p](X(μ), E) if and only if X(μ)[p] ⊆ L1(mT ) and
the following commutative diagram is valid:

X(μ)[p]

T[p]

����
��

��
��

�

X(μ)

i[p]
��									

T ��

J
(p)
T ����������� E

Lp(mT )
I(p)

mT

�����������

. (1.13)

The remainder of Chapter 5 is then devoted to developing various conse-
quences of this result, many of which play a vital role in Chapters 6 and 7. It
should be pointed out that the spaces Lp(mT ) also possess an important optimal-
ity property: this property, for p > 1, is somewhat more involved than for p = 1,
as we now explain. So, let T ∈ F[p](X(μ), E). Suppose that Y (μ) is a σ-order
continuous quasi-Banach function space such that X(μ) ⊆ Y (μ) continuously and
that there exists a continuous linear operator TY (μ) : Y (μ) → E which coincides
with T on X(μ) and belongs to F[p](Y (μ), E). Then necessarily Y (μ) ⊆ Lp(mT ),
with a continuous inclusion, and

TY (μ)(f) = I(p)
mT

(f) =
∫

Ω

f dmT , f ∈ Y (μ) ⊆ Lp(mT ).

In view of the main result mentioned above, this can be reformulated as follows: if
T ∈ F[p](X(μ), E), then Lp(mT ) is maximal amongst all σ-order continuous quasi-
Banach function spaces Y (μ) which continuously contain X(μ) and such that T
has a linear and continuous E-valued extension TY (μ) : Y (μ) → E which is itself
p-th power factorable.
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A few final comments concerning Chapter 5 are in order. Firstly, if Σ contains
a sequence of pairwise disjoint, non-μ-null sets, then the containment Lp(mT ) ⊆
L1(mT ) is proper for all 1 < p < ∞; this is a general result in Chapter 3. Accord-
ingly, the factorization of T through Lp(mT ), when possible, rather than through
L1(mT ) (always possible), genuinely provides additional information about T . For
instance, as noted above, T must be weakly compact. As a further sample, we men-
tion (for 1 < p < ∞) that if T ∈ F[p](X(μ), E), if its associated vector measure
mT has σ-finite variation, and if the integration operator ImT : L1(mT ) → E is
weakly compact (automatic if E is reflexive, say), then T is actually compact. Or,
if E is a Banach lattice and T : X(μ) → E is positive and p-th power factorable,
then T is a p-convex operator. There is also a careful treatment of the special case
when the variation measure |mT | : Σ → [0,∞] of mT is finite. For instance, in
this case a μ-determined operator T : X(μ) → E has an extension to the classical
space Lp(|mT |), rather than Lp(mT ), if and only if X(μ) ⊆ Lp(|mT |) continuously
or, equivalently, if the Radon–Nikodým derivative d|mT |

dμ belongs to the Köthe dual
of the quasi-Banach function space X(μ)[p]. As in other chapters, many detailed
and illuminating examples are also presented.

The Maurey–Rosenthal factorization theory establishes a link between norm
inequalities for operators and their factorization through classical Lp-spaces. Al-
though there exist some earlier related results, this theory essentially has its roots
in the work of Krivine, Maurey and Rosenthal, [92], [99], [106], [137]. In the
notation of the previous paragraphs, let 1 ≤ p < ∞ and T ∈ F[p](X(μ), E).
According to the results of Chapter 5, the operator T then factorizes through
Lp(mT ). Of course, whenever available, the factorization of T through a classical
Lp-space (i.e., of a scalar measure) is preferable. Under certain conditions, such as
|mT |(Ω) < ∞, it was noted that T can indeed be factored through such a classical
Lp-space, namely through Lp(|mT |). However, many interesting and important
μ-determined operators T fail to satisfy |mT |(Ω) < ∞. Accordingly, there is a
need to seek a different type of factorization for such operators than that offered
by the results of Chapter 5 alone. The Maurey–Rosenthal theory provides such
a factorization, albeit under various assumptions. One version can be abstractly
formulated as follows (cf. [30, Corollary 5]). Let 0 < q < ∞ and X(μ) be a σ-
order continuous q-convex quasi-Banach function space with q-convexity constant
M(q)[X(μ)]. Consider a Banach space E and a q-concave operator T : X(μ) → E
with q-concavity constant M(q)[T ]. Then there exists g ∈ L1(μ) satisfying

sup
‖f‖X(μ) ≤ 1

(∫
Ω

|f |qg dμ

)1/q

≤ M(q)[X(μ)] · M(q)[T ]

and the operator T satisfies

‖T (f)‖E ≤
(∫

Ω

|f |qg dμ

)1/q

, f ∈ X(μ),
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an inequality which should be compared with (1.11). The factorization version of
these inequalities for T can be formulated via the commutative diagram

X(μ) T ��

M
g1/q 		














E,

Lq(μ)
S

����������

where S is a continuous linear operator and Mg1/q is the continuous Lq(μ)-valued
multiplication operator f �→ g1/qf defined on X(μ) and satisfying the inequality
‖Mg1/q‖ · ‖S‖ ≤ M(q)[X(μ)] · M(q)[T ].

Recall now the paradigm of a p-th power factorable operator. Namely, for
any finite measure μ ≥ 0 and each q > 1, set X(μ) := Lq(μ) and E := L1(μ)
and let T := iq denote the natural inclusion of X(μ) into E. If 1 ≤ p ≤ q, then
T ∈ F[p](X(μ), E) with Lp(mT ) = Lp(μ) and X(μ)[p] = Lq/p(μ) where 1 ≤ q

p ≤ q.
Then |mT |(Ω) < ∞ and the factorization given by (1.13) reduces to

X(μ)[p] = Lq/p(μ)
(iq)[p]=iq/p

���������������

X(μ) = Lq(μ)

i[p]


������������� T=iq ��

J
(p)
T ��













 E = L1(μ) .

Lp(mT ) = Lp(μ)
I(p)

mT
=ip



�������������

That is, we produce the trivial factorizations of iq via the inclusion maps through
Lp(μ) and Lq/p(μ). However, these factorizations actually imply stronger proper-
ties for T = iq than those coming merely from the condition that iq∈F[p](X(μ),E).
Indeed, if f1, . . . , fn ∈ X(μ) = Lq(μ), then combining with Hölder’s inequality
yields

n∑
j=1

∥∥iq(fj)
∥∥q/p

L1(μ)
≤
(
μ(Ω)

)s( n∑
j=1

∫
Ω

|fj |q/pdμ
)

=
(
μ(Ω)

)s∥∥∥( n∑
j=1

|fj|q/p
)1/q∥∥∥q

Lq(μ)
,

where s = q/(pr) and r satisfies (q/p)−1 + r−1 = 1.
In Chapter 6 we investigate inequalities of the previous kind for general

spaces X(μ) and E and operators T : X(μ) → E (in place of iq : Lq(μ) → L1(μ)).
More precisely, we consider vector norm inequalities in the following sense. Let
0 < q < ∞ and 1 ≤ p < ∞ be given and X(μ) be a q-convex quasi-Banach
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function space. Then T is required to satisfy( n∑
j=1

‖T (fj)‖q/p
E

)1/q

≤ C
∥∥∥( n∑

j=1

|fj |q/p
)1/q∥∥∥

X(μ)
(1.14)

for some constant C > 0 and all finite collections f1, . . . , fn of elements from X(μ).
This inequality already encompasses the main geometrical condition of p-th power
factorability. In fact, we will treat a still more general inequality which has the
advantage that it can be applied even when X(μ) is not q-convex, namely

( n∑
j=1

∥∥T (fj)
∥∥q/p

E

)1/q

≤ C
∥∥∥ n∑

j=1

∣∣fj

∣∣q/p
∥∥∥1/q

b,X(μ)[q]

; (1.15)

here ‖ · ‖b,X(μ)[q]
is a suitable seminorm which is continuous and defined on the

quasi-Banach function space X(μ)[q]. This seminorm and its properties are treated
in Chapter 2. If X(μ) is q-convex, then (1.14) and (1.15) are actually equivalent;
if, in addition, p = 1, then (1.15) reduces to q-concavity of the operator T . In
this case, we are back to the abstract version of the Maurey–Rosenthal Theorem
mentioned above.

The main aim of Chapter 6 is to establish various equivalences with (1.15),
thereby providing factorizations for a subclass of operators T ∈ F[p](X(μ), E) for
which the required assumptions of the Maurey–Rosenthal theory are not neces-
sarily fulfilled. It turns out that these factorizations still pass through classical
Lr-spaces and via multiplication operators. So, the main result can be viewed as
a significant extension and abstraction of the Maurey–Rosenthal theory and, si-
multaneously, incorporates the factorization features associated with p-th power
factorability. In view of the fact that the spaces Lp(mT ) are always p-convex,
this result also has some interesting consequences for the integration operator
I
(p)
mT : Lp(mT ) → E associated to each T ∈ F[p](X(μ), E). For instance, suppose

that E is a Banach lattice and T is a positive operator. Then, for p > 1, the
integration operator I

(p)
mT : Lp(mT ) → E is p-concave if and only if

( n∑
j=1

∥∥T (sj)
∥∥p

E

)1/p

≤ C
∥∥∥T( n∑

j=1

∣∣sj

∣∣p)∥∥∥1/p

E

for some constant C > 0 and all finite collections s1, . . . , sn of elements from sim Σ.
Applications to other classes of operators are also given.

Chapter 7 is the culmination of all of the ideas in this monograph applied to
various important operators arising in classical harmonic analysis. It highlights the
fruitfulness of the notions and concepts involved, provides a detailed analysis of
the operators concerned, and provides myriad problems worthy of further research.

To fix the setting, let G be any (infinite) compact abelian group with dual
group Γ. Normalised Haar measure in G is denoted by μ and is defined on the
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σ-algebra Σ := B(G) of all Borel subsets of G. The corresponding spaces Lp(μ)
are indicated rather by Lp(G), for 1 ≤ p ≤ ∞. Since Γ is a discrete space, its
associated Lp-spaces are denoted by the more traditional notation �p(Γ). As usual,
c0(Γ) denotes the Banach space of all functions on Γ which vanish at infinity and
is a proper closed subspace of �∞(Γ). For each γ ∈ Γ, the value of the character
γ at a point x ∈ G is denoted by (x, γ). Finally, the space of all C-valued, regular
measures defined on B(G) is denoted by M(G) and is a Banach space relative to
its usual total variation norm ‖λ‖M(G) := |λ|(G). The Fourier–Stieltjes transform
λ̂ : Γ → C of a measure λ ∈ M(G) is defined by

λ̂(γ) :=
∫

G

(x, γ) dλ(x), γ ∈ Γ,

in which case λ̂ ∈ �∞(Γ). If λ � μ is absolutely continuous, then it follows from the
Radon–Nikodým Theorem that there exists h ∈ L1(G) whose indefinite integral

μh : A �→
∫

A

h dμ, A ∈ B(G), (1.16)

coincides with λ. In this case, λ̂ is equal to the Fourier transform ĥ of h defined by

ĥ(γ) :=
∫

G

(x, γ)h(x) dμ(x), γ ∈ Γ,

and the Riemann–Lebesgue Lemma ensures that ĥ ∈ c0(Γ).
The Fourier transform map F1 : L1(G) → �∞(Γ) defined by f �→ f̂ is linear

and continuous. If we wish to consider F1 as being c0(Γ)-valued rather than �∞(Γ)-
valued, then we will denote it by F1,0. Since

‖f̂‖c0(Γ) ≤ ‖f‖L1(G) ≤ ‖f‖Lp(G), f ∈ Lp(G),

for each 1 ≤ p < ∞, it follows that the Fourier transform map is also defined,
simply by restriction, on each space Lp(G) and maps it continuously into c0(Γ).
We denote this operator by Fp,0 : Lp(G) → c0(Γ). Actually, more is true: it turns
out that f̂ ∈ �p′

(Γ), whenever 1 ≤ p ≤ 2 and f ∈ Lp(G), with

‖f̂‖�p′(Γ) ≤ ‖f‖Lp(G), f ∈ Lp(G),

where 1
p + 1

p′ = 1. This is the Hausdorff–Young inequality. The continuous linear

operator f �→ f̂ so-defined is denoted by Fp : Lp(G) → �p′
(Γ), for each 1 ≤ p ≤ 2.

Section 7.1 of Chapter 7 is devoted to an analysis of the Fourier transform
maps described above. That is, in the notation of earlier chapters, either T := Fp,0

for 1 ≤ p < ∞ with X(μ) := Lp(G) and E := c0(Γ) or, T := Fp for 1 ≤ p ≤ 2
with X(μ) := Lp(G) and E := �p′

(Γ). In all cases T is μ-determined. For T = Fp,0
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with 1 ≤ p < ∞ arbitrary but fixed for now, it turns out that its associated vector
measure mT has finite variation (actually, |mT | = μ). Moreover, concerning its
optimal domain space we have

L1
w(mT ) = L1(mT ) = L1(|mT |) = L1(G)

and the maximal extension of T : Lp(G) → c0(Γ) is precisely the Fourier transform
map F1,0 : L1(G) → c0(Γ). In particular, Lq(mT ) = Lq(G) for all 1 ≤ q < ∞.
The maximal extension ImT = F1,0 is neither weakly compact nor completely
continuous. Finally, for 1 < r < 2 fixed, the operator Fr,0 : Lr(G) → c0(Γ) is p-th
power factorable if and only if 1 ≤ p ≤ r. If we change the codomain space from
c0(Γ) to �p′

(Γ), that is, we now consider T = Fp with 1 < p ≤ 2 fixed, then the
situation changes dramatically and is significantly more involved. For instance,
even though the vector measure mT : B(G) → �p′

(Γ) has the same null sets as
μ, it now has infinite variation (not even σ-finite). Moreover, for 1 < p < 2, the
optimal domain space L1(mT ) is no longer an Lr(G)-space for any 1 ≤ r ≤ ∞,
yet it is a proper subspace of L1(G) and, for certain groups G, contains Lp(G)
as a proper subspace, [113]. The maximal extension ImT : L1(mT ) → �p′

(Γ) of T
is neither compact nor completely continuous (it is weakly compact as �p′

(Γ) is
reflexive). An interesting and alternate description of the optimal domain space is
also presented, namely

L1(mT ) =
{
f ∈ L1(G) : (fχ

A
)̂ ∈ �p′

(Γ) for all A ∈ B(G)
}
.

It turns out that L1(mT ) is always weakly sequentially complete and hence, ac-
cording to the results of Chapter 3, we have that Lr

w(mT ) = Lr(mT ) for all
1 ≤ r < ∞ and that Lr(mT ) is reflexive for all 1 < r < ∞. If G is metrizable,
then L1(mT ) is separable. Most importantly, these optimal domain spaces, even
though they are not Lr(G)-spaces, are nevertheless ideally suited to harmonic
analysis: they are homogeneous Banach spaces in the sense of Y. Katznelson, [84],
and so translation, convolution and Fourier transform maps act continuously in
them. For p = 2, the operator T : L2(G) → �2(Γ) is an isomorphism (due to the
Plancherel Theorem) and so, by the results of Chapter 4, L2(mT ) = L2(G), that
is, no further �2(Γ)-valued extension of F2 is possible as it is already defined on
its optimal domain. Unlike for the operators Fr,0 : Lr(G) → c0(Γ), if 1 < r < 2,
then for certain groups G the operator Fr : Lr(G) → �r′

(Γ) fails to be p-th power
factorable for every 1 ≤ p < ∞.

The remainder of Chapter 7 deals with convolution operators C
(p)
λ : Lp(G) →

Lp(G) defined by f �→ f ∗ λ, for 1 ≤ p < ∞ and λ ∈ M(G). Because of the well-
known inequality

‖f ∗ λ‖Lp(G) ≤ ‖λ‖M(G)‖f‖Lp(G), f ∈ Lp(G),

each operator C
(p)
λ is continuous. If λ := δa is the Dirac measure at a point a ∈ G,

then C
(p)
δa

is precisely the operator τa : Lp(G) → Lp(G) of translation by a, that
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is, for each f ∈ Lp(G) we have

τaf : x �→ f(x − a), x ∈ G.

The case p = 1 is treated separately. In the notation of earlier chapters, for
λ ∈ M(G) fixed, we consider T = C

(1)
λ with X(μ) = L1(G) and E = L1(G). Then

|mT | is a finite measure (actually, a multiple of μ) and so L1(|mT |) = L1(G) for
λ �= 0. Actually, it turns out that

L1
w(mT ) = L1(mT ) = L1(|mT |) = L1(G)

for every λ ∈ M(G)\{0}. Hence, C
(1)
λ is already defined on its optimal domain and

ImT = T . The interest in the much studied class of operators {C(1)
λ : λ ∈ M(G)}

arises from the fact that a continuous linear operator S : L1(G) → L1(G) satisfies
S ◦ τa = τa ◦ S for all a ∈ G if and only if S = C

(1)
λ for some λ ∈ M(G). Our

particular interest here is to identify certain ideal properties of T , which separate
into essentially two cases. For the case λ � μ (see (1.16)), a result of Akemann, [1],
states that this is equivalent to C

(1)
λ being compact which, in turn, is equivalent to

C
(1)
λ being weakly compact. By Costé’s Theorem, [42, pp. 90–92], these conditions

are also equivalent to C
(1)
λ having an integral representation via a Bochner μ-

integral density Fλ : G → L1(G). We present some further equivalences of a rather
different nature, mostly in terms of the function Kλ : G → M(G) defined by

Kλ : x �→ δx ∗ λ, x ∈ G,

but also in terms of a Pettis μ-integrable density Hλ : G → L1(G). Here we
mention only two equivalences to λ � μ : (i) the range of Kλ is a norm compact
subset of M(G) and, (ii) there exists A ∈ B(G) with μ(A) > 0 such that its image
Kλ(A) is norm separable in M(G). It is to be noted that M(G) itself is always
non-separable. The second main result concerning the operators C

(1)
λ involves the

proper subalgebra
M0(G) := {λ ∈ M(G) : λ̂ ∈ c0(Γ)}

of M(G); it is known that M0(G) in turn contains L1(G) as a proper subalgebra.
Our result presents several equivalences to the condition that λ ∈ M0(G), of which
we again mention just two: (i) the operator T = C

(1)
λ is completely continuous and,

(ii) the range of the associated vector measure mT : B(G) → L1(G) is a relatively
compact set. The two mentioned theorems provide non-trivial and important ex-
amples of continuous linear operators in Banach spaces (indeed, of integration
operators Iν : L1(ν) → E corresponding to a vector measure ν) which are com-
pletely continuous but, fail to be either compact or weakly compact. Namely, all
operators C

(1)
λ with λ ∈ M0(G) \ L1(G) are of this kind, which is a non-trivial

statement as M0(G) \ L1(G) is always non-empty.
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A large part of Chapter 7 also deals with the operators C
(p)
λ for 1 < p < ∞. In

this setting, for p fixed and λ ∈ M(G), we consider T = C
(p)
λ with X(μ) = Lp(G)

and E = Lp(G). Again mT and μ are mutually absolutely continuous (for λ �= 0)
and the natural inclusions

Lp(G) ⊆ L1(mT ) = L1
w(mT ) ⊆ L1(G) (1.17)

hold and are continuous. The question of mT having finite variation or not is
now a major result. Namely, |mT |(G) < ∞ if and only if λ = μh (see (1.16))
for some h ∈ Lp(G) which, in turn, is equivalent to ImT : L1(mT ) → Lp(G)
being a compact operator and this, in turn, is also equivalent to the optimal
domain space L1(mT ) = L1(G) being as large as possible! What about measures
λ /∈ Lp(G)? Another major result provides some insight: λ ∈ M0(G) if and only if
the original operator T = C

(p)
λ is compact or, equivalently, the range of the vector

measure mT : B(G) → Lp(G) is a relatively compact set. Since the space M0(G)
is independent of p, the previous equivalences hold for all 1 < p < ∞ as soon as
they hold for some p. A rather concrete description of the optimal domain space,
for arbitrary λ ∈ M(G), is also given, namely

L1(mT ) =
{
f ∈ L1(G) : (fχ

A
) ∗ λ ∈ Lp(G) for all A ∈ B(G)

}
with the norm of f ∈ L1(mT ) given by

‖f‖L1(mT ) = sup
{∫

G

|f | · |ϕ ∗ λ̃| dμ : ϕ ∈ Lp′
(G), ‖ϕ‖Lp′(G) ≤ 1

}
;

here λ̃ : A �→ λ(−A) denotes the reflection of the measure λ. For measures λ ∈
M0(G)\{0} it turns out that the first inclusion in (1.17), that is, Lp(G) ⊆ L1(mT )
is always proper so that ImT : L1(mT ) → Lp(G) is a genuine extension of T = C

(p)
λ .

On the other hand, the optimal domain space L1(mT ) is the largest possible, that is,
equals L1(G), precisely when λ = μh for some h ∈ Lp(G). Accordingly, the second
inclusion in (1.17), namely L1(mT ) ⊆ L1(G) is proper whenever λ ∈ M(G)\Lp(G).
In particular, for every λ ∈ M0(G) \ Lp(G) it follows that

Lp(G) � L1(mT ) � L1(G). (1.18)

A major effort is also invested in identifying measures λ for which L1(mT ) =
Lp(G), that is, T is already defined on its optimal domain (by the criteria for
(1.18) we must have λ /∈ M0(G) in this case). As examples of measures λ for
which L1(mT ) = Lp(G) we mention:

• λ = δa + η where η ∈ M(G) satisfies supp(η) �= G and a /∈ supp(η).
• λ =

∑∞
j=1 βjδaj where {aj}∞j=1 ⊆ G is a sequence converging to the identity

element of G and {βj}∞j=1 ∈ �1.
• λ ∈ M(G) is a positive measure satisfying λ({a}) �= 0 for some a ∈ G.
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Let 1 ≤ q < ∞. A measure λ ∈ M(G) is called Lq-improving if there exists
r ∈ (q,∞) such that

λ ∗ f ∈ Lr(G), f ∈ Lq(G),

briefly, λ ∗ Lq(G) ⊆ Lr(G). If λ is Lq-improving for some 1 < q < ∞, then it is
Lq-improving for every 1 < q < ∞. Such measures were introduced by E.M. Stein,
[152], and have played an important role in harmonic analysis ever since. The final
section of Chapter 7 is devoted to a consideration of such measures which, from
the viewpoint of this monograph, lead to an extensive and non-trivial collection of
p-th power factorable operators. For instance, if 1 ≤ p < ∞ and u ∈ (1, p) satisfies
1
u + 1

r = 1
p + 1 for a given 1 < r < p, then the convolution operator T = C

(p)
μh is

Lq-improving and p
u -th power factorable and satisfies

Lp(G) � Lu(G) ⊆ L1(mT ),

for every h ∈ Lr(G) \ Lp(G). Or, let λ ∈ M(G) be an Lq-improving measure
and 1 < r < ∞ be arbitrary. Then there exists 1 < s < r such that C

(r)
λ is

p-th power factorable for all 1 < p < s. One of the main results states that
λ ∈ M(G) is Lq-improving if and only if for every 1 < r < ∞ there exists
1 < p < ∞ such that C

(r)
λ is p-th power factorable. If a measure λ ∈ M(G)

fails to be Lq-improving then, for each 1 < r < ∞, it turns out that Lr(G)
is the largest amongst the spaces {Lu(G)}1<u<∞ which is contained in L1(mT ),
where T = C

(r)
λ . For such a measure λ, additionally satisfying λ ∈ M0(G) (such

a λ exists!), it is the case that Lr(G) � L1(mT ). So, even though λ does not
convolve Lu(G) into Lr(G) for any u < r, it does convolve L1(mT ), which is
genuinely larger than Lr(G), into Lr(G). Accordingly, for the class of convolution
operators, the optimality of the spaces L1(mT ) has an alternate formulation: given
any λ ∈ M(G) and 1 < r < ∞, the space L1(mT ) corresponding to T = C

(r)
λ is the

largest Banach function space X(μ) with σ-order continuous norm which contains
Lr(G) and such that λ∗X(μ) ⊆ Lr(G). Hence, the notions of optimal domain and
p-th power factorable operator, when applied to particular concrete operators,
may reduce to important classical and well-established concepts. This provides
us with the opportunity to conclude this introductory chapter to the monograph
by recalling a comment made at its beginning but now with more justification,
perhaps: . . . “it will (hopefully!) become apparent that the ideas are not as abstract
as the first impression may suggest, that they have some worthwhile and far-
reaching consequences, and that they apply to a large, diverse and interesting
class of operators which arise in various branches of analysis”. If this is indeed
the case, then we have achieved our aim: so, enjoyable reading and stimulating
thoughts.



Chapter 2

Quasi-Banach Function Spaces

Quasi-Banach spaces are an important class of metrizable topological vector spaces
(often, not locally convex), [70], [83], [87], [88], [105], [135]; for quasi-Banach lat-
tices we refer to [82, pp. 1116–1119] and the references therein. In the past 20
years or so, the subclass of quasi-Banach function spaces has become relevant to
various areas of analysis and operator theory; see, for example, [29], [30], [32], [50],
[59], [61], [87], [126], [152] and the references therein. Of particular importance is
the notion of the p-th power X[p], 0 < p < ∞, of a given quasi-Banach function
space X . This associated family of quasi-Banach function spaces X[p], which is
intimately connected to the base space X , is produced via a procedure akin to
that which produces the Lebesgue Lp-spaces from L1 (or more generally, produces
the p-convexification of Banach lattices (of functions), [9], [99, pp. 53–54], [157]).

Whereas the theory of real Banach function spaces is well developed, this is
not always the case for such spaces over C; often one reads “the case for complex
spaces is analogous” with no further details provided, or no mention of the complex
setting is made at all. Similarly, the literature on quasi-Banach function spaces is
rather sparse, both over R and C. The natural setting of this monograph concerns
spaces over C which are often only equipped with a quasi-norm rather than a norm
and operators acting in such spaces (e.g., we have chapters on vector integration,
harmonic analysis and factorization of operators). Accordingly, we devote quite an
effort in this chapter to carefully developing those aspects of the theory of quasi-
Banach function spaces over C (with detailed proofs) which are needed in later
chapters. In particular, this includes aspects of the theory of q-convex operators
and q-concave operators acting between such spaces. We have also included several
examples to illustrate the differences that occur when passing from the normed to
the quasi-normed setting. It is time to begin.
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2.1 General theory

Let Z be a complex vector space. A function ‖ · ‖ : Z → [0,∞) is called a
quasi-norm, [88, §15.10], if

(Q1) ‖z‖ = 0 if and only if z = 0.

(Q2) ‖αz‖ = |α| · ‖z‖ for α ∈ C and z ∈ Z, and

(Q3) there is a constant K ≥ 1 such that ‖z1 + z2‖ ≤ K
(
‖z1‖ + ‖z2‖

)
for all

z1, z2 ∈ Z.

In this case, Z is called a quasi-normed space; it admits a countable base of neigh-
bourhoods of 0, namely, {z ∈ Z : ‖z‖ < 1/n} for n ∈ N. So, Z is a metrizable
topological vector space, [88, §15,11.(1)]. The closed unit ball {z ∈ Z : ‖z‖ ≤ 1}
of Z is denoted by B[Z]. A subset of Z is bounded (in the sense of topological
vector spaces) if and only if it is contained in a multiple of B[Z]. Of course, if we
can take K = 1 in (Q3), then ‖ · ‖ is a norm, i.e., Z is a normed space. Every
quasi-normed space is necessarily locally bounded as a topological vector space,
that is, it possesses a bounded neighbourhood of 0, [88, p. 159].

The given quasi-norm on a quasi-normed space Z is usually denoted by ‖ ·‖Z

unless stated otherwise. If we need to emphasize the quasi-norm, then we may say
that (Z, ‖ · ‖Z) is a quasi-normed space. The classical examples of such spaces are
the Hardy spaces Hp for 0 < p ≤ ∞ (not normable if 0 < p < 1), [83, Ch. III],
[153], and the Lebesgue spaces �p and Lp([0, 1]) for 0 < p ≤ ∞ (not normable if
0 < p < 1), [83, Ch. II], [88, §15.9].

A linear map T : Z → W between quasi-normed spaces is continuous if and
only if

‖T ‖ := sup
{
‖Tz‖W : z ∈ B[Z]

}
< ∞, (2.1)

[83, p. 8]. It follows from (Q2) that ‖Tz‖W ≤ ‖T ‖ · ‖z‖Z for all z ∈ Z. The
collection of all continuous linear maps from Z into W is denoted by L(Z, W ). We
will write L(Z) := L(Z, Z). If W happens to be a normed space, then (2.1) defines
a norm in L(Z, W ), which we call the operator norm. If, in addition, W happens
to be a Banach space, then L(Z, W ) is also a Banach space for the operator norm.
For Z and W real quasi-normed spaces, the collection of all continuous linear
operators from Z to W is still denoted by L(Z, W ).

Throughout this chapter we fix a positive, finite measure space (Ω, Σ, μ);
that is, μ is a finite, non-negative measure defined on a σ-algebra Σ of subsets of a
non-empty set Ω. It is always assumed that μ is non-trivial, that is, its range is an
infinite set. The characteristic function of a set A ∈ Σ is denoted by χ

A
. Let simΣ

denote the vector space of all C-valued Σ-simple functions. By L0(μ) we denote
the space of all (equivalence classes of) C-valued Σ-measurable functions modulo
μ-null functions. Unless otherwise stated explicitly, we identify an individual Σ-
measurable function with its equivalence class in L0(μ). The space L0(μ) is a
complex vector lattice. Indeed, it is the complexification of the real vector lattice
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L0
R
(μ) := {f ∈ L0(μ) : f is R-valued μ-a.e.} equipped with its μ-a.e. pointwise

order. The positive cone of L0(μ) is denoted by L0(μ)+. The real vector lattice
L0

R
(μ) is super Dedekind complete in the sense that every bounded set W ⊆ L0

R
(μ)

has a supremum in L0
R
(μ) and contains a countable subset W0 with sup W =

supW0, [102, Definition 23.1, Example 23.3(iv)].
Relative to the translation invariant metric

d(f, g) :=
∫

Ω

|f − g|
1 + |f − g| dμ, f, g ∈ L0(μ),

the space L0(μ) is a complete, metrizable, topological vector space with the prop-
erty that a sequence {fn}∞n=1 ⊆ L0(μ) converges to f ∈ L0(μ) if and only if it
converges in μ-measure to f ; see [88, pp. 157–158] and [160, Ch. 5, §6], for ex-
ample. Accordingly, we also refer to the topology in L0(μ) as the “topology of
convergence in measure”. Define ||| · ||| : L0(μ) → [0,∞) by

|||f ||| := d(f, 0) =
∫

Ω

|f |
1 + |f |dμ, f ∈ L0(μ).

It is routine to verify that ||| · ||| is an F-norm on L0(μ), in the sense of [88, p. 163].
That is, it satisfies the following axioms:

(F1) |||f ||| ≥ 0,
(F2) f = 0 if and only if |||f ||| = 0,
(F3) |||λf ||| ≤ |||f ||| whenever |λ| ≤ 1,
(F4) |||f + g||| ≤ |||f ||| + |||g|||,
(F5) |||λfn||| → 0 whenever |||fn||| → 0, and
(F6) |||λnf ||| → 0 whenever |λn| → 0.

The collection of sets Bε := {f ∈ L0(μ) : |||f ||| < ε}, with ε > 0 arbitrary,
forms a base of neighbourhoods of 0 in L0(μ). The following result shows that the
topology of L0(μ) cannot be given by any quasi-norm.

Lemma 2.1. The complete, metrizable, topological vector space L0(μ) is not locally
bounded.

Proof. We need to show that Bε fails to be a bounded set for every ε > 0. So, fix
ε > 0. It is required to exhibit a neighbourhood Uε of 0 such that Bε � ρ Uε for
every ρ > 0. That is, for every ρ > 0 there exists fρ ∈ Bε with ρ−1fρ /∈ Uε.

The first claim is that there exist δ(ε) > 0 and a set A ∈ Σ satisfying

2δ(ε) < μ(A) ≤ min
{
ε, μ(Ω)

}
. (2.2)

Indeed, for μ non-atomic, if we let δ(ε) := 4−1 min{ε, μ(Ω)}, then the inequalities
2δ(ε) < min{ε, μ(Ω)} ≤ μ(Ω) hold, from which it is clear that a set A ∈ Σ
satisfying (2.2) exists. If μ is purely atomic, then μ has countably many atoms,
say A1, A2, . . . . Since

∑∞
n=1 μ(An) = μ(Ω) < ∞, there exists N ∈ N such that
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μ(AN ) ≤ min{ε, μ(Ω)}. Choose any δ(ε) ∈
(
0, 2−1μ(AN )

)
. Then A := AN satisfies

(2.2). For μ not purely atomic, let ν denote the non-atomic part of μ. Then there
exists Ωna ∈ Σ such that Ωa := Ω \ Ωna is the union of all the atoms of μ with
ν(Ωa) = 0 and ν(F ) = μ(F ) for all F ∈ Ωna ∩ Σ. By the previous argument there
exist A ∈ Ωna ∩ Σ and δ(ε) > 0 such that 2δ(ε) < ν(A) ≤ min{ε, ν(Ωna)}. Since
μ(A) = ν(A) and ν(Ωna) ≤ μ(Ω) we again have (2.2). This establishes the stated
claim.

For any ρ > 0, define fρ := ρ χ
A

with A and δ(ε) as given by (2.2). Then

(2.2) yields |||fρ||| =
(

ρ
1+ρ

)
μ(A) < μ(A) ≤ ε, that is, fρ ∈ Bε. On the other hand,

(2.2) also gives |||ρ−1fρ||| = |||χ
A
||| = μ(A)/2 > δ(ε), that is, ρ−1fρ /∈ Bδ(ε). So, the

neighbourhood Uε := Bδ(ε) of 0 has the required property. �

Let X(μ) be an order ideal of the vector lattice L0(μ), that is, a vector
subspace such that f ∈ X(μ) whenever f ∈ L0(μ) satisfies |f | ≤ |g| for some
g ∈ X(μ). Note that XR(μ) := L0

R
(μ) ∩ X(μ) is an order ideal of the real vector

lattice L0
R
(μ) and that X(μ) is the complexification of XR(μ). That is, X(μ) =

XR(μ)+iXR(μ) and |f | =
∨

0≤θ<2π

∣∣(cos θ) ·Re (f) + (sin θ) ·Im (f)
∣∣, [165, Ch. 12,

§91]. The positive cone of X(μ) is then denoted by X(μ)+ := X(μ)∩L0(μ)+. We
say that a positive function e ∈ X(μ) is a weak order unit of X(μ) if f ∧ (ne) ↑ f
for every f ∈ X(μ)+, that is, e is a weak order unit of the real vector lattice
XR(μ); see, for example, [2, p. 36]. A quasi-norm ‖ · ‖X(μ) on X(μ) is said to be a
lattice quasi-norm if

‖f‖X(μ) ≤ ‖g‖X(μ) whenever f, g ∈ X(μ) and |f | ≤ |g|. (2.3)

In particular, ‖f‖X(μ) = ‖f‖X(μ) =
∥∥ |f | ∥∥

X(μ)
for all f ∈ X(μ), where f is the

complex conjugate function of f . The restriction of ‖ · ‖X(μ) to XR(μ) is also a
lattice quasi-norm and ‖ · ‖X(μ) is the complexification of the (real) lattice quasi-
norm ‖ · ‖XR(μ) so that ‖f‖X(μ) =

∥∥ |f | ∥∥
XR(μ)

for all f ∈ X(μ). In this case,
(X(μ), ‖ · ‖X(μ)), or simply X(μ), is called a quasi-normed function space based
on (Ω, Σ, μ). If the lattice quasi-norm ‖ · ‖X(μ) happens to be a norm, then X(μ)
is, of course, called a normed function space. As we now show, the quasi-normed
function space X(μ) is continuously embedded into L0(μ) whenever sim Σ ⊆ X(μ).
Our proof relies on a well-known construction of a particular F-norm arising from
a given quasi-normed space (Z, ‖ · ‖Z). Indeed, let K ≥ 1 satisfy (Q3) and choose
r > 0 according to 21/r = K. Then the formula

|||z||| := inf
{ n∑

j=1

∥∥zj

∥∥r

Z
: z =

n∑
j=1

zj , zj ∈ Z (j = 1, . . . , n), n ∈ N
}

, z ∈ Z,

(2.4)
defines an F-norm on Z generating the same topology as ‖ · ‖Z , and satisfying

4−1‖z‖r
Z ≤ |||z||| ≤ ‖z‖r

Z, z ∈ Z, (2.5)

[83, Theorem 1.2].
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Proposition 2.2. Let (X(μ), ‖ · ‖X(μ)) be a quasi-normed function space based on
(Ω, Σ, μ) such that sim Σ ⊆ X(μ).

(i) The natural inclusion map from (X(μ), ‖ · ‖X(μ)) into L0(μ), equipped with
its topology of convergence in measure, is continuous.

(ii) Every Cauchy sequence in (X(μ), ‖ · ‖X(μ)) admits a subsequence converging
μ-a.e.

(iii) Let {fn}∞n=1 be a sequence in X(μ) such that limn→∞ ‖fn‖X(μ) = 0. Then
{fn}∞n=1 admits a subsequence converging μ-a.e. to 0.

(iv) L∞(μ) ⊆ X(μ) with a continuous inclusion.
(v) The constant function χ

Ω
is a weak order unit of X(μ).

(vi) There exists r > 0, depending on ‖ · ‖X(μ), such that, if {fn}∞n=1 ⊆ X(μ) is
any sequence converging to a function f ∈ X(μ) relative to the quasi-norm
‖ · ‖X(μ), then

4−1/r lim sup
n→∞

‖fn‖X(μ) ≤ ‖f‖X(μ) ≤ 41/r lim inf
n→∞ ‖fn‖X(μ). (2.6)

Proof. (i) Let ||| · ||| : X(μ) → [0,∞) denote the F-norm defined by (2.4) with
Z := X(μ) and an appropriate r > 0, so that (2.5) gives

4−1‖f‖r
X(μ) ≤ |||f ||| ≤ ‖f‖r

X(μ), f ∈ X(μ). (2.7)

Assume that the natural inclusion map i : X(μ) → L0(μ) is not continuous.
Then there exist a sequence {fn}∞n=1 in X(μ) and positive numbers ε, δ such that,
with A(n) := {ω ∈ Ω : |fn(ω)| ≥ ε}, we have

μ
(
A(n)

)
≥ δ and ‖fn‖X(μ) ≤ 2−n/r· ε for all n ∈ N. (2.8)

It follows from (2.7) and (2.8) that∣∣∣∣∣∣χ
A(n)

∣∣∣∣∣∣ ≤ ∥∥χ
A(n)

∥∥r

X(μ)
≤
∥∥ε−1fn

∥∥r

X(μ)
= ε−r

∥∥fn

∥∥r

X(μ)
≤ 2−n (2.9)

for n ∈ N because χ
A(n)

≤ |ε−1fn|. Let A :=
⋂∞

n=1

⋃∞
k=n A(k). Since

μ
( ∞⋃

k=n

A(k)
)
≥ μ(A(n)) ≥ δ for all n ∈ N,

we have

μ(A) = lim
n→∞μ

( ∞⋃
k=n

A(k)
)
≥ δ. (2.10)

We now show that μ(A) = 0. Let B(k) := A(k) ∩ A for k ∈ N, so that
A =

⋃∞
k=j B(k) for each j ∈ N. Given j, n ∈ N with n ≥ j and defining the sets
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C(j, n) :=
⋃n

k=j B(k) ⊆
⋃n

k=j A(k), we have, via (F4), (2.7) and (2.9), that

∣∣∣∣∣∣χ
C(j,n)

∣∣∣∣∣∣ ≤ ∥∥χ
C(j,n)

∥∥r

X(μ)
≤
∥∥∥ n∑

k=j

χ
A(k)

∥∥∥r

X(μ)

≤ 4
∣∣∣∣∣∣∣∣∣ n∑

k=j

χ
A(k)

∣∣∣∣∣∣∣∣∣ ≤ 4
n∑

k=j

∣∣∣∣∣∣χ
A(k)

∣∣∣∣∣∣ ≤ 4
n∑

k=j

2−k < 2−j+3, (2.11)

because χ
C(j,n)

≤ ∑n
k=j χ

B(k)
≤ ∑n

k=j χ
A(k)

. For each j ∈ N, select n(j) ∈
N with n(j) ≥ j such that μ(A \ C(j, n(j))) < 2−j , which is possible because
{C(j, n)}∞n=1 is increasing with union A. Letting C :=

⋂∞
k=1

⋃∞
j=k

(
A \C(j, n(j))

)
we have μ(C) = 0, because

μ(C) ≤
∞∑

j=k

μ
(
A \ C(j, n(j))

)
≤

∞∑
j=k

2−j = 2−k+1 → 0

as k → ∞. Given k ∈ N, let D(k) :=
⋂∞

j=k C(j, n(j)). Then for every j ≥ k we
have, via (2.7) and (2.11), that∣∣∣∣∣∣χ

D(k)

∣∣∣∣∣∣ ≤ ∥∥χ
D(k)

∥∥r

X(μ)
≤
∥∥χ

C(j,n(j))

∥∥r

X(μ)
≤ 4

∣∣∣∣∣∣χ
C(j,n(j))

∣∣∣∣∣∣ ≤ 4(2−j+3) → 0

as j → ∞. So, |||χ
D(k)

||| = 0, i.e., χ
D(k)

= 0 (μ-a.e.), and hence μ
(
D(k)

)
= 0 for

all k ∈ N. Since A = C ∪
(⋃∞

k=1 D(k)
)

and μ(C) = 0, we have μ(A) = 0. This
contradicts (2.10). Therefore, the inclusion map i is continuous.

(ii) Let {fn}∞n=1 be a Cauchy sequence in X(μ). By part (i), it is also Cauchy
in the complete, metrizable topological vector space L0(μ) and hence, converges
in L0(μ). That is, {fn}∞n=1 converges in measure, and therefore it admits a subse-
quence converging μ-a.e.

(iii) This is clear from (i).
(iv) Since χ

Ω
∈ sim Σ ⊆ X(μ) and |f | ≤ ‖f‖∞ ·χ

Ω
for f ∈ L∞(μ), it follows

from the ideal property of X(μ) in L0(μ) that L∞(μ) ⊆ X(μ). The continuity of
the inclusion map follows from (Q2) and (2.3) which yield ‖f‖X(μ) ≤ ‖χ

Ω
‖X(μ) ·

‖f‖∞ for f ∈ L∞(μ).
(v) It is clear that

(
f ∧ nχ

Ω

)
↑ f for every f ∈ X(μ)+. Then apply [108,

Proposition 1.2.6(ii)] and the fact that X(μ) = XR(μ) + iXR(μ).
(vi) Recall the F-norm ||| · ||| and r > 0 as given in the proof of part (i). Since

||| · ||| satisfies the triangle inequality, it follows that limn→∞ |||fn||| = |||f ||| and hence,
also that limn→∞ |||fn|||1/r = |||f |||1/r . This and (2.7) give

lim sup
n→∞

‖fn‖X(μ) ≤ 41/r lim
n→∞ |||fn|||1/r = 41/r|||f |||1/r ≤ 41/r‖f‖X(μ)

and ‖f‖X(μ) ≤ 41/r|||f |||1/r = 41/r lim
n→∞ |||fn|||1/r ≤ 41/r lim inf

n→∞ ‖fn‖X(μ).

So, (2.6) is established. �
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Remark 2.3. (i) Since X(μ) is an order ideal in L0(μ), we see that sim Σ ⊆ X(μ)
if and only if χ

Ω
∈ X(μ).

(ii) Let ρ : M+(μ) → [0,∞] be a function norm in the sense of general normed
function spaces (also called normed Köthe function spaces), [164, Ch. 15], where
M+(μ) is the space of all (μ-equivalence classes of) [0,∞]-valued, Σ-measurable
functions on Ω. Then any f ∈ M+(μ) satisfying ρ(f) < ∞ is necessarily finite
μ-a.e., [164, Ch. 15, §63, Theorem 1], and hence, belongs to L0(μ). Then, in our
sense,

Lρ := {f ∈ L0(μ) : ρ(|f |) < ∞} (2.12)

is a normed function space equipped with the norm f �→ ρ(|f |), for f ∈ Lρ, and is
continuously embedded into L0(μ), [101, Theorem 6.9]. Conversely, given a normed
function space (X(μ), ‖ · ‖X(μ)) in our sense, define ρ : M+(μ) → [0,∞] by

ρ(f) :=

{
‖f‖X(μ) if f ∈ X(μ)+,

∞ if f ∈ M(μ)+ \ X(μ)+.

Then ρ is a function norm in the sense of [164, Ch. 15] and Lρ = (X(μ), ‖ ·‖X(μ)).
In the case of a quasi-normed function space X(μ) whose lattice quasi-norm

‖ · ‖X(μ) fails to be a norm, there is a genuine difficulty in adapting the arguments
from [101], because the equivalent F-norm ||| · ||| (see (2.4)) may not be compatible
with the order (i.e., |||f ||| ≤ |||g||| may not hold for some f, g ∈ X(μ) satisfying
|f | ≤ |g|). Therefore, we have adopted a different approach although the idea for
our proof has been drawn from [101]. �

An order ideal X(μ) of L0(μ) is called a quasi-Banach function space (briefly
q-B.f.s.) based on the measure space (Ω, Σ, μ) if simΣ ⊆ X(μ) and if X(μ) is
equipped with a lattice quasi-norm ‖·‖X(μ) for which it is complete. In other words,
(X(μ), ‖ · ‖X(μ)) is a complete quasi-normed function space such that simΣ ⊆
X(μ). If, in addition, ‖·‖X(μ) happens to be a norm, then X(μ) is called a Banach
function space (briefly B.f.s.). Well-known examples of q-B.f.s.’ (which are non-
normable) include Lp([0, 1]) and (weighted) �p, for 0 < p < 1, (see Examples 2.10
and 2.11 below, and [83, Ch. II]), certain Lorentz spaces, [30, p. 159], [87], Orlicz
spaces, [30, p. 159], and certain mixed (p1, p2)-norm Lebesgue spaces on product
spaces, [30, p. 159]. Our definition of a q-B.f.s. differs from that in [30, p. 155] which
requires two additional properties. The requirement that simΣ ⊆ X(μ), crucial
for the analysis that we develop in later chapters, is assumed in the definition of a
B.f.s. or q-B.f.s. by some authors (e.g., [13, p. 2], [99, p. 28]) but not by all (e.g.,
[30, p. 155], [101, p. 42], [164, Ch. 15]). The closed ideal

X(μ) :=
{
f ∈ L∞([0, 1]) : f vanishes at 0

}
of L∞([0, 1]) is an example of a complete normed function space which fails to
contain the simple functions; here “f vanishes at 0” means that for every ε > 0
there exists δ > 0 such that ‖fχ

[0,δ]
‖∞ ≤ ε.

Given a q-B.f.s. X(μ), let X(μ)b := sim Σ denote the closure of sim Σ in X(μ).
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Lemma 2.4. For any q-B.f.s. X(μ) the subspace X(μ)b is a closed order ideal in
X(μ). In particular, X(μ)b is a q-B.f.s.

Proof. It is clear that X(μ)b is complete and the restriction of ‖ · ‖X(μ) to X(μ)b
is a quasi-norm. It remains to verify that this restricted quasi-norm has the lattice
property (2.3).

Given f, g ∈ X(μ), the inequality
∣∣ |f |− |g|

∣∣ ≤ |f − g| (which holds pointwise
on Ω) together with the lattice property of ‖ · ‖X(μ) imply that

h ∈ X(μ)b =⇒ |h| ∈ X(μ)b. (2.13)

An examination of the proof of Proposition 3.10 in Chapter 1 of [13] shows that
it does not require the properties (P3) and (P5) listed on p. 2 of [13] (properties
which we do not assume) and that the proof given there also applies in the setting
of a q-B.f.s. This observation, together with an examination of that part of the
proof of Theorem 3.11 in Chapter 1 of [13] establishing that X(μ)b is an ideal
in X(μ) (which again does not use properties (P3) and (P5)), shows that in the
setting of a q-B.f.s. we also have the property that g ∈ X(μ)b whenever f ∈ X(μ)b
and g ∈ L0(μ) are R-valued functions satisfying |g| ≤ |f | (μ-a.e.). The case for
C-valued f, g then follows from the R-valued case, the property (2.13) and the
inequalities 0 ≤ |Re (g)| ≤ |g| ≤ |f | and 0 ≤ |Im (g)| ≤ |g| ≤ |f |. For more precise
details we refer to [89]. �

Let (X(μ), ‖ · ‖X(μ)) be a B.f.s. Recall that X(μ) is the complexification of
the real B.f.s. XR(μ) := X(μ) ∩ L0

R
(μ) equipped with its given norm ‖ · ‖XR(μ)

and that ‖ · ‖XR(μ) coincides with the restriction of ‖ · ‖X(μ) to XR(μ), that is,
‖f‖X(μ) =

∥∥ |f | ∥∥
XR(μ)

for every f ∈ X(μ). Our setting is, of course, a special case
of the complexification of a real Banach lattice. It is time to be more precise. A real
Banach lattice is by definition a complete real normed lattice. Since we are mainly
dealing with vector spaces over C, vector spaces over R are called real vector
spaces. Real Banach lattices are simply called Banach lattices in the literature
and we refer to [2, 99, 108, 149, 165] for their properties. In order to give a formal
definition of the complexification of a real Banach lattice XR(μ) according to [165,
Exercise 100.15], let (ZR, ‖ · ‖ZR

) be a real Banach lattice. The complexification
Z := ZR + iZR of the real vector lattice ZR is a complex vector lattice with

|z| =
∨

0≤θ<2π

∣∣∣( cos θ
)
x +

(
sin θ

)
y
∣∣∣, z = x + iy ∈ Z with x, y ∈ ZR; (2.14)

[165, Ch. 14, §91], [109]. Since ZR is uniformly complete, [165, Exercise 100.15],
and Archimedean, [165, p. 282], the supremum in (2.14) necessarily exists, [165,
Theorem 91.2]. Define a norm ‖ · ‖Z on Z by ‖z‖Z :=

∥∥ |z| ∥∥
ZR

for z ∈ Z. Then
the normed space (Z, ‖ · ‖Z) is complete and ‖ · ‖Z is a lattice norm, that is,
‖z‖Z ≤ ‖w‖Z whenever z, w ∈ Z with |z| ≤ |w|. We say that the pair (Z, ‖ · ‖Z)
is a complex Banach lattice and is the complexification of the real Banach lattice
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(ZR, ‖ ·‖ZR
). Unless we need an emphasis, complex Banach lattices are also simply

called Banach lattices. We sometimes call ZR the real part of the Banach lattice
Z. From the monotonicity of the norm ‖ · ‖Z , it follows that

‖x‖ZR
≤ ‖x + iy‖Z and ‖y‖ZR

≤ ‖x + iy‖Z whenever x, y ∈ ZR, (2.15)

for which we require the inequalities |x| ≤ |x + iy| and |y| ≤ |x + iy| for x, y ∈ ZR,
[165, Theorem 91.2].

The quasi-norm ‖ · ‖X(μ) of a q-B.f.s. X(μ) is called σ-order continuous
(briefly, σ-o.c.) if, for every decreasing sequence

{fn}∞n=1 in X(μ)+ with inf
n∈N

(fn) = 0 (i.e., fn ↓ 0),

we have limn→∞ ‖fn‖X(μ) = 0. We also say that X(μ) or, more explicitly, that
(X(μ), ‖ · ‖X(μ)) is a σ-o.c. q-B.f.s. The class of spaces which are σ-o.c. is rather
large. Typical examples which fail to be σ-o.c. are L∞([0, 1]), the Zygmund space
Lexp, the Lorentz spaces Lp,∞([0, 1]) for 1 < p < ∞ and certain Marcinkiewicz
spaces; for the definition of such spaces, see [13], [91], for example.

Remark 2.5. We define a q-B.f.s. (X(μ), ‖ · ‖X(μ)) to be order continuous (briefly
o.c.) if, for every downward directed net {fα}α in X(μ)+ with infα(fα) = 0 (i.e.,
fα ↓ 0), we have limα ‖fα‖X(μ) = 0. The concepts of order continuity and σ-order
continuity for general Banach lattices have long been investigated. In the case of
a q-B.f.s. X(μ), these concepts coincide. Indeed, order continuity clearly implies
σ-order continuity. Assume conversely that X(μ) is σ-order continuous. Let fα ↓ 0
in X(μ)+. Since the real vector lattice L0

R
(μ), which contains X(μ)+, is super

Dedekind complete, [102, Example 23.3(iv)], we can select a decreasing sequence
{fα(n)}∞n=1 from the net {fα}α such that fα(n) ↓ 0. So

0 ≤ inf
α
‖fα‖X(μ) ≤ inf

n∈N

‖fα(n)‖X(μ) = 0.

In other words, limα ‖fα‖X(μ) = 0, that is, X(μ) is order continuous. �
Remark 2.6. Let X(μ) be a q-B.f.s. which is σ-o.c. Then sim Σ is dense in X(μ).
To see this, suppose first that f ∈ X(μ)+. Choose Σ-simple functions 0 ≤ sn ↑ f
pointwise on Ω. Then (f − sn) ↓ 0 in the order of X(μ) from which it follows that
limn→∞ ‖f − sn‖X(μ) = 0, that is, sn → f in X(μ). The case for an arbitrary
f ∈ X(μ) follows from the identity

f =
(
(Ref)+ − (Ref−)

)
+ i
(
(Imf)+ − (Imf)−

)
and the lattice property of ‖ · ‖X(μ) (see (2.3)).

We point out that the same proof applies in a quasi-normed function space
which is σ-o.c. and contains simΣ; the completeness of the space is not used.

The space L∞(μ) is not σ-o.c., yet simΣ is dense in it. �
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Lemma 2.7. Let X(μ) and Y (μ) be two q-B.f.s.’ such that X(μ) ⊆ Y (μ) as vector
sublattices of L0(μ). Then the natural inclusion map from X(μ) into Y (μ) is
continuous.

Proof. Take a sequence {fn}∞n=1 ⊆ X(μ) ⊆ Y (μ) such that fn → f in X(μ)
and fn → g in Y (μ). By Proposition 2.2(iii), select a subsequence {fn(k)}∞k=1 of
{fn}∞n=1 such that limk→∞ fn(k)(ω) = f(ω) for μ-a.e. ω ∈ Ω. Choose a subsequence
of {fn(k)}∞k=1 which μ-a.e. converges to g, again via Proposition 2.2(iii). So, we
have f = g (μ-a.e.). The inclusion map is then closed and hence continuous via
the Closed Graph Theorem, [88, §15.12. (3)], applied in the complete metrizable
topological vector spaces X(μ) and Y (μ). �

The duality between a q-B.f.s. X(μ) and its (topological) dual space X(μ)∗ =
L(X(μ), C) is denoted by

〈f, ξ〉 := ξ(f), f ∈ X(μ), ξ ∈ X(μ)∗.

Then X(μ)∗ is equipped with the dual norm

‖ · ‖X(μ)∗ : ξ �−→ sup
{∣∣〈f, ξ〉

∣∣ : f ∈ B[X(μ)]
}
, ξ ∈ X(μ)∗. (2.16)

Note that ‖ · ‖X(μ)∗ is indeed a norm for which X(μ)∗ is complete because C is a
Banach space and because of the inequality

|〈f, ξ〉| ≤ ‖f‖X(μ)‖ξ‖X(μ)∗ , f ∈ X(μ), ξ ∈ X(μ)∗. (2.17)

Let XR(μ)∗ denote the dual space of the real q-B.f.s. XR(μ), that is, XR(μ)∗ is the
real vector space consisting of all continuous R-linear functionals from XR(μ) into
R. As in the case of X(μ)∗, the real vector space XR(μ)∗ is a real Banach space
with respect to the corresponding dual norm ‖ · ‖XR(μ)∗ . We define an order on
XR(μ)∗ by saying that a functional η ∈ XR(μ)∗ is positive if 〈f, η〉 ≥ 0 for every
f ∈ XR(μ)+.

Lemma 2.8. Let X(μ) be a q-B.f.s. Then the following assertions hold.

(i) The dual space (XR(μ)∗, ‖ ·‖XR(μ)∗) of the real q-B.f.s. (XR(μ), ‖ ·‖XR(μ)) is a
real Banach lattice with respect to the order defined just prior to the lemma.

(ii) The dual space (X(μ)∗, ‖ · ‖X(μ)∗) of the q-B.f.s. (X(μ), ‖ · ‖X(μ)) is the
Banach lattice given by the complexification of the real Banach lattice
(XR(μ)∗, ‖ · ‖XR(μ)∗).

Proof. (i) This is a well-known fact for the case when XR(μ) is a real Banach
lattice. The proof of this standard result can be found in many places in the liter-
ature and we can adapt it to the case of a q-B.f.s. For example, a straightforward
adaptation of the corresponding proof of [165, Theorem 85.6] establishes part (i).
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(ii) This can be proved by adapting the argument in [165, pp. 323–324] which
establishes our claim whenever X(μ) is a B.f.s. (indeed, even for Banach lattices).
Such an adaptation requires us to establish the equality

‖ξ‖X(μ)∗ = sup
{〈

f, |ξ|
〉

: f ∈ B[X(μ)] ∩ X(μ)+
}
, ξ ∈ X(μ)∗,

for the q-B.f.s. X(μ); this can be proved as in [165, pp. 323–324] because the
triangle inequality is not used there. �

If X(μ) is a B.f.s., then X(μ)∗ is, of course, non-trivial and separates points
of X(μ). This is not always the case for a q-B.f.s.; see Example 2.10 below. But,
let us record a general fact first.

Lemma 2.9. A q-B.f.s. X(μ) has trivial dual if and only if L
(
X(μ), E

)
= {0} for

every/some Banach space E �= {0}.

Proof. Suppose that X(μ)∗={0} and E is any Banach space. Let T ∈L(X(μ),E).
Then, for each x∗ ∈ E∗ we have x∗ ◦ T ∈ X(μ)∗ and hence, x∗ ◦ T = 0. That
is, for fixed f ∈ X(μ) we have 〈T (f), x∗〉 = 0 for all x∗ ∈ E∗ and so T (f) = 0.
Accordingly, T = 0.

Suppose that E �= {0} and L(X(μ), E) = {0}. Fix x ∈ E \ {0}. For each
ξ ∈ X(μ)∗, the map f �→ 〈f, ξ〉x for f ∈ X(μ) belongs to L(X(μ), E) and hence,
is identically zero. Since x �= 0, we conclude that 〈f, ξ〉 = 0 for all f ∈ X(μ), that
is, ξ = 0. �
Example 2.10. If μ : Σ → [0,∞) is a non-atomic measure, then for Lr(μ) we have
Lr(μ)∗ = {0} whenever 0 < r < 1, [83, Theorem 2.2]. According to Proposition
2.2(i) it follows that L0(μ)∗ ⊆ Lr(μ)∗ = {0}, that is, L0(μ)∗ = {0}; see also
[83, Theorem 2.2]. In particular, L0(μ) cannot be locally convex and hence, it is
non-normable.

A direct consequence of the identity Lr(μ)∗ = {0} is that L
(
Lr(μ), E

)
= {0}

for every/some Banach space E (see Lemma 2.9). �

If μ is purely atomic, then every non-trivial q-B.f.s. over (Ω, Σ, μ) admits a
non-trivial dual. We present such q-B.f.s.’, which are order ideals of the vector
lattice CN consisting of all C-valued functions on N. Here CN is endowed with the
pointwise order in the sense that f ∈ CN is non-negative if and only if f(n) ≥ 0
for each n ∈ N.

Example 2.11. Take a function ϕ ∈ �1 such that ϕ(n) > 0 for every n ∈ N. Define
a finite measure μ : 2N → [0,∞) by

μ(A) :=
∑
n∈A

ϕ(n), A ∈ 2N. (2.18)

Then
CN = L0(μ) and �∞ = L∞(μ). (2.19)
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The first equality in (2.19) is meant both in the sense of vector lattices and also
topologically, where CN is equipped with the topology of coordinatewise conver-
gence (in which case it is a complete, metrizable, locally convex topological vector
space). Indeed, it follows easily from Proposition 2.2(iii) and the fact that there
are no non-trivial μ-null sets, that the identity map from L0(μ) onto CN is closed
and hence, continuous (by the Closed Graph Theorem, [88, §15.12.(3)]). Then the
Open Mapping Theorem, [83, Corollary 1.5], ensures that the identity map is an
isomorphism. Hence, L0(μ) is precisely the locally convex space CN and, in par-
ticular, L0(μ)∗ = c00(N) = (CN)∗. An immediate consequence of this is that every
q-B.f.s X(μ) �= {0} over the measure space (N, 2N, μ) has a non-trivial dual be-
cause X(μ) is continuously embedded into L0(μ) = CN (which has a non-trivial
dual). Now, let us discuss some specific cases.

Let 0 < r < ∞. To emphasize that μ is purely atomic, let us write

�r(μ) := Lr(μ). (2.20)

The order ideal �r(μ) of CN is equipped with the quasi-norm

f �−→ ‖f‖�r(μ) :=

( ∞∑
n=1

|f(n)|rϕ(n)

)1/r

=
(∫

N

|f |r dμ

)1/r

, f ∈ �r(μ),

(2.21)
so that �r(μ) is a q-B.f.s. based on the finite measure space (N, 2N, μ). Of course,
if 1 ≤ r < ∞, then �r(μ) is a B.f.s. Since

�r(μ) = ϕ−1/r · �r := {ϕ−1/rg : g ∈ �r}, (2.22)

the q-B.f.s. �r(μ) is order and isometrically isomorphic to �r via the canonical map
Φ : �r(μ) → �r defined by

Φ(f) := ϕ1/rf, f ∈ �r(μ). (2.23)

Now, let 0 < r < 1. Since (�r)∗ = �∞, [83, Theorem 2.3], the dual space
�r(μ)∗ of �r(μ) is the weighted �∞-space

ϕ1/r · �∞ := {ϕ1/rg : g ∈ �∞}
with the duality

〈f, ϕ1/rg〉 :=
∞∑

n=1

f(n) ·
(
ϕ1/r(n)g(n)

)
, f ∈ �r(μ), g ∈ �∞, (2.24)

induced by the canonical map Φ. So, �r(μ)∗ is non-trivial and separates points of
�r(μ).

Now, still for 0 < r < 1, let us prove that �r(μ) does not admit any equivalent
norm. On the contrary, if there is an equivalent norm ||| · |||�r(μ) on �r(μ), then there
exist positive constants C1 and C2 such that

C1‖f‖�r(μ) ≤
∣∣∣∣∣∣f ∣∣∣∣∣∣

�r(μ)
≤ C2‖f‖�r(μ), f ∈ �r(μ).
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With fn := ϕ−1/rχ{n}, for each n ∈ N, it follows for every k ∈ N that

C1k
1/r = C1

∥∥∥ k∑
n=1

fn

∥∥∥
�r(μ)

≤
∣∣∣∣∣∣∣∣∣ k∑

n=1

fn

∣∣∣∣∣∣∣∣∣
�r(μ)

≤
k∑

n=1

∣∣∣∣∣∣fn

∣∣∣∣∣∣
�r(μ)

≤ C2

k∑
n=1

∥∥fn

∥∥
�r(μ)

= C2k,

which is impossible. �

Let X(μ) be a general q-B.f.s. For each f ∈ X(μ), define

‖f‖b,X(μ) := sup
{ ∣∣〈f, ξ〉

∣∣ : ξ ∈ B[X(μ)∗]
}
. (2.25)

This seminorm will play an important role in Chapter 6. A natural way to view it
is via the canonical map J from X(μ) into its bidual X(μ)∗∗ := (X(μ)∗)∗. Indeed,
for each f ∈ X(μ) define J(f) to be the linear functional ξ �→ 〈f, ξ〉 on X(μ)∗.
According to (2.17) we see that J(f) is continuous with ‖J(f)‖X(μ)∗∗ ≤ ‖f‖X(μ).
Moreover, ‖f‖b,X(μ) = ‖J(f)‖X(μ)∗∗ ; see (2.25). If X(μ) happens to be a B.f.s.,
then J is a linear isometry, and hence ‖ · ‖b,X(μ) = ‖ · ‖X(μ). In the case when
X(μ)∗ = {0}, then J = 0, and so ‖ · ‖b,X(μ) is identically zero. To present basic
properties of the seminorm ‖ · ‖b,X(μ), we require some preliminary results. Recall
that X(μ) is the complexification of its real part XR(μ) = X(μ) ∩ L0

R
(μ). As in

the case of the dual XR(μ)∗, the bidual X(μ)∗∗ = XR(μ)∗∗ + iXR(μ)∗∗ is the
complexification of XR(μ)∗∗ := L(XR(μ)∗, R). Let JR : XR(μ) → XR(μ)∗∗ denote
the natural embedding. Then J(f + ig) = JR(f) + iJR(g) whenever f, g ∈ XR(μ).
In other words, J is a unique C-linear extension of JR (see [149, p. 135]). Note
that JR is a positive operator.

Lemma 2.12. Let X(μ) be a σ-order continuous q-B.f.s. over (Ω, Σ, μ). Then

J
(
|f |
)

=
∣∣J(f)

∣∣, f ∈ X(μ).

Proof. First we assume that f ∈ XR(μ) and show that

JR

(
|f |
)

=
∣∣JR(f)

∣∣. (2.26)

We shall verify this as in the proof of Theorem 5.4 in [2], although this theorem
itself may not be applicable to our case because the topological bidual XR(μ)∗∗ of
XR(μ) may not coincide with the order bidual of XR(μ). Fix ξ ∈

(
XR(μ)∗

)+. By
[2, Theorem 1.18], we have

JR

(
|f |
)
(ξ) =

〈
|f |, ξ

〉
= max η(f),

where the maximum is taken over all R-linear functionals η : XR(μ) → R satisfying
−ξ ≤ η ≤ ξ (i.e., η ∈ [−ξ, ξ] ). It is routine to check that such an η is continuous,
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that is, η ∈ XR(μ)∗. Choose η0 ∈ [−ξ, ξ] ⊆ XR(μ)∗ such that JR

(
|f |
)
(ξ) = η0(f).

Then
0 ≤ JR

(
|f |
)
(ξ) = JR(f)(η0) =

∣∣JR(f)(η0)
∣∣ ≤ ∣∣JR(f)

∣∣(ξ),
which implies that JR

(
|f |
)
≤ |JR(f)| because ξ ∈

(
XR(μ

)∗)+ is arbitrary. Since
the reverse inequality JR(|f |) ≥

∣∣JR(f)
∣∣ is clear, we have established (2.26) for

all f ∈ XR(μ). Therefore, JR is a lattice homomorphism, that is, it preserves the
order operations (see [2, Theorem 7.2]).

Now take a C-valued function f ∈ X(μ). To prove the inequality |J(f)| ≥
J(|f |), let F be the collection of all finite subsets of the interval [0, 2π) ordered
by inclusion. Let g := Re(f) and h := Im(f). Then, by [149, p. 134], we have, in
the complex vector lattice X(μ), that |f | =

∨
θ∈[0,2π)

∣∣(cos θ)g +(sin θ)h
∣∣. The fact

that X(μ) is o.c. (see Remark 2.5) yields

|f | =
∨

Λ∈F

( ∨
θ∈Λ

∣∣(cos θ)g + (sin θ)h
∣∣)

= lim
Λ∈F

( ∨
θ∈Λ

∣∣(cos θ)g + (sin θ)h)
∣∣).

Now, since JR is a continuous lattice homomorphism and since(
(cos θ)g + (sin θ)h

)
∈ XR(μ) for θ ∈ [0, 2π),

we have that

JR(|f |) = lim
Λ∈F

JR

( ∨
θ∈Λ

∣∣(cos θ)g + (sin θ)h
∣∣)

= lim
Λ∈F

∨
θ∈Λ

(
JR

(∣∣(cos θ)g + (sin θ)h
∣∣))

= lim
Λ∈F

∨
θ∈Λ

∣∣∣(cos θ)JR(g) + (sin θ)JR(h)
∣∣∣.

On the other hand, from [149, Ch. IV, Theorem 1.8] applied to the continuous
linear functional

J(f) = JR(g) + iJR(h) ∈ X(μ)∗∗ = L(X(μ)∗, C),

it follows that

|J(f)| =
∨

θ∈[0,2π)

∣∣∣(cos θ)JR(g) + (sin θ)JR(h)
∣∣∣,

and hence,∣∣J(f)
∣∣ ≥ lim

Λ∈F

∨
θ∈Λ

∣∣∣(cos θ)JR(g) + (sin θ)JR(h)
∣∣∣ = JR

(
|f |
)

= J
(
|f |
)
.

Conversely, |J(f)| ≤ |J |(|f |) = J(|f |) (see [149, Ch. IV, Definition 1.7]). So,
the lemma has been established. �
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Some basic properties of the seminorm ‖ · ‖b,X(μ) are now presented.

Proposition 2.13. Let X(μ) be a q-B.f.s. based on (Ω, Σ, μ). The following state-
ments hold for the seminorm ‖ · ‖b,X(μ) : X(μ) → [0,∞) defined by (2.25).

(i) We have

0 ≤ ‖f‖b,X(μ) =
∥∥J(f)

∥∥
X(μ)∗∗ ≤ ‖f‖X(μ), f ∈ X(μ). (2.27)

(ii) Let X(μ) be either a B.f.s. or a σ-order continuous q-B.f.s. Then the semi-
norm ‖ · ‖b,X(μ) is a lattice seminorm, namely ‖f‖b,X(μ) ≤ ‖g‖b,X(μ) when-
ever f, g ∈ X(μ) and |f | ≤ |g|.

(iii) The seminorm ‖ · ‖b,X(μ) is identically zero on X(μ) if and only if X(μ)∗ =
{0}.

(iv) The space (X(μ), ‖ · ‖X(μ)) is a B.f.s. if and only if ‖f‖b,X(μ) = ‖f‖X(μ) for
all f ∈ X(μ).

(v) The following conditions are equivalent.
(a) ‖ · ‖b,X(μ) is a norm on X(μ).
(b) The linear map J : X(μ) → X(μ)∗∗ is injective.
(c) The closed unit ball B[X(μ)∗] separates points of X(μ).

(vi) Let X(μ) be either a B.f.s. or a σ-order continuous q-B.f.s. Then the following
conditions are equivalent.
(a) (X(μ), ‖ · ‖b,X(μ)) is a B.f.s.
(b) ‖ · ‖X(μ) and ‖ · ‖b,X(μ) are equivalent on X(μ).
(c) X(μ) admits a lattice norm equivalent to ‖ · ‖X(μ).

(vii) Let X(μ) be either a B.f.s. or a σ-order continuous q-B.f.s. and f ∈ X(μ)+.
Then there exists ξ ∈ B[X(μ)∗] ∩

(
X(μ)∗

)+ such that 〈f, ξ〉 = ‖f‖b,X(μ).

Proof. Statement (i) has already been verified and (iii) is clear from (2.25).
(ii) If X(μ) is a B.f.s., then ‖ · ‖b,X(μ) = ‖ · ‖X(μ) is a lattice norm.
So, assume that X(μ) is a σ-order continuous q-B.f.s. Let f, g ∈ X(μ) with

|f | ≤ |g|. Since ‖ · ‖X(μ)∗∗ is a lattice norm, Lemma 2.12 yields

‖f‖b,X(μ) =
∥∥J(f)

∥∥
X(μ)∗∗ =

∥∥ |J(f)|
∥∥

X(μ)∗∗ =
∥∥J(|f |)

∥∥
X(μ)∗∗ .

Similarly, ‖g‖b,X(μ) ≤
∥∥J(|g|)

∥∥
X(μ)∗∗ . Since J(|f |) ≤ J(|g|), it follows that

‖f‖b,X(μ) ≤ ‖g‖b,X(μ),

which verifies part (ii).
(iv) The “only if” portion has already been established. The “if” portion

follows because ‖ · ‖X(μ) = ‖ · ‖b,X(μ) implies that ‖ · ‖b,X(μ) and hence, also
‖ · ‖X(μ), is a norm, which is necessarily a lattice norm by (ii).
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(v) Since we already know that ‖ · ‖b,X(μ) is a seminorm, (a) ⇔ (b) follows
from (2.27) and (a) ⇔ (c) follows from the respective definition.

(vi) (a) ⇒ (b). By (2.27), the topology defined by the quasi-norm ‖ · ‖X(μ)

on X(μ) is stronger than that defined by ‖ · ‖b,X(μ). Condition (a) enables us to
apply the Closed Graph Theorem, [88, §15, 12(3)], to deduce (b).

(b) ⇒ (c). Since ‖ · ‖b,X(μ) is a lattice seminorm (by (ii)), this is clear.
(c) ⇒ (a). Let ||| · |||X(μ) be a lattice norm which is equivalent to ‖ · ‖X(μ) on

X(μ). Select constants C1, C2 > 0 such that

C1|||f |||X(μ) ≤ ‖f‖X(μ) ≤ C2|||f |||X(μ), f ∈ X(μ). (2.28)

We shall show that

C1|||f |||X(μ) ≤ ‖f‖b,X(μ) ≤ C2|||f |||X(μ), f ∈ X(μ). (2.29)

To prove the first inequality, let ||| · |||X(μ)∗ denote the dual norm on the space
X(μ)∗ = (X(μ), ||| · |||X(μ))∗. Given ξ ∈ X(μ)∗, it follows from (2.28) that

|〈f, ξ〉| ≤ |||f |||X(μ) · |||ξ|||X(μ)∗ ≤ C−1
1 ‖f‖X(μ) · |||ξ|||X(μ)∗ =

(
C−1

1 |||ξ|||X(μ)∗
)
‖f‖X(μ)

for every f ∈ X(μ), which implies that

‖ξ‖X(μ)∗ ≤ C−1
1 |||ξ|||X(μ)∗ (2.30)

because

‖ξ‖X(μ)∗ = inf
{
C > 0 : |〈f, ξ〉| ≤ C‖f‖X(μ) for all f ∈ X(μ)

}
,

which follows routinely from (2.16). Now, fix f ∈ X(μ). The Hahn-Banach The-
orem applied in the Banach space (X(μ), ||| · |||X(μ)) guarantees that there exists
ξ0 ∈ X(μ)∗ with |||ξ0|||X(μ)∗ ≤ 1 for which |||f |||X(μ) = |〈f, ξ0〉|. Therefore, the
definition of ‖f‖b,X(μ) (see (2.25)) yields that

C1|||f |||X(μ) = |〈f, C1ξ0〉| ≤ ‖f‖b,X(μ)

because ‖C1ξ0‖X(μ)∗ ≤ |||ξ0|||X(μ)∗ ≤ 1 via (2.30) (with ξ := ξ0). So, the first
inequality in (2.29) is established.

On the other hand, from (2.27) and (2.28), we have

‖f‖b,X(μ) ≤ ‖f‖X(μ) ≤ C2|||f |||X(μ), f ∈ X(μ),

so that the second inequality in (2.29) also holds.
Since (X(μ), ||| · |||X(μ)) is a B.f.s. and ‖ · ‖b,X(μ) is a lattice seminorm (by

(ii)), it follows that (X(μ), ‖ · ‖b,X(μ)) is a B.f.s.
(vii) Recall that X(μ)∗ is a Banach space (relative to (2.16)), possibly equal-

ing {0}. The weak* closed subset

B+[X(μ)∗] := B[X(μ)∗] ∩ (X(μ)∗)+
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of the weak* compact set B[X(μ)∗] (see [142, Theorem 3.15]) is also weak* com-
pact. Moreover, ‖f‖b,X(μ) = supξ∈B+[X(μ)∗]〈f, ξ〉. Indeed, (2.27) implies that

‖f‖b,X(μ) = ‖J(f)‖X(μ)∗∗ = sup
ξ∈B[X(μ)∗]

∣∣〈ξ, J(f)
〉∣∣ = sup

ξ∈B[X(μ)∗]

∣∣〈f, ξ〉
∣∣

≤ sup
ξ∈B[X(μ)∗]

〈
|f |, |ξ|

〉
= sup

η∈B+[X(μ)∗]

〈
|f |, η

〉
≤ ‖ |f | ‖b,X(μ) = ‖f‖b,X(μ),

where the last equality follows from part (ii). The scalar function ξ �→ 〈f, ξ〉, for
ξ ∈ B+[X(μ)∗], which is continuous on B+[X(μ)∗] equipped with the relative
weak* topology, attains its maximum at some point of B+[X(μ)∗]. �
Example 2.14. Let the notation be as in Example 2.11 with 0 < r < 1. Then,
given f ∈ �r(μ) we have

‖f‖b,�r(μ) = ‖fϕ1/r‖�1 .

Indeed, for every h ∈ �r(μ)∗ = ϕ1/r · �∞ we have ‖h‖�r(μ)∗ = ‖ϕ−1/r h‖�∞ . So,
(2.24) gives

‖f‖b,�r(μ) = sup
{∣∣〈f, h〉

∣∣ : h ∈ B[�r(μ)∗]
}

= sup
{∣∣∣ ∞∑

n=1

(
fϕ1/r

)
(n) · (ϕ−1/r h)(n)

∣∣∣ : h ∈ B[�r(μ)∗]
}

= sup
{ ∣∣∣ ∞∑

n=1

(
fϕ1/r

)
(n) · g(n)

∣∣∣ : g ∈ B[�∞]
}

= ‖fϕ1/r‖�1 .

Note that ‖ · ‖b,�r(μ) is a lattice norm on �r(μ), but surely not equivalent to
‖ · ‖�r(μ). �

Let X(μ) be a q-B.f.s. over (Ω, Σ, μ). Given a non-μ-null set A ∈ Σ, let μA

denote the restriction of μ to Σ ∩ A. Let

X(μA) := {f |A : f ∈ X(μ)},

where f |A denotes the restriction of each function f ∈ X(μ) to A. The functional
‖ · ‖X(μA) : X(μA) → [0,∞), defined for each f |A by

‖f |A‖X(μA) := ‖f̃χ
A
‖X(μ), (2.31)

for all f̃ ∈ X(μ) satisfying f = f̃ on A, is clearly a well-defined lattice quasi-
norm in X(μA). Given g ∈ X(μA), let the element iA(g) ∈ X(μ) be defined by
iA(g)(ω) := g(ω) for every ω ∈ A and by g(ω) := 0 for every ω ∈ Ω \ A. Then
the so-defined linear map iA : X(μA) → X(μ) is positive and an isometry onto its
range because

‖g‖X(μA) = ‖iA(g) · χ
A
‖X(μ) = ‖iA(g)‖X(μ), g ∈ X(μA). (2.32)
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Lemma 2.15. Let X(μ) be a q-B.f.s. over (Ω, Σ, μ). Let A ∈ Σ be a non-μ-null set.

(i) The function space X(μA) equipped with the quasi-norm ‖ · ‖X(μA) defined by
(2.31) is a q-B.f.s. over the finite measure space (A, Σ ∩ A, μA). Moreover,
X(μA) is σ-o.c. whenever X(μ) is σ-o.c.

(ii) The dual operator i∗A : X(μ)∗ → X(μA)∗ of iA : X(μA) → X(μ) satisfies

i∗A
(
B[X(μ)∗]

)
= B[X(μA)∗].

(iii) We have
‖g‖b,X(μA) = ‖iA(g)‖b,X(μ), g ∈ X(μA). (2.33)

Proof. (i) The first statement follows from the fact that iA is a linear isometry
from X(μA) onto the closed sublattice χ

A
· X(μ) :=

{
χ

A
f : f ∈ X(μ)

}
of X(μ)

which preserves the order operations.
Suppose now that X(μ) is σ-o.c. Let fn ↓ 0 with {fn}∞n=1 ⊆ X(μA)+. Then{

iA(fn)
}∞

n=1
⊆ X(μ)+ with iA(fn) ↓ 0. Hence,

∥∥iA(fn)
∥∥

X(μ)
↓ 0 and, by (2.32),

also
∥∥fn

∥∥
X(μA)

↓ 0. Accordingly, X(μA) is also σ-o.c.

(ii) Let ξ ∈ B[X(μ)∗]. Then (2.32) gives∣∣〈g, i∗A(ξ)〉
∣∣ =

∣∣〈iA(g), ξ〉
∣∣ ≤ ∥∥iA(g)

∥∥
X(μ)

= ‖g‖X(μA), g ∈ X(μA),

which implies that
∥∥i∗A(ξ)

∥∥
X(μA)∗ ≤ 1, that is, i∗A(ξ) ∈ B[X(μA)∗]. So,

i∗A
(
B[X(μ)∗]

)
⊆ B[X(μA)∗].

Conversely, let η ∈ B[X(μA)∗]. Define a linear functional η̃ : X(μ) → C by
η̃(f) := 〈f |A, η〉 for every f ∈ X(μ). Then η̃ ∈ X(μ)∗ and satisfies ‖η̃‖X(μ)∗ ≤ 1
because∣∣η̃(f)

∣∣ =
∣∣〈f |A, η〉

∣∣ ≤ ‖f |A‖X(μA) = ‖fχ
A
‖X(μ) ≤ ‖f‖X(μ), f ∈ X(μ).

Moreover, given g ∈ X(μA), we have〈
g, i∗A(η̃)

〉
=
〈
iA(g), η̃

〉
=
〈
iA(g)|A, η

〉
= 〈g, η〉,

which implies that η = i∗A(η̃) ∈ i∗A
(
B[X(μ)∗]

)
. So, we have established part (ii).

(iii) This is a straightforward application of part (ii) and (2.25), applied to
both X(μ) and X(μA). �

Given a q-B.f.s. X(μ) and a non-μ-null set A ∈ Σ, the linear operator
iA : X(μA) → X(μ) is an isometry via (2.32) and its range is the closed sub-
lattice χA ·X(μ) of X(μ). So we can have the identification

X(μA) = χA ·X(μ) (2.34)
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via iA. With this identification we may rephrase (2.32) as

‖fχ
A
‖X(μA) = ‖fχ

A
‖X(μ), f ∈ X(μ). (2.35)

Moreover, we may then rewrite (2.33) in Lemma 2.15 above as∥∥fχ
A

∥∥
b,X(μA)

=
∥∥fχ

A

∥∥
b,X(μ)

, f ∈ X(μ). (2.36)

Let us return to a general q-B.f.s. X(μ). Given g ∈ L0(μ), let

g ·X(μ) := {gf : f ∈ X(μ)}.

The Köthe dual of X(μ), also called the associate space of X(μ), [102, 164], is the
order ideal of L0(μ) defined by

X(μ)′ := {g ∈ L0(μ) : g · X(μ) ⊆ L1(μ)}.

Since both X(μ) and L1(μ) are order ideals with χ
Ω

∈ X(μ), it follows that
X(μ)′ ⊆ L1(μ). Given g ∈ X(μ)′, the linear functional

ξg : f �→
∫

Ω

gf dμ, f ∈ X(μ), (2.37)

is necessarily continuous, that is, ξg ∈ X(μ)∗. Indeed, the multiplication operator
Mg : f �→ gf , for f ∈ X(μ), is a closed operator (cf. Proposition 2.2(iii)) from
X(μ) into L1(μ) and hence, is continuous via the Closed Graph Theorem, [88,
§15.12.(3)]. So, ξg is continuous because it is the composition of Mg with the
continuous linear functional h �→

∫
Ω h dμ on L1(μ).

Next, observe that the linear map

g �→ ξg, g ∈ X(μ)′, (2.38)

from X(μ)′ into X(μ)∗ is injective. Indeed, suppose that ξg = 0. Since simΣ ⊆
X(μ), we have ξg(χA

) =
∫

A g dμ = 0 for all A ∈ Σ. But, g ∈ L1(μ) and so g = 0.
Hence, we can define a norm on X(μ)′ for which the canonical map (2.38) becomes
an isometry, namely

‖g‖X(μ)′ := ‖ξg‖X(μ)∗ , g ∈ X(μ)′.

Clearly, ‖ · ‖X(μ)′ is a lattice norm. Accordingly, (X(μ)′, ‖ · ‖X(μ)′) is a lattice
normed function space over (Ω, Σ, μ).

Proposition 2.16. Let (X(μ), ‖ · ‖X(μ)) be a q-B.f.s. over (Ω, Σ, μ).

(i) The Köthe dual (X(μ)′, ‖ · ‖X(μ)′) of X(μ) is a complete, normed function
space. Consequently, if X(μ)′ contains all Σ-simple functions, then X(μ)′ is
a B.f.s.
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(ii) If, in addition, X(μ) is σ-o.c., then the linear isometry (2.38) is surjective.
(iii) Assume that X(μ) is a B.f.s. Then the linear isometry (2.38) is surjective if

and only if X(μ) has σ-o.c. norm.

To prove this we shall use the following Vitali type convergence theorem as
given in [97, Lemma 2.3].

Lemma 2.17. Let λ : Σ → C be a complex measure. Then a Σ-measurable function
f : Ω → C is λ-integrable (i.e.,

∫
Ω |f | d|λ| < ∞, where |λ| is the variation measure

of λ) if and only if there exist fn ∈ L1(λ), for n ∈ N, such that fn → f pointwise
as n → ∞ and, for each A ∈ Σ, the complex sequence {

∫
A fn dλ}∞n=1 converges.

In this case we have∫
A

f dμ = lim
n→∞

∫
A

fn dλ, A ∈ Σ.

Proof of Proposition 2.16. Observe first that∫
Ω

|g| dμ ≤ ‖χ
Ω
‖X(μ) ‖g‖X(μ)′, g ∈ X(μ)′. (2.39)

Let {gn}∞n=1 be a Cauchy sequence in X(μ)′. By (2.39) we have that∫
Ω

|gn − gk| dμ ≤ ‖χ
Ω
‖X(μ) ‖gn − gk‖X(μ)′ , n, k ∈ N,

and so the sequence {gn}∞n=1 is Cauchy in L1(μ). Hence, there is a subsequence
{gn(j)}∞j=1 converging μ-a.e. to a function g ∈ L1(μ).

Let ε > 0. Choose N ∈ N such that

‖gn(j) − gn(k)‖X(μ)′ < ε, j, k ≥ N. (2.40)

Fix f ∈ X(μ). Then gn(j)f → gf pointwise μ-a.e. as j → ∞ and, given A ∈ Σ,
the scalar sequence

{ ∫
A
(gn(j)f) dμ

}∞
j=1

converges due to the inequalities∣∣∣ ∫
A

(
gn(j)f − gn(k)f

)
dμ
∣∣∣ ≤ ∫

A

∣∣gn(j)f − gn(k)f
∣∣ dμ ≤ ‖f‖X(μ) · ε, j, k ∈ N,

(2.41)
which follows from (2.40). By Lemma 2.17 we can conclude that gf ∈ L1(μ),
Moreover, Fatou’s Lemma and (2.41) give, for all j ≥ N and f ∈ B[X(μ)], that∣∣∣ ∫

Ω

(gn(j) − g)f dμ
∣∣∣ ≤ ∫

Ω

|gn(j) − g| · |f | dμ

=
∫

Ω

lim
k→∞

|gn(j) − gn(k)| · |f | dμ ≤ lim inf
k→∞

∫
Ω

|gn(j) − gn(k)| · |f | dμ ≤ ε.

Therefore, g is the limit of the subsequence {gn(j)}∞j=1 and hence, also of {gn}∞n=1,
in the norm of X(μ)′. So, (i) is proved.
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To prove (ii), let η ∈ X(μ)∗. Define a set function λη : A �→ 〈χ
A
, η〉, for

A ∈ Σ. Then λη is a complex measure because, for every sequence {A(n)}∞n=1 ⊆ Σ
decreasing to the empty set, we have |〈χ

A(n)
, η〉| ≤ ‖χ

A(n)
‖X(μ)‖η‖X(μ)∗ → 0 as

n →∞ because ‖ · ‖X(μ) is σ-o.c. If A ∈ Σ is μ-null (i.e., μ(A) = 0), then χ
A

= 0
in X(μ) ⊆ L0(μ), and hence, λη(A) = 〈χ

A
, η〉 = 0. So, λη is absolutely continuous

with respect to μ; see [42, Ch. I, Theorem 2.1]. Let g ∈ L1(μ) denote the Radon–
Nikodým derivative dλη/dμ, that is, λη(A) =

∫
A

g dμ for A ∈ Σ. We claim that
g ∈ X(μ)′ and

∫
Ω fg dμ = 〈f, η〉 for every f ∈ X(μ). In fact, fix f ∈ X(μ). Since

X(μ) is σ-o.c., we can choose a sequence {sn}∞n=1 from simΣ such that |sn| ≤ |f |
for all n ∈ N and limn→∞ sn = f both pointwise and in the quasi-norm ‖ · ‖X(μ);
see Remark 2.6. So, sng → fg pointwise as n →∞, and the limit

〈fχ
A
, η〉 = lim

n→∞〈sn χ
A
, η〉 = lim

n→∞

∫
A

sn dλη = lim
n→∞

∫
A

sng dμ

exists for all A ∈ Σ. Then Lemma 2.17 applies to conclude that fg ∈ L1(μ) and∫
Ω

fg dμ = 〈f, η〉. Accordingly, g ∈ X(μ)′ (because f ∈ X(μ) is arbitrary) and
η = ξg (see (2.37)). This establishes (ii).

(iii) This is well known; see for example [164, §72, Theorem 5] where the
setting is B.f.s.’ over R and C. �

Remark 2.18. (i) We can regard X(μ)′ as a subspace of X(μ)∗ via the linear
isometry (2.38); that is, we identify each g ∈ X(μ)′ with ξg ∈ X(μ)∗. With
this identification, part (i) of Proposition 2.16 means that the Köthe dual X(μ)′

is a closed subspace of the (topological) dual X(μ)∗, and part (ii) means that
X(μ)′ = X(μ)∗.

(ii) If X(μ) is a σ-order continuous B.f.s. of the form Lρ for some function
norm ρ : M+(μ) → [0,∞], then (Lρ)′ = (Lρ)∗; see [164, Ch. 15, Theorem 15].

(iii) Part (iii) of Proposition 2.16 is well known for real B.f.s., [108, Theorem
2.4.2]. This result may fail in a q-B.f.s.; see Example 2.19 below. �

When Ω happens to be a topological Hausdorff space, we denote by B(Ω) the
Borel σ-algebra of Ω, that is, the σ-algebra generated by all the open subsets of Ω.

Example 2.19. Let μ : B([0, 1]) → [0, 1] denote the Lebesgue measure. Define
A(n) :=

[
(n + 1)−1, n−1

)
for n ∈ N. Let X(μ) denote the order ideal in L0(μ)

consisting of all f ∈ L0(μ) such that

‖f‖X(μ) := sup
n∈N

‖fχ
A(n)

‖L1/2(μ) < ∞. (2.42)

The functional defined on X(μ) by (2.42) is a quasi-norm satisfying

‖f + g‖X(μ) ≤ 2
(
‖f‖X(μ) + ‖g‖X(μ)

)
, f, g ∈ X(μ).
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It is routine to check that X(μ) is complete relative to ‖ · ‖X(μ). Since simΣ ⊆
X(μ), we conclude that (X(μ), ‖ · ‖X(μ)) is a q-B.f.s. based on ([0, 1],B([0, 1]), μ).
Moreover, L1/2(μ) ⊆ X(μ) and the natural inclusion map is continuous because
‖f‖X(μ) ≤ ‖f‖L1/2(μ) for all f ∈ L1/2(μ). Therefore,

X(μ)∗ ⊆ L1/2(μ)∗ = {0};

see Example 2.10. Hence, X(μ)′ = X(μ)∗ = {0}. However, X(μ) is not σ-o.c. In
fact, for each k ∈ N, define

fk :=
∞∑

n=k

∥∥χ
A(n)

∥∥−1

L1/2(μ)
· χ

A(n)
.

Then ‖fk‖X(μ) = 1 for all k ∈ N whereas fk ↓ 0. So, the quasi-norm ‖ · ‖X(μ) is
not σ-o.c. �

2.2 The p-th power of a quasi-Banach function space

The following inequalities for a, b ∈ [0,∞) will be useful in subsequent arguments:

(a + b)r ≤ ar + br for 0 < r ≤ 1, (2.43)

ar + br ≤ (a + b)r ≤ 2r−1(ar + br) for r ≥ 1, and (2.44)

|ar − br| ≤ r · |ar−1 + br−1| · |a− b| for r ≥ 1. (2.45)

Given 0 < p < ∞, we define the p-th power X(μ)[p] ⊆ L0(μ) of a q-B.f.s.
(X(μ), ‖ · ‖X(μ)), according to [61, Definition 1.9] and [30, p. 156]; see also [104].
Namely,

X(μ)[p] :=
{
f ∈ L0(μ) : |f |1/p ∈ X(μ)

}
(2.46)

and
‖f‖X(μ)[p]

:=
∥∥ |f |1/p

∥∥p

X(μ)
, f ∈ X(μ)[p]. (2.47)

The term “p-th power” is derived from the fact that

|f | ∈ X(μ) ⇐⇒ |f |p ∈ X(μ)[p] provided f ∈ L0(μ), (2.48)

which is clear from the definition. It follows from (2.43) and (2.44) that X(μ)[p] is
an order ideal of the vector lattice L0(μ), with sim Σ ⊆ X(μ)[p], and that (2.47)
defines a quasi-norm ‖·‖X(μ)[p]

; see Lemma 2.21 below. Of course, X(μ)[1] = X(μ).
Even when X(μ) is a B.f.s., the space X(μ)[p] may only be a quasi-normed function
space (for some p). For instance, if X(μ) := L1([0, 1]) and 1 < p < ∞, then
X(μ)[p] = L1/p([0, 1]) with 0 < (1/p) < 1 and so is a non-normable q-B.f.s.,
whereas for 0 < p ≤ 1 we see that X(μ)[p] = L1/p([0, 1]) with 1 ≤ (1/p) < ∞ is
actually a B.f.s. The proof of the following lemma is routine.
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Lemma 2.20. Let X(μ) be a q-B.f.s. based on (Ω, Σ, μ).

(i) For all 0 < p, r < ∞ we have
(
X(μ)[p]

)
[r]

= X(μ)[pr].

(ii) Given a q-B.f.s. Y (μ) over (Ω, Σ, μ), we have X(μ) ⊆ Y (μ) if and only if
X(μ)[p] ⊆ Y (μ)[p] for some/every p ∈ (0,∞).

Given q-B.f.s.’ X(μ) and Y (μ) over (Ω, Σ, μ), let us adopt the convention

X(μ) · Y (μ) :=
{
fg : f ∈ X(μ) and g ∈ Y (μ)

}
.

The following result collects together some useful facts concerning X(μ)[p].

Lemma 2.21. Let (X(μ), ‖ · ‖X(μ)) be a q-B.f.s. based on (Ω, Σ, μ) and K ≥ 1 be a
constant satisfying

‖f1 + f2‖X(μ) ≤ K
(
‖f1‖X(μ) + ‖f2‖X(μ)

)
, f1, f2 ∈ X(μ). (2.49)

(i) Let q, r, s > 0 be numbers such that q = r+s. If f ∈ X(μ)[r] and g ∈ X(μ)[s],
then fg ∈ X(μ)[q] and

‖fg‖X(μ)[q]
≤ Kq‖f‖X(μ)[r]

‖g‖X(μ)[s]
. (2.50)

Conversely, given h ∈ X(μ)[q], there exist functions f ∈ X(μ)[r] and
g ∈ X(μ)[s] such that h = fg. Consequently,

X(μ)[q] = X(μ)[r] ·X(μ)[s]. (2.51)

(ii) Let 0 < p < ∞. The p-th power X(μ)[p] of X(μ) is an ideal of the vector lat-
tice L0(μ) with sim Σ ⊆ X(μ)[p]. Moreover, the function ‖·‖X(μ)[p]

defined by
(2.47) is a lattice quasi-norm on X(μ)[p] satisfying, for all f, g ∈ X(μ)[p],

‖f+g‖X(μ)[p]
≤ K2

(
‖f‖X(μ)[p]

+ ‖g‖X(μ)[p]

)
when 0 < p < 1, (2.52)

and

‖f + g‖X(μ)[p]
≤ 2p−1Kp

(
‖f‖X(μ)[p]

+ ‖g‖X(μ)[p]

)
when 1 ≤ p < ∞.

(2.53)
(iii) If the quasi-norm of X(μ) is σ-o.c., then the quasi-norm of X(μ)[p] is also

σ-o.c. for every 0 < p < ∞. In particular, sim Σ is dense in X(μ)[p] for every
0 < p < ∞.

(iv) If 0 < p ≤ q < ∞, then X(μ)[p] ⊆ X(μ)[q] and the natural inclusion map is
continuous. Indeed,

‖f‖X(μ)[q]
≤ Kq ‖χ

Ω
‖q−p

X(μ) ‖f‖X(μ)[p]
, f ∈ X(μ)[p].

In particular, X(μ) ⊆ X(μ)[p] for 1 ≤ p < ∞ and X(μ)[p] ⊆ X(μ) for
0 < p ≤ 1.
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Proof. (i) We adapt the standard proof of Hölder’s inequality as done in [61,
Proposition 1.10]. In order to establish (2.50) it suffices to assume that ‖f‖X(μ)[r]

=
1 = ‖g‖X(μ)[s]

; see (Q2). Let F := |f |1/q ∈ X(μ)[r/q] and G := |g|1/q ∈ X(μ)[s/q].
Then FG ∈ X(μ) because (r/q) + (s/q) = 1 yields

FG =
(
F q/r

)r/q(
Gq/s

)s/q ≤ r

q
F q/r +

s

q
Gq/s

with both F q/r, Gq/s ∈ X(μ). This inequality and (2.49) give

‖FG‖X(μ) ≤ K

(
r

q

∥∥F q/r
∥∥

X(μ)
+

s

q

∥∥Gq/s
∥∥

X(μ)

)
= K

because ‖F q/r‖X(μ) = ‖ |f |1/r‖X(μ) = 1 and ‖Gq/s‖X(μ) = ‖ |g|1/s‖X(μ) = 1.
Observing that fg ∈ X(μ)[q], we have, via |fg|1/q = FG ∈ X(μ), that∥∥fg

∥∥
X(μ)[q]

=
∥∥FG

∥∥q

X(μ)
≤ Kq,

which establishes (2.50).
Concerning the converse, let h ∈ X(μ)[q]. Define a function sgnh : Ω → C by

(sgnh)(ω) := h(ω)/|h(ω)| for every ω ∈ Ω with the understanding that 0/0 = 0.
Then the function f := (sgn h) · |h|r/q belongs to X(μ)[r] because |f |1/r = |h|1/q ∈
X(μ). Similarly, the function g := |h|s/q belongs to X(μ)[s] because |g|1/s =
|h|1/q ∈ X(μ). Therefore, since 1 = (r/q) + (s/q), we have that

h = (sgnh) · |h| = (sgn h) · |h|r/q · |h|s/r = fg ∈ X(μ)[r] · X(μ)[s].

So, (2.51) holds.
(ii) Clearly X(μ)[p] is closed under scalar multiplication. Let f, g ∈ X(μ)[p].

Then by applying (2.43) and (2.44) we have

|f + g|1/p ≤ 2(1/p)−1
(
|f |1/p + |g|1/p

)
and |f + g|1/p ≤ |f |1/p + |g|1/p

when 0 < p < 1 and 1 ≤ p < ∞, respectively. In both cases, f + g ∈ X(μ)[p], that
is, X(μ)[p] is a linear subspace of L0(μ). So, from the definition of X(μ)[p], it is
clear that X(μ) is an ideal of L0(μ) with simΣ ⊆ X(μ).

A straightforward adaptation of the proof of Proposition 1.11 in [61] estab-
lishes (2.52) and (2.53) as follows. When 0 < p < 1, we have, from (2.49) and part
(i) with r := p, s := (1 − p) and q := 1, that∥∥ |f + g|1/p

∥∥
X(μ)

=
∥∥ |f + g| · |f + g|(1/p)−1

∥∥
X(μ)

≤ K
( ∥∥ |f | · |f + g|(1/p)−1

∥∥
X(μ)

+
∥∥ |g| · |f + g|(1/p)−1

∥∥
X(μ)

)
≤ K2

(
‖f‖X(μ)[p]

+ ‖g‖X(μ)[p]

)
·
∥∥ |f + g|(1/p)−1

∥∥
X(μ)[1−p]

.

The fact that
∥∥ |f + g|(1/p)−1

∥∥
X(μ)[1−p]

=
∥∥ |f + g|1/p

∥∥1−p

X(μ)
gives (2.52).
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Next, let 1 ≤ p < ∞. Then (2.43), (2.44) and (2.49) yield

‖f + g‖X(μ)[p]
=
∥∥ |f + g|1/p

∥∥p

X(μ)
≤
∥∥ |f |1/p + |g|1/p

∥∥p

X(μ)

≤ Kp
( ∥∥ |f |1/p

∥∥
X(μ)

+
∥∥ |g|1/p

∥∥
X(μ)

)p
≤ 2p−1Kp

( ∥∥ |f |1/p
∥∥p

X(μ)
+
∥∥ |g|1/p

∥∥p

X(μ)

)
,

that is, (2.53) holds.
(iii) Fix 0 < p < ∞. Suppose the sequence fn ↓ 0 in

(
X(μ)[p]

)+. Then
also f

1/p
n ↓ 0 in X(μ)+ and hence, ‖f1/p

n ‖X(μ) → 0. Consequently, ‖fn‖X(μ)[p]
:=∥∥f1/p

n

∥∥p

X(μ)
→ 0, showing that ‖ · ‖X(μ)[p]

is σ-o.c. Since simΣ ⊆ X(μ)[p], the
density of sim Σ follows from Remark 2.6.

(iv) Let f ∈ X(μ)[p]. Since χ
Ω
∈ X(μ)[q−p], we have from (i) that the function

f = fχ
Ω
∈ X(μ)[q] and

‖f‖X(μ)[q]
= ‖fχ

Ω
‖X(μ)[q]

≤ Kq ‖χ
Ω
‖X(μ)[q−p]

‖f‖X(μ)[p]
.

Since
∥∥χ

Ω

∥∥
X(μ)[q−p]

=
∥∥χ

Ω

∥∥q−p

X(μ)
, statement (iv) holds. �

Given 0 < p < ∞ and a q-B.f.s. X(μ), by applying the fact that X(μ)[p] is a
vector space (cf. Lemma 2.21(ii)), it follows from (2.46) and (2.48) that

( n∑
j=1

∣∣fj

∣∣p)1/p

∈ X(μ), f1, . . . , fn ∈ X(μ), n ∈ N. (2.54)

We now establish the important fact that the p-th power of X(μ) is always com-
plete. This is stated in [61, Proposition 1.11], without proof, for the special case
when X(μ) is a B.f.s.

Proposition 2.22. Let X(μ) be any q-B.f.s. based on (Ω, Σ, μ). Then its p-th power
X(μ)[p] is complete for every 0 < p < ∞. In particular, X(μ)[p] is again a q-B.f.s.

Proof. Thanks to Lemma 2.21, the only remaining thing to be proved is the com-
pleteness of X(μ)[p]. To this end let {fn}∞n=1 be a Cauchy sequence in X(μ)[p]. Due
to the ideal property, both sequences {Refn}∞n=1 and {Imfn}∞n=1 are also Cauchy
in X(μ)[p]. The ideal property and the equality |a− b| = |a+ − b+|+ |a− − b−| for
real numbers a, b then ensures that the sequences

{
(Refn)+

}∞
n=1

,
{
(Refn)−

}∞
n=1

,{
(Imfn)+

}∞
n=1

and
{
(Imfn)−

}∞
n=1

are all Cauchy in X(μ)[p]. This allows us to
assume that fn ∈ X(μ)+[p], for all n ∈ N, without loss of generality.

Assume that 0 < p < 1. Fix n, k ∈ N. By (2.45) with r := 1/p we have∣∣f1/p
n − f

1/p
k

∣∣ ≤ 1
p

∣∣f (1/p)−1
n + f

(1/p)−1
k

∣∣ · ∣∣fn − fk

∣∣. (2.55)
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The function
∣∣f (1/p)−1

n + f
(1/p)−1
k

∣∣ belongs to X(μ)[1−p]. So (2.55) and Lemma
2.21(i) with q := 1, r := (1 − p) and s := p ensure that∥∥f1/p

n − f
1/p
k

∥∥
X(μ)

≤ K

p

∥∥f (1/p)−1
n + f

(1/p)−1
k

∥∥
X(μ)[1−p]

∥∥fn − fk

∥∥
X(μ)[p]

. (2.56)

Since (1/p)− 1 = (1 − p)/p, the inequality (2.52) implies that∥∥f (1/p)−1
n + f

(1/p)−1
k

∥∥
X(μ)[1−p]

≤ K2
( ∥∥f (1−p)/p

n

∥∥
X(μ)[1−p]

+
∥∥f (1−p)/p

k

∥∥
X(μ)[1−p]

)
= K2

( ∥∥f1/p
n

∥∥1−p

X(μ)
+
∥∥f1/p

k

∥∥1−p

X(μ)

)
≤ 2K2 sup

j∈N

∥∥fj

∥∥(1−p)/p

X(μ)[p]
. (2.57)

This inequality and (2.56) show that {f1/p
n }∞n=1 is Cauchy in the q-B.f.s. X(μ)

and hence, has a limit g ∈ X(μ). Proposition 2.2(ii) implies that g ≥ 0 (μ-a.e.).
We now use the inequality |a− b|1/p ≤ |a1/p − b1/p| for positive numbers a and b,
which, for instance, follows from (2.44). This and the ideal property of X(μ) give∥∥fn − gp

∥∥
X(μ)[p]

=
∥∥ |fn − gp|1/p

∥∥p

X(μ)
≤
∥∥f1/p

n − g
∥∥p

X(μ)
→ 0

as n →∞. Since gp ∈ X(μ)[p], this implies the completeness of X(μ)[p].
Now assume that 1 ≤ p < ∞. We can again suppose that each fn ∈ X(μ)+[p]

for n ∈ N. The inequality |a1/p− b1/p| ≤ |a− b|1/p for non-negative numbers a and
b (this can be derived from (2.43)) gives∥∥f1/p

n − f
1/p
k

∥∥
X(μ)

=
∥∥ |f1/p

n − f
1/p
k |

∥∥
X(μ)

≤
∥∥fn − fk

∥∥1/p

X(μ)[p]
, n, k ∈ N.

(2.58)
Therefore, {f1/p

n }∞n=1 is Cauchy and has a limit h ∈ X(μ). Again by Proposition
2.2(ii) we have h ≥ 0. Clearly hp ∈ X(μ)[p] and hp−1 ∈ X(μ)[p−1]. Fix n ∈ N. By
(2.45) with r := p, we have

|fn − hp| ≤ p
∣∣f (p−1)/p

n + hp−1
∣∣ · ∣∣f1/p

n − h
∣∣. (2.59)

Apply Lemma 2.21(i) with q := p, r := (p − 1) and s := 1 to the right-hand side
of (2.59) to obtain

p
∥∥(f (p−1)/p

n + hp−1)(f1/p
n − h)

∥∥
X(μ)[p]

≤ p Kp
∥∥f (p−1)/p

n + hp−1
∥∥

X(μ)[p−1]

∥∥f1/p
n − h

∥∥
X(μ)

.
(2.60)

Moreover, Lemma 2.21(ii) gives, with αp := max
{
2(p−2)K(p−1), K2

}
, that∥∥f (p−1)/p

n + hp−1
∥∥

X(μ)[p−1]
≤ αp

( ∥∥f (p−1)/p
n

∥∥
X(μ)[p−1]

+
∥∥hp−1

∥∥
X(μ)[p−1]

)
= αp

( ∥∥f1/p
n

∥∥p−1

X(μ)
+
∥∥h∥∥p−1

X(μ)

)
.
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This inequality, together with (2.59) and (2.60), yield

‖fn − hp‖X(μ)[p]
≤ pKpαp

[
sup
n∈N

(
‖f1/p

n ‖p−1
X(μ) + ‖h‖p−1

X(μ)

) ]
· ‖f1/p

n − h‖X(μ)

for n ∈ N. That is, fn → hp in X(μ)[p] as n →∞, and hence X(μ)[p] is complete.
�

It is of interest to determine when the p-th power of a q-B.f.s. (X(μ), ‖·‖X(μ))
is normable.

Let 0 < q < ∞. The q-B.f.s. X(μ) is called q-convex if there is a constant
c > 0 such that ∥∥∥( n∑

j=1

∣∣fj

∣∣q)1/q∥∥∥
X(μ)

≤ c
( n∑

j=1

∥∥fj

∥∥q

X(μ)

)1/q

(2.61)

for all n ∈ N and f1, . . . , fn ∈ X(μ); see [30, p. 156] for the case of a real q-B.f.s.
The smallest constant satisfying (2.61) for all such n ∈ N and fj ’s (j = 1, . . . , n)
is called the q-convexity constant of X(μ) and is denoted by M(q)[X(μ)]. Letting
n := 1 in (2.61) yields

M(q)[X(μ)] ≥ 1. (2.62)

Proposition 2.23. Let X(μ) be a q-B.f.s. with quasi-norm ‖ · ‖X(μ).

(i) Let 0 < p ≤ 1. If ‖ · ‖X(μ) is a norm, then ‖ · ‖X(μ)[p]
is a norm and hence,(

X(μ)[p], ‖ · ‖X(μ)[p]

)
is a B.f.s.

(ii) Let 0 < p < ∞. Then the q-B.f.s. X(μ) is p-convex if and only if its p-th
power X(μ)[p] admits a lattice norm equivalent to ‖ · ‖X(μ)[p]

. Moreover, it is
possible to select an equivalent lattice norm η[p] on X(μ)[p] satisfying

η[p](f) ≤ ‖f‖X(μ)[p]
≤
(
M(p)[X(μ)]

)p · η[p](f), f ∈ X(μ)[p]. (2.63)

(iii) Assume that X(μ) is p-convex for some 0 < p < ∞. Then the lattice quasi-
norm ‖ · ‖X(μ)[p]

is a norm if and only if M(p)[X(μ)] = 1.
(iv) If X(μ) is p-convex for some 1 ≤ p < ∞, then X(μ) admits a lattice norm

equivalent to ‖ · ‖X(μ).

Proof. (i) The fact that ‖ · ‖X(μ)[p]
is a norm is known, [61, Proposition 1.11]. For

the completeness of X(μ)[p] see Proposition 2.22.
(ii) Suppose that X(μ) is p-convex. Define

η[p](f) := inf
{ n∑

j=1

‖fj‖X(μ)[p]
: |f | ≤

n∑
j=1

|fj |, fj ∈ X(μ)[p], j = 1, . . . , n, n ∈ N
}

(2.64)
for every f ∈ X(μ)[p]. That η[p] : X(μ) → [0,∞) is a lattice norm equivalent to
the quasi-norm ‖ · ‖X(μ)[p]

is stated in [30, Lemma 3] without a proof and with
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extra properties required of the quasi-norm. So, we provide a proof for our more
general setting.

From the definition of η[p] it follows, for α ∈ C and f, g ∈ X(μ)[p], that
η[p](αf) = |α|η[p](f) and η[p](f + g) ≤ η[p](f) + η[p](g). It is easy to verify that
η[p](f) ≤ η[p](g) whenever f, g ∈ X(μ)[p] with |f | ≤ |g|. We now claim that

η[p](f) ≤ ‖f‖X(μ)[p]
≤
(
M(p)[X(μ)]

)p · η[p](f), f ∈ X(μ)[p]. (2.65)

The first inequality in (2.65) is clear from (2.64). To prove the second inequality,
fix f ∈ X(μ)[p]. Given ε > 0 select n ∈ N and f1, . . . , fn ∈ X(μ)[p] such that
|f | ≤∑n

j=1 |fj | and
n∑

j=1

∥∥fj

∥∥
X(μ)[p]

≤ η[p](f) + ε. (2.66)

The p-convexity of X(μ) gives

‖f‖X(μ)[p]
= ‖ |f |1/p ‖p

X(μ) ≤
∥∥∥( n∑

j=1

|fj |
)1/p ∥∥∥p

X(μ)

=
∥∥∥( n∑

j=1

(
|fj |1/p

)p)1/p∥∥∥p

X(μ)
≤
(
M(p)[X(μ)]

)p( n∑
j=1

‖ |fj|1/p ‖p
X(μ)

)
=
(
M(p)[X(μ)]

)p( n∑
j=1

‖fj‖X(μ)[p]

)
≤
(
M(p)[X(μ)]

)p(
η[p](f) + ε

)
.

Since ε > 0 is arbitrary, it is clear that the second inequality in (2.65) holds. It
follows from (Q1) and (2.65) that η[p](f) = 0 if and only if f = 0. Therefore, η[p]

is a lattice norm on X(μ)[p] equivalent to ‖ · ‖X(μ)[p]
.

Assume now that X(μ)[p] admits an equivalent lattice norm ρ, that is, there
exist C1, C2 > 0 such that

C1‖f‖X(μ)[p]
≤ ρ(f) ≤ C2‖f‖X(μ)[p]

, f ∈ X(μ)[p]. (2.67)

Fix n ∈ N and f1, . . . , fn ∈ X(μ). From (2.67) and the triangle inequality for the
norm ρ, it follows that∥∥∥( n∑

j=1

|fj |p
)1/p∥∥∥

X(μ)
=
∥∥∥ n∑

j=1

|fj |p
∥∥∥1/p

X(μ)[p]

≤
(
C−1

1 ρ
( n∑

j=1

|fj|p
))1/p

≤
(
C−1

1

n∑
j=1

ρ
(
|fj |p

))1/p

≤
(

C−1
1 C2

n∑
j=1

∥∥ |fj |p
∥∥

X(μ)[p]

)1/p

=
(
C−1

1 C2

)1/p
( n∑

j=1

∥∥fj

∥∥p

X(μ)

)1/p

.

So, X(μ) is p-convex and we have established part (ii).
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(iii) Assume that M(p)[X(μ)] = 1. Then the lattice norm η[p] defined by
(2.64) equals ‖ · ‖X(μ)[p]

because η[p] satisfies (2.63) as verified in the proof of part
(ii). Consequently, ‖ · ‖X(μ)[p]

is a norm.
Conversely, assume that ‖ · ‖X(μ)[p]

is a lattice norm and take arbitrary
f1, . . . , fn ∈ X(μ) with n ∈ N. Then, the triangle inequality of ‖ · ‖X(μ)[p]

im-
plies that∥∥∥( n∑

j=1

∣∣fj

∣∣p)1/p∥∥∥
X(μ)

=
∥∥∥ n∑

j=1

∣∣fj

∣∣p∥∥∥1/p

X(μ)[p]

≤
( n∑

j=1

∥∥ ∣∣fj

∣∣p∥∥
X(μ)[p]

)1/p

=
( n∑

j=1

∥∥fj

∥∥p

X(μ)

)1/p

.

Thus, M(p)[X(μ)] ≤ 1, which together with (2.62) imply that M(p)[X(μ)] = 1.
(iv) By part (ii), the q-B.f.s. X(μ)[p] admits an equivalent lattice norm η[p]

given by (2.64) and satisfying (2.65). Define

η
X(μ)

(f) :=
(

η[p]

(
|f |p

) )1/p

, f ∈ X(μ).

For f ∈ X(μ), note that
(
η[p](|f |p)

)1/p

is precisely ‖f‖(X̃(μ)[p])[1/p]
, where

X̃(μ)[p] denotes the B.f.s. (X(μ)[p], η[p]), after observing (by Lemma 2.20) that
(X(μ)[p])[1/p] = X(μ) as vector lattices. By part (i), with 1/p ∈ (0, 1] in place of p

and X̃(μ)[p] in place of X(μ), we conclude that η
X(μ)

is a lattice norm on X(μ).
Given g ∈ X(μ), substituting f := |g|p ∈ X(μ)[p] into (2.65) yields

η
X(μ)

(g) ≤ ‖g‖X(μ) ≤ M(p)[X(μ)] · η
X(μ)

(g).

This shows that η
X(μ)

and ‖ · ‖X(μ) are equivalent. �

A natural question is whether or not the p-th power X(μ)[p] of a q-B.f.s.
X(μ) is different from the original space X(μ). If X(μ) is the B.f.s. L∞(μ), then
X(μ)[p] = X(μ) for all p ∈ (0,∞). The converse also turns out to be valid. To
verify this we need the following Lemma 2.24. Given g ∈ L∞(μ) and any q-B.f.s.
X(μ), let Mg : X(μ) → X(μ) denote the multiplication operator defined by

Mg(f) := gf, f ∈ X(μ). (2.68)

Since |g| ≤
∥∥g∥∥∞χ

Ω
and ‖ · ‖X(μ) is a lattice quasi-norm, it follows that

‖Mg(f)‖X(μ) ≤ ‖g‖∞‖f‖X(μ) for all f ∈ X(μ),

that is, Mg is continuous.
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Lemma 2.24. Let X(μ) be a q-B.f.s. based on a positive, finite measure space
(Ω, Σ, μ) and suppose that T ∈ L

(
X(μ)

)
satisfies T ◦ MχA = MχA ◦ T for every

A ∈ Σ. Then the function T (χ
Ω
) ∈ L∞(μ).

Proof. Let ϕ := T (χ
Ω
). We show that

|ϕ| ≤ ‖T ‖χ
Ω

. (2.69)

Suppose that μ
(
{ω ∈ Ω : |ϕ(ω)| > ‖T ‖}

)
> 0. Then there exists ε > 0 such that

the set A :=
{
ω ∈ Ω : |ϕ(ω)| > ε + ‖T ‖

}
satisfies μ(A) > 0. Observe that∣∣ϕχ

A

∣∣ =
∣∣(MχA ◦ T )(χ

Ω
)
∣∣ =

∣∣(T ◦ MχA)(χ
Ω
)
∣∣ =

∣∣T (χ
A
)
∣∣

and, by definition of A, that
∣∣ϕχ

A

∣∣ >
(
ε + ‖T ‖

)
χ

A
. It follows that

∣∣T (χ
A
)
∣∣ >(

ε + ‖T ‖
)
χ

A
and hence, by the lattice property of ‖ · ‖X(μ), that∥∥T (χ

A
)
∥∥

X(μ)
=
∥∥ ∣∣T (χ

A
)
∣∣ ∥∥

X(μ)
≥
(
ε + ‖T ‖

)
‖χ

A
‖X(μ).

On the other hand, by the definition of ‖T ‖, it follows that∥∥T (χ
A
)
∥∥

X(μ)
≤ ‖T ‖ · ‖χ

A
‖X(μ).

Since ‖χ
A
‖X(μ) > 0, the previous two inequalities are contradictory to one another.

Accordingly,
{
ω ∈ Ω : |ϕ(ω)| > ‖T ‖

}
is a μ-null set, from which (2.69) follows

immediately. In particular, ϕ ∈ L∞(μ). �
Remark 2.25. Let T ∈ L(X(μ)) satisfy the hypothesis of Lemma 2.24. Then
T ◦ Ms = Ms ◦ T for every s ∈ sim Σ and, with ϕ denoting T (χ

Ω
) ∈ L∞(μ), we

have T (s) = ϕs = Mϕ(s) for s ∈ sim Σ. From this formula, the continuity of both
T and Mϕ on X(μ), and the fact that simΣ is dense in X(μ)b, it follows that

T (f) = ϕf, f ∈ X(μ)b. (2.70)

In particular, if X(μ) = X(μ)b (e.g., if ‖ · ‖X(μ) is σ-o.c.), then T = Mϕ on X(μ).
However, if sim Σ is not dense in X(μ), then it is not possible to conclude, via
topological means, that (2.70) holds for arbitrary f ∈ X(μ). However, using the
Dedekind completeness of L∞

R
(μ) it can be shown via an order argument that

(2.70) does hold, in general, for all f ∈ XR(μ) and T ∈ L(XR(μ)) satisfying the
hypothesis of Lemma 2.24; see [38, Proposition 2.2] for the B.f.s. setting (and more
general measures μ) and [89, Ch. 3] for the q-B.f.s. setting (both over R). It would
be interesting to know if these arguments extend to spaces over C. �
Proposition 2.26. Let X(μ) be a q-B.f.s. based on (Ω, Σ, μ). Then the following
statements are equivalent.

(i) X(μ) = L∞(μ).
(ii) X(μ)[p] = X(μ) for every p ∈ (0,∞).
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(iii) There exists p ∈ (0, 1) ∪ (1,∞) such that X(μ)[p] = X(μ).
(iv) The q-B.f.s. X(μ) is an algebra of functions with respect to (μ-a.e.) pointwise

multiplication.

Proof. The implications (i) ⇒ (ii) ⇒ (iii) are clear.
(iii) ⇒ (iv). Mathematical induction and Lemma 2.20(i) yield

X(μ)[pn] = X(μ), n ∈ N. (2.71)

Assume first that 0 < p < 1. Then pN ≤ 1/2 < ∞ for some N ∈ N. Then, Lemma
2.21(iv) and (2.71) with n := N give

X(μ)[1/2] = X(μ) (2.72)

because X(μ) = X(μ)[pN ] ⊆ X(μ)[1/2] ⊆ X(μ)[1] = X(μ). Next assume that
1 < p < ∞. Then X(μ) = (X(μ)[p])[1/p] = X(μ)[1/p], via Lemma 2.20(i) and our
hypothesis that X(μ)[p] = X(μ). Using the fact that (1/p)n ≤ 1/2 for a large
enough n ∈ N, we can again deduce (2.72).

Let f ∈ X(μ). Then, f ∈ X(μ)[1/2] via (2.72). So, |f |2 ∈ X(μ) by definition.
Hence, |f2| = |f |2 ∈ X(μ) and, since X(μ) is a lattice, also f2 belongs to X(μ).
Since f is arbitrary, the general identity 4gh = (g + h)2 − (g− h)2 for g, h ∈ X(μ)
yields statement (iv).

(iv) ⇒ (i). Let g ∈ X(μ) be arbitrary, but fixed. Since X(μ) is an algebra, we
have gf ∈ X(μ) for every f ∈ X(μ). An application of Proposition 2.2(iii) and the
Closed Graph Theorem, [88, §15.12.(3)], implies that the operator T defined (on
all of X(μ)) by f �→ gf is continuous. Since T clearly satisfies T ◦MχA = MχA ◦T ,
for every A ∈ Σ, it follows from Lemma 2.24 that g = T (χ

Ω
) ∈ L∞(μ). �

Let X(μ) and Y (μ) be q-B.f.s.’ based on (Ω, Σ, μ). Define an order ideal of
L0(μ) by

M
(
X(μ), Y (μ)

)
:=
{
g ∈ L0(μ) : g · X(μ) ⊆ Y (μ)

}
. (2.73)

Two special cases have already been considered. Indeed, if Y (μ) = L1(μ), then it
follows from the definition of the Köthe dual X(μ)′ that

M
(
X(μ), L1(μ)

)
= X(μ)′. (2.74)

Moreover, if X(μ) = Y (μ), then

M
(
X(μ), X(μ)

)
= L∞(μ). (2.75)

Indeed, the inclusion L∞(μ) ⊆ M
(
X(μ), X(μ)

)
is clear.

Conversely, if g ∈ M
(
X(μ), X(μ)

)
then the usual “closed graph argument”

shows that the linear map T : X(μ) → X(μ) defined by f �→ gf is continuous.
Then Lemma 2.24 implies that g ∈ L∞(μ).
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We now investigate the general case from the viewpoint of p-th powers and
Köthe duals; see also [104]. Each g ∈ M

(
X(μ), Y (μ)

)
corresponds to the multi-

plication operator Mg : X(μ) → Y (μ) defined by

Mg(f) := gf, f ∈ X(μ). (2.76)

This Mg is continuous via the Closed Graph Theorem, [88, §15, 12.(3)]. So,
there is a one-to-one correspondence between M

(
X(μ), Y (μ)

)
and the subspace

of L(X(μ), Y (μ)) which consists of all multiplication operators.

The following useful fact will be needed later.

Proposition 2.27. Let X(μ) and Y (μ) be q-B.f.s.’ over (Ω, Σ, μ) with Y (μ) being
σ-o.c. Suppose that g ∈ M

(
X(μ), Y (μ)

)
satisfies g �= 0 (μ-a.e.). Then the range

R(Mg), of Mg, is dense in Y (μ).

Proof. According to Remark 2.6 it suffices to show that χ
A
∈ Y (μ) belongs to the

closure R(Mg) of R(Mg) (in Y (μ)) for each A ∈ Σ with μ(A) > 0. Observe that

A(n) :=
{
ω ∈ A : |g(ω)| ≥ n−1

}
↑
{
w ∈ A : g(w) �= 0

}
,

that is, χ
A(n)

↑ χ
A
. Since χ

A
∈ Y (μ) and Y (μ) is σ-o.c., it follows that χ

A(n)
→ χ

A

in the topology of Y (μ). Moreover, g−1χ
A(n)

∈ L∞(μ) ⊆ X(μ) for all n ∈ N and

so Mg(g−1χ
A(n)

) = χ
A(n)

∈ R(Mg) for all n ∈ N. Accordingly, χ
A
∈ R(Mg), as

required. �

In Proposition 2.27, the condition that Y (μ) is σ-o.c. is necessary.

Example 2.28. Let X(μ) = Y (μ) = L∞([0, 1]) with μ denoting Lebesgue measure
on Ω := [0, 1], in which case Y (μ) is not σ-o.c. Define g ∈ M

(
X(μ), Y (μ)

)
by

g(ω) := ω for ω ∈ Ω. To show that R(Mg) �= Y (μ), consider the constant function
1 = χ

Ω
∈ Y (μ). If 1 ∈ R(Mg), then there exists a function f ∈ X(μ) such that

‖1− gf‖L∞([0,1]) < 1/2 and hence, also ‖1− gRe(f)‖L∞([0,1]) < 1/2. So, we may
assume that f is R-valued. It then follows from the inequalities

−1/2 ≤ ωf(ω)− 1 ≤ 1/2 μ-a.e. ω ∈ Ω

that actually f ≥ 0. So, f satisfies

0 ≤ ωf(ω) ≤ ω‖f‖L∞([0,1]), μ-a.e. ω ∈ Ω,

from which it follows that

‖1− gf‖L∞([0,1]) ≥ sup
{
1 − ω‖f‖L∞([0,1]) : 0 ≤ ω ≤ (1 ∧ ‖f‖−1

L∞([0,1]))
}

= 1.

This contradicts ‖1 − g f‖L∞([0,1]) < 1/2 and so no such f can exist, that is,
1 �∈ R(Mg). �
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Given 0 < p < ∞, define the p-th power of the order ideal M
(
X(μ), Y (μ)

)
by

M
(
X(μ), Y (μ)

)
[p]

:=
{
g ∈ L0(μ) : |g|1/p ∈M

(
X(μ), Y (μ)

)}
as for the case of the p-th power of a q-B.f.s. Then we have

M
(
X(μ), Y (μ)

)
[p]

= M
(
X(μ)[p], Y (μ)[p]

)
. (2.77)

Given g ∈ L0(μ)+, we have from (2.77) that g1/p ∈ M
(
X(μ), Y (μ)

)
if and only

if g ∈ M
(
X(μ)[p], Y (μ)[p]

)
. Let μg : Σ → [0,∞] denote the indefinite integral

A �→
∫

A
g dμ, for A ∈ Σ. The following result will be useful in Chapter 6. Its

proof will be omitted as it is a direct application of the definitions, of (2.77) with
Y (μ) := Lp(μ) and of (2.74) with X(μ)[p] in place of X(μ).

Proposition 2.29. Let X(μ) be a q-B.f.s. over (Ω, Σ, μ) and let 0 < p < ∞. The
following statements for a function g ∈ L1(μ)+ are equivalent.

(i)
∫
Ω |f |pg dμ =

∫
Ω

∣∣fg1/p
∣∣p dμ < ∞ for all f ∈ X(μ).

(ii) g1/p ∈M
(
X(μ), Lp(μ)

)
.

(iii) gr/p ∈ M
(
X(μ)[r], Lp/r(μ)

)
for some/every 0 < r < ∞.

(iv) g ∈ (X(μ)[p])′.

Given 1 ≤ w ≤ ∞, we have from Hölder’s inequality that

M
(
Lw(μ), L1(μ)

)
= Lw(μ)′ = Lw′

(μ), (2.78)

where (1/w)+(1/w′) = 1 (with the understanding that 1/∞ = 0). Let us generalize
this in Example 2.30(i) below.

Example 2.30. (i) Let 0 < p, q, r ≤ ∞ satisfy

1
p

+
1
q

=
1
r
. (2.79)

We claim that
M
(
Lp(μ), Lr(μ)

)
= Lq(μ). (2.80)

In fact, if any one of p, q, r is infinity, then (2.80) is clear. So assume that 0 <
p, q, r < ∞. Then (2.79) gives (p/r)−1 + (q/r)−1 = 1. Since 1 < (p/r) < ∞, we
have from (2.78) with w := (p/r) that M

(
Lp/r(μ), L1(μ)

)
= Lq/r(μ). This and

(2.77) imply that

M
(
Lp(μ), Lr(μ)

)
= M

(
Lp/r(μ)[1/r], L1(μ)[1/r]

)
= M

(
Lp/r(μ), L1(μ)

)
[1/r]

= Lq/r(μ)[1/r] = Lq(μ).

(ii) Let 0 < r < 1 ≤ p < ∞. Choose 0 < q < ∞ to satisfy (2.79), in which
case (2.80) holds. Hence, g · Lp(μ) = Mg

(
Lp(μ)

)
⊆ Lr(μ) for all g ∈ Lq(μ). In
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particular, the choice g := χ
Ω

gives that Lp(μ) ⊆ Lr(μ), that is, the B.f.s. Lp(μ)
is contained in the q-B.f.s. Lr(μ).

On the other hand, the space M(Lr(μ), Lp(μ)) is not as rich as

M(Lp(μ), Lr(μ)) = Lq(μ).

To see this, assume first that μ is non-atomic. Then, M(Lr(μ), Lp(μ)) = {0}.
Indeed, let h ∈ M(Lr(μ), Lp(μ)). To show that h = 0, we may assume that
h ≥ 0. Apply Proposition 2.29 with g := hp and X(μ) := Lr(μ) to obtain that
hp ∈

(
Lr(μ)[p]

)′ = Lr/p(μ)′. But, Lr/p(μ)′ = Lr/p(μ)∗ = {0} because (r/p) < 1
(see Example 2.10 and Remark 2.18(i)). So, M(Lr(μ), Lp(μ)) = {0}.

Suppose now that μ is purely atomic. To make the presentation simpler,
assume that μ : 2N → [0,∞) is a finite measure, with μ({n}) > 0 for every n ∈ N
and that p = 1. Then, M(�r(μ), �1(μ)) �= {0} because M(�r(μ), �1(μ)) � χ

A

for every non-empty finite set A ⊆ N. Of course, M(�r(μ), �1(μ)) �� χ
Ω

because
�r(μ) � �1(μ). However, for a suitable choice of the measure μ and the weight
function ψ on N, we can have the inclusion

�r(ψdμ) ⊆ �1(μ); (2.81)

in other words, the q-B.f.s. �r(ψdμ) is contained in the B.f.s. �1(μ). We shall deal
with similar cases in Chapter 6. Here, ψdμ denotes the scalar measure defined by

A �−→
∑
n∈A

ψ(n)μ({n}), A ∈ 2N. (2.82)

Let us present an explicit μ and ψ which satisfy (2.81). Choose ϕ ∈ �r ⊆ �1 such
that ϕ(n) > 0 for all n ∈ N. Define μ by μ(A) :=

∑
n∈A ϕ(n) for A ∈ 2N, and let

ψ(n) :=
(
μ({n})

)r−1 for n ∈ N. Then

∞∑
n=1

|f(n)|μ({n}) =
∞∑

n=1

[(
|f(n)|μ({n})

)r]1/r

≤
( ∞∑

n=1

(
|f(n)|μ({n})

)r)1/r

=
( ∞∑

n=1

|f(n)|rψ(n)μ({n})
)1/r

= ‖f‖�r(ψ dμ) < ∞

for all f ∈ �r(ψ dμ), which establishes (2.81). We have used the fact that the
inequality ‖g‖�1/r ≤ ‖g‖�1 holds for every g ∈ �1. �

2.3 Completeness criteria

Proposition 2.22 shows that the spaces X(μ)[p], for 0 < p < ∞, have the important
property that they are complete whenever the q-B.f.s. X(μ) is complete. We now
present a criterion which ensures the completeness of X(μ) itself; see Proposition
2.35 below. The criterion applies to an extensive class of spaces and is well known
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for normed function spaces; we are unaware of any such results for lattice quasi-
norms.

The proof proceeds via several lemmata, and relies on the existence of an
F-norm ||| · ||| on X(μ) which generates the same topology as the original topology
and satisfies various useful inequalities.

Lemma 2.31. Suppose that (X(μ), ‖ · ‖) is a lattice quasi-normed function space.
Let ||| · ||| : X(μ) → [0,∞) be the F-norm defined via (2.4) with Z := X(μ) and for
an appropriate r > 0, so that (2.5) gives

1
4
‖f‖r ≤ |||f ||| ≤ ‖f‖r, f ∈ X(μ). (2.83)

(i) The inequality |||f ||| ≤ 4 |||g||| holds whenever f, g ∈ X(μ) satisfy |f | ≤ |g|.
(ii) For all f ∈ X(μ) we have

1
4
||| |f | ||| ≤ |||f ||| ≤ 4 ||| |f | |||. (2.84)

(iii) For each α ∈ C and f ∈ X(μ) we have

|α|r
4

|||f ||| ≤ |||αf ||| ≤ 4 |α|r ||| |f | |||. (2.85)

(iv) For each β > 0 and f ∈ X(μ) we have

β

4
|||f ||| ≤ |||β1/rf ||| ≤ 4β |||f |||. (2.86)

Proof. (i) According to (2.83), if f, g ∈ X(μ) satisfy |f | ≤ |g|, then the lattice
property (2.3) implies that

|||f ||| ≤ ‖f‖r ≤ ‖g‖r ≤ 4|||g|||,

which is precisely the inequality in part (i).
(ii) Since |f | ≤ |f |, part (i) yields both |||f ||| ≤ 4||| |f | ||| and 4−1||| |f | ||| ≤ |||f |||.

These two inequalities together form (2.84).
(iii) Using (Q2) and (2.83) we have

|||αf ||| ≤ ‖αf‖r = |α|r‖f‖r ≤ 4|α|r|||f |||

and also

|||αf ||| ≥ 1
4
‖αf‖r =

|α|r
4

‖f‖r ≥ |α|r
4

|||f |||.

These two inequalities give (2.85).
(iv) Substitute α := β1/r into (2.85) yields (2.86). �
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Let X(μ) be an order ideal in L0(μ) and η : X(μ) → [0,∞) be either a
quasi-norm or an F-norm. We say that (X(μ), η) has the weak Fatou property
if, whenever {un}∞n=1 ⊆ X(μ)+ with un ↑ and supn∈N η(un) < ∞, there exists
u ∈ X(μ)+ such that un ↑ u (μ-a.e.). Since u ∈ X(μ)+ ⊆ L0(μ), we note that
u = supn∈N un is finite-valued μ-a.e.

Remark 2.32. (a) Let X(μ) be an order ideal in L0(μ). Given any lattice quasi-
norm ‖ · ‖ on X(μ), let ||| · ||| be the F-norm defined by (2.4) with Z := X(μ) and
for an appropriate r > 0. In view of (2.83), we see that (X(μ), ‖ · ‖) has the weak
Fatou property if and only if (X(μ), ||| · |||) has the weak Fatou property.

(b) Let ρ : M+(μ) → [0,∞] be a function norm; see Remark 2.3. With the
definitions

X(μ) := {f ∈ L0(μ) : ρ(|f |) < ∞} = Lρ

and η(f) := ρ(|f |) for f ∈ X(μ), it follows that the normed function space
(X(μ), η) has the weak Fatou property, as defined above, precisely when it pos-
sesses this property in the classical sense, [164, p. 446]. �

Let ||| · ||| be any F-norm defined on an order ideal X(μ) of L0(μ). We say that
(X(μ), |||·|||) has the Riesz–Fischer property if, whenever {un}∞n=1 ⊆ X(μ)+ satisfies∑∞

n=1 |||un||| < ∞, there exists u ∈ X(μ)+ such that u =
∑∞

n=1 un pointwise μ-a.e.
on Ω. Since u ∈ X(μ)+ ⊆ L0(μ), we note that

∑∞
n=1 un is finite-valued μ-a.e. In

the case when ||| · ||| is a lattice norm, it is known that the normed function space
(X(μ), ||| · |||) is complete if and only if it has the Riesz–Fischer property (see, for
example, [164, Ch. 15, Theorem 2]).

Lemma 2.33. Let X(μ) be an order ideal in L0(μ) and ||| · ||| be an F-norm on X(μ)
with the weak Fatou property. Then (X(μ), ||| · |||) has the Riesz–Fischer property.

Proof. Let {un}∞n=1 ⊆ X(μ)+ satisfy
∑∞

n=1 |||un||| < ∞. Define sn :=
∑n

j=1 uj , for
n ∈ N, in which case sn ↑ in X(μ)+. By the triangle inequality (F4) for F-norms
we have

|||sn||| ≤
n∑

j=1

|||uj ||| ≤
∞∑

j=1

|||uj ||| < ∞, n ∈ N.

Then the weak Fatou property ensures the existence of u ∈ X(μ)+ such that sn ↑ u
(i.e., u =

∑∞
n=1 un) pointwise μ-a.e. on Ω. �

The converse of the previous lemma is not valid, in general; for instance,
see Example 3.34. The following result provides an appropriate substitute (for a
particular F-norm) for the infinite triangle inequality in lattice normed function
spaces possessing the Riesz–Fischer property.

Lemma 2.34. Let X(μ) be an order ideal in L0(μ) and ‖ · ‖ be a lattice quasi-norm
on X(μ). Let ||| · ||| be the F-norm on X(μ) defined via (2.4) with Z := X(μ) and
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for an appropriate r > 0. If
(
X(μ), ||| · |||

)
has the Riesz–Fischer property, then

∣∣∣∣∣∣∣∣∣ ∞∑
n=1

un

∣∣∣∣∣∣∣∣∣ ≤ 16
∞∑

n=1

|||un|||

for every sequence {un}∞n=1 ⊆ X(μ)+ whose pointwise μ-a.e. sum
∑∞

n=1 un belongs
to X(μ)+.

Proof. Assume the contrary, that is, there exists a sequence {un}∞n=1 ⊆ X(μ)+

whose pointwise μ-a.e. sum
∑∞

n=1 un belongs to X(μ)+ but

∣∣∣∣∣∣∣∣∣ ∞∑
n=1

un

∣∣∣∣∣∣∣∣∣ > 16
∞∑

n=1

|||un|||.

Note that
∑∞

n=1 |||un||| < ∞ since
∑∞

n=1 un ∈ X(μ)+ implies that
∣∣∣∣∣∣∑∞

n=1 un

∣∣∣∣∣∣ <
∞. Choose ε > 0 such that∣∣∣∣∣∣∣∣∣ ∞∑

n=1

un

∣∣∣∣∣∣∣∣∣ > ε + 16
∞∑

n=1

|||un|||. (2.87)

For k ∈ N, set βk := 4k/ε and then multiply (2.87) by βk to get

βk

∣∣∣∣∣∣∣∣∣ ∞∑
n=1

un

∣∣∣∣∣∣∣∣∣ > 4k + 16 βk

∞∑
n=1

|||un|||. (2.88)

By (2.86) we conclude that

βk

∣∣∣∣∣∣∣∣∣ ∞∑
n=1

un

∣∣∣∣∣∣∣∣∣ ≤ 4
∣∣∣∣∣∣∣∣∣ ∞∑

n=1

β
1/r
k un

∣∣∣∣∣∣∣∣∣ (2.89)

and also that

4k + 16 βk

∞∑
n=1

|||un||| ≥ 4k + 4
∞∑

n=1

∣∣∣∣∣∣β1/r
k un

∣∣∣∣∣∣, (2.90)

for all k ∈ N. Combining (2.88), (2.89) and (2.90) yields

4
∣∣∣∣∣∣∣∣∣ ∞∑

n=1

β
1/r
k un

∣∣∣∣∣∣∣∣∣ > 4k + 4
∞∑

n=1

∣∣∣∣∣∣β1/r
k un

∣∣∣∣∣∣, k ∈ N.

That is, with v
(k)
n := β

1/r
k un ∈ X(μ)+ we have

∑∞
n=1 v

(k)
n = β

1/r
k

∑∞
n=1 un ∈

X(μ)+ and ∣∣∣∣∣∣∣∣∣ ∞∑
n=1

v(k)
n

∣∣∣∣∣∣∣∣∣ > k +
∞∑

n=1

∣∣∣∣∣∣v(k)
n

∣∣∣∣∣∣, k ∈ N. (2.91)
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For each k ∈ N, subtract the inequality
∣∣∣∣∣∣∑j−1

n=1 v
(k)
n

∣∣∣∣∣∣ ≤∑j−1
n=1

∣∣∣∣∣∣v(k)
n

∣∣∣∣∣∣, valid for all
j ≥ 2, from (2.91) to conclude that

∣∣∣∣∣∣∣∣∣ ∞∑
n=j

v(k)
n

∣∣∣∣∣∣∣∣∣ ≥ k +
∞∑

n=j

∣∣∣∣∣∣v(k)
n

∣∣∣∣∣∣, j ≥ 2. (2.92)

For each k ∈ N, choose jk ≥ 2 such that
∑∞

n=jk

∣∣∣∣∣∣v(k)
n

∣∣∣∣∣∣ < 1/k2. Also, with j := jk

in (2.92), we have
∣∣∣∣∣∣∑∞

n=jk
v
(k)
n

∣∣∣∣∣∣ > k. By rearranging indices we see that there is a
sequence {wn,k}∞n,k=1 in X(μ)+ whose μ-a.e. pointwise sums

∑∞
n=1 wn,k ∈ X(μ)+,

for k ∈ N, satisfy

∞∑
n=1

|||wn,k||| < 1/k2 and
∣∣∣∣∣∣∣∣∣ ∞∑

n=1

wn,k

∣∣∣∣∣∣∣∣∣ > k. (2.93)

But,
∑∞

k=1

∑∞
n=1 |||wn,k||| <

∑∞
k=1 1/k2 < ∞ and so, by the Riesz–Fischer property,

there exists w ∈ X(μ)+ such that w =
∑∞

k,n=1 wn,k pointwise μ-a.e. In particular,
|||w||| < ∞. On the other hand, since w ≥

∑∞
n=1 wn,k for each k ∈ N, we have, by

(2.93) and Lemma 2.31(i), that

|||w||| ≥ 1
4

∣∣∣∣∣∣∣∣∣ ∞∑
n=1

wn,k

∣∣∣∣∣∣∣∣∣ > k

4
, k ∈ N.

This contradicts |||w||| < ∞. �

Finally, the promised completeness criterion for X(μ).

Proposition 2.35. Let X(μ) be an order ideal in L0(μ) and ‖ · ‖ be a lattice quasi-
norm on X(μ) such that (X(μ), ‖ · ‖) has the weak Fatou property. Then X(μ)
is complete relative to ‖ · ‖. If, in addition, X(μ) ⊇ sim Σ, then (X(μ), ‖ · ‖) is a
q-B.f.s.

Proof. Let ||| · ||| be the F-norm on X(μ) defined via (2.4) with Z := X(μ) and an
appropriate r > 0. According to Remark 2.32(a), the F-norm ||| · ||| also has the
weak Fatou property and hence, by Lemma 2.33, has the Riesz–Fischer property.

Let {fn}∞n=1 be any Cauchy sequence in (X(μ), ‖ · ‖). Choose a subsequence
{fn(k)}∞k=1 satisfying

|||fn(k+1) − fn(k)||| < 1/2k, k ∈ N,

which is possible by (2.83). Define uk := |fn(k+1) − fn(k)| for k ∈ N. Then (2.84)
yields

∞∑
k=1

|||uk||| ≤ 4
∞∑

k=1

|||fn(k+1) − fn(k)||| < ∞.
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By the Riesz–Fischer property, there is u ∈ X(μ)+ such that u =
∑∞

k=1 uk (μ-a.e.).
Set

f(ω) := fn(1)(ω) +
∞∑

k=1

(
fn(k+1)(ω) − fn(k)(ω)

)
for all ω ∈ Ω satisfying u(ω) =

∑∞
k=1 uk(ω). Now, fix j ∈ N. Then we have

f(ω)− fn(j+1)(ω) =
∞∑

k=j+1

(
fn(k+1)(ω)− fn(k)(ω)

)
for μ-a.e. ω ∈ Ω. So, by parts (i) and (ii) of Lemma 2.31 we have

|||f − fn(j+1)||| ≤ 4
∣∣∣∣∣∣∣∣∣ ∣∣∣ ∞∑

k=j+1

(fn(k+1) − fn(k))
∣∣∣ ∣∣∣∣∣∣∣∣∣ ≤ 16

∣∣∣∣∣∣∣∣∣ ∞∑
k=j+1

∣∣fn(k+1) − fn(k)

∣∣ ∣∣∣∣∣∣∣∣∣.
Now apply (2.84) and Lemma 2.34 to conclude that

|||f − fn(j+1)||| ≤ 162
∞∑

k=j+1

∣∣∣∣∣∣ |fn(k+1) − fn(k)|
∣∣∣∣∣∣

≤ 4 · 162
∞∑

k=j+1

|||fn(k+1) − fn(k)||| ≤ 45
∞∑

k=j+1

2−k.

Accordingly, fn(j+1) → f in (X(μ), ||| · |||) as j →∞. Since {fn}∞n=1 is ||| · |||-Cauchy,
we conclude that fk → f as k →∞ (with respect to ||| · |||) because

|||fk − f ||| ≤ |||fk − fn(j+1)||| + |||fn(j+1) − f |||
for all k, j ∈ N. By (2.83), also fk → f in (X(μ), ‖ · ‖) as k →∞. �

2.4 Completely continuous operators

A continuous linear operator between Banach spaces is called completely continu-
ous if it maps every weakly convergent sequence to a norm convergent sequence.
This is equivalent to the condition that the operator maps every weakly compact
set to a relatively compact set, thanks to the Eberlein-Smulian Theorem. Com-
pletely continuous operators are often called Dunford-Pettis operators. Compact
operators are always completely continuous. The converse is not valid, in general,
unless the domain of the operator is reflexive. A well-known example is the natural
inclusion map from �1 into �2 which is completely continuous but not compact;
see Example 2.44 below.

The following conditions for a continuous linear operator T from the B.f.s.
L1(μ) into a Banach space E are equivalent:

(a) T is completely continuous.
(b) The set {T (χ

A
) : A ∈ Σ} is relatively compact in E.
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This fact is, for example, an immediate consequence of [67, Fact 2.9]. If we replace
L1(μ) with a general B.f.s., then condition (b) is necessary for complete continuity
but, in general, is no longer sufficient as can be seen from the following example.

Example 2.36. Let the measure μ and the notation be as in Example 2.11 and
1 < r < ∞. Then the canonical isometry Φ : �r(μ) → �r defined by (2.23) is
surely not completely continuous because its image B[�r], of the weakly compact
subset B[�r(μ)] of �r(μ), is non-compact. On the other hand, the bounded subset
W := {Φ(χ

A
) : A ∈ 2N} = {ϕ1/rχ

A
: A ∈ 2N} of �r is compact. In fact, since

‖ϕ1/rχ
A
‖�r ≤ ‖ϕ1/r‖�r for every A ∈ 2N, we see that

lim
n→∞

∞∑
j=n

∣∣ϕ1/r(j)χ
A
(j)
∣∣r = 0

uniformly with respect to A ∈ 2N, and hence, it follows from [46, Ch. IV, Exercise
13.3] that W is relatively compact. Clearly W is closed, and therefore, is compact.

�
We proceed to identify those continuous linear operators T defined on a

general q-B.f.s. which satisfy condition (b) above; see Proposition 2.41 below. Our
proof will follow the lines of [42, p. 93].

We say that a subset K of a q-B.f.s. X(μ) is uniformly μ-absolutely continuous
if supf∈K ‖fχ

A
‖X(μ) → 0 as μ(A) → 0. More precisely, for every ε > 0 there

exists δ > 0 such that supf∈K ‖fχ
A
‖X(μ) < ε for all A ∈ Σ satisfying μ(A) < δ.

This property is called “uniformly equi-integrable” in [20, p. 6]. For X(μ) = L1(μ),
uniform μ-absolute continuity is precisely uniform μ-integrability in the sense of
[42, p. 74]. If X(μ) is σ-o.c., then its subset {χ

A
: A ∈ Σ} is always uniformly

μ-absolutely continuous as will be shown in Lemma 2.37 below. Let us adopt the
following notation (which is standard in the case of real Banach lattices):

[−g, g] := {f ∈ X(μ) : |f | ≤ g}, g ∈ X(μ)+.

Lemma 2.37. Let X(μ) be a q-B.f.s. with σ-o.c. quasi-norm.

(i) For each ε > 0 there exists δ > 0 such that μ(A) < ε whenever A ∈ Σ
satisfies ‖χ

A
‖X(μ) < δ.

(ii) For each g ∈ X(μ) we have limμ(A)→0 ‖gχ
A
‖X(μ) = 0.

(iii) The following conditions for a subset K ⊆ X(μ) are equivalent.
(a) The set K is bounded and uniformly μ-absolutely continuous.
(b) For every ε > 0, there is N ∈ N such that

K ⊆ [−Nχ
Ω
, Nχ

Ω
] + εB[X(μ)]. (2.94)

(c) For every ε > 0, there is g ∈ X(μ)+ such that

K ⊆ [−g, g] + εB[X(μ)]. (2.95)
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Proof. (i) Assume that the claim is false. Then we can select ε > 0 and a sequence{
A(j)

}∞
j=1

⊆ Σ such that

‖χ
A(j)

‖X(μ) < j−1 and μ
(
A(j)

)
> ε for every j ∈ N. (2.96)

The natural injection from X(μ) into L0(μ) is continuous by Proposition 2.2(i).
From this and the first inequality in (2.96), it follows that the sequence {χ

A(j)
}∞j=1

converges to zero in measure. Therefore,

lim
j→∞

μ
(
{ω ∈ Ω : |χ

A(j)
(ω)| > 2−1}

)
= 0. (2.97)

However, A(j) = {ω ∈ Ω : |χ
A(j)

(ω)| > 2−1} for every j ∈ N. So, (2.97) means
that limj→∞ μ(A(j)) = 0, which contradicts the second inequality in (2.96).

(ii) Assume that the claim is false. Then there exist g ∈ X(μ), ε > 0 and a
sequence {B(j)}∞j=1 ⊆ Σ such that

μ
(
B(j)

)
< 2−j and ‖gχ

B(j)
‖X(μ) > ε for j ∈ N. (2.98)

With C(n) :=
⋃∞

j=n B(j) for n ∈ N, let C :=
⋂∞

n=1 C(n). Then C(n) ↓ C and so

μ(C) = lim
n→∞μ

(
C(n)

)
≤ lim

n→∞

∞∑
j=n

μ
(
B(j)

)
≤ lim

n→∞ 2−n+1 = 0,

that is, χ
C

= 0 (μ-a.e.). Hence, |g|χ
C(n)

↓ 0 (μ-a.e.) in the σ-o.c. space X(μ) and

therefore ‖gχ
C(n)

‖X(μ) → 0 as n → ∞. This is impossible because (2.98) yields
‖gχ

C(n)
‖X(μ) ≥ ‖gχ

B(n)
‖X(μ) > ε for every n ∈ N.

(iii) (a) ⇒ (b). Fix ε > 0. Let B(f, n) := {ω ∈ Ω : |f(ω)| ≥ n} for every f ∈ K
and n ∈ N, and let c := supf∈K ‖f‖X(μ) < ∞. Since nχ

B(f,n)
≤ |fχ

B(f,n)
| ≤ |f |,

we have that
‖χ

B(f,n)
‖X(μ) ≤ cn−1, f ∈ K, n ∈ N.

By uniform μ-absolute continuity of K, we can select δ1 > 0 satisfying

sup
f∈K

‖fχ
A
‖X(μ) < ε (2.99)

whenever A ∈ Σ satisfies μ(A) < δ1. By part (i) there exists δ2 > 0 such that
μ(A) < δ1 whenever A ∈ Σ and ‖χ

A
‖X(μ) < δ2. Choose N ∈ N for which

cN−1 < δ2, so that ‖χ
B(f,N)

‖X(μ) ≤ cN−1 < δ2. Then, for every f ∈ K, we

have μ
(
B(f, N)

)
< δ1. Consequently, with A := B(f, N), (2.99) gives

sup
f∈K

∥∥fχ
B(f,N)

∥∥
X(μ)

< ε. (2.100)
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Thus, for every f ∈ K, we have that

f = fχ
Ω\B(f,N)

+ fχ
B(f,N)

∈ [−Nχ
Ω
, Nχ

Ω
] + εB[X(μ)].

That is, (b) holds.
(b) ⇒ (c). Clear.
(c) ⇒ (a). Let ε > 0. Choose g ∈ X(μ)+ satisfying (2.95). Apply part (ii)

to select δ > 0 such that ‖gχ
A
‖X(μ) < ε whenever A ∈ Σ satisfies μ(A) < δ. Fix

f ∈ K. By (2.95) there exists h ∈ B[X(μ)] such that |f − εh| ≤ g. Consequently,
if A ∈ Σ satisfies μ(A) < δ, then ‖fχ

A
‖X(μ) ≤ ‖gχ

A
‖X(μ) + ε‖hχ

A
‖X(μ) ≤ 2ε.

Since f ∈ K is arbitrary, this shows that (a) holds. �

Remark 2.38. (a) Note that part (i) of Lemma 2.37 does not require X(μ) to be
σ-o.c.; see its proof.

(b) By part (iii) of Lemma 2.37, if X(μ) is a real B.f.s., then the bounded, uni-
formly μ-absolutely continuous subsets are exactly the L-weakly compact subsets
of X(μ). For this, see the definition of L-weakly compact sets in a real Banach
lattice and its equivalent formulation in [108, Ch. 3, §3.6]. Moreover, L-weakly
compact sets are necessarily relatively weakly compact in real Banach lattices,
[108, Proposition 3.6.5]. Instead of extending this to the case of complex Banach
lattices via the usual complexification, we prefer to give an elementary and di-
rect proof applicable to B.f.s.’ with σ-o.c. norm over R or C; see the following
result. �

Proposition 2.39. Let X(μ) be a B.f.s. with σ-o.c. norm.

(i) The order interval [−χ
Ω
, χ

Ω
] is weakly compact in X(μ).

(ii) Every bounded, uniformly μ-absolutely continuous subset of X(μ) is relatively
weakly compact.

Proof. (i) Let J : L∞(μ) → X(μ) be the natural embedding; it will be shown to be
weakly compact. We claim that its dual operator J∗ : X(μ)∗ → L∞(μ)∗ satisfies
J∗(X(μ)∗

)
⊆ L1(μ) with L1(μ) considered as a closed subspace of L∞(μ)∗ in a

natural way. In fact, let g ∈ X(μ)∗ = X(μ)′ ⊆ L1(μ) (see Remark 2.18(i)). For
every f ∈ L∞(μ) we have

〈
f, J∗(g)

〉
=
〈
J(f), g

〉
=
∫

Ω

J(f)g dμ =
∫

Ω

fg dμ,

which implies that J∗(g) = g ∈ L1(μ). This establishes the claim.
The following fact will be needed.

Fact A: Let Y and Z be Banach spaces. If the dual operator T ∗ : Z∗ → Y ∗∗ of an
operator T ∈ L(Y ∗, Z) satisfies T ∗(Z∗) ⊆ Y as subspaces of Y ∗∗, then T is weakly
compact.
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Let us verify this. The set T ∗(B[Z∗]) is σ(Y ∗∗, Y ∗)-relatively compact by Alaoglu’s
Theorem, [46, Ch. V, Theorem 4.2], because T ∗(B[Z∗]) ⊆ ‖T ‖ · B[Y ∗∗]. By as-
sumption T ∗(B[Z∗]) ⊆ Y and hence, T ∗(B[Z∗]) is σ(Y, Y ∗)-relatively compact,
that is, T ∗ : Z∗ → Y is weakly compact. Since the inclusion of Y into Y ∗∗ is
weakly continuous, it follows that T ∗(B(Z∗)) is σ(Y ∗∗, Y ∗∗∗)-relatively compact
in Y ∗∗. Now Gantmacher’s Theorem, [46, Ch. VI, Theorem 4.8], proves Fact A.

By applying Fact A with T := J , Y := L1(μ) and Z := X(μ), we see that J
is weakly compact, and so [−χ

Ω
, χ

Ω
] = J

(
B[L∞(μ)]

)
is relatively weakly compact.

As [−χ
Ω
, χ

Ω
] is clearly a closed convex subset of X(μ), statement (i) holds.

(ii) Let W be a bounded, uniformly μ-absolutely continuous subset of X(μ).
Lemma 2.37 implies that, given ε > 0, there is N ∈ N for which

W ⊆ [−Nχ
Ω
, Nχ

Ω
] + εB[X(μ)].

Since [−Nχ
Ω
, Nχ

Ω
] = N ·[−χ

Ω
, χ

Ω
] is weakly compact by (i), we conclude that W

is relatively weakly compact via [2, Theorem 10.17]; this reference is for spaces over
R but, an examination of its proof shows that it is also true for spaces over C. �

The converse of Fact A in the above proof is false, i.e., there are weakly
compact operators T ∈ L(Y ∗, Z) which do not satisfy T ∗(Z∗) ⊆ Y . For instance,
consider the case of Y := c0, Z = C and the operator T : �1 → C given by T (ϕ) :=∑∞

n=1 ϕ(n), for ϕ ∈ �1. Then T ∗ : C → �∞ is given by T ∗(α) = (α, α, α, . . . ) = α1
for α ∈ C = C∗. In fact, for ϕ ∈ Y ∗ and α ∈ C, we have

〈
ϕ, T ∗(α)

〉
=
〈
T (ϕ), α

〉
=
〈 ∞∑

n=1

ϕ(n), α
〉

= α

∞∑
n=1

ϕ(n) = 〈ϕ, α1〉.

Thus, T ∗(Z∗) = T ∗(C) � c0 = Y whereas the operator T is even compact.

Remark 2.40. (i) According to Dunford’s Theorem, [42, Ch. II,Theorem 2.15], a
bounded subset of L1(μ) is uniformly μ-absolutely continuous if and only if it is
relatively weakly compact. In the case of real B.f.s.’ there is a class of B.f.s.’ having
this property. A real Banach function space X(μ) is said to have the positive Schur
property if every positive weakly null sequence is norm-convergent. It is known
that every weakly compact subset of a real B.f.s. X(μ) is uniformly μ-absolutely
continuous if and only if X(μ) has the positive Schur property; see [144, Theorem
1.16] and [145, Theorem 1].

(ii) Weak compactness of the order intervals characterizes order continuity
in the case of general real Banach lattices. Indeed, a real Banach lattice Z is order
continuous if and only if, for every pair {y, z} in Z with y ≤ z, the order interval
[y, z] = {x ∈ Z : y ≤ x ≤ z} is weakly compact, [99, Theorem 1.b.16]. �

Proposition 2.41. Let X(μ) be a q-B.f.s. with σ-o.c. quasi-norm and E be a Banach
space. For each T ∈ L(X(μ), E) the following assertions are equivalent.
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(i) T maps every bounded, uniformly μ-absolutely continuous subset of X(μ) to
a relatively compact subset of E.

(ii) The set {T (χ
A
) : A ∈ Σ} is relatively compact in E.

(iii) The restriction of T to the Banach space L∞(μ) ⊆ X(μ) is a compact oper-
ator from L∞(μ) into E.

Proof. (i) ⇒ (ii). This implication is a consequence of Lemma 2.37(ii) from which
it follows (with g := χ

Ω
) that the bounded subset {χ

A
: A ∈ Σ} of X(μ) is

uniformly μ-absolutely continuous.
(ii) ⇒ (iii). By considering pointwise limits of functions from sim Σ it is easy

to check that B[L∞(μ)] ⊆ 4bco{χ
A

: A ∈ Σ}, where bco stands for the closed,
balanced, convex hull. So T

(
B[L∞(μ)]

)
⊆ 4bco{T (χ

A
) : A ∈ Σ}.

(iii) ⇒ (i). Take a bounded, uniformly μ-absolutely continuous subset K of
X(μ). Let ε > 0 and select N ∈ N satisfying (2.94), so that

T (K) ⊆ T
(
NB[L∞(μ)]

)
+ εT

(
B[X(μ)]

)
. (2.101)

For every a > 0 and vector x ∈ E, let Ua(x) := {y ∈ E : ‖x − y‖E < a}. By
(iii), the set T

(
NB[L∞(μ)]

)
is relatively compact and hence, totally bounded in

E. Thus, there exist k ∈ N and x1, . . . , xk ∈ E such that

T
(
NB[L∞(μ)]

)
⊆

k⋃
j=1

Uε(xj). (2.102)

It follows from (2.101) and (2.102) that T (K) ⊆ ⋃k
j=1 Uε(1+‖T‖)(xj). So, T (K) is

totally bounded as ε is arbitrary. In other words, T (K) is relatively compact in
the Banach space E, and hence, (i) holds. �

The above proposition, of course, applies to the case when X(μ) := L1(μ).
Let us formally record this.

Corollary 2.42. Let μ be a positive, finite measure, E be a Banach space and
T ∈ L(L1(μ), E). Then the following statements are equivalent.

(i) T is completely continuous.
(ii) The subset {T (χ

A
) : A ∈ Σ} of E is relatively compact.

(iii) The restriction of T to the Banach space L∞(μ) ⊆ L1(μ) is a compact oper-
ator from L∞(μ) into E.

Proof. All we require is Dunford’s Theorem; see Remark 2.40(i). �

The above characterization can be extended to the setting of L1(λ) for any
[0,∞]-valued measure λ ; see Corollary 2.43 below. Although L1(λ) is not a B.f.s.
in our sense, such a characterization seems to be interesting and, moreover, it will
be needed later when λ is the variation of a vector measure (see Chapter 3).
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Corollary 2.43. Let E be a Banach space, λ : Σ → [0,∞] be a measure and
T ∈ L(L1(λ), E). Then T is completely continuous if and only if, for every A ∈ Σ
with λ(A) < ∞, the set {T (χ

B
) : B ∈ Σ ∩ A} is relatively compact in E.

Proof. Suppose that T is completely continuous. Let A ∈ Σ with λ(A) < ∞. The
restriction λA of λ to the measurable space (A, Σ ∩ A) is a finite measure and
the restriction TA of T to L1(λA) is also completely continuous. Hence, the set
{T (χ

B
) : B ∈ Σ ∩ A} = {TA(χ

B
) : B ∈ Σ ∩ A} is relatively compact in E.

For the converse, first observe that T is completely continuous if and only
if, for each B ∈ Σ with σ-finite λ-measure, the restriction of T to L1(λB) is
completely continuous.

This follows from the definition of completely continuous operators because,
for any weakly convergent sequence {fn}∞n=1 in L1(λ), there exists a set B ∈ Σ
with σ-finite λ-measure off which each fn, for n ∈ N, vanishes (λ-a.e.). So, we may
assume that λ is σ-finite. Hence, we can take an infinite Σ-partition {A(n)}∞n=1 of
Ω such that 0 < λ

(
A(n)

)
< ∞ for every n ∈ N. Define a Σ-measurable function

g : Ω → (0,∞) by

g :=
∞∑

n=1

[
2nλ(A(n))

]−1

χ
A(n)

.

Let λg denote the indefinite integral of g with respect to λ, i.e., λg(A) =
∫

A g dλ
for A ∈ Σ. Since g ∈ L1(λ), the measure λg is finite on Σ. The map f �→ gf
from L1(λg) onto L1(λ) is a Banach space isometry. Hence, T : L1(λ) → E is
completely continuous if and only if the E-valued operator T̃ : f �→ T (gf), for
f ∈ L1(λg), is completely continuous. To show that T̃ is completely continuous
we will apply Corollary 2.42.

For each n ∈ N, let Wn :=
{[

2nλ(A(n))
]−1

T (χ
B

) : B ∈ Σ ∩ A(n)
}
. Given

any B(n) ∈ Σ ∩ A(n), for n ∈ N, the sequence
{[

2nλ(A(n))
]−1

T (χ
B(n)

)
}∞

n=1
is

absolutely summable in E since
∞∑

n=1

∥∥∥[2nλ(A(n))
]−1

T
(
χ

B(n)

)∥∥∥
E

=
∞∑

n=1

∥∥∥T (gχ
B(n)

)∥∥∥
E

≤ ‖T ‖
∞∑

n=1

∥∥gχ
B(n)

∥∥
L1(λ)

≤ ‖T ‖ · ‖g‖L1(λ) < ∞.

Consequently,
{[

2nλ(A(n))
]−1

T (χ
B(n)

)
}∞

n=1
is also unconditionally summable in

the Banach space E. This enables us to define the sum of {Wn}∞n=1 by
∞∑

n=1

Wn :=
{ ∞∑

n=1

xn : xn ∈ Wn for n ∈ N
}
⊆ E;

see [86, p. 3]. By assumption, each Wn is relatively compact in E, for n ∈ N, and
hence, the sum

∑∞
n=1 Wn is also relatively compact (this follows from [86, Ch. I,
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Lemma 1.3]). Since g ∈ L1(λ), the Dominated Convergence Theorem implies that
gχ

B
=
∑∞

n=1 gχ
B∩A(n)

converges absolutely in L1(λ) and hence, that

T (gχ
B

) = T
( ∞∑

n=1

gχ
B∩A(n)

)
=

∞∑
n=1

T
(
gχ

B∩A(n)

)
for every B ∈ Σ. It follows that

{
T̃ (χ

B
) : B ∈ Σ

}
=
{
T (gχ

B
) : B ∈ Σ

}
=

∞∑
n=1

Wn.

So, the operator T̃ : L1(λg) → E is completely continuous via Corollary 2.42.
Therefore, so is T : L1(λ) → E. �

By Corollary 2.43, if the subset {T (χ
A
) : A ∈ Σ and λ(A) < ∞} of E is

relatively compact, then T : L1(λ) → E is completely continuous. The converse is
not true, in general, as seen from the following well-known example.

Example 2.44. Let λ : 2N → [0,∞] denote counting measure, so that L1(λ) = �1.
Let T : �1 → �2 denote the canonical inclusion map. By the Schur property of �1,
the map T is completely continuous. But, the set {T (χ

A
) : A ∈ Σ, λ(A) < ∞}

contains all unit basis vectors of �2 and so cannot be relatively compact. �

2.5 Convexity and concavity properties
of linear operators

The aim of this section is to give formal definitions of q-convexity and q-concavity
properties of linear operators between quasi-Banach lattices, and to collect to-
gether some basic facts on such operators.

Let Z be either a Banach lattice or a q-B.f.s. Given 0 < q < ∞, defining
q-convex and q-concave operators requires us to consider elements of the form(∑n

j=1

∣∣zj

∣∣q)1/q ∈ Z for any z1, . . . , zn ∈ Z with n ∈ N. For Z a q-B.f.s. this poses
no problem because elements of Z are C-valued functions. On the other hand, the
case when Z is a complex Banach lattice requires the Krivine calculus applied to
its real part ZR. Given n ∈ N, let Hn denote the space of all R-valued continuous
functions f on Rn which are homogeneous of degree 1, that is, f(λx) = λf(x) for
all x ∈ Rn and λ ≥ 0. Then Hn is a real vector lattice with respect to the pointwise
order. The Krivine calculus which we use is the following one, [99, Theorem 1.d.1];
see also [41, Ch. 16] and [92].

Lemma 2.45. Let ZR be a real Banach lattice, n ∈ N and x1, . . . , xn ∈ ZR. Then
there is a unique linear map τn : Hn → ZR such that:
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(i) For each j = 1, . . . , n, the map τn sends the canonical projection on Rn given
by (t1, . . . , tn) �→ tj to the vector xj ∈ ZR, and

(ii) τn preserves the lattice operations.

Note that the linear map τn in Lemma 2.45 depends on both n ∈ N and
x1, . . . , xn, whereas the notation does not show the dependence on the latter.

Now, fix 0 < q < ∞ and let n ∈ N and z1, . . . , zn be vectors in a complex
Banach lattice. Since |z1|, . . . , |zn| belong to the real part ZR of Z, we can apply
Lemma 2.45 to xj := |zj |, for j = 1, . . . , n, to define the element

(∑n
i=1

∣∣zj

∣∣q)1/q ∈
ZR ⊆ Z as follows. The function f : (t1, . . . , tn) �→

(∑n
j=1

∣∣tj∣∣q)1/q on Rn belongs
to Hn. So Lemma 2.45 allows us to define( n∑

j=1

|zj |q
)1/q

:= τn(f) ∈ ZR ⊆ Z.

We do not consider the class of all (complex) quasi-Banach lattices here
because it seems that the Krivine calculus does not extend to it, while such a
class would be an ideal one for unifying Banach lattices and q-B.f.s.’ instead of
saying at each stage that Z is either a Banach lattice or a q-B.f.s. However, for
our purposes this suffices.

Definition 2.46. Let W be a quasi-Banach space and let Z be either a Banach
lattice or a q-B.f.s. Let 0 < q < ∞.

(i) A linear operator T : W → Z is said to be q-convex if there exists a constant
c > 0 such that∥∥∥( n∑

j=1

∣∣T (wj)
∣∣q)1/q∥∥∥

Z
≤ c

( n∑
j=1

∥∥wj

∥∥q

W

)1/q

, w1, . . . , wn ∈ W, n ∈ N.

(2.103)
The smallest constant c satisfying (2.103) is called the q-convexity constant
of T and is denoted by M(q)[T ].

(ii) A linear operator S : Z → W is said to be q-concave if there exists a constant
c > 0 such that( n∑

j=1

∥∥S(zj)
∥∥q

W

)1/q

≤ c
∥∥∥( n∑

j=1

∣∣zj

∣∣q)1/q∥∥∥
Z
, z1, . . . , zn ∈ Z, n ∈ N.

(2.104)
The smallest constant c > 0 satisfying (2.104) is called the q-concavity
constant of S and is denoted by M(q)[S].

Letting n := 1 in (2.103) and (2.104) shows that such operators T and S are
necessarily continuous and that

‖T ‖ ≤ M(q)[T ] < ∞ and ‖S‖ ≤ M(q)[S] < ∞, (2.105)

respectively.
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Let 0 < q < ∞ and Z be either a Banach lattice or a q-B.f.s. We say that Z
is q-convex (resp. q-concave) if the identity operator idZ on Z is q-convex (resp.
q-concave). In this case we write

M(q)[Z] := M(q)[idZ]
(
resp. M(q)[Z] := M(q)[idZ]

)
(2.106)

and call M(q)[Z] (resp. M(q)[Z] ) the q-convexity constant (resp. the q-concavity
constant) of Z. Since

∥∥idZ

∥∥ = 1, it follows from (2.105), with T := idZ and
S := idZ , that

M(q)[Z] ≥ 1 and M(q)[Z] ≥ 1, (2.107)

respectively.
Note that we have already defined q-convexity of a q-B.f.s. immediately prior

to Proposition 2.23.

Notation 2.47. Under the assumption of Definition 2.46, let K(q)(W, Z) (resp.
K(q)(Z, W )) denote the space of all q-convex (resp. q-concave) operators from W
into Z (resp. Z into W ).

Remark 2.48. Consider the case when WR is a real quasi-Banach space and ZR is
either a real Banach lattice or a real q-B.f.s. Let 0 < q < ∞.

(i) The q-convexity (resp. q-concavity) of a real linear operator TR : WR → ZR

(resp. SR : ZR → WR) can be defined as in Definition 2.46(i) by replacing W by
WR, Z by ZR and T by TR (resp. S by SR).

(ii) The q-convexity and q-concavity of ZR can also be defined similar to
the complex case. Then, of course, the q-convexity and q-concavity constants are
defined by

M(q)[ZR] := M(q)[idZR
] and M(q)[ZR] := M(q)[idZR

]

via the identity idZR
on ZR, respectively.

(iii) These definitions in parts (i) and (ii) coincide with those in [99, Definition
1.d.3] when WR is a real quasi-Banach space, ZR is a real Banach lattice and
1 ≤ q < ∞. �

When Z is either a complex Banach lattice or a q-B.f.s, convexity and con-
cavity properties of Z are equivalent to those of its real part ZR. The precise
statement is given by the following result.

Lemma 2.49. Let 0 < q < ∞ and Z be either a complex Banach lattice or a q-B.f.s.

(i) Z is q-convex if and only if its real part ZR is q-convex, in which case
M(q)[ZR] = M(q)[Z].

(ii) Z is q-concave if and only if its real part ZR is q-concave, in which case
M(q)[ZR] = M(q)[Z].
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Proof. (i) Assume that Z is q-convex. Fix n ∈ N and x1, . . . , xn ∈ ZR ⊆ Z. Then∥∥∥( n∑
j=1

|xj |q
)1/q∥∥∥

ZR

=
∥∥∥( n∑

j=1

|xj |q
)1/q∥∥∥

Z

≤
(
M(q)[Z]

)( n∑
j=1

∥∥xj

∥∥q

Z

)1/q

=
(
M(q)[Z]

)( n∑
j=1

∥∥xj

∥∥q

ZR

)1/q

,

which implies that ZR is also q-convex and M(q)[ZR] ≤ M(q)[Z].
Suppose now that ZR is q-convex. Fix n ∈ N and z1, . . . , zn ∈ Z. Since

|z1|, . . . , |zn| ∈ ZR, it follows that∥∥∥( n∑
j=1

|zj |q
)1/q∥∥∥

Z
=
∥∥∥( n∑

j=1

|zj |q
)1/q∥∥∥

ZR

≤
(
M(q)[ZR]

)∥∥∥( n∑
j=1

|zj |q
)1/q∥∥∥

ZR

=
(
M(q)[ZR]

)∥∥∥( n∑
j=1

|zj |q
)1/q∥∥∥

Z
.

This shows that Z is also q-convex and M(q)[Z] ≤ M(q)[ZR].
(ii) Analogous to part (i). �

Every Banach-lattice-valued linear map defined on a quasi-Banach space is
1-convex.

Lemma 2.50. Let W be a quasi-Banach space and E be a Banach lattice. Then
L(W, E) = K(1)(W, E). Moreover, ‖T ‖ = M(1)[T ] for every T ∈ L(W, E).

Proof. Let T ∈ L(W, E). Given n ∈ N and w1, . . . , wn ∈ W we have, from the
triangle inequality of the lattice norm ‖ · ‖E on E, that∥∥∥ n∑

j=1

∣∣T (wj)
∣∣ ∥∥∥

E
≤

n∑
j=1

∥∥ |T (wj)|
∥∥

E

=
n∑

j=1

∥∥T (wj)
∥∥

E
≤

n∑
j=1

(
‖T ‖ · ‖wj‖W

)
= ‖T ‖

( n∑
j=1

‖wj‖W

)
.

So, T ∈ K(1)(W, Z) and ‖T ‖ ≥ M(1)[T ]. Consequently L(W, E) ⊆ K(1)(W, E).
On the other hand, every operator T ∈ K(1)(W, E) is necessarily continuous

and satisfies ‖T ‖ ≤ M(1)[T ] via (2.105) with q := 1 and Z := E. This establishes
the lemma. �

To present various basic facts for convex and concave operators, we require
some preparation. Given 0 < q < ∞, let

κq :=

{
2(1/q)−1 if 0 < q < 1,

1 if 1 ≤ q < ∞.
(2.108)
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Then ( n∑
j=1

∣∣aj + bj

∣∣q)1/q

≤ κq

(( n∑
j=1

∣∣aj

∣∣q)1/q

+
( n∑

j=1

∣∣bj

∣∣q)1/q
)

(2.109)

for all a1, . . . , an, b1, . . . , bn ∈ R with n ∈ N; see [83, p. 20], for example.

Lemma 2.51. Let Z be a Banach lattice or a q-B.f.s. In the latter case, let K
denote a constant satisfying the “triangle inequality” (Q3) for Z. Fix n ∈ N and
z1, . . . , zn ∈ Z. Assume that 0 < q < ∞.

(i) Given positive numbers a1, . . . , an with
∑n

j=1 aj = 1 and 0 < r < q < ∞, we
have ( n∑

j=1

aj

∣∣zj

∣∣r)1/r

≤
( n∑

j=1

aj

∣∣zj

∣∣q)1/q

. (2.110)

(ii) If b1, . . . , bn are positive numbers, then

( n∑
j=1

∣∣bjzj

∣∣q)1/q

=
( n∑

j=1

bq
j

∣∣zj

∣∣q)1/q

. (2.111)

(iii) Given a positive number b, it follows that

( n∑
j=1

∣∣bzj

∣∣q)1/q

= b
( n∑

j=1

∣∣zj

∣∣q)1/q

. (2.112)

(iv) Let ζ1, . . . , ζn be elements of Z such that |zj | ≤ |ζj | for each j = 1, . . . , n.
Then ( n∑

j=1

∣∣zj

∣∣q)1/q

≤
( n∑

j=1

∣∣ζj

∣∣q)1/q

. (2.113)

(v) Let ζ1, . . . , ζn ∈ Z. Then, with κq given by (2.108), we have

( n∑
j=1

∣∣zj + ζj

∣∣q)1/q

≤ κq

(( n∑
j=1

∣∣zj

∣∣q)1/q

+
( n∑

j=1

∣∣ζj

∣∣q)1/q
)

(2.114)

and also∥∥∥∥( n∑
j=1

∣∣zj + ζj

∣∣q)1/q
∥∥∥∥

Z

≤ κqK

(∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z

+
∥∥∥( n∑

j=1

∣∣ζj

∣∣q)1/q∥∥∥
Z

)
,

(2.115)
with the understanding that K = 1 if Z is a Banach lattice.
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(vi) Let r > 0 satisfy K = 21/r. Then we have∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z
≤ 41/rn(1/q)+(1/r)

n∑
j=1

‖zj‖Z , (2.116)

with the understanding that (1/r) = 0 if K = 1 (i.e., Z is a Banach lattice).

Proof. (i) First assume that Z is a Banach lattice with real part ZR. Define func-
tions fr : Rn → R and fq : Rn → R by

fr(t1, . . . , tn) :=
( n∑

j=1

aj

∣∣tj∣∣r)1/r

and fq(t1, . . . , tn) :=
( n∑

j=1

aj

∣∣tj∣∣q)1/q

for (t1, . . . , tn) ∈ Rn. Then fr, fq ∈ Hn. The observation that
∑n

i=1 ai = 1, to-
gether with 0 < (r/q) < 1 and

1 = (r/q) + 1 − (r/q) = (r/q) + (q − r)/q,

enable us to apply Hölder’s inequalities to obtain

fr(t1, . . . , tn) =
( n∑

j=1

aj |tj |r
)1/r

=
( n∑

j=1

(
a

r/q
j |tj |r

)
a
1−(r/q)
j

)1/r

≤
( n∑

j=1

(
a

r/q
j |tj |r

)q/r
)r/(qr)( n∑

j=1

(
a
1−(r/q)
j

)q/(q−r)
)(q−r)/(qr)

=
( n∑

j=1

aj |tj |q
)1/q

= fq(t1, . . . , tn)

for all (t1, . . . , tn) ∈ Rn. In other words, fr ≤ fq pointwise on Rn. So, Lemma 2.45
applied to xj := |zj| ∈ ZR, for j = 1, . . . , n, gives τn(fr) ≤ τn(fq). But,

τn(fr) =
( n∑

j=1

aj

∣∣zj

∣∣r)1/r

and τn(fq) =
( n∑

j=1

aj

∣∣zj

∣∣q)1/q

and so (2.110) is clear.
Assume now that Z is a q-B.f.s. Since z1, . . . , zn are scalar functions, the fact

from above that
(∑n

j=1 aj

∣∣tj∣∣r)1/r

≤
(∑n

j=1 aj

∣∣tj∣∣q)1/q

for (t1, . . . , tn) ∈ Rn

can be directly applied pointwise to yield (2.110).
(ii) This is obvious for the case when Z is a q-B.f.s. So, assume that Z is a

complex Banach lattice. Define g1 : Rn → R and g2 : Rn → R by

g1(t1, . . . , tn) :=
( n∑

j=1

∣∣bj tj
∣∣q)1/q

and g2(t1, . . . , tn) :=
( n∑

j=1

bq
j

∣∣tj∣∣q)1/q
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for (t1, . . . , tn) ∈ Rn. Then g1, g2 ∈ Hn. Hence, via the linear operator τn given in
Lemma 2.45 applied to the elements xj := |zj |, for j = 1, . . . , n, in the real Banach

lattice ZR, the elements
(∑n

j=1

∣∣bj |zj |
∣∣q)1/q

and
(∑n

j=1 bq
j

∣∣ |zj |
∣∣q)1/q

of ZR are
defined by

( n∑
j=1

∣∣bj |zj|
∣∣q)1/q

:= τn(g1) and
( n∑

j=1

bq
j

∣∣ |zj|
∣∣q)1/q

:= τn(g2).

But, g1 = g2 on Rn. Since
∣∣bj zj

∣∣ = ∣∣bj|zj |
∣∣ and

∣∣ |zj|
∣∣ = |zj| for each j = 1, . . . , n,

we obtain (2.111).
(iii) Again this is clear when Z is a q-B.f.s. So, assume that Z is a complex

Banach lattice. By part (ii) with bj := b for j = 1, . . . , n, we have

( n∑
j=1

∣∣bzj

∣∣q)1/q

=
( n∑

j=1

bq
∣∣zj

∣∣q)1/q

=
(
bq

n∑
j=1

∣∣zj

∣∣q)1/q

.

That the last term coincides with b
(∑n

j=1

∣∣zj

∣∣q)1/q

can again be proved by Lemma
2.45, once we observe that

(
bq

n∑
j=1

∣∣tj∣∣q)1/q

= b
( n∑

j=1

∣∣tj∣∣q)1/q

, (t1, . . . , tn) ∈ Rn.

(iv) This is obvious when Z is a q-B.f.s. So, assume that Z is a complex
Banach lattice. Define two functions h1, h2 : R2n → R by

h1(t1, . . . , tn, tn+1, . . . , t2n) :=
( n∑

j=1

|tj |q
)1/q

and

h2(t1, . . . , tn, tn+1, . . . , t2n) :=
( n∑

j=1

(
|tj | ∨ |tn+j |

)q)1/q

for (t1, . . . , tn, tn+1, . . . , t2n) ∈ R2n. Then both h1 and h2 are continuous and
homogeneous of degree 1, that is, h1, h2 ∈ H2n. We now apply Lemma 2.45 (with
2n in place of n) to the vectors |z1|, . . . , |zn|, |ζ1|, . . . , |ζn| ∈ ZR. Then, since h1 ≤ h2

pointwise on R2n, it follows that τ2n(h1) ≤ τ2n(h2) in ZR and hence, in Z. Since
|zj| ∨ |ζj | = |ζj | for j = 1, . . . , n, the inequality (2.113) follows.

(v) Since |zj + ζj | ≤ |zj| + |ζj | for j = 1, . . . , n, we apply (2.113) to obtain( n∑
j=1

∣∣zj + ζj

∣∣q)1/q

≤
( n∑

j=1

(
|zj |+ |ζj |

)q
)1/q

.
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Define two functions h3 : R2n → R and h4 : R2n → R by

h3(t1, . . . , tn, tn+1, . . . , t2n) :=
( n∑

j=1

∣∣tj + tn+j

∣∣q)1/q

and

h4(t1, . . . , tn, tn+1, . . . , t2n) := κq

(( n∑
j=1

∣∣tj∣∣q)1/q

+
( n∑

j=1

∣∣tn+j

∣∣q)1/q
)

for all (t1, . . . , tn, tn+1, . . . , t2n) ∈ Rn. Then h3, h4 ∈ H2n and (2.109) implies that
h3 ≤ h4 pointwise on R2n. So, if Z is a q-B.f.s., then we can apply this inequality
pointwise to the functions |z1|, . . . , |zn|, |ζ1|, . . . , |ζn| ∈ Z to deduce (2.114). For
the case when Z is a complex Banach lattice, Lemma 2.45 (with 2n in place of n)
applied to the elements |z1|, . . . , |zn|, |ζ1|, . . . , |ζn| of the real Banach lattice ZR,
yields that τ2n(h3) ≤ τ2n(h4), that is, (2.114) again holds. Now (2.115) is clear
from (Q3) and (2.114) if Z is a q-B.f.s. and from (2.114) if Z is a complex Banach
lattice.

(vi) Define two functions h5 : Rn → R and h6 : Rn → R by

h5(t1, . . . , tn) :=
( n∑

j=1

∣∣tj∣∣q)1/q

and h6(t1, . . . , tn) := n1/q
n∑

j=1

|tj |

for (t1, . . . , tn) ∈ Rn. Then, h5, h6 ∈ Hn. Observe that h5 ≤ h6 because

h5(t1, . . . , tn) =
( n∑

j=1

∣∣tj∣∣q)1/q

≤
( n∑

j=1

max
1≤k≤n

{∣∣tk∣∣q})1/q

= n1/q max
1≤k≤n

|tk| ≤ n1/q
n∑

k=1

|tk| = h6(t1, . . . , tn)

for (t1, . . . , tn) ∈ Rn. Suppose that Z is a Banach lattice. Then Lemma 2.45
applied to the elements |z1|, . . . , |zn| ∈ ZR ⊆ Z yields that τn(h5) ≤ τn(h6) and,
as a consequence, we have

∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z

=
∥∥τn(h5)

∥∥
Z
≤
∥∥τn(h6)

∥∥
Z

=
∥∥∥n1/q

( n∑
j=1

|zj |
)∥∥∥

Z
= n1/q

∥∥∥ n∑
j=1

|zj|
∥∥∥

Z
.
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This is precisely (2.116) when (1/r) = 0. Now suppose that Z is a q-B.f.s. Let ||| · |||
denote an F-norm satisfying (2.5). Then (F4) implies that

∥∥∥ n∑
j=1

|zj|
∥∥∥

Z
≤ 41/r

∣∣∣∣∣∣∣∣∣ n∑
j=1

|zj|
∣∣∣∣∣∣∣∣∣1/r

≤ 41/r
( n∑

j=1

∣∣∣∣∣∣ |zj|
∣∣∣∣∣∣)1/r

≤ 41/r
(
n max

1≤j≤n

∣∣∣∣∣∣ |zj|
∣∣∣∣∣∣)1/r

≤ 41/rn1/r
n∑

j=1

∣∣∣∣∣∣ |zj |
∣∣∣∣∣∣1/r

≤ 41/rn1/r
n∑

j=1

∥∥ |zj |
∥∥

Z
= 41/rn1/r

n∑
j=1

‖zj‖Z .

Now (2.116) is a consequence of this inequality and the pointwise inequality(∑n
j=1|zj |q

)1/q ≤ n1/q
∑n

j=1|zj | (which follows from h5 ≤ h6). �

In the notation of Definition 2.46(i), assume that T : W → Z satisfies the
inequalities (2.103) only for those elements coming from some dense subspace of
W . A natural question is whether or not we can then deduce that T is q-convex.
The answer is affirmative as we now show. The conclusion is the same for the
corresponding question regarding a q-concave operator.

Lemma 2.52. Let W be a quasi-Banach space and let Z be either a Banach lattice
or a q-B.f.s. Suppose that 0 < q < ∞.

(i) Let T : W → Z be a continuous linear operator. If there exist a constant
C > 0 and dense subspace W0 of W such that

∥∥∥( n∑
j=1

∣∣T (uj)
∣∣q)1/q∥∥∥

Z
≤ C

( n∑
j=1

∥∥uj

∥∥q

W

)1/q

(2.117)

for all n ∈ N and u1, . . . , un ∈ W0, then T is q-convex.

(ii) Let S : Z → W be a continuous linear operator. If there exist a constant
C > 0 and dense subspace Z0 of Z such that

( n∑
j=1

∥∥S(vj)
∥∥q

W

)1/q

≤ C
∥∥∥ n∑

j=1

∣∣vj

∣∣q∥∥∥1/q

Z
(2.118)

for all n ∈ N and v1, . . . , vn ∈ Z0, then S is q-concave.

Proof. Let KW and KZ be positive constants appearing in the “triangle inequal-
ities” of W and Z, respectively (see (Q3)). Let r > 0 satisfy KZ = 21/r. It
is to be understood that (1/r) = 0 if KZ = 1 (i.e., Z is a Banach lattice).
Furthermore, let κq > 0 be the constant as given in (2.108). Given n ∈ N
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and x1, . . . , xn, y1, . . . , yn ∈ W we have, from (2.109) with aj := ‖xj‖W and
bj := ‖yj‖W for j = 1, . . . , n, that( n∑

j=1

∥∥xj + yj‖q
W

)1/q

≤
( n∑

j=1

Kq
W

(
‖xj‖W + ‖yj‖W

)q)1/q

≤ κqKW

(( n∑
j=1

∥∥xj‖q
W

)1/q

+
( n∑

j=1

∥∥yj‖q
W

)1/q
)

. (2.119)

(i) Let n ∈ N and w1, . . . , wn ∈ W . Fix any ε > 0. Choose u1, . . . , un from
the dense subspace W0 of W such that

‖wj − uj‖W ≤ ε/n1+(1/q)+(1/r), j = 1, . . . , n.

Apply Lemma 2.51(v) to obtain∥∥∥( n∑
j=1

∣∣T (wj)
∣∣q)1/q∥∥∥

Z
=
∥∥∥( n∑

j=1

∣∣T (wj − uj) + T (uj)
∣∣q)1/q∥∥∥

Z

≤ κqKZ

(∥∥∥( n∑
j=1

∣∣T (wj − uj)
∣∣q)1/q∥∥∥

Z
+
∥∥∥( n∑

j=1

∣∣T (uj)
∣∣q)1/q∥∥∥

Z

)
. (2.120)

Moreover, it follows from Lemma 2.51(vi) that∥∥∥( n∑
j=1

∣∣T (wj − uj)
∣∣q)1/q∥∥∥

Z
≤ 41/rn(1/q)+(1/r)

n∑
j=1

∥∥T (wj − uj)
∥∥

Z

≤ 41/rn(1/q)+(1/r)‖T ‖
n∑

j=1

‖wj − uj‖W

≤
(
41/rn(1/q)+(1/r)‖T ‖

) (
n · ε/n1+(1/q)+(1/r)

)
= 41/rε‖T ‖. (2.121)

On the other hand, from (2.119) (with xj := (uj − wj) and yj := wj for j =
1, . . . , n) and (2.117), we have that∥∥∥( n∑

j=1

∣∣T (uj)
∣∣q)1/q∥∥∥

Z
≤ C

( n∑
j=1

∥∥uj

∥∥q

W

)1/q

= C
( n∑

j=1

∥∥(uj − wj) + wj

∥∥q

W

)1/q

≤ CκqKW

(( n∑
j=1

∥∥uj − wj

∥∥q

W

)1/q

+
( n∑

j=1

∥∥wj

∥∥q

W

)1/q
)

≤ CκqKW

((
n ·
(
ε/n1+(1/q)+(1/r)

)q)1/q

+
( n∑

j=1

∥∥wj

∥∥q

W

)1/q
)

≤ CκqKW ε + CκqKW

( n∑
j=1

∥∥wj

∥∥q

W

)1/q

. (2.122)
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Now (2.120), (2.121) and (2.122) yield that∥∥∥( n∑
j=1

∣∣T (wj)
∣∣q)1/q∥∥∥

Z

≤ κqKZ

(∥∥∥( n∑
j=1

∣∣T (wj − uj)
∣∣q)1/q∥∥∥

Z
+
∥∥∥( n∑

j=1

∣∣T (uj)
∣∣q)1/q∥∥∥

Z

)

≤ κqKZ

(
41/r‖T ‖ε + CκqKW ε + CκqKW

( n∑
j=1

∥∥wj

∥∥q

W

)1/q
)

= κqKZ

(
41/r‖T ‖+ CκqKW

)
ε + Cκ2

qKW KZ

( n∑
j=1

∥∥wj

∥∥q

W

)1/q

.

Since ε is arbitrary, this implies that∥∥∥( n∑
j=1

∣∣T (wj)
∣∣q)1/q∥∥∥

Z
≤ Cκ2

qKW KZ

( n∑
j=1

∥∥wj

∥∥q

W

)1/q

,

which implies that T is q-convex.
(ii) The proof is similar to that of part (i). Given are a number n ∈ N

and vectors z1, . . . , zn ∈ Z. Let ε > 0 be fixed. The dense subspace Z0 contains
elements v1, . . . , vn such that

‖zj − vj‖Z ≤ ε/n1+(1/q)+(1/r), j = 1, . . . , n. (2.123)

Then (2.119), with xj := S(zj − vj) and yj := S(vj) for j = 1, . . . , n, implies that( n∑
j=1

∥∥S(zj)
∥∥q

W

)1/q

=
( n∑

j=1

∥∥S(zj − vj) + S(vj)
∥∥q

W

)1/q

≤ κqKW

(( n∑
j=1

∥∥S(zj − vj)
∥∥q

W

)1/q

+
( n∑

j=1

∥∥S(vj)
∥∥q

W

)1/q
)

. (2.124)

Now we have( n∑
j=1

∥∥S(zj − vj)
∥∥q

W

)1/q

≤
( n∑

j=1

‖S‖q · ‖zj − vj

∥∥q

Z

)1/q

≤ ‖S‖
(
n1/q · ε/n1+(1/q)+(1/r)

)
≤ ‖S‖ε. (2.125)

It follows from (2.118) and Lemma 2.51(v) that( n∑
j=1

∥∥S(vj)
∥∥q

W

)1/q

≤ C
∥∥∥( n∑

j=1

∣∣vj

∣∣q)1/q∥∥∥
Z

= C
∥∥∥( n∑

j=1

∣∣(vj − zj) + zj

∣∣q)1/q∥∥∥
Z

≤ CκqKZ

(∥∥∥( n∑
j=1

∣∣vj − zj

∣∣q)1/q∥∥∥
Z

+
∥∥∥( n∑

j=1

∣∣zj

∣∣q)1/q∥∥∥
Z

)
. (2.126)
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Moreover, Lemma 2.51(vi) implies that∥∥∥( n∑
j=1

∣∣vj − zj

∣∣q)1/q∥∥∥
Z
≤ 41/rn(1/q)+(1/r)

n∑
j=1

‖vj − zj‖Z

≤
(
41/rn(1/q)+(1/r)

) (
n · ε/n1+(1/q)+(1/r)

)
= 41/rε.

It then follows from (2.126) that( n∑
j=1

∥∥S(vj)
∥∥q

W

)1/q

≤ CκqKZ

(
41/rε +

∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z

)
.

This inequality, together with (2.124) and (2.125), imply that( n∑
j=1

∥∥S(zj)‖q
W

)1/q

≤ κqKW

(( n∑
j=1

∥∥S(zj − vj)
∥∥q

W

)1/q

+
( n∑

j=1

∥∥S(vj)
∥∥q

W

)1/q
)

≤ κqKW

(
‖S‖ε + 41/rCκqKZ ε + CκqKZ

∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z

)

= κqKW

(
‖S‖+ 41/rCκqKZ

)
ε + Cκ2

qKW KZ

∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z
.

Since ε > 0 is arbitrary, we conclude that( n∑
j=1

∥∥S(zj)‖q
W

)1/q

≤ Cκ2
qKW KZ

∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z
.

In other words, S is q-concave. �

The following lemma provides a basic fact which will be needed later in this
section.

Lemma 2.53. Let W be a quasi-Banach space and let Z be either a Banach lattice
or a q-B.f.s. Suppose that 0 < q < ∞.

(i) A linear operator T : W → Z is q-convex if and only if

sup
∥∥∥( n∑

j=1

aj

∣∣T (wj)
∣∣q)1/q∥∥∥

Z
< ∞, (2.127)

where the supremum is taken over all n ∈ N, positive numbers a1, . . . , an with∑n
j=1 aj = 1, and vectors w1, . . . , wn ∈ W with ‖wj‖W = 1 for j = 1, . . . , n.

In this case, M(q)[T ] equals the supremum in (2.127).
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(ii) A non-zero linear operator S : Z → W is q-concave if and only if

inf
∥∥∥( n∑

j=1

aj

∣∣zj

∣∣q)1/q∥∥∥
Z

> 0, (2.128)

where the infimum is taken over all n ∈ N, positive numbers a1, . . . , an with∑n
j=1 aj = 1 and vectors zj ∈ Z with

∥∥S(zj)
∥∥

W
= 1 for j = 1, . . . , n. In this

case, the infimum in (2.128) equals
(
M(q)[S]

)−1.

Proof. (i) The definition of a q-convex operator yields that T is q-convex if and
only if

sup
∥∥∥( n∑

j=1

∣∣T (vj)
∣∣q)1/q∥∥∥

Z
< ∞, (2.129)

where the supremum is taken over all n ∈ N and v1, . . . , vn ∈ W \ {0} with(∑n
j=1

∥∥vj

∥∥q

W

)1/q

= 1; see also, for example, the proof of Proposition 1.d.5 in

[99]. In this case, the supremum equals M(q)[T ]. For such v1, . . . , vn ∈ W \ {0},
we have, with wj := vj/‖vj‖W for j = 1, . . . , n, that( n∑

j=1

∣∣T (vj)
∣∣q)1/q

=
( n∑

j=1

∣∣∣ ∥∥vj

∥∥
W

T (wj)
∣∣∣q)1/q

=
( n∑

j=1

∥∥vj

∥∥q

W

∣∣T (wj)
∣∣q)1/q

(2.130)
via Lemma 2.51(ii) with bj := ‖vj‖W and zj := T (wj) for j = 1, . . . , n. Since∑n

j=1

∥∥vj

∥∥q

W
= 1, it follows from (2.130) that the supremum in (2.127) equals

that in (2.129). This verifies statement (i).
(ii) We break up the proof into three steps.
Step 1. The operator S is q-concave if and only if

inf
(∥∥∥( n∑

j=1

|xj |q
)1/q∥∥∥

Z
·
( n∑

j=1

∥∥S(xj)
∥∥q

W

)−1/q
)

> 0, (2.131)

where the infimum is taken over all n ∈ N and x1, . . . , xn ∈ Z \ S−1({0}).
To verify this step observe, via the definition of a q-concave operator, that S

is q-concave if and only if

min

{
c > 0 :

1
c
≤

∥∥∥(∑n
j=1

∣∣xj

∣∣q)1/q∥∥∥
Z(∑n

j=1

∥∥S(xj)
∥∥q

W

)1/q
for all x1, . . . , xn ∈ Z\S−1({0})

}
> 0,

(2.132)
in which case M(q)[S] equals the minimum. Let dq denote the infimum in (2.131).
First assume that S is q-concave. Since M(q)[S] equals the minimum in (2.132), it
is clear that

0 <
(
M(q)[S]

)−1

≤ dq.
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Conversely, assume that dq > 0. Then( n∑
j=1

∥∥S(xj)
∥∥q

W

)1/q

≤ 1
dq

∥∥∥( n∑
j=1

∣∣xj

∣∣q)1/q∥∥∥
Z

whenever x1, . . . , xn ∈ Z \ S−1({0}) and n ∈ N. Hence, we have established Step

1 together with the equality dq =
(
M(q)[S]

)−1

.

Step 2. We have

dq = inf
∥∥∥( n∑

j=1

∣∣yj

∣∣q)1/q∥∥∥
Z
, (2.133)

where the infimum is taken over all n ∈ N and y1, . . . , yn ∈ Z such that

n∑
j=1

∥∥S(yj)
∥∥q

W
= 1.

Let d∗q denote the right-hand side of (2.133). Clearly we have dq ≤ d∗q . To
prove the reverse inequality, let ε > 0. Then there exist n ∈ N and x1, . . . , xn ∈
Z \ S−1({0}) such that∥∥∥( n∑

j=1

∣∣xj

∣∣q)1/q∥∥∥
Z
·
( n∑

j=1

∥∥S(xj)
∥∥q

W

)−1/q

< dq + ε. (2.134)

Let a :=
(∑n

j=1

∥∥S(xj)
∥∥q

W

)1/q

and yj := a−1xj for j = 1, . . . , n. Then

( n∑
j=1

∥∥S(yj)
∥∥q

W

)1/q

= a−1
( n∑

j=1

∥∥S(xj)
∥∥q

W

)1/q

= 1.

Moreover, it follows from Lemma 2.51(iii), with b := a−1, and (2.134) that∥∥∥( n∑
j=1

∣∣yj

∣∣q)1/q∥∥∥
Z

=
∥∥∥( n∑

j=1

∣∣a−1xj

∣∣q)1/q∥∥∥
Z

=
∥∥∥a−1

( n∑
j=1

∣∣xj

∣∣q)1/q∥∥∥
Z

= a−1
∥∥∥( n∑

j=1

∣∣xj

∣∣q)1/q∥∥∥
Z

< dq + ε.

Therefore, d∗q ≤ dq + ε. Since ε is arbitrary, we have d∗q ≤ dq, which establishes
Step 2.

Step 3. With d∗q denoting the infimum in the right-hand side of (2.133) it
follows that

d∗q = inf
∥∥∥( n∑

j=1

aj

∣∣zj

∣∣q)1/q∥∥∥
Z

(2.135)
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where the infimum is taken over all n ∈ N, positive numbers a1, . . . , an with∑n
j=1 aj = 1, and z1, . . . , zn ∈ Z with

∥∥S(zj)
∥∥

W
= 1 for j = 1, . . . , n.

To verify this, let d∗∗q denote the right-hand side of (2.135). We first show that
d∗q ≥ d∗∗q . Fix n ∈ N and take y1, . . . , yn ∈ Z \S−1({0}) with

∑n
j=1

∥∥S(yj)
∥∥q

W
= 1.

Let aj :=
∥∥S(yj)

∥∥q

W
and zj :=

∥∥S(yj)
∥∥−1

W
· yj for j = 1, . . . , n. Then

∑n
j=1 aj = 1

and
∥∥S(zj)

∥∥
W

= 1 for j = 1, . . . , n. Apply Lemma 2.51(ii), with (aj)1/q in place
of bj for j = 1, . . . , n to deduce that∥∥∥( n∑

j=1

∣∣yj

∣∣q)1/q∥∥∥
Z

=
∥∥∥( n∑

j=1

∣∣(aj)1/qzj

∣∣q)1/q∥∥∥
Z

=
∥∥∥( n∑

j=1

(
a
1/q
j

)q ∣∣zj

∣∣q)1/q∥∥∥
Z

=
∥∥∥( n∑

j=1

aj |zj |q
)1/q∥∥∥

Z
≥ d∗∗q .

This implies that d∗q ≥ d∗∗q .
We shall prove the reverse inequality in a similar fashion. Fix n ∈ N and take

positive numbers a1, . . . , an with
∑n

j=1 aj = 1 and vectors x1, . . . , xn ∈ Z with∥∥S(xj)
∥∥

W
= 1 for j = 1, . . . , n. Let

zj :=
(
aj

)1/q
xj , j = 1, . . . , n.

Then
∑n

j=1

∥∥S(zj)
∥∥q

W
=
∑n

j=1 aj

∥∥S(xj)
∥∥q

W
= 1. Now, since |αz| = α|z| for each

α ≥ 0 and z ∈ Z, it follows that∥∥∥( n∑
j=1

aj

∣∣xj

∣∣q)1/q∥∥∥
Z

=
∥∥∥( n∑

j=1

aj

∣∣(aj)−1/qzj

∣∣q)1/q∥∥∥
Z

=
∥∥∥( n∑

j=1

aj

(
a
−1/q
j

)q ∣∣zj

∣∣q)1/q∥∥∥
Z

=
∥∥∥( n∑

j=1

∣∣zj

∣∣q)1/q∥∥∥
Z
≥ d∗q ,

which implies that d∗∗q ≥ d∗q . Therefore, Step 3 holds.
Combining Steps 1, 2 and 3 establishes part (ii). �

Proposition 2.54. Suppose that W is a quasi-Banach space and that Z is either a
Banach lattice or a q-B.f.s.

(i) Given 0 < q < ∞, the collection K(q)(W, Z) is a linear subspace of L(W, Z).
(ii) Whenever 0 < r < q < ∞, we have the inclusion

K(q)(W, Z) ⊆ K(r)(W, Z),

that is, every q-convex operator is r-convex. Moreover,

M(r)[T ] ≤ M(q)[T ], T ∈ K(q)(W, Z). (2.136)
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(iii) Given 0 < q < ∞, the collection K(q)(Z, W ) is a linear subspace of L(Z, W ).
(iv) Whenever 0 < r < q < ∞, we have the inclusion

K(r)(Z, W ) ⊆ K(q)(Z, W ),

that is, every r-concave operator is q-concave. Moreover,

M(q)[S] ≤ M(r)[S], S ∈ K(r)(Z, W ). (2.137)

Proof. (i) Let T1, T2 ∈ K(q)(W, Z). To prove that the sum (T1 + T2) : W → Z is
also q-concave, fix n ∈ N and w1, . . . , wn ∈ W . We have from (2.115) that∥∥∥∥( n∑

j=1

∣∣(T1 + T2)(wj)
∣∣q)1/q

∥∥∥∥
Z

≤ κqK

(∥∥∥( n∑
j=1

∣∣T1(wj)
∣∣q)1/q∥∥∥

Z
+
∥∥∥( n∑

j=1

∣∣T2(wj)
∣∣∣q)1/q∥∥∥

Z

)

= κqK
(
M(q)[T1] + M(q)[T2]

)( n∑
j=1

∥∥wj

∥∥q

W

)1/q

,

which implies that the sum (T1 + T2) is q-concave. So K(q)(W, Z) is closed under
addition.

The fact that K(q)(W, Z) is closed under scalar multiplication is easily veri-
fied. So, (i) holds.

(ii) Let T ∈ K(q)(W, Z). Given n ∈ N, positive numbers a1, . . . , an with∑n
j=1 aj = 1 and vectors wj ∈ W with ‖wj‖W = 1 for j = 1, . . . , n, Lemma

2.51(i) implies that∥∥∥( n∑
j=1

aj

∣∣T (wj)
∣∣r)1/r∥∥∥

Z
≤
∥∥∥( n∑

j=1

aj

∣∣T (wj)
∣∣q)1/q∥∥∥

Z
.

This and Lemma 2.53(i) with r in place of q implies that T is r-convex and (2.136)
holds.

(iii) Let S1, S2 ∈ K(q)(Z, W ). We shall show that their sum (S1+S2) : Z → W
is also q-concave. To this end, fix n ∈ N and z1, . . . , zn ∈ Z. Let K denote a
constant satisfying ‖w1 + w2‖W ≤ K

(
‖w1‖W + ‖w2‖W

)
for all elements w1, w2 of

the quasi-Banach space W . Then( n∑
j=1

∥∥(S1 + S2)(zj)
∥∥q

W

)1/q

≤
( n∑

j=1

(
K
(∥∥S1(zj)

∥∥
W

+
∥∥S2(zj)

∥∥
W

))q
)1/q

= K

( n∑
j=1

(∥∥S1(zj)
∥∥

W
+
∥∥S2(zj)

∥∥
W

)q
)1/q

.
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This and (2.109) give( n∑
j=1

∥∥(S1 + S2)(zj)
∥∥q

W

)1/q

≤ κq K

(( n∑
j=1

∥∥S1(zj)
∥∥q

W

)1/q

+
( n∑

j=1

∥∥S2(zj)
∥∥q

W

)1/q
)

≤ κq K
(
M(q)[S1] + M(q)[S2]

)( n∑
j=1

|zj |q
)1/q

because S1 and S2 are q-concave. Thus (S1 + S2) is q-concave, which implies that
K(q)(Z, W ) is closed under addition.

Since K(q)(Z, W ) can easily be shown to be closed under scalar multiplication,
we conclude that K(q)(Z, W ) is a linear subspace of L(Z, W ).

(iv) Let S ∈ K(r)(Z, W )\{0}. We can apply Lemma 2.53(ii), with r in place
of q, to deduce that(

M(r)[S]
)−1

= inf
∥∥∥( n∑

j=1

aj

∣∣zj

∣∣r)1/r∥∥∥
Z

> 0,

where the infimum is taken over all n ∈ N, positive numbers a1, . . . , an with∑n
j=1 aj = 1 and vectors z1, . . . , zn ∈ Z with

∥∥S(zj)
∥∥

W
= 1 for j = 1, . . . , n. For

such n ∈ N, numbers a1, . . . , an and vectors z1, . . . , zn ∈ Z, it follows from Lemma
2.51(i) that

0 <
(
M(r)[S]

)−1

≤
∥∥∥( n∑

j=1

aj

∣∣zj

∣∣r)1/r∥∥∥
Z
≤
∥∥∥( n∑

j=1

aj

∣∣zj

∣∣q)1/q∥∥∥
Z
.

Hence, Lemma 2.53(ii) implies that S is q-concave and (M(r)[S])−1 ≤ (M(q)[S])−1,
that is, (2.137) holds. �
Corollary 2.55. Let Z be a Banach lattice or a q-B.f.s. Assume that 0 < r < q < ∞.

(i) If Z is q-convex, then Z is r-convex and M(r)[Z] ≤ M(q)[Z].
(ii) If Z is r-concave, then Z is q-concave and M(q)[Z] ≤ M(r)[Z].

Proof. (i) This follows from Proposition 2.54(ii) with W := Z because the identity
idZ on Z satisfies idZ ∈ K(q)(Z, Z) ⊆ K(r)(Z, Z).

(ii) We can conclude that idZ ∈ K(r)(Z, Z) ⊆ K(q)(Z, Z) from Proposition
2.54(iv) with W := Z. So, (ii) holds. �

To discuss the composition of a convex or concave operator with another
operator, let us introduce a new class of operators. Fix 0 < q < ∞. For each
k = 1, 2, let Zk be either a Banach lattice or a q-B-f.s. Note that we are allowed to
include the case when Z1 is a Banach lattice and Z2 is a q-B.f.s. or vice versa. Let
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Λq(Z1, Z2) denote the class of all operators U ∈ L(Z1, Z1) for which there exists
a constant C > 0 satisfying∥∥∥( n∑

j=1

∣∣U(zj)
∣∣q)1/q∥∥∥

Z2

≤ C
∥∥∥( n∑

j=1

∣∣zj

∣∣q)1/q∥∥∥
Z1

, n ∈ N, z1, . . . , zn ∈ Z1.

(2.138)
For each U ∈ Λq(Z1, Z2), let CU denote the smallest constant C > 0 satisfying
(2.138).

Lemma 2.56. Let 0 < q < ∞. For each k = 1, 2, assume that Zk is a Banach
lattice or a q-B.f.s. Then Λq(Z1, Z2) is a linear subspace of L(Z1, Z2).

Proof. As it is routine to prove that Λq(Z1, Z2) is closed under scalar multiplica-
tion, we shall verify only that Λq(Z1, Z2) is closed under addition. Let U1, U2 ∈
Λq(Z1, Z2). To show that (U1 + U2) ∈ Λq(Z1, Z2), fix n ∈ N and z1, . . . , zn ∈ Z1.
Then, from (2.115) and the definitions of CUk

for k = 1, 2, it follows that∥∥∥( n∑
j=1

∣∣∣(U1 + U2)(zj)
∣∣∣q)1/q∥∥∥

Z2

=
∥∥∥( n∑

j=1

∣∣∣U1(zj) + U2(zj)
∣∣∣q)1/q∥∥∥

Z2

≤ κqK

(∥∥∥( n∑
j=1

∣∣∣U1(zj)
∣∣∣q)1/q∥∥∥

Z2

+
∥∥∥( n∑

j=1

∣∣∣U2(zj)
∣∣∣q)1/q∥∥∥

Z2

)

≤ κqK
(
CU1 + CU2

)∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z1

,

where K satisfies (Q3) for the space Z2. Hence,
(
U1 + U2

)
∈ Λq(Z1, Z2). �

Lemma 2.57. Let 0 < q < ∞. For each k = 1, 2, assume that Zk is either a Banach
lattice or a q-B.f.s.

(i) If an operator U ∈ L(Z1, Z2) satisfies( n∑
j=1

∣∣U(zj)
∣∣q)1/q

≤
∣∣∣U(( n∑

j=1

|zj |q
)1/q)∣∣∣, z1, . . . , zn ∈ Z1, n ∈ N,

(2.139)
in the order of Z2, then U ∈ Λq(Z1, Z2).

(ii) Assume further that 1 ≤ q < ∞ and that Z1 and Z2 are Banach lattices.
(a) Every positive operator U ∈ L(Z1, Z2) satisfies( n∑

j=1

∣∣U(zj)
∣∣q)1/q

≤ U
(( n∑

j=1

|zj |q
)1/q)

, z1, . . . , zn ∈ Z1, n ∈ N,

(2.140)
and hence, U ∈ Λq(Z1, Z2).

(b) Every linear combination of positive operators from Z1 into Z2 belongs
to Λq(Z1, Z2).
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Proof. (i) Since ‖ · ‖Z2 is a lattice quasi-norm, it follows from (2.139) that∥∥∥∥( n∑
j=1

∣∣U(zj)
∣∣q)1/q

∥∥∥∥
Z2

≤
∥∥∥∥U(( n∑

j=1

|zj |q
)1/q)∥∥∥∥

Z2

≤ ‖U‖ ·
∥∥∥( n∑

j=1

|zj |q
)1/q∥∥∥

Z1

for all z1, . . . , zn ∈ Z1 with n ∈ N. So, U ∈ Λq(Z1, Z2).
(ii) (a) First, for a fixed z ∈ Z1, we shall show that∣∣U(z)

∣∣ ≤ U(|z|). (2.141)

Write z = x + iy with x, y ∈ (Z1)R. Then∣∣U(z)
∣∣ = sup

0≤θ<2π

∣∣∣(cos θ)U(x) + (sin θ)U(y)
∣∣∣ = sup

0≤θ<2π

∣∣∣U((cos θ)x + (sin θ)y
)∣∣∣;

(2.142)
apply (2.14) after observing that U(z) = U(x) + i U(y) and that U(x), U(y) ∈
(Z2)R. Fix 0 ≤ θ < 2π. By (2.14) we have

±
(
(cos θ)x + (sin θ)y

)
≤ |z|

and, since U is positive, it follows that

±U
(
(cos θ)x + (sin θ)y

)
= U

(
±
(
(cos θ)x + (sin θ)y

))
≤ U(|z|).

This implies that ∣∣∣U((cos θ)x + (sin θ)y
)∣∣∣ ≤ U(|z|) (2.143)

via the general fact that |ξ| = ξ ∨ (−ξ) for every ξ ∈ (Z2)R. Then (2.14), (2.142)
and (2.143) yield (2.141).

Fix n ∈ N and z1, . . . , zn ∈ Z1. Then( n∑
j=1

∣∣U(zj)
∣∣q)1/q

≤
( n∑

j=1

∣∣U(|zj|)
∣∣q)1/q

(2.144)

by (2.141) and Lemma 2.51(iv). Since U
(
(Z1

)
R
) ⊆ (Z2)R, let UR : (Z1)R → (Z2)R

denote the restriction of U to (Z1)R, with codomain (Z2)R. Then UR is a positive
operator between two real Banach lattices and hence,( n∑

j=1

∣∣UR(xj)
∣∣q)1/q

≤ UR

(( n∑
j=1

|xj |q
)1/q)

, x1, . . . , xn ∈ ZR; (2.145)

see [92, p. 8] or the proof of Proposition 1.d.9 in [99]. Now, (2.144) and (2.145)
(with xj := |zj | for j = 1, . . . , n) yield (2.140).

(b) This is a consequence of Lemma 2.56 and part (a) above. �
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Remark 2.58. In Lemma 2.57(ii) we have not assumed that Z2 is Dedekind com-
plete. If Z2 were Dedekind complete, then (2.141) would be a consequence of the
general facts that |U(z)| ≤ |U |(|z|) and that |U | = U , where |U | denotes the
modulus of U ; see [165, Lemma 92.5]. �
Example 2.59. Let X(μ) and Y (μ) be q-B.f.s.’ over a positive, finite measure space
(Ω, Σ, μ). Then the multiplication operator

Mg ∈
⋂

0<q<∞
Λq

(
X(μ), Y (μ)

)
, g ∈M

(
X(μ), Y (μ)

)
.

In fact, fix g ∈ M
(
X(μ), Y (μ)

)
and 0 < q < ∞. Given n ∈ N and f1, . . . , fn ∈

X(μ), it is clear that ( n∑
j=1

∣∣gfj

∣∣q)1/q

=
∣∣∣g( n∑

j=1

∣∣fj

∣∣q)1/q∣∣∣
pointwise on Ω. That is,( n∑

j=1

∣∣∣Mg(fj)
∣∣∣q)1/q

=
∣∣∣Mg

(( n∑
j=1

|fj|q
)1/q)∣∣∣. (2.146)

So, Mg ∈ Λq

(
X(μ), Y (μ)

)
via Lemma 2.57(i) with Z1 := X(μ), Z2 := Y (μ) and

U := Mg.
Note that, if X(μ) and Y (μ) are B.f.s.’ and 1 ≤ q < ∞, then Lemma 2.57(ii)

can also be applied to deduce that Mg ∈ Λq

(
X(μ), Y (μ)

)
because

Mg = MRe(g)+ − MRe(g)− + i
(
MIm(g)+ − MIm(g)−

)
. �

Example 2.60. Let μ : 2N → [0,∞) be a finite measure with μ({n}) > 0 for every
n ∈ N. Let 0 < r < ∞ and let U : �r(μ) → �r(μ) denote the unit right shift
operator, that is,

U(f)(k) :=

{
0 if k = 1,

f(k − 1) if k ≥ 2,

for every f ∈ �r(μ). In the notation of sequences, we can rewrite this as

U : (a1, a2, . . . ) �−→ (0, a1, a2, . . . ), (an)∞n=1 ∈ �r(μ).

(i) Let 0 < q < ∞. Then U satisfies( n∑
j=1

∣∣U(fj)
∣∣q)1/q

= U
(( n∑

j=1

|fj |q
)1/q

)
, f1, . . . , fn ∈ �r(μ), n ∈ N.

(2.147)
So, from Lemma 2.57(i) it follows that U ∈ Λq

(
�r(μ), �r(μ)

)
.
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(ii) Let g ∈ �∞ = M
(
�r(μ), �r(μ)

)
(see (2.75) with X(μ) := �r(μ)). Then

the compositions Mg ◦U and U ◦Mg are operators belonging to Λq

(
�r(μ), �r(μ)

)
.

Again, this can be proved by applying Lemma 2.57(i) together with (2.146) and
(2.147). �

Given a complex Banach lattice Z, its dual Banach space Z∗ is actually a
(complex) Banach lattice with respect to the dual norm ‖ · ‖Z∗ , which is also a
lattice norm, and〈

z, |z∗|
〉

= sup
{∣∣〈y, z∗〉

∣∣ : y ∈ Z and |y| ≤ z
}
, z ∈ Z+, z∗ ∈ Z∗, (2.148)

[149, Ch. IV, Corollary 3 of Theorem 1.8] or [165, pp. 323–324]. Here, the Banach
space dual Z∗ of Z coincides with the order dual of Z (which is the complex
vector lattice of all C-valued, order bounded linear functionals on Z). The following
inequality is a consequence of (2.148):∣∣〈z, z∗〉

∣∣ ≤ 〈
|z|, |z∗|

〉
, z ∈ Z, z∗ ∈ Z∗; (2.149)

see [166, Theorem 36.4] with F := R there and note (by the discussion on p. 239
of [166]) that Z there only has to be Archimedean and uniformly complete, which
is satisfied by Banach lattices.

Example 2.61. (i) Let 1 ≤ q < ∞. A continuous linear operator T from a Banach
lattice Z into a Banach space W is said to be absolutely q-summing if there exists
a constant C > 0 such that( n∑

j=1

∥∥T (zj)
∥∥q

W

)1/q

≤ C sup
z∗∈B[Z∗]

( n∑
j=1

∣∣〈zj , z
∗〉
∣∣q)1/q

(2.150)

for all n ∈ N and z1, . . . , zn ∈ Z. Detailed information concerning absolutely
summing operators between Banach spaces is available, for example, in [41]. Let
Πq(Z, W ) denote the class of all absolutely q-summing operators from Z into W .
Then

Πq(Z, W ) ⊆ K(q)(Z, W ). (2.151)

For the case when Z and W are both over R, this has been verified in [99, p. 56].
Their proof can be adapted to the complex case. In fact, let z∗ ∈ Z∗. Its modulus
|z∗| : Z → C is a positive linear functional and hence, Lemma 2.57(ii)(a) (with
U := |z∗|) together with (2.149) imply that

( n∑
j=1

∣∣〈zj , z∗〉
∣∣q)1/q

≤
( n∑

j=1

〈
|zj|, |z∗|

〉q)1/q

≤
〈( n∑

j=1

∣∣zj

∣∣q)1/q

, |z∗|
〉

≤
∥∥ |z∗| ∥∥

Z∗

∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z

=
∥∥z∗∥∥

Z∗

∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z
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whenever n ∈ N and z1, . . . , zn ∈ Z. Now let T ∈ Πq(Z, W ) and C > 0 be a
constant satisfying (2.150). Then the previous inequalities and (2.150) yield

( n∑
j=1

∥∥T (zj)
∥∥q

W

)1/q

≤ C
∥∥∥( n∑

j=1

∣∣zj

∣∣q)1/q∥∥∥
Z

for all n ∈ N and z1, . . . , zn ∈ Z. Thus, T is q-concave, that is, T ∈ K(q)(Z, W ).
Hence, (2.151) holds.

(ii) Assume that 2 < r < q < ∞. Then

Πq

(
�1, �r

)
= K(q)

(
�1, �r

)
= L

(
�1, �r

)
.

This is a consequence of part (i) and the fact that

Πq(�1, �r) = L(�1, �r); (2.152)

see [31, Corollary 24.6]. Moreover, (2.152) implies that

Πq(Z, W ) = L(Z, W ) (2.153)

provided Z is an L1-space and W is an Lr-space; see [41, p. 60] for the definition
of Lp-spaces for 1 ≤ p < ∞. In fact, this can be proved by adapting the proof of
[41, Theorem 3.1] (which is Grothendieck’s Theorem stating that every continuous
linear operator from an L1-space into an L2-space is absolutely 1-summing). In
particular, since L1([0, 1]) and Lr([0, 1]) are an L1-space and an Lr-space respec-
tively (see [41, Theorem 3.2]), we have by (2.153) that

Πq

(
L1([0, 1]), Lr([0, 1])

)
= K(q)

(
L1([0, 1]), Lr([0, 1])

)
= L

(
L1([0, 1]), Lr([0, 1])

)
.

�

It would be interesting to find further criteria for a continuous linear operator
to belong to the class Λq, in addition to those given in Lemma 2.57. For the
special case q = 2, it turns out that every continuous linear operator between
Banach lattices belongs to the class Λ2. For real Banach lattices, this is due to
J.L. Krivine [92, Theorem 3]. Let KG denote Grothendieck’s constant.

Lemma 2.62. Let Z1 and Z2 be Banach lattices. If U ∈ L(Z1, Z2), then

∥∥∥( n∑
j=1

∣∣U(zj)
∣∣2)1/2∥∥∥

Z2

≤ 4KG‖U‖ ·
∥∥∥( n∑

j=1

∣∣zj

∣∣2)1/2∥∥∥
Z1

(2.154)

whenever n ∈ N and z1, . . . , zn ∈ Z1. Consequently, L(Z1, Z2) = Λ2(Z1, Z2).
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Proof. Fix n ∈ N. Observe that

∥∥∥( n∑
j=1

∣∣ζ(1)
j + ζ

(2)
j + ζ

(3)
j + ζ

(4)
j

∣∣2)1/2∥∥∥
Z2

≤
∥∥∥( n∑

j=1

∣∣ζ(1)
j + ζ

(2)
j

∣∣2)1/2∥∥∥
Z2

+
∥∥∥( n∑

j=1

∣∣ζ(3)
j + ζ

(4)
j

∣∣2)1/2∥∥∥
Z2

≤
∥∥∥( n∑

j=1

∣∣ζ(1)
j

∣∣2)1/2∥∥∥
Z2

+
∥∥∥( n∑

j=1

∣∣ζ(2)
j

∣∣2)1/2∥∥∥
Z2

+
∥∥∥( n∑

j=1

∣∣ζ(3)
j

∣∣2)1/2∥∥∥
Z2

+
∥∥∥( n∑

j=1

∣∣ζ(4)
j

∣∣2)1/2∥∥∥
Z2

(2.155)

whenever ζ
(l)
j ∈ Z2 for j = 1, . . . , n and l = 1, 2, 3, 4, where we have used (2.115)

twice with κ2 := 1 and K := 1.
There exist operators U1, U2 ∈ L(Z1, Z2) such that Uk

(
(Z1)R

)
⊆ (Z2)R for

k = 1, 2 and U = U1 + iU2 ; see [165, §92], for example. Let

(U1)R : (Z1)R → (Z2)R and (U2)R : (Z1)R → (Z2)R

denote the restriction of U1 and U2 to (Z1)R with codomain (Z2)R. It follows from
[99, Theorem 1.f.14] that

∥∥∥( n∑
j=1

∣∣(Uk)R(ξj)
∣∣2)1/2∥∥∥

(Z2)R

≤ KG

∥∥(Uk)R

∥∥ · ∥∥∥( n∑
j=1

|ξj |2
)1/2∥∥∥

(Z1)R

, k = 1, 2,

(2.156)

whenever ξ1, . . . , ξn ∈ (Z1)R. Fix z1, . . . , zn ∈ Z1. For each j = 1, . . . , n, write
zj = xj + iyj with xj , yj ∈ (Z1)R, so that

U(zj) = (U1)R(xj) + i(U2)R(xj) + i(U1)R(yj) − (U2)R(yj).

Then we can apply (2.155) to obtain that

∥∥∥( n∑
j=1

∣∣U(zj)
∣∣2)1/2∥∥∥

Z2

≤
2∑

k=1

(∥∥∥( n∑
j=1

∣∣∣(Uk)R(xj)
∣∣∣2)1/2∥∥∥

Z2

+
∥∥∥( n∑

j=1

∣∣∣(Uk)R(yj)
∣∣∣2)1/2∥∥∥

Z2

)
.

(2.157)
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Given k = 1, 2, since ‖ξ‖(Z2)R
= ‖ξ‖Z2 for every ξ ∈ (Z2)R ⊆ Z and ‖(Uk)R‖ ≤

‖Uk‖, it follows from (2.156) that

∥∥∥( n∑
j=1

∣∣∣(Uk)R(xj)
∣∣∣2)1/2∥∥∥

Z2

≤ KG

∥∥(Uk)R

∥∥ · ∥∥∥( n∑
j=1

|xj |2
)1/2∥∥∥

Z1

≤ KG‖Uk‖ ·
∥∥∥( n∑

j=1

|zj |2
)1/2∥∥∥

Z1

. (2.158)

The last inequality follows from Lemma 2.51(iv) because |xj | ≤ |zj | for every
j = 1, . . . , n. Similarly,

∥∥∥( n∑
j=1

∣∣∣(Uk)R(yj)
∣∣∣2)1/2∥∥∥

Z2

≤ KG‖Uk‖ ·
∥∥∥( n∑

j=1

|zj |2
)1/2∥∥∥

Z1

. (2.159)

So, since ‖Uk‖ ≤ ‖U‖ for k = 1, 2, the inequality (2.154) follows from (2.157),
(2.158) and (2.159). �

Now we present results concerning the composition of convex operators with
other continuous linear operators.

Proposition 2.63. Suppose that W is a quasi-Banach space and that 0 < q < ∞.

(i) Let W1 be another quasi-Banach space and let U ∈ L(W, W1). Suppose that
Z is either a Banach lattice or a q-B.f.s. If T ∈ K(q)(W1, Z), then the com-
position T ◦ U : W → Z is also q-convex and M(q)[T ◦ U ] ≤

(
M(q)[T ]

)
‖U‖.

(ii) For each k = 1, 2, assume that Zk is either a Banach lattice or a q-B.f.s. If
T ∈ K(q)(W, Z1) and U ∈ Λq(Z1, Z2), then U ◦ T ∈ K(q)(W, Z2).

(iii) Let Z1 and Z2 be Banach lattices. If T ∈ K(2)(W, Z1) and U ∈ L(Z1, Z2),
then U ◦ T ∈ K(2)(W, Z2).

Proof. (i) Given n ∈ N and w1, . . . , wn ∈ W , the q-convexity of T gives that

∥∥∥( n∑
j=1

∣∣(T ◦ U)(wj)
∣∣q)1/q∥∥∥

Z
≤
(
M(q)[T ]

)( n∑
j=1

∥∥U(wj)
∥∥q

W1

)1/q

≤
(
M(q)[T ]

)( n∑
j=1

‖U‖q ·
∥∥wj

∥∥q

W

)1/q

=
(
M(q)[T ]

)
‖U‖

( n∑
j=1

∥∥wj

∥∥q

W

)1/q

.

Thus, part (i) holds.
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(ii) Fix n ∈ N and w1, . . . , wn ∈ W . Since T is q-convex and U belongs to
the class Λq(Z1, Z2), it follows that∥∥∥( n∑

j=1

∣∣(U ◦ T )(wj)
∣∣q)1/q∥∥∥

Z2

≤ CU

∥∥∥( n∑
j=1

∣∣T (wj)
∣∣q)1/q∥∥∥

Z1

≤ CU

(
M(q)[T ]

)( n∑
j=1

∥∥wj

∥∥q

W

)1/q

.

This establishes part (ii).
(iii) Apply Lemma 2.62 and the 2-convexity of T to obtain that∥∥∥( n∑

j=1

∣∣(U ◦ T )(wj)
∣∣2)1/2∥∥∥

Z2

≤ 4KG‖U‖
(
M(2)[T ]

)( n∑
j=1

∥∥wj

∥∥2

W

)1/2

whenever w1, . . . , wn ∈ W and n ∈ N. So, U ◦ T is 2-convex. �

Some consequences of Proposition 2.63 are now provided, which will be
needed later.

Corollary 2.64. Let W be a quasi-Banach space and Z be either a Banach lattice
or a q-B.f.s. If Z is q-convex for some 0 < q < ∞, then

L(W, Z) = K(q)(W, Z).

Proof. Let U ∈ L(W, Z). By definition, the identity operator idZ on Z is q-convex.
So, Proposition 2.63(i), with W1 := Z and T := idZ , implies that U = idZ ◦ U
is q-convex. So, the corollary holds because we already know that K(q)(W, Z) ⊆
L(W, Z). �
Corollary 2.65. Assume that 1 ≤ q < ∞ and Z1 is a q-convex Banach lattice. If
Z2 is any Banach lattice, then every positive operator U : Z1 → Z2 is q-convex.

Proof. We have U ∈ Λq(Z1, Z2) via Lemma 2.57(ii)(a). So, the q-convexity of the
identity operator idZ1 on Z1 implies that

U = U ◦ idZ1 ∈ K(q)(Z1, Z2)

by Proposition 2.63(ii) with W := Z1 and T := idZ1 . �
Corollary 2.66. Let X(μ) and Y (μ) be q-B.f.s.’ over a positive, finite measure space
(Ω, Σ, μ). If X(μ) is q-convex for some 0 < q < ∞ and if g ∈ M

(
X(μ), Y (μ)

)
,

then Mg : X(μ) → Y (μ) is a q-convex operator.

Proof. We know from Example 2.59 that Mg ∈ Λq

(
X(μ), Y (μ)

)
. By assumption,

the identity idX(μ) is q-convex. So, apply Proposition 2.63(ii) (with W := X(μ),
Z1 := X(μ), Z2 := Y (μ), T := idX(μ) and U := Mg) to deduce that

Mg = Mg ◦ idX(μ) ∈ K(q)
(
X(μ), Y (μ)

)
. �
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Corollary 2.67. Let Z1 be a 2-convex Banach lattice and Z2 be a Banach lattice.
Then

L(Z1, Z2) = K(2)(Z1, Z2).

Proof. Let U ∈ L(Z1, Z2). The identity idZ1 on Z1 is 2-convex by assumption. So,
from Proposition 2.63(iii) with W := Z1 and T := idZ1 , it follows that

U = U ◦ idZ1 ∈ K(2)(Z1, Z2).

The reverse containment K(2)(Z1, Z2) ⊆ L(Z1, Z2) always holds. �

Now we present results for the composition of a concave operator with a
continuous linear operator.

Proposition 2.68. Suppose that W is a quasi-Banach space and that 0 < q < ∞.

(i) Let Z be either a Banach lattice or a q-B.f.s., and let S ∈ K(q)(Z, W1) for
some 0 < q < ∞ and quasi-Banach space W1. If U ∈ L(W1, W ), then
U ◦ S ∈ K(q)(Z, W ) and M(q)[U ◦ S] ≤ ‖U‖

(
M(q)[S]

)
.

(ii) For each k = 1, 2, assume that Zk is either a Banach lattice or a q-B.f.s. If
U ∈ Λq(Z1, Z2) and S ∈ K(q)(Z2, W ), then S ◦ U ∈ K(q)(Z1, W ).

(iii) Let Z1 and Z2 be Banach lattices. If U ∈ L(Z1, Z2) and S ∈ K(2)(Z2, W ),
then S ◦ U ∈ K(2)(Z1, W ).

Proof. (i) Given n ∈ N and z1, . . . , zn ∈ Z, the q-concavity of S yields that

( n∑
j=1

∥∥(U ◦ S)(zj)
∥∥q

W

)1/q

≤
( n∑

j=1

‖U‖q ·
∥∥S(zj)

∥∥q

W1

)1/q

= ‖U‖
( n∑

j=1

∥∥S(zj)
∥∥q

W1

)1/q

≤ ‖U‖
(
M(q)[S]

)∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z
.

So, part (i) holds.
(ii) Let n ∈ N and z1, . . . , zn ∈ Z1. Since U ∈ Λq(Z1, Z2) and S is q-concave,

it follows from Lemma 2.57 that( n∑
j=1

∥∥(S ◦ U)(zj)
∥∥q

W

)1/q

≤
(
M(q)[S]

)∥∥∥( n∑
j=1

∣∣U(zj)
∣∣q)1/q∥∥∥

Z2

≤ CU

(
M(q)[S]

)∥∥∥( n∑
j=1

∣∣zj

∣∣q)1/q∥∥∥
Z1

,

which establishes part (ii).
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(iii) Apply Lemma 2.62 and the 2-concavity of S to obtain( n∑
j=1

∥∥(S ◦ U)(zj)
∥∥2

W

)1/2

≤ 4KG

(
M(2)[S]

)
‖U‖ ·

∥∥∥( n∑
j=1

|zj |2
)1/2∥∥∥

Z1

,

whenever z1, . . . , zn ∈ Z and n ∈ N. So, S ◦ U is 2-convex. �

We now present some consequences of Proposition 2.68 which will be useful in
later chapters. The proofs of these corollaries will be omitted because we can adapt
the proofs of Corollaries 2.64 to 2.67; all we need to do is to apply Proposition
2.68 in place of Proposition 2.63.

Corollary 2.69. Let Z be either a Banach lattice or a q-B.f.s. If Z is q-concave for
some 0 < q < ∞, then

L(Z, W ) = K(q)(Z, W )

for every quasi-Banach space W .

Corollary 2.70. Let Z1 be a Banach lattice. If Z2 is a q-concave Banach lattice for
some 1 ≤ q < ∞ and U : Z1 → Z2 is a positive operator, then U is a q-concave
operator.

It is not possible to remove the assumption that U is positive in Corollary
2.70. In fact, there exists a non-1-concave, continuous linear operator from a Ba-
nach lattice into a 1-concave Banach lattice; see Example 3.75.

Corollary 2.71. Let X(μ) and Y (μ) be q-B.f.s.’ over a positive, finite measure space
(Ω, Σ, μ). If Y (μ) is q-concave for some 0 < q < ∞ and g ∈ M

(
X(μ), Y (μ)

)
, then

the multiplication operator Mg : X(μ) → Y (μ) is q-concave.

Corollary 2.72. Let Z1 and Z2 be Banach lattices. If Z1 is 2-concave, then

L(Z1, Z2) = K(2)(Z1, Z2).

Let us consider the convexity and concavity properties of some particular spaces.

Example 2.73. Given are a number 0 < q < ∞ and a (possibly infinite) measure
space (Ω, Σ, η). Assume that there exists a pairwise disjoint, infinite sequence
{A(j)}∞j=1 ⊆ Σ such that 0 < η

(
A(j)

)
< ∞ for every j ∈ N.

(i) The q-B.f.s. Lq(η) is both q-convex and q-concave with

M(q)
[
Lq(η)

]
= 1 and M(q)

[
Lq(η)

]
= 1. (2.160)

This can be obtained directly from the fact that∥∥∥( n∑
j=1

∣∣fj

∣∣q)1/q∥∥∥
Lq(η)

=
( ∫

Ω

( n∑
j=1

∣∣fj

∣∣q) dη
)1/q

=
( n∑

j=1

∫
Ω

∣∣fj

∣∣q dη
)1/q

=
( n∑

j=1

∥∥fj

∥∥q

Lq(η)

)1/q

(2.161)

for all n ∈ N and f1, . . . , fn ∈ Lq(η).
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(i-a) Assume that 0 < r < q. Then Lq(η) is r-convex and M(r)[Lq(η)] = 1
because (2.107), Corollary 2.55(i) and (2.160) yield that

1 ≤ M(r)
[
Lq(η)

]
≤ M(q)

[
Lq(η)

]
= 1.

(i-b) Assume that 0 < q < r. Observe from (2.107), Corollary 2.55(ii) and
(2.160) that

1 ≤ M(r)

[
Lq(η)

]
≤ M(q)

[
Lq(η)

]
= 1.

Consequently, Lq(η) is r-concave and M(r)[Lq(η)] = 1.
(ii) Let fj := ‖χ

A(j)
‖−1

Lq(η) · χA(j)
for j ∈ N. Let 0 < r < ∞. Since

( n∑
j=1

|fj|r
)1/r

=
( n∑

j=1

|fj|q
)1/q

=
n∑

j=1

η(Aj)−1/qχ
A(j)

, n ∈ N,

we have that∥∥∥( n∑
j=1

|fj |r
)1/r∥∥∥

Lq(η)
=
∥∥∥( n∑

j=1

|fj |q
)1/q∥∥∥

Lq(η)
= n1/q, n ∈ N. (2.162)

Moreover, ‖fj‖Lq(η) = 1 for all j = 1, . . . , n and so

( n∑
j=1

∥∥fj

∥∥r

Lq(η)

)1/r

= n1/r, n ∈ N. (2.163)

(ii-a) If 0 < q < r < ∞, then Lq(η) is not r-convex. To show this, assume on
the contrary that Lq(η) is r-convex. Then it follows from (2.162) and (2.163) that

n1/q =
∥∥∥( n∑

j=1

|fj |r
)1/r∥∥∥

Lq(η)
≤
(
M(r)[Lq(η)]

)( n∑
j=1

∥∥fj

∥∥r

Lq(η)

)1/r

=
(
M(r)[Lq(η)]

)
n1/r,

whenever n ∈ N. This is impossible because (1/q) > (1/r).
(ii-b) If 0 < r < q < ∞, then Lq(η) is not r-concave. In fact, the r-concavity

of Lq(η) would imply, via (2.162) and (2.163), that

n1/r ≤
(
M(r)[Lq(η)]

)
n1/q, n ∈ N.

This is impossible because (1/r) > (1/q). �

According to Example 2.73(i), for L2([0, 1]) equipped with its usual (lattice)
norm, we have M(2)

[
L2([0, 1])

]
= 1 and M(2)

[
L2([0, 1])

]
= 1. This may not be

the case if we equip L2([0, 1]) with an equivalent (lattice) norm.
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Example 2.74. Let μ denote Lebesgue measure on [0, 1]. We shall discuss the 2-
convexity and 2-concavity constants of L2(μ) = L2([0, 1]) when it is endowed
with an equivalent (lattice) norm. To be precise, ‖ · ‖L2(μ) denotes the usual L2-
norm on L2(μ). Let A ∈ B([0, 1]) satisfy μ(A) > 0 and μ

(
[0, 1] \ A

)
> 0, and set

B := [0, 1] \ A.
(i) Let Z1 denote L2(μ) equipped with the non-negative functional ‖ · ‖Z1

given by
‖f‖Z1 :=

∥∥fχ
A

∥∥
L2(μ)

+
∥∥fχ

B

∥∥
L2(μ)

, f ∈ L2(μ);

it is straightforward to prove that ‖ · ‖Z1 defines a lattice norm. Moreover, ‖ · ‖Z1

is equivalent to the original norm on L2(μ) because

‖f‖L2(μ) ≤ ‖f‖Z1 ≤
√

2‖f‖L2(μ), f ∈ L2(μ). (2.164)

So, Z1 is also 2-convex and 2-concave. We shall show that

M(2)[Z1] =
√

2 and M(2)[Z1] = 1.

To this end, fix n ∈ N and f1, . . . , fn ∈ Z1 = L2(μ). Then, via (2.161) (with η := μ
and q := 2) and both inequalities in (2.164) we have that

∥∥∥( n∑
j=1

|fj |2
)1/2∥∥∥

Z1

≤
√

2
∥∥∥( n∑

j=1

|fj |2
)1/2∥∥∥

L2(μ)

=
√

2
( n∑

j=1

∥∥fj

∥∥2

L2(μ)

)1/2

≤
√

2
( n∑

j=1

∥∥fj

∥∥2

Z1

)1/2

,

which implies that M(2)[Z1] ≤
√

2. To establish the reverse inequality consider

g1 :=
(
μ(A)

)−1/2
χ

A
and g2 :=

(
μ(B)

)−1/2
χ

B
.

Then ∥∥∥(|g1|2 + |g2|2
)1/2∥∥∥

Z1

=
∥∥g1 + g2

∥∥
Z1

= ‖g1‖L2(μ) + ‖g2‖L2(μ) = 2

and (
‖g1‖2

Z1
+ ‖g2‖2

Z1

)1/2

=
(
‖g1‖2

L2(μ) + ‖g2‖2
L2(μ)

)1/2

=
√

2.

In other words ∥∥∥(|g1|2 + |g2|2
)1/2∥∥∥

Z1

=
√

2
(
‖g1‖2

Z1
+ ‖g2‖2

Z1

)1/2

.

So, M(2)[Z1] ≥
√

2 and therefore, M(2)[Z1] =
√

2.
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Let us turn our attention to the concavity constant M(2)[Z1]. Still with
f1, . . . , fn ∈ Z1 and n ∈ N, we have that( n∑

j=1

∥∥fj

∥∥2

Z1

)1/2

=
( n∑

j=1

(∥∥fjχA

∥∥
L2(μ)

+
∥∥fjχB

∥∥
L2(μ)

)2)1/2

≤
( n∑

j=1

∥∥fjχA

∥∥2

L2(μ)

)1/2

+
( n∑

j=1

∥∥fjχB

∥∥2

L2(μ)

)1/2

=
∥∥∥( n∑

j=1

∣∣fjχA

∣∣2)1/2∥∥∥
L2(μ)

+
∥∥∥( n∑

j=1

∣∣fjχB

∣∣2)1/2∥∥∥
L2(μ)

by the Cauchy-Schwarz inequality in Rn and (2.161) applied with η := μ and
q := 2. On the other hand,∥∥∥( n∑

j=1

∣∣fjχA

∣∣2)1/2∥∥∥
L2(μ)

+
∥∥∥( n∑

j=1

∣∣fjχB

∣∣2)1/2∥∥∥
L2(μ)

=
∥∥∥( n∑

j=1

∣∣fj

∣∣2)1/2

χ
A

∥∥∥
L2(μ)

+
∥∥∥( n∑

j=1

∣∣fj

∣∣2)1/2

χ
B

∥∥∥
L2(μ)

=
∥∥∥( n∑

j=1

∣∣fj

∣∣2)1/2∥∥∥
Z1

via the definition of ‖ · ‖Z1 . Therefore,( n∑
j=1

∥∥fj

∥∥2

Z1

)1/2

≤
∥∥∥( n∑

j=1

∣∣fj

∣∣2)1/2∥∥∥
Z1

,

which implies that M(2)[Z1] ≤ 1. Recalling the general fact from (2.107) that
M(2)[Z1] ≥ 1, we have M(2)[Z1] = 1.

(ii) Let Z∞ denote L2(μ) equipped with the non-negative functional ‖ · ‖Z∞
defined by

‖f‖Z∞ := max
{∥∥fχ

A

∥∥
L2(μ)

,
∥∥fχ

B

∥∥
L2(μ)

}
, f ∈ Z∞.

It is clear that ‖ ·‖Z∞ is a lattice norm. Moreover, ‖ ·‖Z∞ is equivalent to ‖ ·‖L2(μ)

because
‖f‖Z∞ ≤ ‖f‖L2(μ) ≤

√
2‖f‖Z∞ , f ∈ L2(μ) = Z∞.

Hence, (Z∞, ‖ · ‖Z∞) is 2-convex and 2-concave. One can prove that

M(2)[Z∞] = 1 and M(2)[Z∞] =
√

2

by adapting the arguments in part (i). �

Let us show how convexity and concavity properties alter when forming the
p-th power of a q-B.f.s. For a real q-B.f.s, the following result has been given in
[30, Lemma 2].
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Proposition 2.75. Let X(μ) be a q-B.f.s. over a positive, finite measure space
(Ω, Σ, μ). Suppose that 0 < p < ∞ and 0 < q < ∞.

(i) If X(μ) is q-convex, then its p-th power X(μ)[p] is (q/p)-convex and

M(q/p)
[
X(μ)[p]

]
=
(
M(q)[X(μ)]

)p

.

(ii) If X(μ) is q-concave, then its p-th power X(μ)[p] is (q/p)-concave and

M(q/p)

[
X(μ)[p]

]
=
(
M(q)[X(μ)]

)p

.

Proof. (i) Let f1, . . . , fn ∈ X(μ)[p] with n ∈ N. Since
∣∣fj

∣∣1/p ∈ X(μ) for j =

1, . . . , n, it follows from (2.54) that
(∑n

j=1

(
|fj |1/p

)q)1/q ∈ X(μ) and hence, that

∥∥∥( n∑
j=1

|fj |q/p
)p/q∥∥∥

X(μ)[p]

=
∥∥∥( n∑

j=1

(∣∣fj

∣∣1/p)q)1/q∥∥∥p

X(μ)

≤
(
M(q)[X(μ)]

( n∑
j=1

∥∥ ∣∣fj

∣∣1/p∥∥q

X(μ)

)1/q
)p

=
(
M(q)[X(μ)]

)p( n∑
j=1

∥∥fj

∥∥q/p

X(μ)[p]

)p/q

.

Therefore, X(μ)[p] is (q/p)-convex and

M(q/p)
[
X(μ)[p]

]
≤
(
M(q)[X(μ)]

)p

. (2.165)

To prove the reverse inequality to (2.165), let Y (μ) := X(μ)[p]. Then X(μ) is the
(1/p)-th power of the (q/p)-convex space Y (μ). Apply (2.165), with Y (μ) in place
of X(μ) and with q in place of (q/p), to deduce that

M(q)[X(μ)] = M(p·q/p)
[
Y (μ)[1/p]

]
≤
(
M(q/p)[Y (μ)]

)1/p

=
(
M(q/p)

[
X(μ)[p]

])1/p

,

that is, (
M(q)[X(μ)]

)p

≤ M(q/p)
[
X(μ)[p]

]
.

This establishes the desired identity M(q/p)
[
X(μ)[p]

]
=
(
M(q)[X(μ)]

)p

.
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(ii) To prove that X(μ)[p] is (q/p)-concave, fix n ∈ N and f1, . . . , fn ∈ X(μ)[p].

Since
∣∣fj

∣∣1/p ∈ X(μ) for j = 1, . . . , n, we have that

( n∑
j=1

∥∥fj

∥∥q/p

X(μ)[p]

)p/q

=
( n∑

j=1

∥∥ |fj|1/p
∥∥q

X(μ)

)p/q

≤
((

M(q)[X(μ)]
) ∥∥∥( n∑

j=1

(∣∣fj

∣∣1/p)q)1/q∥∥∥
X(μ)

)p

=
(
M(q)[X(μ)]

)p ∥∥∥( n∑
j=1

∣∣fj

∣∣q/p
)p/q∥∥∥

X(μ)[p]

.

Consequently, X(μ)[p] is (q/p)-concave and

M(q/p)

[
X(μ)[p]

]
≤
(
M(q)[X(μ)]

)p

. (2.166)

To prove the reverse inequality, take Y (μ) = X(μ)[p] as above. Recalling that X(μ)
is the (1/p)-th power of the (q/p)-concave space Y (μ), we can apply (2.166), with
Y (μ) in place of X(μ) and with q in place of (q/p), to deduce that

M(q)[X(μ)] = M(p·q/p)

[
Y (μ)[1/p]

]
≤
(
M(q/p)[Y (μ)]

)1/p

=
(
M(q/p)

[
X(μ)[p]

])1/p

,

that is, (
M(q)[X(μ)]

)p

≤ M(q/p)

[
X(μ)[p]

]
.

Thereby the desired identity M(q/p)

[
X(μ)[p]

]
=
(
M(q)[X(μ)]

)p

is established.
�

In the case when 1 < p < ∞, Proposition 2.75 implies that the p-th power
X(μ)[p] has a weaker concavity property than X(μ) and has a stronger convexity
property than X(μ); see Corollary 2.55.

Let us introduce the Lorentz function spaces.

Example 2.76. Let (Ω, Σ, μ) be a non-atomic, positive, finite measure space. Given
f ∈ L0

R
(μ), let us adopt the abbreviation

μ
(
|f | > c

)
:= μ

(
{ω ∈ Ω : |f(ω)| > c}

)
, c > 0.

Define a function f∗ :
[
0, μ(Ω)

)
→ [0,∞) by

f∗(t) := inf
{
c > 0 : μ

(
|f | > c

)
≤ t
}
, t ∈

(
0, μ(Ω)

]
.

The function f∗, which is called the decreasing rearrangement of f , is right-
continuous and decreasing, [13, Ch. 2, Proposition 1.7], [69, Proposition 1.4.5].
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(i) Fix n ∈ N and pairwise disjoint non-μ-null sets A1, . . . , An ∈ Σ. Given a
strictly decreasing finite sequence of positive numbers {aj}n

j=1, let

bj :=
j∑

k=1

μ(Ak) ∈
(
0, μ(Ω)

]
for j = 1, . . . , n.

If n = 1, then (
a1χA1

)∗ = a1χ(0, b1)
on

(
0, μ(Ω)

]
and if n ≥ 2, then( n∑

j=1

ajχAj

)∗
= a1χ(0, b1)

+
n∑

j=2

ajχ[bj−1, bj),
on

(
0, μ(Ω)

]
;

see [13, p. 38], [69, p. 46].
(ii) Given 0 < q < ∞ and 0 < r < ∞, the real Lorentz space Lq,r

R
(μ) is

defined as the space of all f ∈ L0
R
(μ) satisfying

‖f‖q,r :=
(r

q

∫ μ(Ω)

0

∣∣f∗(t)
∣∣r t(r/q)−1dt

)1/r

< ∞;

see [13, Ch. 4, §4], [69, Ch. 1, §1.4], for example. It turns out that Lq,r
R

(μ) is an order
ideal of the real vector lattice L0

R
(μ) and the functional ‖ · ‖q,r : Lq,r

R
(μ) → [0,∞)

is a real lattice quasi-norm for which Lq,r
R

(μ) is complete; see for example [69,
Theorem 1.4.11]. By part (i), all positive Σ-simple functions belong to Lq,r

R
(μ) and

hence, so do all real Σ-simple functions. Thus, (Lq,r
R

(μ), ‖ · ‖q,r) is a real q-B.f.s.
based on (Ω, Σ, μ).

The (complex) Lorentz space Lq,r(μ) is defined as the complexification

Lq,r(μ) := Lq,r
R

(μ) + iLq,r
R

(μ)

and becomes a q-B.f.s. over (Ω, Σ, μ) with respect to the lattice quasi-norm

f �→ ‖f‖Lq,r(μ) :=
∥∥ |f | ∥∥

q,r
, f ∈ Lq,r(μ);

see the arguments after Lemma 2.4 or [69, Ch. 1, §1.4].
If 1 ≤ r ≤ q < ∞, then ‖ · ‖Lq,r(μ) is a lattice norm with respect to which

Lq,r(μ) is a B.f.s., [13, Ch. 4, Theorem 4.3]. The lattice quasi-norm ‖ ·‖Lq,r(μ) fails
the triangle inequality if we omit the requirement that r ≤ q, [69, p. 50]. However,
for q > 1 and all r ≥ 1 there is a lattice norm ‖ · ‖(q,r) such that Lq,r(μ) is a B.f.s.
relative to ‖ · ‖(q,r), [13, Ch. 4, Theorem 4.6], [69, pp. 64–65]. For the remaining
possibilities of 0 < q, r < ∞, the q-B.f.s. (Lq,r(μ), ‖ ·‖Lq,r(μ)) is non-normable. For
instance, the case 0 < r < q < 1 can be proved by (ii-c) and (vi) below; see [69,
Ch. 1].
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We now consider some special cases which will be needed later.

(ii-a) When q > 0 and r = q, we have Lq,q(μ) = Lq(μ) with ‖ · ‖Lq,q(μ) = ‖ · ‖Lq(μ)

for q < 1, [13, p. 216].
(ii-b) With 0 < q < ∞ and 0 < r1 < r2 < ∞, we have

Lq,r1(μ) ⊆ Lq,r2(μ);

see [69, Proposition 1.4.10].
(ii-c) Now, if 0 < r < q < ∞, then (ii-a) and (ii-b) above yield that

Lq,r(μ) ⊆ Lq,q(μ) = Lq(μ).

(iii) Let us return to the general case when 0 < q < ∞ and 0 < r < ∞.
Then Lq,r(μ) is σ-o.c. In fact, suppose that f ∈ Lq,r(μ)+ and take functions
fn ∈ Lq,r(μ)+, for n ∈ N, satisfying fn ↑ f . Then f∗

n ↑ f∗ pointwise on
(
0, μ(Ω)

]
;

for example, see [13, Ch. 2, Proposition 1.7], [69, Proposition 1.4.5], [154, Lemma
3.5]. So, ‖f−fn‖Lq,r(μ) = ‖f−fn‖q,r → 0 as n →∞ by the Monotone Convergence
Theorem and the definition of ‖ · ‖q,r. In other words, Lq,r(μ) is σ-o.c.

(iv) Given 0 < q < ∞ and 0 < r < ∞, we shall show that the identity

Lq,r(μ)[p] = L(q/p), (r/p)(μ) (2.167)

holds when 1 ≤ p < ∞; for the case of real spaces, this is stated in [30, p. 159]. By
recalling the definition of the p-th power of a q-B.f.s. as given in (2.46), the identity
(2.167) will follow once we establish the fact that a function f ∈ L0

R
(μ)+ belongs

to Lq,r(μ)[p] if and only if f ∈ L(q/p), (r/p)(μ). So, fix f ∈ L0
R
(μ)+. According to

[13, Ch. 2, Proposition 1.7], we have (f∗)1/p = (f1/p)∗ on
(
0, μ(Ω)

]
. It follows that(r

q

∫ μ(Ω)

0

[
f∗(t)

]r/p
t(r/q)−1dt

)p/r

=
[(r

q

∫ μ(Ω)

0

[
(f1/p)∗(t)

]r
t(r/q)−1dt

)1/r]p
,

which implies that f ∈ L(q/p), (r/p)(μ) if and only if f1/p ∈ Lq,r(μ). Since f1/p ∈
Lq,r(μ) is equivalent to f ∈ Lq,r(μ)[p], we have established the fact that f ∈
L(q/p), (r/p)(μ) if and only if f ∈ Lq,r(μ)[p]. So, (2.167) holds.

(v) Let us discuss convexity and concavity properties of Lq,r(μ) for 0 < q < ∞
and 0 < r < ∞. It follows from [30, p. 159] that the real Lorentz space Lq,r

R
(μ)

is u-convex provided 0 < u < q and 0 < u ≤ r. So, Lq,r(μ) is also u-convex via
Lemma 2.49(ii).

(vi) Given 0 < r < 1, we shall show that the Lorentz space L1,r(μ) is not
1-convex. To make our arguments more transparent, assume further that μ(Ω) = 1
because the general case can be derived from this special case. Fixing n ∈ N we
shall construct functions f1, . . . , fn ∈ L1,r(μ)+ satisfying∥∥∥ n∑

j=1

fj

∥∥∥
L1,r(μ)

=
(
1 + (n− 2)·(2r − 1)

)1/r

, (2.168)
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which will then be used to verify that L1,r(μ) is not 1-convex. Since μ is non-
atomic, we can select pairwise disjoint sets A1, . . . , An ∈ Σ such that

μ(A1) = 1/2n and μ(Ak) = 1/2(n−k+2) for k = 2, . . . , n. (2.169)

Then
j∑

k=1

μ(Ak) = 1/2(n−j+1), j = 1, . . . , n. (2.170)

Given j = 1, . . . , n, we have

∥∥χ
Aj

∥∥
L1,r(μ)

=
(
r

∫ μ(Aj)

0

tr−1dt
)1/r

= μ(Aj)

because
(
χ

Aj

)∗ = χ
(0, μ(Aj))

on [0, 1] via part (i). Let fj := μ(Aj)−1χ
Aj

, so that
‖fj‖L1,r(μ) = 1. Now, part (i), (2.169) and (2.170) give

( n∑
j=1

fj

)∗
= μ(A1)−1χ

(0,1/2n)
+ μ(A2)−1χ

[1/2n, 1/2(n−1))
+ · · ·

· · ·+ μ(An)−1χ
[1/22, 1/2)

= 2nχ
(0, 1/2n)

+ 2nχ
[1/2n, 1/2(n−1))

+ · · · + 22χ
[1/22, 1/2)

= 2nχ
(0, 1/2n)

+
n∑

k=2

2kχ
[1/2k, 1/2(k−1))

.

So, we have∥∥∥ n∑
j=1

fj

∥∥∥r

L1,r(μ)
= r

∫ 1

0

[( n∑
j=1

fj

)∗
(t)
]r

tr−1dt

=
∫ 1/2n

0

r2nrtr−1dt +
n∑

k=2

∫ 1/2(k−1)

1/2k

r2krtr−1 dt

= 1 +
n∑

k=2

2kr · 2−kr(2r − 1)

= 1 + (n − 2)·(2r − 1),

from which (2.168) follows.
To prove that L1,r(μ) is not 1-convex, assume on the contrary that L1,r(μ) is

1-convex. It then follows from Proposition 2.23(iv) that L1,r(μ) admits an equiv-
alent lattice norm ||| · |||L1,r(μ). That is, there exist constants a, b > 0 for which

a|||f |||L1,r(μ) ≤ ‖f‖L1,r(μ) ≤ b |||f |||L1,r(μ), f ∈ L1,r(μ).
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Since ‖fj‖L1,r(μ) = 1 for j = 1, . . . , n, it follows that∥∥∥ n∑
j=1

fj

∥∥∥
L1,r(μ)

≤ b
∣∣∣∣∣∣∣∣∣ n∑

j=1

fj

∣∣∣∣∣∣∣∣∣
L1,r(μ)

≤ b

n∑
j=1

∣∣∣∣∣∣fj

∣∣∣∣∣∣
L1,r(μ)

≤
(
b/a
) n∑

j=1

∥∥fj

∥∥
L1,r(μ)

=
(
b/a
)
n.

This together with (2.168) give(
1 + (n− 2)·(2r − 1)

)1/r

≤
(
b/a
)
n,

which is impossible because (1/r) > 1 and n ∈ N is arbitrarily fixed. Therefore,
we conclude that (L1,r(μ), ‖ · ‖L1,r(μ)) is not 1-convex.

(vii) Suppose that 0 < r < q < ∞. Then Lq,r(μ) is not q-convex. In fact, if
Lq,r(μ) were q-convex, then Lq,r(μ)[q] would be 1-convex via Proposition 2.75(i).
However, Lq,r(μ)[q] = L1,r/q(μ) via part (iv) and L1,r/q(μ) is not 1-convex via part
(vi). Thus, Lq,r(μ) is not q-convex. �
Proposition 2.77. Let E be a Banach lattice.

(i) For each 0 < q ≤ 1, we have that E is necessarily q-convex and

M(q)[E] = 1. (2.171)

(ii) Suppose that E is infinite-dimensional. Then E fails to be q-concave for every
0 < q < 1.

Proof. (i) By Lemma 2.50 applied to the identity operator idE on E and with
W := E, we have that idE is necessarily 1-convex, that is, E is 1-convex and that
M(1)[E] = M(1)[idE ] = 1. Now let 0 < q < 1. From the fact that idE is 1-convex
and Proposition 2.54(ii), it follows that idE is q-convex and M (q)[E] ≤ M (1)[E] =
1. On the other hand, M (q)[E] ≥ 1 via (2.107), which establishes (2.171).

(ii) Assume, on the contrary, that E is q-concave for some 0 < q < 1. Then
E is also 1-concave via Corollary 2.55(ii). This, together with part (i), imply that
E is both 1-convex and 1-concave. Then, so is its real part ER; see Lemma 2.49.
This enables us to assume that ER equals the space L1

R
(η) of all R-valued func-

tions integrable with respect to some [0,∞]-valued measure η on some measurable
space (Ω, Σ) and that the norm ‖ · ‖ER

is equivalent to the usual L1-norm. In-
deed, according to [99, p. 59], there exist such a measure η and a surjective (real)
isomorphism R : ER → L1

R
(η) which preserves the lattice operations.

Now, ER = L1
R
(η) being infinite-dimensional, there exist non-η-null, pairwise

disjoint sets A(j) ∈ Σ, for j ∈ N, such that χ
A(j)

∈ L1
R
(η) = ER for every j ∈ N.

So, we can apply Example 2.73(ii-b) to see that L1(η) is not q-concave and hence,
neither is its real part L1

R
(η) = ER. Therefore, E is not q-concave. �
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The following result, eventually to be applied to the Lp-space of a vector
measure (see Proposition 3.28(i) of Chapter 3), is a consequence of Propositions
2.75 and 2.77.

Corollary 2.78. Let X(μ) be a B.f.s. over a positive, finite measure space (Ω, Σ, μ).
Given 1 < p < ∞, the (1/p)-power X(μ)[1/p] of X(μ) is a p-convex B.f.s. with
p-convexity constant 1.

Proof. That X(μ)[1/p] is a B.f.s. follows from Proposition 2.23(i) and that X(μ)
is 1-convex follows from Proposition 2.77(i) with E = X(μ). By Proposition 2.75
(with q := 1 and with (1/p) in place of p), the (1/p)-th power X(μ)[1/p] is p-

convex and M(p)
[
X(μ)[1/p]

]
=
(
M(1)[X(μ)]

)1/p

. On the other hand, recall that

M(1)[X(μ)]=1 via Proposition 2.77(i) with E :=X(μ). Thus, M(p)
[
X(μ)[1/p]

]
=1.

�

By Proposition 2.77(ii), the identity operator on any infinite-dimensional
Banach lattice fails to be q-concave whenever 0 < q < 1. A natural question
arises of whether or not there exists any q-concave operator (on some Banach
lattice) when 0 < q < 1. The following example provides an affirmative answer
(for q = 1/2); it will be generalized in Lemma 2.80.

Example 2.79. Let μ : 2N → [0,∞) be any finite measure such that μ({n}) > 0
for each n ∈ N and define

ϕ(n) := μ({n}) < ∞, n ∈ N. (2.172)

In particular, the function ϕ on N belongs to �1. Fix g ∈ �1.
Then g ∈M

(
�2(μ), �1(μ)

)
because g ∈ �∞ and so g · �2(μ) ⊆ �2(μ) ⊆ �1(μ).

(i) We shall show that Mg : �2(μ) → �1(μ) is (1/2)-concave. It follows that

∥∥gf
∥∥

�1(μ)
=
∥∥gfϕ

∥∥
�1
≤
( ∞∑

k=1

|g(k)f(k)ϕ(k)|1/2
)2

, f ∈ �2(μ), (2.173)

because of the definition of ‖·‖�1(μ) and the inequality
∑∞

k=1 |ak|≤
(∑∞

k=1 |ak|1/2
)2

for every complex sequence {ak}∞k=1. Fix n ∈ N and f1, . . . , fn ∈ �2(μ). Then,
(2.173) implies that( n∑

j=1

∥∥Mg(fj)
∥∥1/2

�1(μ)

)2

=
( n∑

j=1

∥∥gfj

∥∥1/2

�1(μ)

)2

≤
( n∑

j=1

∞∑
k=1

∣∣g(k)fj(k)ϕ(k)
∣∣1/2

)2

=

⎛⎝ ∞∑
k=1

[( n∑
j=1

|fj(k)|1/2
)∣∣ϕ(k)

∣∣1/2
] ∣∣g(k)

∣∣1/2

⎞⎠2
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≤
( ∞∑

k=1

[( n∑
j=1

|fj(k)|1/2
)2

ϕ(k)
])( ∞∑

k=1

|g(k)|
)

=
∥∥∥( n∑

j=1

|fj |1/2
)2∥∥∥

�1(μ)
· ‖g‖�1 ≤ ‖g‖�1 · ‖χN

‖�2(μ) ·
∥∥∥( n∑

j=1

|fj|1/2
)2∥∥∥

�2(μ)
,

where the Cauchy-Schwarz inequality is applied twice (once in �2 and once in
�2(μ)). So, Mg is (1/2)-concave.

(ii) Let us also show that Mg is (1/2)-concave by factorizing it through
�1/2(μ). Such a factorization cannot be seen from the computation in part (i).
First observe that

g/ϕ ∈ �1(μ) ⊆ �2/3(μ) = M
(
�2(μ), �1/2(μ)

)
(2.174)

because (2.80) gives that M
(
�2(μ), �1/2(μ)

)
= �2/3(μ). Next we show that

ϕ ∈ M
(
�1/2(μ), �1(μ)

)
. (2.175)

For this, let f ∈ �1/2(μ). Since ϕ2 ∈ �∞ we have ϕ(ϕf) = ϕ2f ∈ �1/2 ⊆ �1, and
hence, ϕf ∈ �1(μ). Thus, (2.175) holds. So, we can write

Mg = Mϕ ◦Mg/ϕ

with Mg/ϕ ∈ M
(
�2(μ), �1/2(μ)

)
and Mϕ ∈ M

(
�1/2(μ), �1(μ)

)
; see (2.174) and

(2.175). Thus, Mg factorizes through �1/2(μ) according to the following diagram:

�2(μ)
Mg ��

Mg/ϕ 		��
���

��
��

�1(μ)

�1/2(μ)

Mϕ

�����������

.

Now, recall from Example 2.73(i) that �1/2(μ) is (1/2)-concave. So, it follows from
Corollary 2.71 that the �1/2(μ)-valued operator Mg/ϕ is (1/2)-concave. Now apply
Proposition 2.68(i) to conclude that Mg = Mϕ ◦ Mg/ϕ is (1/2)-concave. �

In the above example, the requirement that μ is purely atomic is crucial. In
fact, if μ is non-atomic, then the dual space L1/2(μ)∗ = {0} (see Example 2.10)
and so L

(
L1/2(μ), L1(μ)

)
= {0} (see Lemma 2.9). Thus, the only continuous

linear operator from L2(μ) into L1(μ), which factorizes through L1/2(μ), is the
zero operator.

To generalize Example 2.79, let us clarify some terminology. Given are pos-
itive numbers q, r, u and a positive, finite measure μ on 2N. For a function g ∈
M
(
�r(μ), �u(μ)

)
, we say that the multiplication operator Mg : �r(μ) → �u(μ)

factorizes through �q(μ) via multiplications if there exist functions

g1 ∈M
(
�r(μ), �q(μ)

)
and g2 ∈M

(
�q(μ), �u(μ)

)
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such that g = g2g1 or, equivalently, that Mg = Mg2 ◦ Mg1 . So, the class of all
functions g ∈M

(
�r(μ), �u(μ)

)
for which Mg factorizes through �q(μ) via multipli-

cations is identical to the product

M
(
�q(μ), �u(μ)

)
· M

(
�r(μ), �q(μ)

)
:=
{

g2g1 : g2 ∈ M
(
�q(μ), �u(μ)

)
, g1 ∈M

(
�r(μ), �q(μ)

)}
,

(2.176)

represented schematically by the following diagram:

�r(μ)
Mg ��

Mg1 		








�u(μ)

�q(μ)
Mg2

����������

.

Lemma 2.80. Given a finite measure μ : 2N → [0,∞) with μ({n}) > 0 for all
n ∈ N, let ϕ : N → (0,∞) be the function given by (2.172). Suppose that q, r, u are
positive numbers.

(i) Let q < r. If w > 0 is the number determined by (1/r) + (1/w) = (1/q), then
M
(
�r(μ), �q(μ)

)
= �w(μ) = ϕ−(1/w) · �w.

(ii) If q ≤ u, then M
(
�q(μ), �u(μ)

)
= ϕ(1/q)−(1/u) · �∞.

(iii) Let q < r and q ≤ u. Given a function g ∈ M
(
�r(μ), �u(μ)

)
, the multiplica-

tion operator Mg : �r(μ) → �u(μ) factorizes through �q(μ) via multiplications
if and only if g ∈ ϕ(1/q)−(1/u) · �w(μ), in which case Mg is q-concave.

Proof. (i) The first equality in (i) is a special case of (2.80) in Example 2.30(i).
The fact that the multiplication operator Mϕ1/w : �w(μ) → �w is a surjective linear
isometry ensures the second equality.

(ii) Observe that ϕ ∈ �1 and the multiplication operators Mϕ1/q : �q(μ) → �q

and Mϕ−1/u : �u → �u(μ) are surjective linear isometries. Let

M
(
�q, �s) :=

{
f ∈ CN : f · �q ⊆ �s

}
, 0 < s ≤ ∞. (2.177)

Then
M
(
�q(μ), �u(μ)

)
= ϕ(1/q)−(1/u) · M(�q, �u). (2.178)

On the other hand, q ≤ u implies that

�∞ ⊆ M(�q, �u) ⊆ M(�q, �∞).

Since it is easy to verify that M(�q, �∞) = �∞, it follows that �∞ = M(�q, �u).
This and (2.178) establish part (ii).
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(iii) The fact that Mg : �r(μ) → �u(μ) factorizes through �q(μ) via multi-
plications if and only if g ∈ ϕ(1/q)−(1/u) · �w(μ) = ϕ−(1/w) · �w follows from the
identities

M
(
�q(μ), �u(μ)

)
·M
(
�r(μ), �q(μ)

)
=
(
ϕ(1/q)−(1/u) ·�∞

)
·�w(μ) = ϕ(1/q)−(1/u) ·�w(μ)

because of parts (i), (ii) and the identity �∞ ·
(
�w(μ)

)
= �w(μ).

Assume now that g ∈ ϕ(1/q)−(1/u) · �w(μ) and write g = ϕ(1/q)−(1/u) · g1 for
some g1 ∈ �w(μ). Since �q(μ) is q-concave (via Example 2.73(i)), we can apply
Corollary 2.71 to deduce that Mg1 : �r(μ) → �q(μ) is q-concave. Now, the function
g2 := ϕ(1/q)−(1/u) belongs to ϕ(1/q)−(1/u) · �∞ = M

(
�q(μ), �u(μ)

)
. In particular,

Mg2 is continuous. So, it follows from Proposition 2.68(i) that Mg = Mg2 ◦Mg1 is
q-concave. �

A natural question arises from (iii) in Lemma 2.80. Suppose that 0 < q <
r < ∞ and q ≤ u < ∞. If a function g ∈ M

(
�r(μ), �u(μ)

)
has the property that

Mg : �r(μ) → �u(μ) is q-concave, does it follow that Mg factorizes through �q(μ)
via multiplications? By applying a Maurey–Rosenthal type theorem, we shall show
in Chapter 6 that the answer is affirmative whenever u ≥ 1; see Example 6.31(iii).

Now let the assumption be as in Example 2.79. We claim that the fac-
torization in part (ii) of Example 2.79 is a special case of Lemma 2.80 with
q := 1/2, r := 2 and u := 1. Observe, for this choice of r, q, that w = 2/3.
For g ∈ �1, in which case g = ϕ · (g/ϕ), we have (g/ϕ) ∈ �1(μ) ⊆ �2/3(μ) and
ϕ ∈ ϕ2−1 · �∞ (as (1/q)− (1/u) = 2− 1). So, Lemma 2.80(iii) provides the factor-
ization Mg = Mϕ ◦ M(g/ϕ) through �1/2(μ), which is exactly what is presented in
Example 2.79(ii).



Chapter 3

Vector Measures and
Integration Operators

It is evident from Chapter 1 that the theory of vector measures and their inte-
gration theory play a vital role in this text, both by providing various techniques
and as a structural approach in general. Ever since the fundamental monographs
[42], [86] appeared some 30 years ago, there has been an ever growing literature
on this topic. The first aim of this chapter is to collect together those aspects of
the existing theory that are relevant to our needs. Since many of these results are
only formulated over real spaces, we will need to extend them (as also done in
Chapter 2) to the setting of spaces over C. In some cases this can be achieved by
the usual complexification arguments but, for others, entirely new proofs need to
be provided. In addition, many new results are also developed and thereby appear
for the first time. This is particularly the case in relation to the spaces Lp(ν)
and Lp

w(ν), for 1 ≤ p < ∞ and ν a Banach-space-valued vector measure, and the
associated integration operators defined on them. These results are essential for
Chapter 5, where we develop the theory of p-th power factorable operators defined
on suitable function spaces.

Particular emphasis is placed on identifying and characterizing certain “ideal
properties” of the integration operator, such as compactness, weak compactness
and complete continuity. The q-concavity of the Banach lattices Lp(ν) is analyzed
in the final section, together with that of the associated integration operator.
The collective properties of the integration operator will pervade all subsequent
chapters, especially Chapters 5, 6 and 7 dealing with applications. In order to make
more transparent some of the subtleties that occur between these properties (in
relation to integration operators), we have included many relevant and non-trivial
examples.

In conclusion, we wish to highlight the fact, for the reader with a particular
interest in vector measures and integration, that the new material in this chapter
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alone provides a rich supply of open problems and topics which are worthy of
further research.

3.1 Vector measures

Throughout this section, let E be a complex Banach space with norm ‖ ·‖E unless
stated otherwise. We sometimes consider the case when E is a Banach lattice; this
will be indicated explicitly. Our Banach lattices are over C unless otherwise stated
(see [165, Exercise 100.15]). Let (Ω, Σ) be a measurable space, and let ν : Σ → E
be a vector measure, that is, it is a σ-additive set function. The variation measure
of ν, denoted by |ν| : Σ → [0,∞], is defined as for scalar measures, [42, Ch. I,
Definition 1.4]; it is the smallest [0,∞]-valued measure dominating ν in the sense
that ‖ν(A)‖E ≤ |ν|(A) for every A ∈ Σ. Given x∗ ∈ E∗, let 〈ν, x∗〉 : Σ → C denote
the scalar measure

〈ν, x∗〉 : A �→ 〈ν(A), x∗〉, A ∈ Σ;

its variation measure |〈ν, x∗〉| : Σ → [0,∞) is necessarily finite. The semivariation
‖ν‖ of ν is the set function defined by

‖ν‖(A) := sup
x∗∈B[E∗]

|〈ν, x∗〉|(A), A ∈ Σ. (3.1)

Then, ‖ν‖(A) < ∞ for every A ∈ Σ, which follows, for example, from [42, Ch. I,
Corollary 1.19]. A useful fact is that

‖ν‖(A) = sup
∥∥∥ n∑

j=1

aj · ν(Aj)
∥∥∥

E
, A ∈ Σ, (3.2)

where the supremum is taken over all choices of scalars aj ∈ C with |aj | ≤ 1
(j = 1, . . . , n), Σ-partitions {Aj}n

j=1 of A, and n ∈ N. This is given in [42, Ch. I,
Proposition 1.11] when the scalar field is real. To adapt the proof to the complex
case we only need to extend the function sgn : R → [0,∞) to C via the formulae
sgna := a/|a| for a ∈ C \ {0} and sgn 0 := 0 so that a = |a| · sgna for every a ∈ C;
if a ∈ R \ {0}, then |a| = (1/sgna) · a = (sgna) · a, which has been used in the
proof of [42, Ch. I, Proposition 1.11]. It follows from (3.1) that

0 ≤ ‖ν‖(A) ≤ |ν|(A) ≤ ∞, A ∈ Σ. (3.3)

Another useful fact is that

sup
B∈Σ∩A

‖ν(B)‖E ≤ ‖ν‖(A) ≤ 4 sup
B∈Σ∩A

‖ν(B)‖E , A ∈ Σ; (3.4)

see again [42, Ch. I, Proposition 1.11]. The semivariation ‖ν‖ may not be σ-
additive. Indeed, ‖ν‖ is σ-additive if and only if ‖ν‖ = |ν| on Σ because |ν| is
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the smallest scalar measure dominating ν. In this case we necessarily have that
|ν|(A) < ∞ for every A ∈ Σ, that is, ν has finite variation. To provide an example,
we recall that a Banach-lattice-valued vector measure is called positive if its range
lies in the positive cone. A complex Banach lattice E is said to be an abstract
L1-space if ‖x + y‖E = ‖x‖E + ‖y‖E whenever x, y ∈ E+ satisfy x ∧ y = 0, [94,
§15, Definition 1]. It follows that

‖x + y‖E = ‖x‖E + ‖y‖E, x, y ∈ E+, (3.5)

[94, §25, Theorem 1]. A typical example of an abstract L1-space is the L1-space
of some [0,∞]-valued measure. Conversely, every abstract L1-space can be repre-
sented as such a space; for the details, see [94, Ch. 5, §15, Theorem 3].

Example 3.1. Let E be an abstract L1-space and ν : Σ → E be a positive vector
measure. Whenever {Aj}n

j=1 with n ∈ N is an arbitrary finite Σ-partition of A ∈ Σ,
we have

n∑
j=1

∥∥ν(Aj)
∥∥

E
=
∥∥∥ n∑

j=1

ν(Aj)
∥∥∥

E
=
∥∥ν(A)

∥∥
E

≤ ‖ν‖(A).

So, |ν|(A) ≤
∥∥ν(A)

∥∥
E
≤ ‖ν‖(A). This, together with (3.3), imply that

|ν|(A) =
∥∥ν(A)

∥∥
E

= ‖ν‖(A), A ∈ Σ. (3.6)

In other words, |ν| = ‖ν‖ on Σ and ‖ν‖ is σ-additive. Note that ν necessarily has
finite variation. �

The Orlicz–Pettis Theorem, [42, Ch. I, Corollary 2.4], says that a Banach-
space-valued, finitely additive set function η : Σ → E defined on a σ-algebra Σ is σ-
additive if and only if it is scalarly σ-additive, that is, 〈η, x∗〉 : Σ → C is σ-additive
for every x∗ ∈ E∗. It would be useful if the σ-additivity of η were guaranteed by
checking the scalar σ-additivity for a smaller subset than the whole space E∗.
The following result, which we call the generalized Orlicz–Pettis Theorem, tells us
when we can do so (at least in particular situations).

Lemma 3.2. The following conditions for a Banach space E are equivalent.

(i) The Banach space E does not contain an isomorphic copy of �∞.
(ii) Given a measurable space (Ω, Σ), any finitely additive set function η : Σ → E

and any total subset H of E∗, the set function η is σ-additive if and only if
〈η, x∗〉 : Σ → C is σ-additive for every x∗ ∈ H.

This result can be found in [40, Theorem 1.1]; see also [42, Ch. I, Corollary
4.7] and [161, § 0].

Let R(ν) denote the range of the vector measure ν : Σ → E, that is,

R(ν) := {ν(A) : A ∈ Σ}.
An important fact, given in [10, Theorem 2.9], [42, Ch. I, Corollary 2.7], is the
following
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Lemma 3.3. The range of every Banach-space-valued vector measure is a relatively
weakly compact set.

Let L0(Σ) denote the space of all C-valued, Σ-measurable functions on Ω.
According to [97, Definition 2.1], a function f ∈ L0(Σ) is called ν-integrable if

(I-1) it is 〈ν, x∗〉-integrable for every x∗ ∈ E∗, and
(I-2) for every A ∈ Σ there exists a unique element νf (A) ∈ E satisfying

〈
νf (A), x∗〉 =

∫
A

f d〈ν, x∗〉, x∗ ∈ E∗.

The Orlicz–Pettis Theorem, [42, Ch. I, Corollary 2.4], ensures that the E-valued
set function νf : A �→ νf (A) on Σ is again a vector measure; it is called the
indefinite integral of f relative to ν. We will also use the classical notation∫

A

f dν := νf (A), A ∈ Σ.

Let L1(ν) denote the space of all ν-integrable functions on Ω, equipped with
the seminorm ‖ · ‖L1(ν) defined by

‖f‖L1(ν) := sup
x∗∈B[E∗]

∫
Ω

|f | d|〈ν, x∗〉|, f ∈ L1(ν). (3.7)

According to [141, Theorem 6.13], applied to each scalar measure 〈νf , x∗〉, for
x∗ ∈ E∗, it follows that

‖f‖L1(ν) = ‖νf‖(Ω), f ∈ L1(ν). (3.8)

Each Σ-simple function s : Ω → C is ν-integrable in a natural way. In fact, if

s =
n∑

j=1

aj χ
Aj

∈ simΣ (3.9)

for some aj ∈ C and Aj ∈ Σ, j = 1, . . . , n, and n ∈ N, then s is ν-integrable with∫
A s dν =

∑n
j=1 ajν(Aj ∩A) for every A ∈ Σ. The fact that ν is σ-additive on the

σ-algebra Σ guarantees that the integral
∫

A
s dν does not depend on the choice

of aj ’s and Aj ’s (j = 1, . . . , n with n ∈ N) satisfying (3.9). It follows from [97,
Theorem 2.2] that every bounded function in L0(Σ) is necessarily ν-integrable.

Every function f ∈ L1(ν) satisfying ‖f‖L1(ν) = 0 is called ν-null. By N (ν)
we denote the subspace of L1(ν) consisting of all ν-null functions. A set A ∈ Σ is
called ν-null if χ

A
∈ N (ν). The family of all ν-null sets is denoted by N0(ν). With

N0(|ν|) denoting the family of all |ν|-null sets, we have that N0(ν) = N0(|ν|); in
other words, the ν-null and |ν|-null sets coincide.
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Remark 3.4. The following observations will be useful:

(i) A ∈ Σ is ν-null if and only if ν(Σ ∩ A) := {ν(B ∩A) : B ∈ Σ} = {0}.
(ii) A function f ∈ L1(ν) is ν-null if and only if f−1

(
C \ {0}

)
∈ N0(ν). �

Unless stated otherwise, we identify L1(ν) with its quotient space L1(ν)/N (ν)
so that the seminorm ‖ · ‖L1(ν) will also be identified with its associated quotient
norm, as for the case of a scalar measure. Moreover, L1(ν) is a vector lattice with
respect to the ν-a.e. pointwise order and ‖ · ‖L1(ν) is then a lattice norm on L1(ν).

In the following two theorems, we collect together some basic facts on ν-
integrable functions and on the space L1(ν).

Theorem 3.5. Let ν : Σ → E be a vector measure. The following assertions for a
function f ∈ L0(Σ) are equivalent.

(i) f is ν-integrable.
(ii) There exists a sequence {sn}∞n=1 ⊆ sim Σ such that sn → f pointwise as

n → ∞ and such that the sequence {
∫
A

sn dν}∞n=1 converges in E for every
A ∈ Σ.

(iii) There exists a sequence {fn}∞n=1 ⊆ L1(ν) such that fn → f pointwise as
n → ∞ and such that the sequence

{∫
A fn dν

}∞
n=1

converges in E for every
A ∈ Σ.

If (ii)
(
resp. (iii)

)
holds, then∫

A

fdν = lim
n→∞

∫
A

sn dν

(resp.
∫

A
fdν = limn→∞

∫
A

fn dν
)

for every A ∈ Σ.

Proof. This has essentially been given in [97, Theorem 2.4] which does not in-
clude part (iii) above but, whose arguments can easily be adapted to show the
equivalence of (iii) with the others. �
Remark 3.6. (i) The above theorem asserts that we can also define ν-integrability
of a Σ-measurable function f via part (ii). In fact, this is exactly the original
definition employed by R. Bartle, N. Dunford and J. Schwartz, [10, Definition 2.5].
Accordingly, some authors call “our” integral (as given in (I-1) and (I-2)) the
Bartle–Dunford-Schwartz integral.

(ii) It is clear that the pointwise convergence sn → f in (ii) (resp. fn → f in
(iii)) can be relaxed to μ-a.e. pointwise convergence. �

A finite measure μ : Σ → [0,∞) is called a control measure for a vector
measure ν : Σ → E if μ and ν are mutually absolutely continuous, that is, μ(A) →
0 if and only if ν(A) → 0. By a theorem of B.J. Pettis, this is equivalent to the
identity N0(μ) = N0(ν), [42, Ch. I, Theorem 2.1]. For the existence of control
measures, see [10, Corollary 2.4]. Our definition of control measure differs from



108 Chapter 3. Vector Measures and Integration Operators

that in [42, p. 11]. It turns out (see Theorem 3.7 below) that L1(ν) is a B.f.s. based
on (Ω, Σ, μ), so that the constant function χ

Ω
is a weak order unit (by Proposition

2.2(v)). This important fact, first explicitly pointed out by G.P. Curbera [21],
plays an important role in the study of vector measures and related operators.

There is a special class of control measures for ν. In fact, via Rybakov’s
Theorem, [42, Ch. IX, Theorem 2.2], there exists a linear functional x∗ ∈ E∗ such
that the scalar measure |〈ν, x∗〉| : Σ → [0,∞) is a control measure for ν. We
call such an x∗ a Rybakov functional. The collection of all Rybakov functionals is
denoted by Rν [E∗].

Theorem 3.7. Let ν : Σ → E be a vector measure.

(i) (Lebesgue Dominated Convergence Theorem) Let g ∈ L1(ν)+. If {fn}∞n=1 is a
sequence in L0(Σ) converging ν-a.e. to a function f ∈ L0(Σ) and if |fn| ≤ g
(ν-a.e.) for all n ∈ N, then f is ν-integrable and limn→∞ fn = f in the norm
‖ · ‖L1(ν).

(ii) The normed space L1(ν) is complete. Furthermore, L1(ν) is a weakly com-
pactly generated Banach space in which sim Σ is dense.

(iii) Given any control measure μ for ν, the space L1(ν) ⊆ L0(μ) is a B.f.s. based
on the measure space (Ω, Σ, μ) and the norm ‖·‖L1(ν) is an o.c. lattice norm.
In particular, the constant function χ

Ω
is a weak order unit of L1(ν).

(iv) Let x∗ ∈ Rν [E∗]. Then L1(ν) ⊆ L1
(
|〈ν, x∗〉|

)
as vector sublattices of

L0
(
|〈ν, x∗〉|

)
and the natural inclusion map is continuous.

Proof. (i) See [98, Theorem 2.2].
(ii) Completeness of L1(ν) over R can be found in [86, Ch. IV] and in [58],

[130] over C, while denseness of sim Σ follows from part (i). That L1(ν) is weakly
compactly generated has been proved in [21, Theorem 2]. The proof there is based
on the facts that the set function

[ν] : A �→ χ
A
∈ L1(ν), A ∈ Σ, (3.10)

is σ-additive via part (i) and hence, has relatively weakly compact range by Lemma
3.3, and that simΣ is dense in L1(ν).

(iii) It is clear from (3.7) that the norm ‖ · ‖L1(ν) is a lattice norm. Parts
(i) and (ii) yield that L1(ν) is a B.f.s. (over (Ω, Σ, μ)) with σ-o.c. norm. Hence,
‖ · ‖L1(ν) is an o.c. lattice norm; see Remark 2.5.

(iv) Since every f ∈ L1(ν) is necessarily |〈ν, x∗〉|-integrable and∫
Ω

|f | d|〈ν, x∗〉| ≤ ‖f‖L1(ν)

(see (3.7)), part (iv) follows. �
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Part (iii) of the above theorem has been presented explicitly in [21, Theo-
rem 1] with an emphasis on the Banach lattice structure of L1(ν). Theorem 8 of
the same paper [21] provides a sort of “converse” of the above part (iii) in the
sense that every o.c. Banach lattice with a weak order unit can be realized as
L1(ν) for a suitable vector measure ν. So, we are dealing with a large class of
Banach lattices by investigating L1(ν). Before presenting this result, let us clarify
some terminology. The order continuity of the norm of a general Banach lattice
is defined as in the case of a q-B.f.s. (see Remark 2.5). So, a Banach lattice is
o.c. if and only if its real part is. Let Z and W be Banach lattices which are the
complexification of real Banach lattices ZR and WR, respectively. We say that an
injective bicontinuous linear operator T : Z → W is a lattice isomorphism onto
its range if T (ZR) ⊆ WR and if T preserves the lattice operations, that is,

T (z1 ∨ z2) = T (z1) ∨ T (z2) and T (z1 ∧ z2) = T (z1) ∧ T (z2), z1, z2 ∈ ZR,
(3.11)

[149, pp. 135–136]. If, in addition, such a T is a linear isometry, then T is said to be
a lattice isometry. The Banach lattices Z and W are said to be lattice isomorphic
if there exists a surjective lattice isomorphism T : Z → W . If such a T happens to
be a linear isometry, then we say that Z and W are lattice isometric. Note that
any linear operator T : Z → W satisfying T (ZR) ⊆ WR and (3.11) is necessarily
positive in the sense that T (Z+) ⊆ W+. We can similarly define a real lattice
isomorphism and a real lattice isometry from ZR into WR. In the notation above,
let SR : ZR → WR be an R-linear operator. Then it admits the canonical extension
S : Z → W defined by

S(x + iy) := SR(x) + iSR(y), for x + iy ∈ Z with x, y ∈ ZR; (3.12)

see, for example, [149, p. 135], [165, §92].

Lemma 3.8. Let Z and W be Banach lattices which are the complexification of real
Banach lattices ZR and WR, respectively. Then the following assertions hold.

(i) Let T : Z → W be a lattice isomorphism onto its range and let TR : ZR → WR

denote the restriction of T to ZR, with codomain space WR. Then TR is a real
lattice isomorphism onto its range. If, in addition, T is surjective, then so is
TR.

(ii) Let T : Z → W be a lattice isometry onto its range. Then the real lattice
isomorphism TR : ZR → WR given in (i) is a real lattice isometry.

(iii) Let SR : ZR → WR be a continuous R-linear operator. Then its canonical
extension S : Z → W is a continuous linear operator, i.e., S ∈ L(Z, W ).

(iv) Let SR : ZR → WR be a real lattice isomorphism onto its range. Then its
canonical extension S : Z → W is a lattice isomorphism onto its range. If,
in addition, SR is surjective, then so is S.

(v) Assume further that both Z and W are o.c. If SR : ZR → WR is a real lattice
isometry, then its canonical extension S : Z → W of SR is a lattice isometry.



110 Chapter 3. Vector Measures and Integration Operators

Proof. (i) By definition T (ZR) ⊆ WR and so the operator TR : ZR → WR is
well defined. It is clear from (3.11) that TR preserves order. Moreover, from the
definition of the complexification of real Banach lattices (see Chapter 2), we have

‖x‖ZR
=
∥∥ |x| ∥∥

ZR

= ‖x‖Z , x ∈ ZR ⊆ Z, (3.13)

and
‖u‖WR

=
∥∥ |u| ∥∥

WR

= ‖u‖W u ∈ WR ⊆ W. (3.14)

So, the bicontinuity of T implies that of TR. Hence, TR is a real lattice isomorphism.
Now assume that T is surjective. To prove that TR is surjective, let u ∈ WR ⊆

W . Then u = T (x + iy) = T (x) + iT (y) for some x + iy ∈ Z with x, y ∈ ZR. Since
u, T (x), T (y) ∈ WR, we have iT (y) ∈ WR ∩ (iWR) = {0} and hence, y = 0, that
is, u = T (x) = TR(x). Thus, TR is surjective.

(ii) If T is a lattice isometry, then it follows from (3.13) and (3.14) that TR

is also a lattice isometry.
(iii) Given x + iy ∈ Z with x, y ∈ ZR, it follows from (2.15) that∥∥S(x + iy)

∥∥
W

=
∥∥SR(x) + iSR(y)

∥∥
W

≤
∥∥SR(x)

∥∥
W

+
∥∥iSR(y)

∥∥
W

=
∥∥SR(x)

∥∥
WR

+
∥∥SR(y)

∥∥
WR

≤ ‖SR‖ · ‖x‖ZR
+ ‖SR‖ · ‖y‖ZR

≤ 2‖SR‖ · ‖x + iy‖Z, (3.15)

which implies that S is continuous.
(iv) Clearly S preserves the order because SR does. The injectivity of S easily

follows from that of SR. The range of S is expressed as

S(Z) = SR(ZR) + iSR(ZR). (3.16)

So, every element of S(Z) is of the form u + iv with u, v ∈ SR(ZR). Then (3.12)
gives

S
(
S−1

R
(u) + iS−1

R
(v)
)

= u + iv.

So, S−1(u+iv) = S−1
R

(u)+iS−1
R

(v). Therefore, a similar argument to (3.15) yields
that ∥∥S−1(u + iv)

∥∥
Z

≤ 2‖S−1
R

‖ · ‖u + iv‖W ,

that is, S−1 is continuous on the range S(Z) ⊆ W of S. This establishes the fact
that S is a lattice isomorphism onto its range.

If SR is surjective, then so is S via (3.16).
(v) Fix x+iy ∈ Z with x, y ∈ ZR. Then |x+iy| = ∨θ∈[0,2π)

∣∣(cos θ)x+(sin θ)y
∣∣

in ZR ⊆ Z via (2.14). Let F be the collection of all finite subsets of the interval
[0, 2π) directed by inclusion. Since Z is o.c., so is its real part ZR. It then follows
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that

|x + iy| =
∨

Λ∈F

( ∨
θ∈Λ

∣∣(cos θ)x + (sin θ)y
∣∣)

= lim
Λ∈F

( ∨
θ∈Λ

∣∣(cos θ)x + (sin θ)y)
∣∣) (3.17)

in ZR. On the other hand, since W is o.c. (hence, also WR is o.c.) and since∣∣S(x + iy)
∣∣ = ∣∣SR(x) + iSR(y)

∣∣ =
∨

θ∈[0,2π)

∣∣∣(cos θ)SR(x) + (sin θ)SR(y)
∣∣∣,

it follows that∣∣S(x + iy)
∣∣ = ∨

Λ∈F

( ∨
θ∈Λ

∣∣∣ (cos θ)SR(x) + (sin θ)SR(y)
∣∣∣ )

= lim
Λ∈F

( ∨
θ∈Λ

∣∣∣ (cos θ)SR(x) + (sin θ)SR(y)
∣∣∣ )

in WR ⊆ W . Hence, we have∥∥S(x + iy)
∥∥

W
=
∥∥ |S(x + iy)|

∥∥
WR

= lim
Λ∈F

∥∥∥ ∨
θ∈Λ

∣∣(cos θ)SR(x) + (sin θ)SR(y)
∣∣ ∥∥∥

WR

= lim
Λ∈F

∥∥∥ ∨
θ∈Λ

∣∣SR

(
(cos θ)x + (sin θ)y

)∣∣ ∥∥∥
WR

. (3.18)

Since SR preserves order, we have∣∣∣SR

(
(cos θ)x + (sin θ)y

) ∣∣∣ = SR

(∣∣(cos θ)x + (sin θ)y
∣∣), θ ∈ [0, 2π), (3.19)

in the real vector lattice WR, [2, Theorem 7.2]. Fix Λ ∈ F. Since Λ is a finite set
and SR is a linear isometry, we have from (3.19) that∥∥∥ ∨

θ∈Λ

∣∣SR

(
(cos θ)x + (sin θ)y

)∣∣∥∥∥
WR

=
∥∥∥SR

( ∨
θ∈Λ

∣∣(cos θ)x + (sin θ)y
∣∣)∥∥∥

WR

=
∥∥∥ ∨

θ∈Λ

∣∣(cos θ)x + (sin θ)y
∣∣∥∥∥

ZR

. (3.20)

Finally, it follows from (3.17), (3.18) and (3.20) that

‖S(x + iy)‖W = lim
Λ∈F

∥∥∥ ∨
θ∈Λ

∣∣SR

(
(cos θ)x + (sin θ)y

)∣∣∥∥∥
WR

= lim
Λ∈F

∥∥∥ ∨
θ∈Λ

∣∣(cos θ)x + (sin θ)y
∣∣∥∥∥

ZR

= ‖x + iy‖Z.

That is, S is a linear isometry. Since we already know that S is a lattice isomor-
phism, part (v) holds. �
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When the scalar field is R, the following result is due to G.P. Curbera, [21,
Theorem 8]. We say that a positive element e of a Banach lattice E is a weak order
unit of E if it is a weak order unit of the real part ER, which is a real Banach
lattice (see Chapter 2), that is, x ∧ (ne) ↑ x for every x ∈ E+, or, equivalently,
x ∧ e = 0 implies that x = 0, [2, p. 36]. This agrees with the definition given in
[149, p. 138].

Proposition 3.9. Let E be an o.c. Banach lattice with a weak order unit. Then
there exists an E-valued, positive vector measure ν such that E and L1(ν) are
lattice isometric.

Proof. Write E as the complexification E = ER + iER of its real part ER (see
Chapter 2). There exist an order continuous real B.f.s. XR(μ) over a probability
space (Ω, Σ, μ) and a surjective, real lattice isometry SR : ER → XR(μ), [99, The-
orem 1.b.14]. Let X(μ) := XR(μ)+ iXR(μ) and endow X(μ) with the lattice norm
defined by ‖f‖X(μ) :=

∥∥ |f | ∥∥
XR(μ)

for f ∈ X(μ), that is, X(μ) is the complexifica-
tion of the real Banach lattice XR(μ). Since both E and X(μ) are o.c., it follows
from Lemma 3.8(iv)–(v) that the canonical extension S : E → X(μ) of SR is a
surjective lattice isometry. This enables us to assume that E = X(μ).

Since X(μ) is o.c., the set function ν : Σ → X(μ) defined by

ν(A) := χ
A
, A ∈ Σ,

is a vector measure. By adapting the proof of Theorem 8 in [21] we can conclude
that L1(ν) = X(μ) with equal norms. Alternatively, apply Corollary 3.66(ii) below.

�

Let E be a Banach space and ν : Σ → E be a vector measure. It follows from
(3.4), with νf in place of ν, that

sup
A∈Σ

∥∥∥ ∫
A

fdν
∥∥∥

E
≤ ‖f‖L1(ν) ≤ 4 sup

A∈Σ

∥∥∥ ∫
A

fdν
∥∥∥

E
, f ∈ L1(ν). (3.21)

Consequently, the function

||| · |||L1(ν) : f �−→ sup
A∈Σ

∥∥∥ ∫
A

fdν
∥∥∥

E
, f ∈ L1(ν), (3.22)

is an equivalent norm on L1(ν). However, (3.22) is not a lattice norm, in general,
even in the case of a scalar measure. Let us give a counterexample for a “genuine”
vector measure.

Example 3.10. Let μ : B([0, 1]) → [0, 1] be Lebesgue measure. Given 1 ≤ r < ∞,
write Lr([0, 1]) := Lr(μ), as usual. With E := Lr([0, 1]), define an E-valued,
finitely additive set function νr on Σ := B([0, 1]) by

νr(A)(t) :=
∫ t

0

χ
A
(u) dμ(u), t ∈ [0, 1]. (3.23)
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Given {An}∞n=1 ⊆ Σ with An ↓ ∅, we have ‖νr(An)‖E → 0. In fact, νr(An)(·) ∈
C([0, 1]) for n ∈ N and νr(An) → 0 in the uniform norm on C([0, 1]), [129, p.
135]. So, νr is a vector measure. We shall present a systematic treatment of such
measures later. For now, let f := χ

[0,2−1]
− χ

(2−1,1]
, in which case

∫
A f dνr =

νr

(
A ∩ [0, 2−1]

)
− νr

(
A ∩ (2−1, 1]

)
, with 0 ≤ νr

(
A ∩ [0, 2−1]

)
≤ νr

(
[0, 2−1]

)
and

0 ≤ νr

(
A ∩ (2−1, 1]

)
≤ νr

(
(2−1, 1]

)
, so that∣∣∣νr

(
A ∩ [0, 2−1]

)
− νr

(
A ∩ (2−1, 1]

)∣∣∣ ≤ νr

(
[0, 2−1]

)
, A ∈ Σ.

That is, ∣∣∣∣ ∫
A

f dνr

∣∣∣∣ ≤ ∫
[0,2−1]

f dνr, A ∈ Σ. (3.24)

We claim that

|||f |||L1(νr) =
(

1
2

)(r+1)/r

·
(

r + 2
r + 1

)1/r

<

(
1

r + 1

)1/r

=
∣∣∣∣∣∣ |f | ∣∣∣∣∣∣

L1(νr)
. (3.25)

Indeed, (3.24) yields that

|||f |||L1(νr) = sup
A∈Σ

∥∥∥∥ ∫
A

f dνr

∥∥∥∥
E

=
∥∥∥νr

(
[0, 2−1]

)∥∥∥
E

=
(

1
2

)(r+1)/r

·
(

r + 2
r + 1

)1/r

.

On the other hand,
∣∣∣∣∣∣ |f | ∣∣∣∣∣∣

L1(νr)
=
∥∥νr([0, 1])

∥∥
E

= (r+1)−1/r, which verifies (3.25).
Accordingly, ||| · |||L1(νr) is not a lattice norm. �

We can also define ν∞ : B([0, 1]) → L∞([0, 1]) by (3.23). The vector measure

νr : B([0, 1]) → Lr([0, 1]), 1 ≤ r ≤ ∞, (3.26)

will be called the Volterra measure of order r. This terminology is, of course,
derived from the Volterra integral operator Vr : Lr([0, 1]) → Lr([0, 1]) defined by

Vr(f)(t) =
∫ t

0

f(u) du, t ∈ [0, 1], (3.27)

for f ∈ Lr([0, 1]). It is clear that νr(A) = Vr(χA
), for A ∈ B([0, 1]. For each

1 ≤ r ≤ ∞, the operator Vr is known to be compact. Indeed, for 1 ≤ r < ∞, this
follows from [80, Satz 11.6]. For r = ∞, a direct calculation shows that

V∞(f) =
( ∫ 1

0

f(u) du
)
χ

[0,1]
− V ∗

1 (f), f ∈ L∞([0, 1]),

where V ∗
1 ∈ L

(
L∞([0, 1])

)
is the dual operator of V1 ∈ L

(
L1([0, 1])

)
. Since V1 is

compact, so is V ∗
1 because of Schauder’s Theorem, [46, VI Theorem 5.2]. Moreover,
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the rank-1 operator T : f �→
( ∫ 1

0
f(u) du

)
χ

[0,1]
is surely compact in L∞([0, 1])

and hence, V∞ = T − V ∗
1 is also compact.

There also exist vector measures ν for which ||| · |||L1(ν) = ‖ · ‖L1(ν), in which
case ||| · |||L1(ν) is a lattice norm. For example, the measure given by (3.10) has this
property (this is a special case of Corollary 3.66(ii)). Another instance occurs in
Example 3.24 below. Actually, we will see in Proposition 3.12 below that ||| · |||L1(ν)

is a lattice norm if and only if it coincides with ‖ · ‖L1(ν). Of course, in general,
a Banach lattice can have distinct but equivalent lattice norms. Just consider �1

with the usual norm ‖ϕ‖�1 =
∑∞

n=1 |ϕ(n)| and also the lattice norm given by
|||ϕ|||�1 := ‖ϕ‖�1 + |ϕ(1)| for ϕ ∈ �1. Let us first give a preliminary result.

Lemma 3.11. Let ν : Σ → E be a Banach-space-valued measure. Then

∥∥f∥∥
L1(ν)

= sup
{∥∥∥∫

Ω

sf dν
∥∥∥

E
: s ∈ sim Σ and sup

ω∈Ω
|s(ω)| ≤ 1

}
, f ∈ L1(ν).

(3.28)

Proof. Let f ∈ L1(ν). Given s =
∑n

j=1 ajχAj
∈ sim Σ with n ∈ N, scalars aj ∈ C

satisfying |aj | ≤ 1 for j = 1, . . . , n, and pairwise disjoint sets {Aj}n
j=1 ⊆ Σ, we

have ∫
Ω

sf dν =
n∑

j=1

aj · νf (Aj).

Therefore (3.2), with the indefinite integral νf in place of ν, yields (3.28) because
‖f‖L1(ν) = ‖νf‖(Ω). �

Proposition 3.12. Let ν : Σ → E be a Banach-space-valued measure.

(i) The following assertions are equivalent.

(a) The norm ||| · |||L1(ν) on L1(ν) as given by (3.22) is a lattice norm.

(b) |||f |||L1(ν) = ‖f‖L1(ν) for every f ∈ L1(ν).

(ii) If
∥∥∫

Ω
f dν

∥∥
E

= ‖f‖L1(ν) for every f ∈ L1(ν), then (a) and (b) of part (i)
hold.

Proof. (i) (a) ⇒ (b). Fix f ∈ L1(ν). Let s ∈ sim Σ with supω∈Ω |s(ω)| ≤ 1. Since
|sf | ≤ |f |, it follows from (3.22) and (a) that∥∥∥ ∫

Ω

sf dν
∥∥∥

E
≤ |||sf |||L1(ν) ≤ |||f |||L1(ν).

This and Lemma 3.11 imply that ‖f‖L1(ν) ≤ |||f |||L1(ν). Since we already know that
the reverse inequality holds (see (3.21) and the definition of |||f |||L1(ν) in (3.22)),
we have established (b).

(b) ⇒ (a). This is clear because ‖ · ‖L1(ν) is a lattice norm.
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(ii) The stated assumption, together with (3.21) and (3.22), imply that

‖f‖L1(ν) =
∥∥∥ ∫

Ω

f dν
∥∥∥

E
≤ |||f |||L1(ν) ≤ ‖f‖L1(ν), f ∈ L1(ν),

which establishes (b) and hence, also (a) of (i). �

It seems to be open whether or not the converse statement of part (ii) of the
previous proposition holds. For another remark on part (ii) take note that, even
if ‖f‖L1(ν) =

∥∥∫
Ω

f dν
∥∥

E
for every f ∈ L1(ν)+, the norm ||| · |||L1(ν) may not be a

lattice norm; for a counterexample see Example 3.10.
Lemma 3.13 below provides a simple but useful form of the norm ‖ · ‖L1(ν)

for a positive vector measure ν.

Lemma 3.13. Let E be a Banach lattice and let ν : Σ → E be a positive vector
measure. Then

‖f‖L1(ν) =
∥∥∥∥∫

Ω

|f | dν

∥∥∥∥
E

, f ∈ L1(ν). (3.29)

Proof. Given x∗ ∈ E∗, the variation measure
∣∣〈ν, x∗〉

∣∣ satisfies the inequality∣∣〈ν, x∗〉
∣∣(A) ≤

〈
ν, |x∗|

〉
(A), A ∈ Σ, (3.30)

because the assumption R(ν) ⊆ E+ and (2.149) applied to Z := E give∣∣〈ν, x∗〉(A)
∣∣ =

∣∣〈ν(A), x∗〉
∣∣

≤
〈
|ν(A)|, |x∗|

〉
=
〈
ν(A), |x∗|

〉
= 〈ν, |x∗|〉(A), A ∈ Σ,

and because
∣∣〈ν, x∗〉

∣∣ is the smallest [0,∞]-valued measure dominating 〈ν, x∗〉 (in
the sense that

∣∣〈ν, x∗〉(A)
∣∣ ≤ ∣∣〈ν, x∗〉

∣∣(A) for A ∈ Σ). Let f ∈ L1(ν). We conclude
from (3.7) and (3.30) that

‖f‖L1(ν) = sup
x∗∈B[E∗]

∫
Ω

|f | d|〈ν, x∗〉| ≤ sup
x∗∈B[E∗]

∫
Ω

|f | d
〈
ν, |x∗|

〉
= sup

x∗∈B[E∗]

〈∫
Ω

|f | dν, |x∗|
〉
≤ sup

x∗∈B[E∗]

∥∥∥∥ ∫
Ω

|f | dν

∥∥∥∥
E

·
∥∥ |x∗|

∥∥
E∗

=
∥∥∥∥ ∫

Ω

|f | dν

∥∥∥∥
E

because
∥∥ |x∗|

∥∥
E∗ = ‖x∗‖E∗ ≤ 1 for x∗ ∈ B[E∗]. Since we already know that∥∥ ∫

Ω |f | dν
∥∥

E
≤ ‖f‖L1(ν) via (3.21), the equality (3.29) holds. �

Let μ be a control measure for the vector measure ν. Since N0(μ) = N0(ν) =
N0(|ν|), the Banach lattice L1(|ν|) is a complete normed function space based on
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the measure space (Ω, Σ, μ), in the terminology of Chapter 2. So, according to the
definition, L1(|ν|) is a B.f.s. over (Ω, Σ, μ) if and only if simΣ ⊆ L1(|ν|) if and
only if |ν|(Ω) < ∞, in which case |ν| is also a control measure for ν. Let us present
some basic facts concerning L1(|ν|); this space will play an important role in the
sequel.

Lemma 3.14. Let E be a Banach space and ν : Σ → E be a vector measure.

(i) Every |ν|-integrable function is ν-integrable, that is,

L1(|ν|) ⊆ L1(ν). (3.31)

Moreover, a function f ∈ L1(ν) is |ν|-integrable if and only if its indefinite
integral νf : Σ → E has finite variation, in which case

‖f‖L1(ν) = ‖νf‖(Ω) ≤ |νf |(Ω) = ‖f‖L1(|ν|) < ∞. (3.32)

(ii) Assume, in addition, that E is an abstract L1-space and that ν is positive.

(a) We have that L1(|ν|) = L1(ν) with their given norms being equal.

(b) There exists x∗
0 ∈ (E∗)+ such that

‖ν(A)‖E = ‖ν‖(A) = |ν|(A) = 〈ν, x∗
0〉(A), A ∈ Σ. (3.33)

In particular, the finite measures |ν| and 〈ν, x∗
0〉 on Σ are the same and,

as a consequence, L1(|ν|) = L1(ν) = L1
(
〈ν, x∗

0〉
)

with their given norms
being equal.

(iii) We have L1(|ν|) = L1(ν) with their given norms being equivalent if and only
if L1(ν) is lattice isomorphic to an abstract L1-space.

(iv) We have L1(|ν|) = L1(ν) with their given norms being equal if and only if
L1(ν) is an abstract L1-space.

Proof. (i) See [98, Theorem 4.2].
(ii) Let us prove (a). We already know that ν has finite variation via Example

3.1. Let f ∈ L1(ν)+. Again by Example 3.1, now applied to the positive vector
measure νf instead of ν, we have that |νf |(Ω) < ∞ and hence, f ∈ L1(|ν|) via
part (i). Therefore, L1(ν)+ ⊆ L1(|ν|) and consequently,

L1(ν) =
(
L1(ν)+ − L1(ν)+

)
+ i
(
L1(ν)+ − L1(ν)+

)
⊆ L1(|ν|). (3.34)

This, together with (3.31), imply that L1(|ν|) = L1(ν) as vector spaces. To prove
that these two spaces have equal norms, let s ∈ simΣ. Write s =

∑n
j=1 ajχAj

for
some scalars a1, . . . , an ∈ C and pairwise disjoint sets A1, . . . , An ∈ Σ with n ∈ N.
Since |ν|(Aj) = ‖ν(Aj)‖E by (3.6) (with A := Aj for j = 1, . . . , n), it follows from
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Lemma 3.13 with f := s and (3.5) that

‖s‖L1(|ν|) =
n∑

j=1

|aj | · |ν|(Aj) =
n∑

j=1

|aj | ·
∥∥ν(Aj)

∥∥
E

=
∥∥∥ n∑

j=1

|aj | · ν(Aj)
∥∥∥

E
=
∥∥∥ ∫

Ω

|s| dν
∥∥∥

E
= ‖s‖L1(ν).

Thus, the norms ‖ · ‖L1(|ν|) and ‖ · ‖L1(ν) are equal on sim Σ, which is dense in
both L1(|ν|) and L1(ν). Hence, these norms coincide on the whole space L1(|ν|) =
L1(ν).

To prove (b), recall that the first two equalities in (3.33) have already been
established in (3.6). To show that there exists x∗

0 ∈ (E∗)+ satisfying ‖ν(A)‖E =
〈ν, x∗

0〉(A) for all A ∈ Σ, we use the fact that E is lattice isometric to the Lebesgue
space L1(η) for some scalar measure η : S → [0,∞] defined on a measurable space
(Λ,S); see [94, Ch. 5, §15, Theorem 3], for instance. So, we may as well assume
that E = L1(η) equipped with its usual L1-norm ‖ · ‖L1(η). Then, we have

‖ν(A)‖L1(η) =
∫

Λ

ν(A)(·) dη =
∫

Λ

ν(A)(·)χ
Λ
(·) dη

=
〈
ν(A), χ

Λ

〉
=
〈
ν, χ

Λ

〉
(A), A ∈ Σ,

from which (3.33) follows. The rest of (b) is now easily verified.
(iii) See [20, Proposition 3.1] and [22, Proposition 2] for the real case. We

need to prove this for the complex case. Since L1(|ν|) is an abstract L1-space, the
“only if” portion is obvious.

So, assume that L1(ν) is lattice isomorphic to an abstract L1-space Z and
that T : L1(ν) → Z is the corresponding surjective lattice isomorphism, which is
necessarily positive. Let f ∈ L1(ν)+. From the Lebesgue Dominated Convergence
Theorem (see Theorem 3.7(i)) and continuity of T , it follows that the set function

ηf : A �→ T (fχ
A
), A ∈ Σ,

is a Z-valued, positive vector measure. Hence, ηf has finite variation via Example
3.1 (with ν := ηf there). Fix A ∈ Σ. Since T−1 : Z → L1(ν) is continuous, we
have for the indefinite integral

‖νf(A)‖E =
∥∥∥ ∫

A

fχ
A

dν
∥∥∥

E
≤ ‖fχ

A
‖L1(ν)

≤ ‖T−1‖ ·
∥∥T (fχ

A
)
∥∥

Z
= ‖T−1‖ · ‖ηf (A)‖Z

≤ ‖T−1‖ · |ηf |(A).

So, νf is dominated by the finite measure |ηf | : Σ → [0,∞) and hence, νf has finite
variation. Then part (i) implies that f ∈ L1(|ν|). Therefore, L1(ν)+ ⊆ L1(|ν|) and
hence, L1(ν) ⊆ L1(|ν|) via (3.34). So, L1(ν) = L1(|ν|) by part (i).
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Since the identity map from L1(|ν|) onto L1(ν) is continuous by (3.32), the
Open Mapping Theorem ensures that L1(|ν|) and L1(ν) are isomorphic Banach
spaces, which establishes part (iii).

(iv) The “only if” portion is clear. So, assume that L1(ν) is an abstract
L1-space. We claim that

|ν|(A) = ‖χ
A
‖L1(ν), A ∈ Σ. (3.35)

In fact, given A ∈ Σ, let {Aj}n
j=1 be any finite Σ-partition of A (with n ∈ N).

Since L1(ν) is an abstract L1-space, it follows that

n∑
j=1

∥∥ν(Aj)
∥∥

E
≤

n∑
j=1

∥∥χ
Aj

∥∥
L1(ν)

=
∥∥∥ n∑

j=1

χ
Aj

∥∥∥
L1(ν)

=
∥∥χ

A

∥∥
L1(ν)

,

which implies that |ν|(A) ≤ ‖χ
A
‖L1(ν).

Recalling that |ν|(A) ≥ ‖ν‖(A) = ‖χ
A
‖L1(ν) (see (3.3)), the identity (3.35)

follows.
Next we claim that

‖s‖L1(|ν|) = ‖s‖L1(ν), s ∈ simΣ. (3.36)

Once we establish (3.36), we can deduce that ‖ · ‖L1(|ν|) = ‖ · ‖L1(ν) because we
know that L1(|ν|) = L1(ν) with equivalent norms (see (iii)) and that sim Σ is
dense in both L1(|ν|) and L1(ν). To verify (3.36), let s =

∑n
j=1 ajχAj

∈ sim Σ
for scalars a1, . . . , an ∈ C and pairwise disjoint sets A1, . . . , An ∈ Σ (with n ∈ N).
Since both L1(|ν|) and L1(ν) are abstract L1-spaces, it follows from (3.35), with
A := Aj for j = 1, . . . , n, that

‖s‖L1(|ν|) =
n∑

j=1

|aj | · |ν|(Aj) =
n∑

j=1

|aj| ·
∥∥χ

Aj

∥∥
L1(ν)

=
∥∥∥ n∑

j=1

|aj | · χAj

∥∥∥
L1(ν)

= ‖s‖L1(ν).

So, (3.36) is established and hence, also part (iv). �

Example 3.15. Let {ψn}∞n=1 be any unconditionally summable sequence in the
abstract L1-space �1 which is not absolutely summable. Such a sequence exists
by the Dvoretzky–Rogers Theorem. Then {ψn}∞n=1 is not a positive sequence;
otherwise it would be absolutely summable. Define a vector measure ν : 2N → �1

by ν(A) :=
∑

n∈A ψn for A ∈ 2N, in which case |ν|(N) =
∑∞

n=1 ‖ψn‖�1 = ∞. Then
χ

N
∈ L1(ν) \L1(|ν|) and hence, L1(|ν|) �= L1(ν). So, the positivity assumption on

ν in part (ii) of Lemma 3.14 is necessary. �
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There exists a vector measure ν such that L1(ν) is not an abstract L1-space
but, it is lattice isomorphic to an abstract L1-space.

Example 3.16. Let Ω := N and Σ := 2N. Select any scalar measure μ : Σ → [0,∞)
such that μ({n}) > 0 for all n ∈ N. Let E := �1(μ) but, equip E with the lattice
norm

f �→ ‖f‖E :=
(∣∣f(1)

∣∣2μ({1})+
∣∣f(2)

∣∣2μ({2}))1/2

+
∞∑

n=3

∣∣f(n)
∣∣ · μ({n}).

Then (E, ‖ ·‖E) is not an abstract L1-space but, it is isomorphic to �1(μ) endowed
with its usual norm. Define a vector measure ν : Σ → E by

ν(A) := χ
A
, A ∈ Σ.

Then L1(ν) = E with equal norms; this can be proved directly from the definition
or via Corollary 3.66(ii) below. So, L1(ν) is not an abstract L1-space but, it is
lattice isomorphic to the abstract L1-space �1(μ). �

It is useful to have available criteria, especially for examples, which reformu-
late the property L1(ν) = L1(|ν|) in terms of certain scalar measures 〈ν, x∗〉. So,
let ν : Σ → E be a Banach-space-valued-vector measure defined on a measurable
space (Ω, Σ). Assume that there exist n ∈ N and x∗

1, . . . , x
∗
n ∈ E∗ satisfying

|ν|(A) ≤
n∑

j=1

∣∣〈ν, x∗
j 〉
∣∣(A), A ∈ Σ. (3.37)

Then it follows from [125, Lemma 2.6] that L1(|ν|) = L1(ν). Observe that the
positive, finite measure η0 :=

∑n
j=1

∣∣〈ν, x∗
j 〉
∣∣ on Σ is a control measure for ν.

Moreover, it is clear from (3.37) that L1(η0) ⊆ L1(|ν|) and hence, that

L1(η0) ⊆ L1(|ν|) = L1(ν).

Of course, this particular control measure η0 for ν satisfies L1(η0) ⊆ L1(ν). It
will be shown in Lemma 3.18(ii) below that L1(|ν|) is the largest space within the
class of all spaces L1(η) with η any control measure for ν satisfying L1(η) ⊆ L1(ν).
Before proceeding to that lemma, let us make some comments.

Remark 3.17. Let us follow the notation in the discussion just prior to this remark.
(i) It is worth noting that [125, Remark 2.7(ii)] exhibits a c0-valued vector

measure ν satisfying L1(|ν|) = L1(ν) although (3.37) fails to hold for all choices
of n ∈ N and x∗

1, . . . , x
∗
n ∈ �1 = (c0)∗. In particular,

L1(ν0) �= L1
(
|〈ν0, x∗〉|

)
, x∗ ∈ �1 = (c0)∗.

(ii) As expected, if the codomain space E of ν is finite-dimensional, then
(3.37) is always fulfilled. Indeed, let n := dimE. Take a unit vector basis {ej}n

j=1
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for E and its corresponding dual basis {e∗j}n
j=1 for E∗; that is, 〈ej , e∗k〉 = 0 when-

ever j �= k and 〈ej , e∗j 〉 = 1 for j = 1, . . . , n. Then

ν(A) =
n∑

j=1

〈
ν(A), e∗j

〉
ej, A ∈ Σ,

which implies that

‖ν(A)‖E ≤
n∑

j=1

∣∣〈ν(A), e∗j 〉
∣∣ · ‖ej‖E ≤

n∑
j=1

∣∣〈ν, e∗j〉
∣∣(A), A ∈ Σ.

This inequality, together with the definition of the variation measure |ν|, easily
imply (3.37). �
Lemma 3.18. Let ν : Σ → E be a Banach-space-valued vector measure defined on
a measurable space (Ω, Σ).

(i) There exists a control measure η : Σ → [0,∞) for ν satisfying L1(η) ⊆ L1(ν)
if and only if ν has finite variation, that is, |ν|(Ω) < ∞.

(ii) Suppose that η : Σ → [0,∞) is any control measure for ν satisfying L1(η) ⊆
L1(ν). Then L1(η) ⊆ L1(|ν|).

Proof. (i) If ν has finite variation, then the variation measure |ν| : Σ → [0,∞) is
a control measure for ν with L1(|ν|) ⊆ L1(ν); see Lemma 3.14(i).

Conversely, assume that ν admits a control measure η such that L1(η) ⊆
L1(ν). Observe that the corresponding inclusion map is continuous either via the
Closed Graph Theorem or via Lemma 2.7. Therefore, there exists C > 0 such that
‖f‖L1(ν) ≤ C‖f‖L1(η) for every f ∈ L1(η). In particular,

‖ν(A)‖E ≤ ‖ν‖(A) = ‖χ
A
‖L1(ν) ≤ C‖χ

A
‖L1(η) = Cη(A), A ∈ Σ.

Thus, the definition of the variation measure |ν| yields that |ν|(A) ≤ Cη(A) for
all A ∈ Σ. In particular, |ν|(Ω) < ∞.

(ii) Let η be any control measure for ν satisfying L1(η) ⊆ L1(ν). By the proof
of part (i), there is C > 0 such that |ν|(A) ≤ Cη(A) for A ∈ Σ. Accordingly,∫

Ω

|f | d|ν| ≤ C

∫
Ω

|f | dη = C‖f‖L1(η) < ∞, f ∈ L1(η),

that is, L1(η) ⊆ L1(|ν|). �

A typical control measure for a Banach-space-valued vector measure ν : Σ →
E is given by the scalar measure |〈ν, x∗〉|, for any Rybakov functional x∗ ∈ E∗

(i.e., x∗ ∈ Rν [E∗] ). From Lemma 3.14(i) and Theorem 3.7(iv), it follows that

L1(|ν|) ⊆ L1(ν) ⊆ L1
(
|〈ν, x∗〉|

)
. (3.38)

Let us combine this with Lemma 3.18 in order to say something about the situation
when the second inclusion in (3.38) is actually an equality.
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Corollary 3.19. Let ν : Σ → E be any Banach-space-valued vector measure defined
on a measurable space (Ω, Σ).

(i) The following conditions for x∗ ∈ Rν [E∗] are equivalent.
(a) L1

(
|〈ν, x∗〉|

)
⊆ L1(ν) with a continuous inclusion.

(b) L1
(
|〈ν, x∗〉|

)
= L1(ν) with their given norms being equivalent.

(c) L1
(
|〈ν, x∗〉|

)
⊆ L1(|ν|) with a continuous inclusion.

(d) L1
(
|〈ν, x∗〉|

)
= L1(|ν|) with their given norms being equivalent.

(e) L1
(
|〈ν, x∗〉|

)
= L1(|ν|) = L1(ν) with their given norms being equivalent.

(ii) Suppose that L1(|ν|) �= L1(ν). Then

L1(ν) �= L1
(
|〈ν, x∗〉|

)
and L1(|ν|) �= L1

(
|〈ν, x∗〉|

)
, x∗ ∈ Rν [E∗].

Proof. The stated properties regarding the norms are automatic, either via the
Closed Graph Theorem or via Lemma 2.7, once we establish the validity of the
corresponding inclusions or equalities as vector spaces. So, it suffices to consider
statements (a) to (e) without reference to their norms.

Each of the equivalences (a) ⇔ (b), (c) ⇔ (d) and (d) ⇔ (e) follows from
(3.38). Moreover, the implication (a) ⇒ (c) is a consequence of Lemma 3.18(ii)
and the implication (c) ⇒ (a) is clear because L1(|ν|) ⊆ L1(ν). So, we have
established the equivalence of (a) to (e).

(ii) This follows from part (i). �

Recall that, if E is an abstract L1-space and ν is positive, then we can
construct a particular functional x∗

0 ∈ Rν [E∗] for which condition (e) of part (i)
above holds with the given norms being equal; see Lemma 3.14(ii)(b) and its proof.

A set A ∈ Σ is called |ν|-totally infinite if |ν|(Σ ∩ A) = {0,∞}. We say that
|ν| is totally infinite on Σ if every A ∈ Σ is |ν|-totally infinite.

Lemma 3.20. For the variation |ν| : Σ → [0,∞] of a vector measure ν : Σ → E,
the following assertions hold.

(i) For every atom A of |ν| we have 0 < |ν|(A) = ‖ν(A)‖E < ∞.
(ii) There are at most countably many atoms of |ν|. Moreover, if |ν| is purely

atomic and if L1
(
|ν|
)

is infinite-dimensional, then the Banach lattice L1
(
|ν|
)

is lattice isometric to the sequence space �1.

(iii) There exists a Σ-partition {Ωa, Ω
(1)
na , Ω(2)

na } of Ω such that
(a) |ν| is purely atomic on Σ ∩ Ωa,

(b) |ν| is non-atomic and σ-finite on Σ ∩ Ω(1)
na ,

(c) |ν| is totally infinite on Σ ∩ Ω(2)
na .

(iv) The Banach space L1(|ν|) is infinite-dimensional if and only if either |ν| has
countably infinitely many atoms or the set Ω(1)

na is not |ν|-null.
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Proof. (i) Let μ be a control measure for ν. Any finite Σ-partition {A1, . . . , An},
with n ∈ N, of A has the property that |ν|(Aj) = |ν|(A) for exactly one 1 ≤ j ≤ n
and all other sets Ak with k �= j are |ν|-null. From this, (i) follows.

(ii) Since μ and |ν| have the same atoms and since the finite measure μ has
at most countably many atoms, the first part of statement (ii) is clear.

Now assume that |ν| is purely atomic and that L1(|ν|) is infinite-dimensional.
Let A(n), for n ∈ N, be an enumeration of all the atoms of |ν|. Then every member
of L1(|ν|) has a unique representation of the form

∞∑
n=1

anχ
A(n)

, (3.39)

for appropriate an ∈ C (n ∈ N) satisfying
∑∞

n=1 |an| · |ν|(A(n)) < ∞. The map
assigning to each function in L1(ν) of the form (3.39) the function ψ ∈ �1 defined by
ψ(n) := an · |ν|(A(n)) for n ∈ N provides the desired lattice isometry.

(iii) Let Ωa be the union of all the atoms of |ν|, which is unique up to a
|ν|-null set, and let Ωna := Ω \ Ωa. Then, |ν| is purely atomic on Σ ∩ Ωa (which
establishes part (a)) and non-atomic on Σ∩Ωna. Let {Bα}α be a maximal family
of pairwise disjoint sets in Σ ∩Ωna such that 0 < |ν|(Bα) < ∞ for each α. Such a
family exists by Zorn´s Lemma. Now 0 < μ(Bα) < ∞, for every α, with μ finite
implies that {Bα}α is necessarily countable. So, the set Ω(1)

na :=
⋃

α Bα fulfills (b).
Let Ω(2)

na := Ωna \ Ω(1)
na . Then the definition of {Bα}α guarantees that (c) holds.

(iv) This is clear from (ii) and (iii). �

The equality N0(ν) = N0(|ν|) ensures that the vector measure ν and the
positive scalar measure |ν| have exactly the same atoms. Recall that a set A ∈ Σ
is said to be an atom for the vector measure ν if, for every B ∈ Σ ∩ A, we have
either B ∈ N0(ν) or A \ B ∈ N0(ν). So, ν is purely atomic (resp. non-atomic)
if and only if |ν| is purely atomic (resp. non-atomic). In the notation of Lemma
3.20, we call Ωa and Ωna := Ω \ Ωa the purely atomic and non-atomic parts of Ω
with respect to ν, respectively. A detailed study of certain aspects of atomic vector
measures occurs in [78].

Lemma 3.21. Let ν : Σ → E be a non-atomic vector measure and let A ∈ Σ be
a non-ν-null set. Then the subset {χ

A∩B
: B ∈ Σ} is not relatively compact in

L1(ν).

Proof. Fix any Rybakov functional x∗ ∈ Rν(E∗) and let μ denote the measure
|〈ν, x∗〉| restricted to A ∩ Σ. Then μ is non-atomic and 0 < μ(A) < ∞. By
the non-atomicity of μ there exists a sequence {χ

A(n)
}∞n=1 ⊆ L1(μ) such that

μ(A(n)) = μ(A)/2 for all n ∈ N and μ(A(n)�A(m)) = μ(A)/4 for m �= n (with �
denoting symmetric difference); see [42, Ch. III, Example 1.2], for instance. Hence,
{χ

B
: B ∈ Σ ∩ A} cannot be relatively compact in L1(μ). Since the inclusion
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L1(ν) ⊆ L1(μ) is continuous (see Theorem 3.7(iv), it follows that the subset
{χ

A∩B
: B ∈ Σ} cannot be relatively compact in L1(ν). �

Recall that a Banach space E has the Schur property if every weakly conver-
gent sequence in E is norm convergent. The best known example of such a space
is �1. Note that the natural injection from L1(|ν|) into L1(ν) is continuous via
(3.32).

In the following result let Ωa, Ω
(1)
na , Ω(2)

na be as in Lemma 3.20.

Proposition 3.22. Let ν : Σ → E be a vector measure. The following assertions for
the natural injection j1 : L1(|ν|) → L1(ν) hold.

(i) The map j1 is completely continuous if and only if Ω(1)
na is ν-null.

(ii) If L1(|ν|) is infinite-dimensional, then j1 is not compact.

(iii) If ν has infinitely many atoms or the set Ω(1)
na is non-ν-null, then j1 is not

compact.

Proof. (i) Let j1 be completely continuous. Assume that Ω(1)
na is not ν-null. We can

select A ∈ Σ∩Ω(1)
na with 0 < |ν|(A) < ∞ because |ν| is σ-finite and non-atomic on

Σ ∩ Ω(1)
na . By the Lebesgue Dominated Convergence Theorem, the set function

B �−→ χ
B∩A

∈ L1(|ν|), B ∈ Σ, (3.40)

is a vector measure. So, its range {χ
B∩A

: B ∈ Σ} is relatively weakly compact in
L1(|ν|) (see Lemma 3.3) and hence, is mapped by j1 to the relatively compact set{

j1
(
χ

B∩A

)
: B ∈ Σ

}
=
{
χ

B∩A
: B ∈ Σ

}
⊆ L1(ν).

However, this contradicts Lemma 3.21 because ν is non-atomic on Σ ∩ A. Thus,
Ω(1)

na must be ν-null.

To establish the converse, assume that Ω(1)
na is ν-null. Then every function

f ∈ L1(|ν|) vanishes ν-a.e. on Ω(1)
na ∪ Ω(2)

na . Since |ν| is purely atomic on Ωa ∩ Σ,
it follows from Lemma 3.20(ii)–(iii) that L1(|ν|) is either finite-dimensional or
isomorphic to �1. The Schur property of �1 then ensures that j1 is completely
continuous.

(ii) If Ω(1)
na is not ν-null, then part (i) implies that j1 is not completely con-

tinuous and hence, is surely not compact. Since L1(|ν|) is infinite-dimensional, the
only other possibility (according to Lemma 3.20(iv)) is that |ν| admits infinitely
many distinct atoms A(n), for n ∈ N. For all k, n ∈ N with k �= n, we have by



124 Chapter 3. Vector Measures and Integration Operators

(3.21) that ∥∥∥∥j1( χ
A(n)

|ν|(A(n))

)
− j1

( χ
A(k)

|ν|(A(k))

)∥∥∥∥
L1(ν)

≥ sup
A∈Σ

∥∥∥∥ ∫
A

( χ
A(n)

|ν|(A(n))
−

χ
A(k)

|ν|(A(k))

)
dν

∥∥∥∥
E

≥
∥∥ν(A(n))

∥∥
E
·
[
|ν|(A(n))

]−1 = 1,

where the last equality follows because the atom A(n) of ν satisfies
∥∥ν(A(n))

∥∥
E

=
|ν|(A(n)) via Lemma 3.20(i) with A(n) in place of A. So, the image of the bounded
set { [

|ν|(A(n))
]−1 · χ

A(n)
: n ∈ N

}
⊆ L1(|ν|)

under j1 is not relatively compact in L1(ν). Accordingly, j1 is not compact.
(iii) In either case, L1(|ν|) is infinite-dimensional (see Lemma 3.20(iv)). So,

(iii) follows from (ii). �

Again let Ωa, Ω
(1)
na , Ω(2)

na ∈ Σ be as in Lemma 3.20.

Corollary 3.23. Let ν : Σ → E be a vector measure.

(i) If the Banach space L1(ν) is reflexive, then Ω(1)
na is ν-null.

(ii) If L1(ν) is reflexive and ν is non-atomic, then |ν| is totally infinite and hence,
L1(|ν|) = {0}.

Proof. (i) Assume that Ω(1)
na is not ν-null. Choose a set A ∈ Σ ∩ Ω(1)

na such that
0 < |ν|(A) < ∞. Define a vector measure νA : Σ ∩ A → E by νA(B) = ν(B) for
B ∈ Σ ∩ A. The Banach space L1(νA), which is regarded as a closed subspace
of the reflexive space L1(ν), is also reflexive. Accordingly, the natural injection
j
(A)
1 : L1(|νA|) → L1(νA) is weakly compact. The Dunford–Pettis property of

L1(|νA|), [42, Ch. III, Corollary 2.14 and pp. 176–177], implies that j
(A)
1 is com-

pletely continuous. But, j
(A)
1 is not completely continuous by Proposition 3.22(i)

because Ω(1)
na (computed relative to νA) is not νA-null. Therefore, Ω(1)

na must be
ν-null.

(ii) Since Ωa = ∅ for such a vector measure ν, the conclusion is clear from (i).
�

Part (ii) of the previous result, for E a real Banach space, occurs in [20,
Theorem 2.11], [23, Remark on pp. 1804–1805]; our proof is different and applies
also in complex spaces E.

Let us give an example of a purely atomic vector measure.

Example 3.24. Let 1 ≤ r < ∞. Let ϕ ∈ �1 ⊆ �r with ϕ(n) > 0 for every n ∈ Ω := N
and E := �r. Define an �r-valued vector measure on Σ := 2N by

ν(A) := ϕχ
A
, A ∈ 2N. (3.41)
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Then, L1(ν) = (1/ϕ) · �r and, in the notation of (3.22),

‖f‖L1(ν) = ‖ϕf‖�r =
∥∥∥ ∫

N

f dν
∥∥∥

�r
= |||f |||L1(ν), f ∈ L1(ν). (3.42)

So, L1(ν) is reflexive if and only if 1 < r < ∞. Moreover,

|ν|(A) =
∑
n∈A

ϕ(n), A ∈ Σ.

It follows that L1(|ν|) = (1/ϕ) · �1 and ‖f‖L1(|ν|) = ‖ϕf‖�1 for f ∈ L1(|ν|).
Either by Proposition 3.22 or by direct computation we conclude that the natural
inclusion j1 : L1(|ν|) → L1(ν) is completely continuous but not compact. �

Let us now consider the (non-atomic) Volterra measures; see Example 3.26
below. First we require the following preliminary result.

Lemma 3.25. Let 1 ≤ r < ∞. Suppose that f : [0, 1] → R+ is a Borel measurable
function which is Lebesgue integrable over [0, t] for each t ∈ [0, 1) and that the
function

t �→
∫ t

0

f(u) du, t ∈ [0, 1)

belongs to Lr([0, 1]). Then f is necessarily integrable with respect to the Volterra
measure νr : B([0, 1]) → Lr([0, 1]) of order r.

Proof. Select a sequence {sn}∞n=1 ⊆ simB([0, 1]) such that 0 ≤ sn ↑ f pointwise
on [0, 1]. Fix A ∈ B([0, 1]). By assumption fχ

A
is Lebesgue integrable over [0, t],

whenever 0 ≤ t < 1, and the function

gA : t �→
∫ t

0

f(u)χ
A
(u) du, t ∈ [0, 1),

belongs to Lr([0, 1]). Since snχ
A

↑ fχ
A

pointwise, the Monotone Convergence
Theorem guarantees that

Iνr

(
snχ

A

)
(t) =

∫ t

0

sn(u)χ
A
(u) du

.⏐⏐ ∫ t

0

f(u)χ
A
(u) du = gA(t)

for each t ∈ [0, 1) as n → ∞. Namely, Iνr (snχ
A
) ↑ gA (relative to n ∈ N) in the

order of Lr([0, 1]) which is σ-o.c. Therefore, Iνr (snχ
A
) → gA in the topology of

Lr([0, 1]) as n →∞. It follows from Theorem 3.5 that f is νr-integrable. �

Let us apply this lemma when 1 < r < ∞. Define a function g on [0, 1) by

g(t) :=
1

(1 − t)1/r
(
1 − ln(1 − t)

) , t ∈ [0, 1).
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Then g is differentiable on (0, 1) and

g′(t) =

(
1 − ln(1 − t)

)
− r

r
(
1− t

)1+(1/r)(1 − ln(1− t)
)2 , t ∈ [0, 1).

With c := 1− exp(1− r) < 1, the non-negative, continuous function f := g′ ·χ
(c,1)

on [0, 1) satisfies both
∫ t

0
f(u) du = 0, for 0 ≤ t ≤ c, and∫ t

0

f(u) du =
∫ t

c

f(u) du = g(t)−g(c) =
(
g − g(c)χ

[0,1]

)
(t) < ∞, t ∈ (c, 1).

So, we have ∫ t

0

f(u) du =
(
gχ

(c,1)
− g(c)χ

(c,1)

)
(t), t ∈ [0, 1). (3.43)

Now observe that g ∈ Lr([0, 1]) via the following calculation:∫ 1

0

∣∣g(t)
∣∣r dt =

∫ 1

0

1
(1 − t)

(
1 − ln(1 − t)

)r dt =
∫ ∞

1

1
ur

du < ∞.

Therefore, gχ
(c,1)

− g(c)χ
(c,1)

∈ Lr([0, 1]). According to (3.43), also t �→
∫ t

0 f(u) du

belongs to Lr([0, 1]). Then Lemma 3.25 allows us to conclude that the function f
is νr-integrable.

Example 3.26. Let 1≤r≤∞. Consider the Volterra measure νr :B([0,1])→Lr([0,1])
as given by (3.26). Most results which we now present are from [119] and [129], ex-
cept for the (strict) inclusion L1(νr) ⊆ L1(ν1). The variation |νr| of νr is weighted
Lebesgue measure, namely

d|νr|(t) =

{
(1 − t)1/rdt if 1 ≤ r < ∞,

dt if r = ∞.
(3.44)

(i) Let r = 1. Then d|ν1|(t) = (1 − t)dt and

L1([0, 1]) ⊆ L1(|ν1|) = L1(ν1);

see [119, Example 2].
(ii) Let 1 < r < ∞. Then we have d|νr|(t) = (1− t)1/rdt and

Lr([0, 1]) ⊆ L1([0, 1]) ⊆ L1(|νr|) ⊆ L1(νr) ⊆ L1(ν1) (3.45)

with all inclusions being strict. That the first two inclusions are strict is clear from
(3.44). So, let us discuss the last two inclusions separately.
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(ii-a) Consider the function f := g′ · χ
(c,1)

on Ω := [0, 1] as given in the

discussion prior to this example. Then f �∈ L1(|νr|) = L1
(
(1 − t)1/rdt

)
because∫

Ω

|f | d|νr| =
∫ 1

c

f(t)(1 − t)1/rdt

=
∫ 1

c

(
1 − ln(1 − t)

)
− r

r
(
1 − t

)1+(1/r)(1 − ln(1 − t)
)2 · (1 − t)1/rdt

≥
∫ 1

α

1
2r (1 − t)

(
1 − ln(1 − t)

) dt

=
1
2r

lim
t→1−

[
ln
(
1 − ln(1 − t)

)
− ln(2r)

]
= ∞,

where α :=
(
1 − exp(1 − 2r)

)
has the property that c < α < 1 and

(
1 − ln(1 − t)

)
− r ≥ 1

2
(
1 − ln(1 − t)

)
, t ∈ (α, 1).

On the other hand, we have already shown immediately prior to this example that
f ∈ L1(νr) and hence, f ∈ L1(νr) \ L1(|νr|). In other words, L1(νr) �= L1(|νr|).

(ii-b) The last inclusion L1(νr) ⊆ L1(ν1) is a special case of Lemma 3.27
below with T being the natural embedding from E := Lr([0, 1]) into Z := L1([0, 1])
and with ν := νr. Now let us show that

L1(νr) �= L1(ν1). (3.46)

The function f : t �→ (1 − t)−(3r+1)/(2r), on [0, 1), belongs to L1(|ν1|) = L1(ν1).
Moreover, Iν1(f)(t) = (2r)/(r + 1)

(
(1 − t)−(r+1)/(2r) − 1

)
, for t ∈ [0, 1), which

satisfies Iν1 (f) /∈ Lr([0, 1]). Suppose that f ∈ L1(νr). Since ν1 = T ◦ νr, it follows
from the definition of T and (3.47) below, with A = Ω, that

Iν1(f) =
∫

Ω

f dν1 =
∫

Ω

f d(T ◦ νr) = T
(∫

Ω

f dνr

)
=
∫

Ω

f dνr.

But,
∫
Ω

f dνr ∈ Lr([0, 1]) and so Iν1(f) ∈ Lr([0, 1]), which is not the case. Accord-
ingly, f /∈ L1(νr). This establishes (3.46).

(iii) For r = ∞, we have d|ν|∞ = dt and

L1([0, 1]) = L1(|ν∞|) = L1(ν∞);

see [129, §4].
(iv) Let 1 < r < ∞. Since νr has finite variation and is non-atomic, it follows

from Corollary 3.23(ii) that L1(νr) is not reflexive. However, L1(νr) is weakly
sequentially complete; see the discussion after Corollary 3.40 below. �
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Lemma 3.27. Let ν : Σ → E be a Banach-space-valued vector measure and T be a
continuous linear operator from E into a Banach space Z.

(i) The set function T ◦ν : Σ → Z is a vector measure. Moreover, every individual
ν-integrable function f is also (T ◦ ν)-integrable and∫

A

f d(T ◦ ν) = T
(∫

A

f dν
)
, A ∈ Σ. (3.47)

(ii) Every ν-null set is (T ◦ ν)-null, in other words,

N0(ν) ⊆ N0(T ◦ ν).

(iii) If, in addition, T is injective, then N (ν) = N (T ◦ ν), so that

L1(ν) ⊆ L1(T ◦ ν). (3.48)

Proof. (i) The linearity of T ensures that T ◦ ν is finitely additive. Moreover, if
{An}∞n=1 ⊆ Σ satisfies An ↓ ∅, then ν(An) → 0 in E as n → ∞ and hence, by
continuity of T , also (T ◦ ν)(An) → 0 in Z as n → ∞. Accordingly, T ◦ ν is
σ-additive.

Suppose that f : Ω → C is ν-integrable. Given A ∈ Σ there exists an element∫
A

f dν ∈ E such that
〈 ∫

A
f dν, x∗〉 =

∫
A

f d〈ν, x∗〉 for all x∗ ∈ E∗. Then the
element T

( ∫
A f dν

)
∈ Z satisfies〈

T
(∫

A

f dν
)
, z∗

〉
=
〈∫

A

f dν, T ∗(z∗)
〉

=
∫

A

f d
〈
ν, T ∗(z∗)

〉
=
∫

A

f d〈T ◦ ν, z∗〉

for all z∗ ∈ Z∗. By definition, f is then (T ◦ ν)-integrable with
∫

A
f d(T ◦ ν) =

T
( ∫

A
f dν

)
; this is precisely (3.47).

(ii) Remark 3.4(i) and the formula (T ◦ ν)(A) = T
(
ν(A)

)
, for A ∈ Σ, easily

imply that every ν-null set is also (T ◦ ν)-null.
(iii) Let A ∈ N0(T ◦ ν). Then (T ◦ ν)(B) = T

(
ν(B)

)
= 0 for every B ∈ Σ∩A

and so, by injectivity of T , also ν(B) = 0 for every B ∈ Σ∩A, that is, A ∈ N0(ν).
This and part (ii) give N0(ν) = N0(T ◦ ν). Hence, Remark 3.4(ii) implies that
N (ν) = N (T ◦ ν).

Since L1(ν) and L1(T ◦ ν) are the quotient spaces of the individual ν-
integrable and (T ◦ ν)-integrable functions with respect to N0(ν) and N0(T ◦ ν),
respectively, the inclusion (3.48) is clear from N (T ◦ ν) = N (ν) and part (i). �

According to Theorem 3.7, the space L1(ν) is a B.f.s. over (Ω, Σ, μ) for any
control measure μ for ν. Given 1 < p < ∞, let

Lp(ν) := L1(ν)[1/p] ⊆ L1(ν). (3.49)
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Since L1(ν) has σ-o.c. norm and the space Lp(ν) is the (1/p)-th power of L1(ν)
with 0 < 1/p < 1, it follows that Lp(ν) is again a B.f.s. with σ-o.c. norm and is
contained in L1(ν); see Lemma 2.21 and Proposition 2.23(i). In particular, simΣ
is dense in Lp(ν). Let ‖ · ‖Lp(ν) denote the corresponding norm on Lp(ν), i.e.,

‖f‖Lp(ν) := ‖f‖L1(ν)[1/p]
=
∥∥ |f |p∥∥1/p

L1(ν)
, f ∈ Lp(ν). (3.50)

Via (3.49) we can conclude that

Lp(ν) :=
{
f ∈ L1(ν) : |f |p ∈ L1(ν)

}
, (3.51)

which is consistent with the case when ν is a scalar measure. For E a real Banach
space, Lp(ν) was originally defined via (3.51) in [146, Definition 1]; see also [57].
The original norm of Lp(ν) used in [146, p. 909], namely

sup
x∗∈B[E∗]

(∫
Ω

|f |p d|〈ν, x∗〉|
)1/p

,

turns out to be exactly the same as (3.50). The following identity, which is imme-
diate from Lemma 2.20 and (3.49), will be useful later:

L1(ν) = Lp(ν)[p]. (3.52)

A natural question is whether or not the inclusion Lp(ν) ⊆ L1(ν) is proper. Indeed,
it will be seen that it is proper except for trivial cases. To be precise, we say that
Σ is σ-decomposable relative to ν if Σ admits countably infinite, pairwise disjoint
non-ν-null sets. The space L∞(ν) consists of all C-valued, ν-essentially bounded
Σ-measurable functions. It is equipped with the essential supremum norm ‖·‖L∞(ν)

and is a B.f.s. over (Ω, Σ, μ), with μ being any control measure for ν. Bounded
Σ-measurable functions are ν-integrable. It follows that L∞(ν) is an order ideal
of L1(ν). Clearly L∞(ν) ⊆ Lp(ν) for all 1 ≤ p ≤ ∞; see (3.49).

Proposition 3.28. Let 1 ≤ p ≤ ∞. Let ν : Σ → E be a Banach-space-valued
measure and let μ : Σ → [0,∞) be any control measure for ν.

(i) The space Lp(ν) is a B.f.s. based on (Ω, Σ, μ) with χ
Ω

a weak order unit.
Moreover, if 1 ≤ p < ∞, then Lp(ν) is σ-o.c. and is a p-convex Banach
lattice with p-convexity constant 1.

(ii) Let Σ be σ-decomposable relative to ν. Then the inclusions L∞(ν) ⊆ Lp(ν) ⊆
L1(ν) are proper for 1 < p < ∞. Moreover, the inclusion Lp(ν) ⊆ Lq(ν) is
proper whenever 1 < q < p.

(iii) If p �= ∞, then the B.f.s. Lp(ν) is weakly compactly generated.

Proof. (i) First let 1 ≤ p < ∞. That Lp(ν) is a σ-o.c. Banach lattice in which χ
Ω

is a weak order unit has been given (over R) in [146, Proposition 6]. For complex
E we refer to the discussion immediately after (3.49).
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In either case, Lp(ν) is then o.c. (see Remark 2.5). As observed in [57, p. 4],
for real spaces E the definition of the norm ‖ · ‖Lp(ν) implies directly that Lp(ν) is
a p-convex Banach lattice with p-convexity constant 1. This can also be obtained
from Proposition 2.23(iii) and (3.52), where E can also be over C.

That L∞(ν) is a B.f.s over (Ω, Σ, μ) was indicated just prior to the proposi-
tion.

(ii) We first show that Lp(ν) \ L∞(ν) �= ∅. Choose pairwise disjoint non-
ν-null sets A(n) ∈ Σ, for n ∈ N, and observe that ‖ν‖(A(n)) → 0 as n → ∞
because ν is strongly additive, [42, Ch. I, Corollary1.18]. So, by choosing a subse-
quence of {A(n)}∞n=1 if necessary, we may assume that ‖ν‖(A(n)) < 2−n for each
n ∈ N. Then the pointwise sum f :=

∑∞
n=1 n1/pχ

A(n)
belongs to Lp(ν) because

‖f‖Lp(ν) ≤
∑∞

i=1 n‖ν‖(A(n)) < ∞. Clearly f /∈ L∞(ν).
Since Lp(ν) �= L∞(ν), we can apply Proposition 2.26 to the q-B.f.s. X(μ) :=

Lp(ν) over (Ω, Σ, μ) to deduce that Lp(ν)[p] �= Lp(ν). This and (3.52) imply that
L1(ν) �= Lp(ν).

Suppose that 1 < q < p. If Lp(ν) = Lq(ν), then also Lp(ν)[q] = Lq(ν)[q], that
is, Lp/q(ν) = L1(ν). Since (p/q) > 1, this is impossible.

(iii) This has formally been given in [27, Proposition 3], for real spaces E.
Actually, all we need is the fact that the subset {χ

A
: A ∈ Σ} is relatively weakly

compact in the σ-order continuous B.f.s. Lp(ν), as argued in the proof of Theorem
3.7(ii) for the case p = 1; this argument also applies for E over C. �

For a σ-decomposable scalar measure λ, if 1 ≤ p < q < ∞, then the Banach
spaces Lp(λ) and Lq(λ) are not only distinct but are also non-isomorphic. Indeed,
Lp(λ) is not q-convex whereas Lq(λ) is q-convex; see Example 2.73, for instance.

For σ-decomposable vector measures ν the situation can be different; even
though Lp(ν) and Lq(ν) are distinct (see Proposition 3.28(ii)), they can be iso-
morphic (even as Banach lattices).

Example 3.29. Let E := c0 and Ω := N with Σ := 2N. Let ψ ∈ c0 satisfy ψ(n) > 0
for every n ∈ Ω and define a finitely additive set function ν : Σ → E by ν(A) =
χ

A
ψ for each A ∈ Σ. For each ξ ∈ E∗ = �1 it is routine to check that

〈ν, ξ〉(A) =
∞∑

n=1

ξ(n)ψ(n)χ
A
(n), A ∈ Σ,

and hence, 〈ν, ξ〉 is σ-additive (as ψξ ∈ �1) with variation measure

|〈ν, ξ〉|(A) =
∞∑

n=1

|ξ(n)|ψ(n)χ
A
(n), A ∈ Σ.

In particular, ν is a vector measure. For each f ∈ sim Σ it can be calculated that∫
A

f dν = fψχ
A
, A ∈ Σ,
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from which it follows that the same formula must hold for all f ∈ L1(ν) and that

L1(ν) =
{
f ∈ CN : fψ ∈ c0

}
, i.e., L1(ν) = (1/ψ) · c0. (3.53)

Using the fact that∫
Ω

|f | d|〈ν, ξ〉| =
∞∑

n=1

|f(n)| · ψ(n) · |ξ(n)|, ξ ∈ E∗,

for each f ∈ L1(ν), we can conclude that

‖f‖L1(ν) = sup
‖ξ‖�1≤1

〈
|f |ψ, |ξ|

〉
= ‖fψ‖c0.

The multiplication operator Mψ : L1(ν) → c0 defined by f �→ ψf for f ∈ L1(ν)
is a surjective linear isometry and (since ψ > 0) a lattice isomorphism. That is,
L1(ν) is lattice isometric to c0.

Given 1 ≤ p < ∞, it follows that

Lp(ν) =
{
f ∈ CN : |f |p ∈ L1(ν)

}
=
{
f ∈ CN : |f |pψ ∈ c0

}
(3.54)

with norm

‖f‖Lp(ν) =
∥∥ |f |p∥∥1/p

L1(ν)
=
∥∥ |f |pψ∥∥1/p

c0
=
∥∥fψ1/p

∥∥
c0

, f ∈ Lp(ν);

we can then write Lp(ν) = ψ−1/p · c0. Then the multiplication operator Mψ1/p :
Lp(ν) → c0 defined by f �→ ψ1/pf for f ∈ Lp(ν) is an isometric lattice iso-
morphism of Lp(ν) onto c0. In particular, every space Lp(ν), for 1 ≤ p < ∞, is
lattice isomorphic to c0 and, none of them are reflexive or even weakly sequentially
complete.

Note that ν has finite variation if and only if ψ ∈ �1, in which case

|ν|(A) =
∑
n∈A

ψ(n), A ∈ Σ, (3.55)

and hence,
Lp(|ν|) = �p(|ν|) = ψ−1/p · �p, 1 ≤ p < ∞. (3.56)

�

The Lp-counterpart of Proposition 3.9 (for real spaces) occurs in [57, Propo-
sition 2.4]. We now provide a more detailed proof of this.

Proposition 3.30. Let 1 < p < ∞. If E is a p-convex (complex) Banach lattice
with a weak order unit and o.c. norm, then there is an E-valued, positive vector
measure ν such that Lp(ν) and E are lattice isomorphic.
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Proof. There exist a p-convex real Banach lattice ZR, with a weak order unit and p-
convexity constant 1, and a real lattice isomorphism SR from ZR onto the real part
ER of E, [99, Proposition 1.d.8]. It follows from Lemma 3.8(iv), with Z := ZR+iZR

and W := E, that the canonical extension S : Z → E of SR is a surjective lattice
isomorphism. Moreover, Lemma 3.8(v) implies that the Banach lattice Z is itself
lattice isometric to a B.f.s. X(μ) over (Ω, Σ, μ) for some probability measure μ,
as shown in the proof of Proposition 3.9 via [99, Theorem 1.b.14]. Consequently,
X(μ) is a p-convex B.f.s. with p-convexity constant 1. Then the p-th power X(μ)[p]

is a B.f.s. whose norm ‖ · ‖X(μ)[p]
is σ-o.c.; see Lemma 2.21(iii) and Proposition

2.23(ii). So, the set function ν : A �→ χ
A
∈ X(μ)[p], defined on Σ, is a vector

measure satisfying X(μ)[p] = L1(ν) with equal lattice norms (adapt the proof of
Theorem 8 in [21] or Corollary 3.66(ii) below). Consequently,

X(μ) =
(
X(μ)[p]

)
[1/p]

= L1(ν)[1/p] = Lp(ν)

with equal lattice norms (see Proposition 2.23(i) and (3.52)). Hence, E and Lp(ν)
are lattice isomorphic. �

Given 1 ≤ p ≤ ∞, let p′ stand for its adjoint index, that is,

p′ :=

⎧⎪⎨⎪⎩
∞ if p = 1,

p/(p− 1) if 1 < p < ∞,

1 if p = ∞.

(3.57)

Let ν be a Banach-space-valued measure and μ be a control measure for ν. We
proceed to establish some Hölder type inequalities for ν and to investigate the
natural inclusion map

αp : Lp(ν) → L1(ν). (3.58)

First consider the case when p = 1. Given f ∈ L1(ν), we have from (3.7) that

‖fg‖L1(ν) ≤ ‖f‖L1(ν) ‖g‖L∞(ν), g ∈ L∞(ν). (3.59)

Apply this, (3.21) and Lemma 3.11 to deduce that

sup
s∈B[L∞(ν)]∩sim Σ

∥∥∥ ∫
Ω

fs dν
∥∥∥

E
= sup

g∈B[L∞(ν)]

∥∥∥ ∫
Ω

fg dν
∥∥∥

E

= sup
g∈B[L∞(ν)]

‖fg‖L1(ν) = ‖f‖L1(ν).
(3.60)

Next let 1 < p < ∞. Lemma 2.21(i) implies that fg ∈ L1(ν) for f ∈ Lp(ν)
and g ∈ Lp′

(ν), that is,
Lp(ν) · Lp′

(ν) ⊆ L1(ν). (3.61)

Here, of course, Lp(ν) · Lp′
(ν) := {fg : f ∈ Lp(ν), g ∈ Lp′

(ν)}. We point out
that actually Lp(ν) · Lp′

(ν) = L1(ν) in (3.61) holds. Indeed, given f ∈ L1(ν) we
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have f = (ϕ|f |1/p) · ( |f |1/p′
) with (ϕ|f |1/p) ∈ Lp(ν) and |f |1/p′ ∈ Lp′

(ν) , where
ϕ :=

(
f/|f |

)
· χ

Ω\f−1({0}) belongs to L∞(ν). The reverse inclusion to (3.61) is
clear. Lemma 2.21(i) also yields the Hölder type inequality

‖fg‖L1(ν) ≤ ‖f‖Lp(ν) ‖g‖Lp′(ν), f ∈ Lp(ν), g ∈ Lp′
(ν). (3.62)

The above-mentioned fact, that every f ∈ L1(ν) can be factorized as f = gh,
with g ∈ Lp(ν) and h ∈ Lp′

(ν), is an analogue of a similar result for general B.f.s.’
of the form Lρ (relative to some finite measure μ ≥ 0); see Remark 2.3(ii) for the
definition. Namely, if χ

Ω
∈ Lρ and ρ is a σ-o.c. norm with the Fatou property,

then every f ∈ L1(μ) can be written as f = gh for some g ∈ Lρ and h ∈ L′
ρ (the

associate space of Lρ), [65, Theorem 3.5], [66], [100]
In Chapter 2 we defined uniformly μ-absolutely continuous subsets of a q-

B.f.s. over (Ω, Σ, μ). For the particular B.f.s. L1(ν), it is easy to see that a subset
W of L1(ν) is uniformly μ-absolutely continuous if and only if

lim
‖ν‖(A)→∞

sup
f∈W

‖fχ
A
‖L1(ν) = 0. (3.63)

In this setting it is therefore more natural to say simply that such a set W satisfying
(3.63) is uniformly ν-integrable because μ can be any control measure for ν.

Proposition 3.31. Let ν : Σ → E be a Banach-space-valued vector measure and let
1 ≤ p ≤ ∞.

(i) We have the identities

sup
g∈B[Lp′(ν)]

∥∥∥ ∫
Ω

fg dν
∥∥∥

E
= ‖f‖Lp(ν) = sup

g∈B[Lp′(ν)]

‖fg‖L1(ν), f ∈ Lp(ν).

(3.64)

(ii) The natural embedding αp : Lp(ν) → L1(ν) is continuous and its operator
norm satisfies

‖αp‖ = ‖χ
Ω
‖Lp′(ν) =

(
‖ν‖(Ω)

)1/p′

, (3.65)

with the understanding that 1/p′ = 0 when p′ = ∞.

(iii) Let 1 < p ≤ ∞. Then αp maps the unit ball of Lp(ν) to a bounded, uniformly
ν-integrable subset of L1(ν). In particular, αp is weakly compact.

(iv) Let 1 < p ≤ ∞. Then αp is compact if and only if ν is purely atomic.

Proof. (i) If p = 1, then (3.64) reduces to (3.60).
Let 1 < p < ∞. Given f ∈ Lp(ν) with ‖f‖Lp(ν) = 1 and ε > 0, it follows

from (3.60) with |f |p ∈ L1(ν) in place of f , and the fact that |f |p−1 ∈ Lp′
(ν) has
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norm 1, that there exists a Σ-simple function s ∈ B[L∞(ν)] such that

∥∥ |f |p∥∥
L1(ν)

≤ ε +
∥∥∥∥ ∫

Ω

s |f |p dν

∥∥∥∥
E

= ε +
∥∥∥∥ ∫

Ω

|f | ·
(
s |f |p−1

)
dν

∥∥∥∥
E

≤ ε + sup
g∈B[Lp′(ν)]

∥∥∥∥ ∫
Ω

|f |g dν

∥∥∥∥
E

.

We have used the fact that s |f |p−1 ∈ B[Lp′
(ν)]. By writing

|f | = f ·
(
χ

Ω\f−1({0})|f |/f
)

with χ
Ω\f−1({0})|f |/f ∈ B[L∞(ν)], (3.66)

it follows, since ε > 0 is arbitrary, that

∥∥ |f |p∥∥
L1(ν)

≤ sup
g∈B[Lp′(ν)]

∥∥∥∥ ∫
Ω

fg dν

∥∥∥∥
E

. (3.67)

For g ∈ B[Lp′
(ν)], it follows from (3.21) and (3.59) that∥∥∥∥ ∫

Ω

fg dν

∥∥∥∥
E

≤ ‖fg‖L1(ν) ≤ ‖f‖Lp(ν). (3.68)

This inequality implies that

sup
g∈B[Lp′(ν)]

∥∥∥∥ ∫
Ω

fg dν

∥∥∥∥
E

≤ ‖f‖Lp(ν) =
∥∥ |f |p∥∥1/p

L1(ν)
. (3.69)

The two inequalities (3.67) and (3.69) imply that

‖f‖Lp(ν) = sup
g∈B[Lp′(ν)]

∥∥∥ ∫
Ω

fg dν
∥∥∥

E

whenever f ∈ Lp(ν) satisfies ‖f‖Lp(ν) = 1 and hence, for arbitrary f ∈ Lp(ν).
This establishes the first equality in (3.64).

To deduce the second equality in (3.64), fix f ∈ Lp(ν). From (3.68), which
does not require the condition that ‖f‖Lp(ν) = 1, it follows that

sup
g∈B[Lp′(ν)]

∥∥∥∥ ∫
Ω

fg dν

∥∥∥∥
E

≤ sup
g∈B[Lp′(ν)]

‖fg‖L1(ν) ≤ ‖f‖Lp(ν). (3.70)

We have already established that the left-hand side and right-hand side of (3.70)
coincide, and so (3.64) holds.
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Let p := ∞. Fix f ∈ L∞(ν). We shall first establish the second equality

‖f‖L∞(ν) = sup
g∈B[L1(ν)]

‖fg‖L1(ν) (3.71)

in (3.64) with p := ∞. Since |f | can be expressed as in (3.66), we have that

sup
g∈B[L1(ν)]

‖fg‖L1(ν) = sup
g∈B[L1(ν)]

∥∥ |f |g∥∥
L1(ν)

,

which enables us to assume that f ≥ 0. Choose non-negative Σ-simple functions
sn ↑ f such that limn→∞ ‖sn − f‖L∞(ν) = 0. In particular, ‖sn‖L∞(ν) ↑ ‖f‖L∞(ν).

Fix n ∈ N. Let a := ‖sn‖L∞(ν) and A := s−1
n ({a}), in which case ‖ν‖(A) > 0.

The function h :=
(
‖ν‖(A)

)−1
χ

A
satisfies

‖snh‖L1(ν) = a = ‖sn‖L∞(ν) and ‖h‖L1(ν) = 1

and we have

sup
g∈B[L1(ν)]

‖fg‖L1(ν) ≥ ‖snh‖L1(ν) = ‖sn‖L∞(ν). (3.72)

Letting n →∞ in (3.72) yields that

sup
g∈B[L1(ν)]

‖fg‖L1(ν) ≥ ‖f‖L∞(ν). (3.73)

On the other hand, the definition of the norm ‖ · ‖L1(ν) (see (3.7)) gives

‖fg‖L1(ν) ≤ ‖f‖L∞(ν)‖g‖L1(ν), g ∈ L1(ν). (3.74)

This and (3.73) establish (3.71).
Now let us prove the first equality in (3.64) for p := ∞, namely, for any fixed

f ∈ L∞(ν),

sup
g∈B[L1(ν)]

∥∥∥∥∫
Ω

fg dν

∥∥∥∥
E

= ‖f‖L∞(ν). (3.75)

Let ε > 0. According to (3.71), select h ∈ B[L1(ν)] satisfying

‖f‖L∞(ν) ≤ ε + ‖fh‖L1(ν). (3.76)

Appealing to (3.60) with fh in place of f , choose a function s ∈ B[L∞(ν)]∩ sim Σ
such that

‖fh‖L1(ν) < ε +
∥∥∥∥ ∫

Ω

fhs dν

∥∥∥∥
E

. (3.77)

It now follows from (3.76) and (3.77) that

‖f‖L∞(ν) < 2ε +
∥∥∥∥ ∫

Ω

f(hs) dν

∥∥∥∥
E

. (3.78)
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Since ε > 0 is arbitrary and hs ∈ B[L1(ν)] in (3.78), we have the following inequal-
ity ‖f‖L∞(ν) ≤ supg∈B[L1(ν)]

∥∥ ∫
Ω

fg dν
∥∥

E
. The reverse inequality is a consequence

of the inequality
‖fg‖L1(ν) ≤ ‖f‖L∞(ν)‖g‖L1(ν),

which is immediate from (3.21). This establishes (3.75).
(ii) We can interchange p with p′ in (3.64) to derive

sup
f∈B[Lp(ν)]

∥∥∥∥ ∫
Ω

fg dν

∥∥∥∥
E

= sup
f∈B[Lp(ν)]

∥∥fg
∥∥

L1(ν)
=
∥∥g∥∥

Lp′(ν)
, g ∈ Lp′

(ν).

(3.79)
By the definition of the operator norm,

‖αp‖ := sup
f∈B[Lp(ν)]

‖f‖L1(ν) = sup
f∈B[Lp(ν)]

‖f · χ
Ω
‖L1(ν).

It follows from (3.79), with g := χ
Ω
, that ‖αp‖ = ‖χ

Ω
‖Lp′(ν) =

(
‖ν‖(Ω)

)1/p′
; this

is precisely (3.65).
(iii) By (3.79), with g := χ

A
and A ∈ Σ, we have

sup
f∈B[Lp(ν)]

‖fχ
A
‖L1(ν) =

(
‖ν‖(A)

)1/p′

.

Since 1 ≤ p′ < ∞, it is clear that
(
‖ν‖(A)

)1/p′
→ 0 as ‖ν‖(A) → 0. According to

(3.63), the subset αp

(
B[Lp(ν)]

)
is bounded and uniformly ν-integrable in L1(ν).

Now apply Proposition 2.39(ii) to conclude that αp is weakly compact.
(iv) If ν is not purely atomic, then its non-atomic part Ωna is non-ν-null and

so the set
{
αp(χ

B
) : B ∈ Σ∩Ωna

}
=
{
χ

B∩Ωna
: B ∈ Σ

}
is not relatively compact

in L1(ν) via Lemma 3.21. Hence, αp is not compact.
So, assume that ν is purely atomic. The vector measure [ν] : Σ → L1(ν) given

by (3.10) is also purely atomic and hence, has compact range, [78, Theorem 19]. Let
T : L1(ν) → L1(ν) denote the identity map. Then T (χ

A
) = [ν](A) for A ∈ Σ and

so
{
T (χ

A
) : A ∈ Σ

}
is relatively compact in L1(ν). Apply Proposition 2.41 with

X(μ) := L1(ν) and E := L1(ν) to deduce that αp

(
B[Lp(ν)]

)
= T

(
αp(B[Lp(ν)])

)
is relatively compact in L1(ν) because αp

(
B[Lp(ν)]

)
is bounded and uniformly

ν-integrable in L1(ν) via part (iii). Thus, αp is compact. �

When the scalar field is real and 1 < p < ∞, part (iii) of Proposition 3.31
follows from [57, Proposition 3.3]. For further details, see Remark 3.42(i) below.

Remark 3.32. We give an alternate proof of Proposition 3.31(iv) which may be
of some interest. Let Ẽ denote the (complex) space E interpreted as a vector
space over R and ν̃ denote ν considered as an Ẽ-valued vector measure. Then a
Σ-measurable function f : Ω → R is ν-integrable if and only if f is ν̃-integrable
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and then
∫

A f dν̃ =
∫

A f dν for all A ∈ Σ, [58, Lemma 3]. Moreover, f : Ω → C is
ν-integrable if and only if |f | is ν̃-integrable if and only if both Re(f), Im(f) are ν̃-
integrable, [58, Lemma 2]. It follows from [58, Lemma 4] that L1(ν̃) is isomorphic
to L1

R
(ν) := {f ∈ L1(ν) : Im(f) = 0} equipped with the relative topology from

L1(ν). According to [58, Lemma 1], there exist positive constants C1, C2 such that

C1‖ν̃‖(A) ≤ ‖ν‖(A) ≤ C2‖ν̃‖(A), A ∈ Σ.

It is then clear from (3.63) and the fact that both L1(ν̃) and L1(ν) have lattice
norms that a subset W ⊆ L1(ν) is bounded and uniformly ν-integrable if and only
if |W | := {|f | : f ∈ W} ⊆ L1(ν̃) � L1

R
(ν) is bounded and uniformly ν̃-integrable.

In particular, both Re(W ) := {Re(f) : f ∈ W} and Im(W ) := {Im(f) : f ∈ W}
are bounded and uniformly ν̃-integrable in L1(ν̃).

Now, suppose that ν is purely atomic, in which case L1(ν) = �1(ν) ⊆ CN

(see Lemma 3.20(ii)) is an atomic Banach lattice with o.c. norm. Let W ⊆ L1(ν)
be any bounded, uniformly ν-integrable set. According to Remark 2.38(b) and
the previous paragraph, both Re(W ), Im(W ) are L-weakly compact sets in L1(ν̃).
Since L1(ν̃) = �1(ν̃) is an atomic real Banach lattice with o.c. norm, it follows
that both Re(W ), Im(W ) are actually relatively compact in L1(ν̃) � L1

R
(ν),

[107, Beispiel II.7(ii)] (see also [6, Satz 1.1] and [21, Lemma 2]). Accordingly,
W ⊆ Re(W ) + iIm(W ) is relatively compact in L1(ν). Since αp maps B[Lp(ν)]
to a bounded, uniformly ν-integrable subset of L1(ν) (see Proposition 3.31(iii)),
it follows that αp is compact. �
Remark 3.33. Let 1 < p < ∞ and the notation be as in Proposition 3.31. Then
the following three conditions are mutually equivalent:

(a) αp is compact,
(b) αp is completely continuous, and
(c) ν is purely atomic.

In other words, under the assumption that 1 < p < ∞ (i.e., p = ∞ is excluded),
we can improve part (iv) of Proposition 3.31. Since (a) ⇒ (b) is clear, to verify
the equivalences of (a), (b) and (c) it suffices to show that (b) ⇒ (c). Now, the
subset {χ

A
: A ∈ Σ} is relatively weakly compact in Lp(ν) as it is the range of the

vector measure A �→ χ
A
∈ Lp(ν) defined on Σ (see Lemma 3.3). So, (b) implies

that {χ
A

: A ∈ Σ} is relatively compact in L1(ν). However, via Lemma 3.21, this
holds only if ν is purely atomic. So, (c) holds.

Concerning the case when p = ∞, it turns out that α∞ : L∞(ν) → L1(ν)
is always completely continuous. Indeed, α∞ is weakly compact by Proposition
3.31(iii). Since L∞(ν) is isomorphic to a C(K)-space, it has the Dunford–Pettis
property, [42, Ch. VI, Corollary 2.6], and hence, α∞ is completely continuous. �

We now consider the space of scalarly integrable functions with respect to
a Banach-space-valued measure ν : Σ → E. A function f ∈ L0(Σ) satisfying
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condition (I-1) is called scalarly ν-integrable. By identifying scalarly ν-integrable
functions which are ν-a.e. equal, we denote by L1

w(ν) the vector space of (equiv-
alence classes of) all scalarly ν-integrable functions. Clearly L1(ν) ⊆ L1

w(ν). If E
does not contain an isomorphic copy of c0, then L1(ν) = L1

w(ν); see [98, Theorem
5.1] for E over C, [86, Ch. II, Theorem 5.1] for E over R. The first systematic study
of L1

w(ν), for E over R, was carried out by G.F. Stefansson [151] who showed that
L1

w(ν) is a Banach space containing L1(ν) as a closed subspace. To be precise, let

‖f‖L1
w(ν) := sup

{∫
Ω

|f | d|〈ν, x∗〉| : x∗ ∈ B[E∗]
}

, f ∈ L1
w(ν). (3.80)

It follows from [151, Theorem 9] that ‖f‖L1
w(ν) < ∞ for every f ∈ L1

w(ν) and that
‖ · ‖L1

w(ν) is a norm for which L1
w(ν) becomes a Banach space. In particular, L1(ν)

is a closed subspace of L1
w(ν). An examination of the proofs given in [151] shows

that the same conclusions hold for E over C; the “general results” from integration
with respect to ν having values in E (over R) used in [151] also apply to complex
spaces E and can be found in [58], [97], [98], for example.

It is clear that L1
w(ν) is a vector lattice, with respect to the ν-a.e. order, and

that ‖ · ‖L1
w(ν) is a lattice norm. Indeed, using the notation of Remark 3.32 and

recalling, for a complex measure λ, that f ∈ L1(λ) means ‖f‖1 :=
∫
|f | d|λ| < ∞,

it follows that L1
w(ν) is the complexification of the real vector lattice L1

w(ν̃) :=
{f ∈ L1

w(ν) : f is R-valued}. To investigate L1
w(ν) in the context of B.f.s.’ let

μ : Σ → [0,∞) be a control measure for ν. Since simΣ ⊆ L1(ν) ⊆ L1
w(ν), it

follows that (L1
w(ν), ‖ · ‖L1

w(ν)) is a B.f.s. based on the measure space (Ω, Σ, μ) and
that L1(ν) is a closed sublattice of L1

w(ν).
A general Banach lattice (Z, ‖·‖Z) has the weak Fatou property if every norm

bounded, increasing sequence {zn}∞n=1 ⊆ Z+ has a lattice supremum z :=
∨

n∈N
zn

in Z. If, in addition, ‖zn‖Z ↑ ‖z‖Z, then Z is said to have the σ-Fatou property.
Since these definitions are in terms of Z+, there is no distinction between Z being
a Banach lattice over R or C.

It follows from [57, Lemma 3.8] that the B.f.s. L1
w(ν) has the weak Fatou

property. Moreover, according to [26, Proposition 2.1], the space L1
w(ν) has the σ-

Fatou property. Indeed, assume that L1
w(ν)+ � fn ↑ with supn∈N ‖fn‖L1

w(ν) < ∞.
Let f := supn∈N fn (defined μ-a.e. pointwise). Then

sup
x∗∈B[E∗]

∫
Ω

f d|〈ν, x∗〉| = sup
x∗∈B[E∗]

sup
n∈N

∫
Ω

fn d|〈ν, x∗〉|

= sup
n∈N

sup
x∗∈B[E∗]

∫
Ω

fn d|〈ν, x∗〉| = sup
n∈N

‖fn‖L1
w(ν) < ∞.

So, f ∈ L1
w(ν) and clearly f =

∨
n∈N

fn. Hence, L1
w(ν) has the σ-Fatou property.

On the other hand, L1(ν) may not have the σ-Fatou or the weak Fatou property;
see Example 3.34 below.
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Given 1 ≤ p < ∞, let Lp
w(ν) denote the (1/p)-th power of the B.f.s. L1

w(ν),
that is,

Lp
w(ν) := L1

w(ν)[1/p] ⊆ L1
w(ν); (3.81)

see Lemma 2.21(iv). As for p = 1, we point out that the vector lattice Lp
w(ν) is the

complexification of the real vector lattice {f ∈ Lp
w(ν) : f is R-valued}. According

to Proposition 2.23(i), the vector lattice Lp
w(ν) is again a B.f.s. (over (Ω, Σ, μ))

with respect to the corresponding norm

‖ · ‖Lp
w(ν) := ‖ · ‖L1

w(ν)[1/p]
. (3.82)

The following identity is clear:

‖f‖Lp
w(ν) = sup

x∗∈B[E∗]

(∫
Ω

|f |p d|〈ν, x∗〉|
)1/p

, f ∈ Lp
w(ν). (3.83)

The space Lp
w(ν), for real space E, was defined and studied for the first time in [57],

where the norm is defined by the right-hand side of (3.83). Clearly, Lp(ν) is a closed
sublattice of Lp

w(ν). Furthermore, Lp
w(ν) is a p-convex B.f.s. with p-convexity

constant equal to 1; this can be seen by direct computation or by appealing to
Proposition 2.23(ii) and the identity L1

w(ν) = Lp
w(ν)[p].

Convention. In order to apply various results from Chapter 2, we have so far been
treating Lp(ν) (1 ≤ p ≤ ∞) and Lp

w(ν) (1 ≤ p < ∞) as B.f.s.’ over a measure
space (Ω, Σ, μ), where μ is any control measure for ν and, of course, the same μ is
used simultaneously for both Lp(ν) and Lp

w(ν). Subsequently, we may sometimes
speak of the B.f.s.’ Lp(ν) and Lp

w(ν) without referring to such a control measure
μ. In this case, it is to be understood that such spaces are B.f.s.’ relative to some
control measure for ν.

Example 3.34. Let the setting be as in Example 3.29. Then, it is easy to check
that

L1
w(ν) = (1/ψ) · �∞,

in contrast with the identity L1(ν) = (1/ψ) · c0 in (3.53). The corresponding
norm on L1

w(ν) is the weighted sup-norm ‖f‖L1
w(ν) = supn∈N

∣∣ψ(n)f(n)
∣∣ for f ∈

L1
w(ν). Consequently, Lp

w(ν) = ψ−1/p · �∞, for each 1 ≤ p < ∞, with ‖f‖Lp
w(ν) =

supn∈N

∣∣ψ(n)1/pf(n)
∣∣. So, both the inclusions

Lp(|ν|) ⊆ Lp(ν) ⊆ Lp
w(ν), 1 ≤ p < ∞,

are proper because Lp(|ν|) = ψ−1/p ·�p via (3.56) and Lp(ν) = ψ−1/p ·c0 via (3.54).
Note that the norm bounded, increasing sequence

{
ψ−1/p χ{1,...,n}

}∞
n=1

in

Lp(ν)+ does not have a supremum in the Banach lattice Lp(ν). It follows that
Lp(ν) fails to have the weak Fatou property. As for the spaces Lp(ν) in Example
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3.29, we see that the spaces Lp
w(ν), for 1 ≤ p < ∞, are all distinct yet, each one is

lattice isomorphic to �∞.
On the other hand, the complete normed function space Lp(ν) has the Riesz–

Fischer property. This serves as a counterexample for the converse of Lemma
2.33. �

The above example is standard; see [98, §5] and [86, Ch. II, Example 5.1].
Further classical examples of vector measures ν for which L1(ν) fails to have
the weak Fatou property (hence, L1(ν) �= L1

w(ν)) arise in the theory of kernel
operators, [26, §3]. Note that there also exist c0-valued vector measures ν for
which we do have the equality L1(ν) = L1

w(ν), [21, Example on pp. 320–321].
Let 1 ≤ p < ∞. Just like L1

w(ν) itself, its (1/p)-th power L1
w(ν)[1/p] = Lp

w(ν)
always has the σ-Fatou property. Indeed, for ν with values in a real Banach space
E this is Proposition 1 of [26]. Since the Fatou property of E over C is defined
in terms of {f ∈ Lp

w(ν) : f is R-valued}, the same conclusion holds for complex
spaces E. However, the B.f.s. Lp(ν) may not have the σ-Fatou property. Actually,
Lp

w(ν) is the minimal B.f.s. which possesses the σ-Fatou property and contains
Lp(ν) in such a way that the natural embedding has operator norm at most 1. We
refer to [27] for the details.

For E a real Banach space, the weak sequential completeness of Lp(ν) and
Lp

w(ν) has already been investigated; see [26], [151] for p = 1, and [27] for 1 < p <
∞. For complex E, a basic tool needed in this regard is Lemma 3.37 below. For
its proof, we shall apply the following criterion.

Lemma 3.35. Let Z be a complex Banach lattice.

(i) Z is weakly sequentially complete if and only if its real part ZR is weakly
sequentially complete.

(ii) Z is weakly sequentially complete if and only if every norm bounded, increas-
ing sequence in Z+ is convergent in Z.

Proof. (i) Suppose that Z is weakly sequentially complete. Let {xn}∞n=1 be a weak
Cauchy sequence in ZR and η + iζ ∈ Z∗ = Z∗

R
+ iZ∗

R
with η, ζ ∈ Z∗

R
. Then the

inequalities∣∣〈xn − xk, η + iζ〉
∣∣ ≤ ∣∣〈xn − xk, η〉

∣∣+ ∣∣〈xn − xk, ζ〉
∣∣, n, k ∈ N,

show that {xn}∞n=1 is weakly Cauchy in Z and hence, has a weak limit z ∈ Z. Write
z = x + iy with x, y ∈ ZR. Given ξ ∈ Z∗

R
we have ξ = ξ + i0 ∈ Z∗ and so (in C)

〈xn, ξ〉 → 〈x + iy, ξ〉 = 〈x, ξ〉 + i〈y, ξ〉 as n →∞.

Since
{
〈xn, ξ〉

}∞
n=1

⊆ R, it follows that 〈y, ξ〉 = 0 and 〈xn − x, ξ〉 → 0 (in R) as
n → ∞. Accordingly, xn → x weakly in ZR, that is, ZR is weakly sequentially
complete.
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Conversely, assume that ZR is weakly sequentially complete and {zn}∞n=1

is a weak Cauchy sequence in Z. Write zn = xn + iyn with xn, yn ∈ ZR, for
n ∈ N. Then, given ρ ∈ Z∗

R
⊆ Z∗ the sequence

{
〈zn, ρ〉

}∞
n=1

is Cauchy in C, that
is,
{
〈xn, ρ〉

}∞
n=1

and
{
〈yn, ρ〉

}∞
n=1

are both Cauchy sequences in R. Hence, both
{xn}∞n=1 and {yn}∞n=1 are weak Cauchy sequences in ZR; denote their weak limits
(in ZR) by x and y, respectively. It is routine to check that∣∣〈zn − (x+ iy), η + iζ〉

∣∣ ≤ ∣∣〈xn −x, η〉
∣∣+ ∣∣〈yn − y, ζ〉

∣∣+ ∣∣〈xn −x, ζ〉
∣∣+ ∣∣〈yn − y, η〉

∣∣
for all n ∈ N and η + iζ ∈ Z∗ (with η, ζ ∈ Z∗

R
), from which it follows that

zn → (x + iy) weakly in Z as n →∞. So, Z is weakly sequentially complete.
(ii) According to part (i), Z = ZR + iZR is weakly sequentially complete if

and only if this is the case for ZR. Since Z+ = Z+
R
⊆ ZR and the condition:

Every norm bounded, increasing sequence in Z+ is convergent in Z (3.84)

is invariant under exchanging Z with ZR, the stated result for Z follows from that
for ZR (which can be found in [99, Theorem 1.c.4], for example). �

Banach lattices satisfying condition (3.84) are usually called KB-spaces, [2,
Definition 14.10]. So, Lemma 3.35 states that a Banach lattice is weakly sequen-
tially complete if and only if it is a KB-space; for real spaces Z see [2, Theorem
14.12].

For real spaces E, the following result is known, [57, Proposition 3.9].

Lemma 3.36. Let 1 < p < ∞ and ν : Σ → E be a Banach-space-valued measure.
Then the following conditions are equivalent.

(i) Lp
w(ν) has o.c. norm.

(ii) Lp
w(ν) is a KB-space.

(iii) Lp
w(ν) is reflexive.

Proof. (i) ⇒ (ii). This can be argued as in the proof of (3) ⇒ (2) in Proposition
3.9 of [57], after noting that Lemma 3.8 of [57] is also valid for complex spaces E
(with the same proof).

(ii) ⇒ (iii). According to the comment immediately after (3.84), it follows
from (ii) that the real Banach lattice {f ∈ Lp

w(ν) : f is R-valued} is also a KB-
space. According to [57, Proposition 3.9], this real Banach lattice is reflexive and
hence, so is its complexification Lp

w(ν).
(iii) ⇒ (i). Since the real part {f ∈ Lp

w(ν) : f is R-valued} of Lp
w(ν) is also

reflexive, it follows from [57, Proposition 3.9] that this real part has o.c.-norm.
But, order continuity of the norm is completely determined by the positive cone
and hence, Lp

w(ν) has o.c.-norm. �
Lemma 3.37. Let (Z, ‖ · ‖Z) be a Banach lattice. The following assertions are
equivalent.
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(i) Z is weakly sequentially complete.
(ii) Z has the σ-Fatou property and σ-o.c. norm.

(iii) Z has the weak Fatou property and σ-o.c. norm.

Proof. We sketch the proof even though this lemma is known; for example, the
equivalence (i) ⇔(ii) is in [26, Lemma 1.2].

(i) ⇒ (ii). Let {zn}∞n=1 ⊆ Z+ be a norm bounded, increasing sequence. By
Lemma 3.35(ii), {zn}∞n=1 has a norm limit z in Z. Therefore, given n ∈ N, we have∥∥(zn ∧ z) − zn

∥∥
Z

= lim
k→∞

∥∥(zn ∧ zk) − zn

∥∥
Z

= 0,

since zn ∧ zk = zn for all k ≥ n. Hence, zn ∧ z = zn, that is, z ≥ zn. Since Z is
Dedekind σ-complete, [165, pp. 421–422], the supremum w :=

∨
n∈N

zn ∈ Z exists,
and then z ≥ w is clear. Hence, w − zn ≤ z − zn and so ‖w − zn‖Z ≤ ‖z − zn‖Z

for all n ∈ N. Accordingly, z = w and it follows that Z has the σ-Fatou property.
Proving that ‖ · ‖Z is σ-o.c. is now routine.

(ii) ⇒ (iii). Clear.
(iii) ⇒ (i). Let {zn}∞n=1 be a norm bounded, increasing sequence in Z+. The

weak Fatou property of Z ensures that z :=
∨

n∈N
zn ∈ Z exists. Since (z−zn) ↓ 0

and Z has σ-o.c. norm, it follows that ‖z−zn‖Z → 0, that is, {zn}∞n=1 is convergent
in Z. So, (i) holds via Lemma 3.35(ii). �

An immediate consequence of Lemma 3.37 is that any Banach lattice with
the weak Fatou property but, failing the σ-Fatou property, does not admit any
σ-o.c. norm. An example of such a Banach lattice can be found in [164, Exercise
65.1]. Such a Banach space cannot be represented as L1(ν) for any vector measure
ν. Nevertheless, the above lemma turns out to be useful when applied to Lp(ν)
and Lp

w(ν), as demonstrated in [26], [27] for real spaces E. Indeed, the B.f.s. Lp(ν),
which always has o.c. norm (see Proposition 3.28), is weakly sequentially complete
if and only if it has the σ-Fatou property; see Lemma 3.37. Moreover, the B.f.s.
Lp

w(ν), which always has the σ-Fatou property (as established above), is weakly
sequentially complete if and only if it has o.c. norm; again see Lemma 3.37. Let
us formally present some basic facts along these lines.

Proposition 3.38. Let ν : Σ → E be a Banach-space-valued measure and let
p ∈ [1,∞).

(I) The following assertions are equivalent.

(i) Lp(ν) is weakly sequentially complete.
(ii) Lp

w(ν) is weakly sequentially complete.

(iii) Lp(ν) = Lp
w(ν).

(iv) Lp
w(ν) has o.c. norm.

(v) Lp
w(ν) is weakly compactly generated.
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(vi) Lp(ν) has the σ-Fatou property.
(vii) Lp(ν) has the weak Fatou property.
(viii) simΣ is dense in Lp

w(ν).
(II) If 1 < p < ∞, then (i)–(viii) are equivalent to each of the following asser-

tions.
(ix) Lp(ν) is reflexive.
(x) Lp

w(ν) is reflexive.

Proof. (I) For p = 1 and a real space E, the equivalences of (i)–(iv) have been
obtained in [151, Theorem 10] while the equivalences of these with (v)–(vi) occur
in [26, Proposition 2.3]. A careful examination of the proofs given there, together
with Lemma 3.35, Lemma 3.37 and the discussion concerning these lemmas, show
that the proofs given for real E carry over to complex spaces E.

When 1 < p < ∞ and E is a real space, the equivalences of (i)–(vi) have
been established in [27, Proposition 3]. The “same arguments” can be adapted to
complex spaces E.

For 1 ≤ p < ∞, the equivalence (i) ⇔ (vii) follows from Lemma 3.37 because
Lp(ν) has o.c. norm. The equivalence (iii) ⇔ (viii) is clear from the fact that sim Σ
is dense in the B.f.s. Lp(ν) which has o.c. norm.

(II) See [57, Corollary 3.10] for E over R. For general E, since Lp(ν) is a
closed subspace of Lp

w(ν), the implication (x) ⇒ (ix) is clear. On the other hand,
(ix) implies (i) from which (x) follows via Lemma 3.36 together with (i) ⇔ (iv).
Finally, (iv) ⇔ (x) is part of Lemma 3.36. �

Remark 3.39. In part (I) of the previous proposition, if (i)–(viii) hold for some
1 ≤ p < ∞, then, for every 1 ≤ r < ∞, conditions (i)–(iii) hold with r in place of
p. Indeed, by part (iii) we have Lp(ν) = Lp

w(ν) and hence, Lp(ν)[p/r] = Lp
w(ν)[p/r]

for all 1 ≤ r < ∞. But, Lp(ν)[p/r] = Lr(ν) and Lp
w(ν)[p/r] = Lr

w(ν).

A similar remark applies to part (II). �

A real Banach lattice is weakly sequentially complete if and only if it does not
contain a (lattice) isomorphic copy of c0, [108, Theorems 2.4.12 and 2.5.6]. Recall
that a closed subspace V of a complex Banach lattice Z = ZR + iZR is said to be a
sublattice of Z if there exists a closed (real) sublattice U of ZR such that V = U+iU
is the complexification of U and |v| ∈ U for every v ∈ V . This later condition is
automatic whenever U is Dedekind complete. Note that V is conjugate closed. If
U is lattice isomorphic to the real (Dedekind complete) sequence space (c0)R, then
we say that V is lattice isomorphic to complex c0, because V � (c0)R + i(c0)R.
According to Lemma 3.35, a complex Banach lattice Z is weakly sequentially
complete if and only if its real part ZR is weakly sequentially complete. These
observations, together with the above fact for real Banach lattices, imply that a
complex Banach lattice is weakly sequentially complete if and only if it does not
contain a sublattice which is isomorphic to complex c0. This fact and Proposition
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3.38 imply the following result, first obtained for real spaces and p = 1 in [21,
Theorem 3 and Corollary].

Corollary 3.40. Let 1 ≤ p < ∞. If the codomain of a vector measure ν is a complex
Banach lattice which does not contain a sublattice isomorphic to complex c0, then
L1(ν) is weakly sequentially complete or, equivalently, L1(ν) does not contain a
lattice isomorphic copy of complex c0.

Proof. If E does not contain an isomorphic copy of complex c0, then L1(ν) =
L1

w(ν); see the discussion after Remark 3.33. Now apply Proposition 3.38. �

The converse of the previous corollary is not always valid; see [21, Example
on pp. 320–321].

Corollary 3.40 shows, for the Volterra measure νr of order r with 1 ≤ r < ∞,
that L1(νr) is weakly sequentially complete because the codomain Lr([0, 1]) of
νr does not contain a sublattice isomorphic to c0. For r = ∞, the weak sequen-
tial completeness of L1(ν∞) is clear from the fact that L1(ν∞) = L1([0, 1]) (see
Example 3.26(iii)).

Let 1 ≤ p < ∞, and let μ be a control measure for a Banach-space-valued
vector measure ν : Σ → E. The Köthe dual Lp(ν)′ of the order continuous B.f.s.
Lp(ν) over (Ω, Σ, μ) can be identified with the topological dual Lp(ν)∗, that is,

Lp(ν)′ = Lp(ν)∗;

see Proposition 2.16 and Remark 2.18. When p = 1, a description of the dual
space L1(ν)∗ is available in [117, Theorem 8], which then also identifies L1(ν)′.
A corresponding description of Lp(ν)∗ for 1 < p < ∞ is yet to be discovered.
Concerning the Köthe bidual Lp(ν)′′ := (Lp(ν)′)′ it turns out, for E a real space,
that

Lp(ν)′′ = Lp
w(ν); (3.85)

see [26, Proposition 2.1] for p = 1 and [27, Proposition 2] for 1 < p < ∞. An
examination of these proofs (based on results from [165, Ch. 15], which has function
spaces over C as its setting) shows that these proofs can be adapted to the case
when E is a complex Banach space.

As seen earlier, Lp
w(ν) may not be order continuous. It turns out that its

closed sublattice Lp(ν) is the order continuous part of Lp
w(ν). To be precise, given

a Banach lattice (Z, ‖ · ‖Z), the order continuous part Za of Z is defined by

Za :=
{
z ∈ Z : |z| ≥ |zn| ↓ 0 with zn ∈ Z implies ‖zn‖Z ↓ 0

}
;

it is a closed order ideal of Z, [165, pp. 317–318]. The order continuous part is
also called the absolutely continuous part of Z. Observe that Za is the largest
order ideal of Z to which the restriction of the norm ‖ · ‖Z is σ-o.c. It may happen
that Za = {0}. For example, (L∞([0, 1]))a = {0}. On the other hand (�∞)a = c0.
Therefore, L∞([0, 1]) and �∞ are not isomorphic as Banach lattices whereas they
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are isomorphic as Banach spaces, [79, p. 18]. With the above notation we have,
for ν with values in a real Banach space E, that

Lp
w(ν)a = Lp(ν). (3.86)

This has been verified in [26, pp. 191–192], for p = 1, via the facts that sim Σ
is dense in Lp(ν) and Lp(ν) has o.c. norm and hence, the proof carries over to
complex E. The “same” argument applies to p > 1. Now, (3.86) and the fact that
Lp

w(ν) is a p-convex B.f.s. whose weak order unit χ
Ω

belongs to (Lp
w(ν))a lead us

to the following realization of a large class of Banach lattices, [27, Theorem 4].

Proposition 3.41. Let 1 ≤ p < ∞ and Z be a p-convex Banach lattice which
has the σ-Fatou property and admits a weak order unit which belongs to its order
continuous part Za. Then there is a Za-valued vector measure ν such that Lp(ν)
is lattice isomorphic to Za and Lp

w(ν) is lattice isomorphic to Z.

Proof. The identity Za = (ZR)a + i(ZR)a follows from Theorems 91.3, 91.4 and
91.6 of [165]. Since ZR is also p-convex, there exists a (ZR)a-valued vector measure
ν̃ such that (ZR)a is lattice isomorphic to Lp(ν̃) and ZR is lattice isomorphic to
Lp

w(ν̃); see [26, Theorem 2.5] for p = 1 and [27, Theorem 4] for p > 1. Consider
the Za-valued vector measure ν : A �→ ν̃(A) + i0. Then a C-valued function f
is ν-integrable (resp. scalarly ν-integrable) if and only if both of the R-valued
functions Re(f) and Im(f) are ν̃-integrable (resp. scalarly ν̃-integrable) in the real
space (ZR)a (resp. ZR), in which case

∫
A

f dν =
∫

A
Re(f) dν̃ + i

∫
A

Im(f) dν̃ for
each measurable set A. It follows that Lp(ν) (resp. Lp

w(ν)) is the complexification
of Lp(ν̃) (resp. Lp

w(ν̃)) and that Lp(ν) (resp. Lp
w(ν)) is lattice isomorphic to Za

(resp. Z). �

Let 1 < p < ∞. Whereas the definition of Lp
w(ν) ensures that Lp

w(ν) ⊆ L1
w(ν),

the inclusion
Lp

w(ν) ⊆ L1(ν) (3.87)

is not so obvious. This inclusion has been proved in [57, Proposition 3.1] when the
scalar field is real; a similar proof is valid in the complex setting. We shall now
establish both the inclusion

Lp
w(ν) · Lp′

(ν) ⊆ L1(ν), (3.88)

which is an improvement of (3.87), and the Hölder type inequality

‖fg‖L1(ν) ≤ ‖f‖Lp
w(ν)‖g‖Lp′(ν), f ∈ Lp

w(ν), g ∈ Lp′
(ν). (3.89)

To this end, let f ∈ Lp
w(ν) and g ∈ Lp′

(ν). Choose sn ∈ sim Σ for n ∈ N such that
sn → g as n →∞ both pointwise and in the norm ‖ · ‖Lp′(ν). The inclusion (3.87)
yields fsn ∈ L1(ν) for n ∈ N. Now, with X(μ) := L1

w(ν), apply Lemma 2.21(i)
(where K = 1 for our current setting) to obtain

‖fsn−fsk‖L1(ν) ≤ ‖f‖Lp
w(ν)‖sn−sk‖Lp′

w (ν)
= ‖f‖Lp

w(ν)‖sn−sk‖Lp′(ν), n, k ∈ N,



146 Chapter 3. Vector Measures and Integration Operators

because Lp
w(ν) = L1

w(ν)[1/p] and Lp′
w (ν) = L1

w(ν)[1/p′], and ‖h‖Lr(ν) = ‖h‖Lr
w(ν)

for every h ∈ Lr(ν) and 1 ≤ r < ∞. So, {fsn}∞n=1 is a Cauchy sequence in the
B.f.s. L1(ν) and hence, its limit is necessarily ν-a.e. equal to fg. Thus, fg ∈ L1(ν)
and

‖fg‖L1(ν) = lim
n→∞ ‖fsn‖L1(ν) ≤ lim

n→∞
(
‖f‖Lp

w(ν)‖sn‖Lp′(ν)

)
= ‖f‖Lp

w(ν)‖g‖Lp′(ν)

again via Lemma 2.21. This establishes both (3.88) and (3.89).
Let us now compute the operator norm of the natural inclusion map

α(w)
p : Lp

w(ν) → L1(ν); (3.90)

see (3.87). Since Lp(ν) is a closed subspace of Lp
w(ν), it follows from (3.79) and

(3.89)

sup
f∈B[Lp(ν)]

‖fg‖L1(ν) = sup
f∈B[Lp

w(ν)]

‖fg‖L1(ν) = ‖g‖Lp′(ν), g ∈ Lp′
(ν). (3.91)

Substituting g := χ
Ω

into (3.91) yields

‖α(w)
p ‖ := sup

f∈B[Lp
w(ν)]

‖fχ
Ω
‖L1(ν) = ‖χ

Ω
‖Lp′(ν) =

(
‖ν‖(Ω)

)1/p′

. (3.92)

Remark 3.42. Let 1 < p < ∞.
(i) When the scalar field is real, the inclusion map α

(w)
p : Lp

w(ν) → L1(ν) is
known to be weakly compact, [57, Proposition 3.3]. It is possible to extend this
to the complex case via a complexification argument. However, we instead adopt
a direct approach. Let 1 < r < p. By Proposition 3.31(iii), with r in place of p,
the inclusion map αr : Lr(ν) → L1(ν) is weakly compact. We claim that Lp

w(ν) ⊆
Lr(ν) with a continuous inclusion; this has been presented in [57, Corollary 3.2]
for the real case. So, consider the complex case. An adaptation of the proof of
(3.88) yields that

Lp
w(ν) · Lq(ν) ⊆ Lr(ν), (3.93)

provided p−1 + q−1 = r−1. In particular, since χ
Ω
∈ Lq(ν), we have Lp

w(ν) ⊆
Lr(ν) with a continuous inclusion. So, the map α

(w)
p : Lp

w(ν) → L1(ν), which is
the composition of αr with the inclusion map from Lp

w(ν) into Lr(ν), is weakly
compact.

(ii) The map α
(w)
p is compact if and only if ν is purely atomic. Indeed, if ν is

not purely atomic, then α
(w)
p is not compact by the fact that {χ

A
: A ∈ Σ} is not

relatively compact in L1(ν); see the proof of Proposition 3.31(iv). Conversely, let
ν be purely atomic and 1 < r < p. By Proposition 3.31(iv), with r in place of p,
the inclusion map αr : Lr(ν) → L1(ν) is compact and hence, so is α

(w)
p because

Lp
w(ν) ⊆ Lr(ν) continuously. �
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Let 1 < p < ∞. Recalling the notation of multiplication operators (see
Chapter 2), it follows from (3.88) that

Lp′
(ν) ⊆ M

(
Lp

w(ν), L1(ν)
)
. (3.94)

Moreover, (3.91) implies, for every g ∈ Lp′
(ν), that the norm ‖Mg‖ of the cor-

responding multiplication operator Mg : f �→ gf , from Lp
w(ν) into L1(ν), equals

‖g‖Lp′(ν). Similarly,

Lp′
w (ν) ⊆ M

(
Lp(ν), L1(ν)

)
(3.95)

because of the inclusion
Lp′

w (ν) · Lp(ν) ⊆ L1(ν), (3.96)

which can be derived from (3.88) by exchanging p′ with p. The question arises of
whether the inclusions in (3.94) and (3.95) are actually equalities. The answer is
affirmative.

Proposition 3.43. Let 1 < p < ∞ and let ν : Σ → E be a Banach-space-valued
measure. Then the following assertions hold.

(i) M
(
Lp(ν), L1(ν)

)
= Lp′

w (ν) and ‖Mg‖ = ‖g‖
Lp′

w (ν)
for each g ∈ Lp′

w (ν).

(ii) M
(
Lp

w(ν), L1(ν)
)

= Lp′
(ν) and ‖Mg‖ = ‖g‖Lp′(ν) for each g ∈ Lp′

(ν).

Proof. (i) Let g ∈ M
(
Lp(ν), L1(ν)

)
. Given n ∈ N, we have that

gn := |g| ∧ n ∈ L∞(ν)+ ⊆ Lp′
(ν) ⊆ Lp′

w (ν) ⊆ M
(
Lp(ν), L1(ν)

)
via (3.95) and that

‖gn‖Lp′
w (ν)

= ‖gn‖Lp′(ν) = ‖Mgn‖ ≤ ‖Mg‖ < ∞

via (3.91) with gn in place of g. Since gn ↑ |g|, the σ-Fatou property of Lp′
w (ν)

yields that
|g| =

∨
n∈N

gn ∈ Lp′
w (ν)

and
‖g‖

Lp′
w (ν)

=
∥∥ |g| ∥∥

Lp′
w (ν)

= sup
n∈N

‖gn‖Lp′
w (ν)

= sup
n∈N

‖Mgn‖.

In particular, g ∈ Lp′
w (ν) and so M

(
Lp(ν), L1(ν)

)
⊆ Lp′

w (ν). Actually, because of
(3.95), we have equality. Concerning the norms, it follows from Theorem 3.7(i)
that

‖Mg‖ = sup
f∈B[Lp(ν)]

‖gf‖L1(ν) = sup
f∈B[Lp(ν)]

sup
n∈N

‖gnf‖L1(ν)

= sup
n∈N

sup
f∈B[Lp(ν)]

‖gnf‖L1(ν) = sup
n∈N

‖Mgn‖.
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Therefore, we have ‖g‖
Lp′

w (ν)
= ‖Mg‖.

(ii) Let g ∈ M
(
Lp

w(ν), L1(ν)
)
. Then

g · Lp(ν) ⊆ g · Lp
w(ν) ⊆ L1(ν)

and so g ∈ M
(
Lp(ν), L1(ν)

)
= Lp′

w (ν) via part (i). That is, |g|p′ ∈ L1
w(ν) which

implies that |g|p′−1 ∈ Lp
w(ν) because(
|g|p′−1

)p = |g|pp′−p = |g|p′ ∈ L1
w(ν).

Therefore,

|g|p′
= |g| · |g|p′−1 ∈ |g| · Lp

w(ν) = g · Lp
w(ν) ⊆ L1(ν).

In other words, g ∈ L1(ν)[1/p′] = Lp′
(ν). The identity M

(
Lp

w(ν), L1(ν)
)

= Lp′
(ν)

is then a consequence of this fact and (3.94).
Given g ∈ Lp′

(ν), the (operator) norm ‖Mg‖ of the corresponding operator
Mg ∈ L

(
Lp

w(ν), L1(ν)
)

equals ‖g‖Lp′(ν); see (3.91). �

Remark 3.44. Adapting the proof of Proposition 3.43 we can obtain

M
(
Lp

w(ν), L1
w(ν)

)
= Lp′

w (ν) and ‖Mg‖ = ‖g‖
Lp′

w (ν)

for each g ∈ Lp′
w (ν). �

3.2 Bochner and Pettis integrals

Important classes of vector measures arise from Bochner and Pettis integrals. Such
vector measures will occur in Chapter 7, and elsewhere, where they will play an
important role. Throughout this section let (Ω, Σ, μ) be a finite (positive) measure
space and E be a complex Banach space. A function F : Ω → E is called strongly
μ-measurable if there exists a sequence of E-valued, Σ-measurable simple functions
{Φn}∞n=1 such that Φn(ω) → F (ω) as n →∞ (in the norm of E) for μ-a.e. ω ∈ Ω.
For the definition of the Bochner integral we refer to [42, Ch. II, Definition 2.1]. It
is known that a strongly μ-measurable function F : Ω → E is Bochner μ-integrable
if and only if

∫
Ω ‖F (ω)‖E dμ(ω) < ∞. In this case, the Bochner indefinite integral

μF : A �−→ (B)-
∫

A F dμ, for A ∈ Σ, is an E-valued vector measure of finite
variation given by

|μF |(A) =
∫

A

‖F (ω)‖E dμ(ω), A ∈ Σ,

[42, Ch. II, Theorem 2.4]. Here, (B)-
∫

A F dμ is an element of E and denotes the
Bochner μ-integral of F over a set A ∈ Σ. The range R(μF ) := {μF (A) : A ∈ Σ}
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of μF is always a relatively compact subset of E, [42, Ch. II, Corollary 3.9]. The
space of all E-valued, Bochner μ-integrable functions on Ω is denoted by B(μ, E).
The Bochner integral is preserved under continuous linear operators. To be precise,
let S ∈ L(E, Z) for some Banach space Z. If F ∈ B(μ, E), then the function
S ◦ F ∈ B(μ, Z) and

(B)-
∫

A

S ◦ F dμ = S
(
(B)-

∫
A

F dμ
)
, A ∈ Σ,

[42, Ch. II, Theorem 2.6].
A function H : Ω → E is called Pettis μ-integrable if, for each x∗ ∈ E∗, the

scalar function 〈
H(·), x∗〉 : ω �−→

〈
H(ω), x∗〉, ω ∈ Ω,

is μ-integrable and, for every A ∈ Σ, there is a unique element (P)-
∫

A
Hdμ ∈ E

satisfying 〈
(P)-

∫
A

H dμ, x∗
〉

=
∫

A

〈
H(·), x∗〉 dμ, x∗ ∈ E∗.

In this case, we call (P)-
∫

A
H dμ the Pettis μ-integral over A. The Pettis indef-

inite integral A �→ (P)-
∫

A H dμ, for A ∈ Σ, is an E-valued vector measure, [42,
Ch. II, Theorem 3.5], and has σ-finite variation, [162, Proposition 5.6(iv)]. Let
P(μ, E) denote the space of all E-valued, Pettis μ-integrable functions on Ω. A
function H ∈ P(μ, E) is called μ-scalarly bounded if, for each x∗ ∈ E∗, the func-
tion 〈H(·), x∗〉 is μ-essentially bounded (the exceptional set depends on x∗). If
F ∈ B(μ, E), then clearly F ∈ P(μ, E) and

(B)-
∫

A

F dμ = (P)-
∫

A

F dμ, A ∈ Σ.

Example 3.45. Let μ : B([0, 1]) → [0, 1] be Lebesgue measure. Let 1 ≤ r < ∞. The
function F(r) : [0, 1] → E := Lr([0, 1]) defined by

F(r)(t) := χ
[t,1]

∈ Lr([0, 1]), t ∈ [0, 1],

is continuous and hence, strongly μ-measurable via the Pettis Measurability The-
orem, [42, Ch. II, Theorem 1.2]. The function F(r) is bounded because we have∥∥F(r)(t)

∥∥
Lr([0,1])

= (1 − t)1/r for t ∈ [0, 1], and hence, F(r) ∈ B
(
μ, Lr([0, 1])

)
. Ac-

tually, F(r) is the Radon–Nikodým derivative dνr/dμ of the Volterra measure νr

of order r (see Section 3.1) with respect to μ; that is,

νr(A) = (B)-
∫

A

F(r) dμ, A ∈ B([0, 1]),
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[129, pp. 136–137]. In particular,

|νr|(A) =
∫

A

∥∥F(r)(t)
∥∥

Lr([0,1])
dμ(t) =

∫
A

(1 − t)1/rdμ(t), A ∈ B([0, 1]).

(i) Let r = 1. By [119, Example 2], we have

L1(ν1) =
{
f ∈ L0(μ) : fF(1) ∈ B

(
μ, L1([0, 1])

)}
=
{
f ∈ L0(μ) : fF(1) ∈ P

(
μ, L1([0, 1])

)}
.

(ii) Let 1 < r < ∞. By [129, §5], we have that

L1(νr) =
{
f ∈ L0(μ) : fF(r) ∈ P

(
μ, Lr([0, 1])

)}
.

We have already noted in Example 3.26(ii-a) that L1(|νr|) �= L1(νr). �

A continuous linear operator T : L1(μ) → E is called Bochner representable
if there is a bounded function F ∈ B(μ, E) such that

T (f) = (B)-
∫

Ω

fF dμ, f ∈ L1(μ),

[42, Ch. III, Definition 1.3]. Similarly, S ∈ L(L1(μ), E) is called Pettis representable
if there is a μ-scalarly bounded function H ∈ P(μ, E) such that, for every f ∈
L1(μ), we have fH ∈ P(μ, E) and

S(f) = (P)-
∫

Ω

fH dμ, f ∈ L1(μ).

Clearly, Bochner representable operators are Pettis representable. Sometimes, the
converse is also valid, a result which will be needed in Chapter 7.

Proposition 3.46. Let (Ω, Σ, μ) be a positive, finite measure space and E be a weakly
compactly generated Banach space. Let T ∈ L(L1(μ), E) be a Pettis representable
operator such that, for every f ∈ L1(μ), the E-valued vector measure

mf,T : A �→ T (fχ
A
), A ∈ Σ,

has finite variation. Then T is also Bochner representable.

Proof. Choose a μ-scalarly bounded function H ∈ P(μ, E) such that T (f) =
(P)-

∫
Ω

fHdμ for f ∈ L1(μ). The weakly compactly generated Banach space E
is a Lindelöf space for its weak topology σ(E, E∗) and hence, is measure-compact;
see for example, [158, Theorem (2.7.2)]. So, by [49, Proposition 5.4], there is a
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strongly μ-measurable function F : Ω → E such that, for every x∗ ∈ E∗, the
scalar functions 〈F (·), x∗〉 and 〈H(·), x∗〉 are μ-a.e. equal. Thus, F ∈ P(μ, E) and

T (f) = (P)-
∫

Ω

fH dμ = (P)-
∫

Ω

fFdμ, f ∈ L1(μ).

Fix f ∈ L1(μ). We claim that fF ∈ B(μ, E). In fact, since mf,T (A) = (P)-
∫

A
fFdμ

for each A ∈ Σ, it follows that

|mf,T |(A) =
∫

A

|f(ω)| · ‖F (ω)‖E dμ(ω), A ∈ Σ. (3.97)

Now, the restriction of fF to An := {ω ∈ Ω : |f(ω)| ·‖F (ω)‖E < n} for each n ∈ N
is Bochner μ-integrable (being strongly μ-measurable and bounded). Then (3.97)
can be proved by applying [42, Ch. II, Theorem 2.4(iv)] to the restriction of the
measure mf,T to An, which yields∣∣mf,T

∣∣(An ∩ A) =
∫

An∩A

|f(ω)| · ‖F (ω)‖E dμ(ω),

and then letting n → ∞. By assumption
∣∣mf,T

∣∣(Ω) < ∞ and so fF ∈ B(μ, E).
Since this is valid for every f ∈ L1(μ), the function F is μ-essentially bounded.
This proves that T (f) = (B)-

∫
Ω fF dμ for every f ∈ L1(μ). �

The following Dunford–Pettis Integral Representation Theorem, [42, Ch. III,
Theorem 2.2], characterizes Banach-space-valued compact operators on L1(μ).

Proposition 3.47. Let (Ω, Σ, μ) be a positive, finite measure space and E be a
Banach space. Then an operator T ∈ L(L1(μ), E) is compact if and only if T
is Bochner representable and the representing Bochner μ-integrable function has
μ-essentially relatively compact range.

As an interesting application of the previous result let us give an alternate
proof of the compactness of the Volterra operators Vr : Lr([0, 1]) → Lr([0, 1]) for
1 ≤ r < ∞; see (3.27) and the discussion following it. So, fix r ∈ [1,∞) and
let ir : Lr([0, 1]) → L1([0, 1]) denote the natural inclusion. Define a linear map
V1,r : L1([0, 1]) → Lr([0, 1]) by

V1,r(f) : t �→
∫ t

0

f(s) ds, t ∈ [0, 1],

for f ∈ L1([0, 1]). That V1,r is continuous with ‖V1,r‖ ≤ 1 follows from

∥∥V1,r(f)
∥∥

Lr([0,1])
=
(∫ 1

0

∣∣∣ ∫ t

0

f(s) ds
∣∣∣rdt

)1/r

≤
(∫ 1

0

( ∫ 1

0

|f(s)| ds
)r

dt
)1/r

=
∥∥f∥∥

L1([0,1])
,
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valid for each f ∈ L1([0, 1]). Since Vr = ir ◦V1,r, the compactness of Vr will follow
from that of V1,r. Let E := Lr([0, 1]) and define F : [0, 1] → E by F (t) := χ

[t,1]

for t ∈ [0, 1]. Direct calculation shows that∥∥F (t) − F (u)
∥∥

E
= |t − u|1/r, t, u ∈ [0, 1],

from which the continuity of F follows. This then implies (note that E is separable)
that F is Bochner integrable with respect to Lebesgue measure μ on [0, 1] and that
F has compact range in E. According to Proposition 3.47 the operator V1,r, which
can be expressed as

V1,r(f) = (B)-
∫

[0,1]

F (t) f(t)dμ(t), f ∈ L1([0, 1]),

is compact and hence, so is Vr.

3.3 Compactness properties of integration operators

Throughout this section let (Ω, Σ) be a measurable space and E be a complex
Banach space. Let ν : Σ → E be a vector measure. Associated with ν is the
integration operator Iν : L1(ν) → E defined by

Iν(f) :=
∫

Ω

f dν, f ∈ L1(ν); (3.98)

it is clearly linear and continuous. Moreover, its operator norm ‖Iν‖ = 1. Indeed,
fix f ∈ L1(ν) \ {0}. Since ‖ · ‖L1(ν) is a lattice norm, it follows from (3.60) that

‖f‖L1(ν) = sup
g∈B[L∞(ν)]

∥∥Iν(fg)
∥∥

E
≤ ‖Iν‖ · sup

g∈B[L∞(ν)]

‖fg‖L1(ν) = ‖Iν‖ · ‖f‖L1(ν),

which implies that ‖Iν‖ ≥ 1 because ‖f‖L1(ν) �= 0. On the other hand, (3.21)
yields that ‖Iν‖ ≤ 1 and hence,

‖Iν‖ = 1. (3.99)

When E is a Banach lattice, the operator Iν : L1(ν) → E is positive if and
only if ν is a positive vector measure. Indeed, since {χ

A
: A ∈ Σ} ⊆ L1(ν)+, it is

clear that the positivity of ν follows from that of Iν . Conversely, if ν is positive,
then it is clear from the definition of the integral that Iν(s) =

∫
Ω

s dν ∈ E+ for
every non-negative s ∈ sim Σ. Given f ∈ L1(ν)+ there exists a sequence of simple
functions {sn}∞n=1 ⊆ L1(ν)+ such that sn ↑ f pointwise ν-a.e. Then Theorem 3.7(i)
implies that

{
Iν(sn)

}∞
n=1

⊆ E+ converges to Iν(f) in E and hence, Iν(f) ∈ E+.
Accordingly, Iν is a positive operator.

Let us consider the restriction (for E a Banach space again)

I|ν| : L1(|ν|) → E
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of Iν to L1(|ν|), which is continuous because I|ν| = Iν ◦ j1 with j1 denoting
the natural embedding L1(|ν|) → L1(ν). The following result characterizes the
compactness of Iν . Its proof (see [125, Theorems 1 and 4] ) requires arguments
which reduce the compactness of Iν to that of I|ν| at which stage Proposition 3.47
can be applied.

Proposition 3.48. Let ν : Σ → E be a Banach-space-valued measure. Then the
integration operator Iν : L1(ν) → E is compact if and only if ν has finite variation
and admits a Radon–Nikodým derivative F = dν/d|ν| ∈ B(|ν|, E) which has |ν|-
essentially relatively compact range in E. In this case, L1(ν) = L1(|ν|) holds and

Iν(f) = (B)-
∫

Ω

fF d |ν|, f ∈ L1(ν).

Compact operators between Banach spaces are always completely continuous
(because weakly compact subsets of Banach spaces are necessarily bounded). So,
if Iν : L1(ν) → E is compact, then it is also completely continuous. Next, if Iν is
completely continuous, then the range R(ν) of ν is relatively compact. To see this,
first note that the range R([ν]) of the L1(ν)-valued vector measure [ν] : A �→ χ

A
,

for A ∈ Σ, is relatively weakly compact; see Lemma 3.3. By complete continuity
of Iν , the range R(ν) = Iν

(
R([ν])

)
is necessarily relatively compact in E. So we

have:

Iν compact =⇒ Iν completely continuous =⇒ R(ν) relatively compact.

These two implications are not reversible, in general. There are many �1-valued
measures ν for which Iν is not compact. However, the Schur property of �1 implies
that Iν is completely continuous. We refer to [122, §5] for a systematic way of
constructing �1-valued measures ν, defined on B([0, 1]) and having finite variation,
such that Iν is not compact. We now present some different types of examples.

Example 3.49. (i) Let the notation be as in Example 3.15. By Proposition 3.48,
the integration operator Iν : L1(ν) → �1 cannot be compact because the variation
|ν|(N) = ∞. Again the Schur property of �1 ensures the complete continuity of Iν .

(ii) In the notation of Example 3.24 let r := 1. Then Iν : L1(ν) → �1 is
a surjective linear isometry and hence, is surely not compact. Of course, Iν is
completely continuous by the Schur property of �1.

(iii) Let T := {z ∈ C : |z| = 1} be the circle group. Let λ be any non-zero,
complex measure defined on the Borel σ-algebra B(T). Define a vector measure
νλ : B(T) → L1(T) by

νλ(A) := χ
A
∗ λ, A ∈ B(T),

where ∗ denotes convolution. Then L1(νλ) = L1(|νλ|) = L1(T) and

Iνλ
(f) = f ∗ λ, f ∈ L1(T).

It turns out that the integration operator Iνλ
: L1(νλ) → L1(T) is compact if and

only if Iνλ
is weakly compact if and only if λ is absolutely continuous with respect
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to Haar (arc length) measure on T. However, Iνλ
is completely continuous if and

only if the Fourier–Stieltjes transform λ̂ : Z → C of λ belongs to c0(Z). Since there
exist Borel measures λ which are not absolutely continuous but satisfy λ̂ ∈ c0(Z),
the corresponding integration operator Iνλ

fails to be weakly compact, yet it is
completely continuous.

The above claims are verified in Chapter 7 in full generality, that is, for vector
measures derived from convolution operators on L1(G) for any compact abelian
group G.

(iv) Let r := 1, or ∞, and consider the respective Volterra measure given
by νr : B([0, 1]) → Lr([0, 1]). Then R(νr) = {Vr(χA

) : A ∈ B([0, 1])} is relatively
compact because the Volterra operator Vr is compact. We also know that L1(νr) =
L1(|νr|); see Example 3.26. So, it follows from Corollary 2.42 applied to L1(|νr|)
that Iνr is completely continuous. But, Iνr is not even weakly compact; see [119,
Example 2] for r = 1 and [129, Proposition 5.2] for r = ∞. �

Let us return to the Volterra measure νr : B([0, 1]) → Lr([0, 1]) of order r for
1 < r < ∞. Since the corresponding Volterra operator Vr : Lr([0, 1]) → Lr([0, 1])
is compact, the range R(νr) of νr is relatively compact. However, the integration
operator Iνr : L1(νr) → Lr([0, 1]) is not compact, [129, Proposition 4.2]. Actually,
Iνr also fails to be completely continuous. The following proof of this is due to
L. Rodŕıguez-Piazza, for which we first require some preliminary results. Given
1 < q < ∞, in the following lemma we shall express elements of �q as complex
sequences in the traditional way, whereas for most cases in this monograph we
consider elements of �q as C-valued functions on N. To emphasize this we write
�q

C
:= �q. Similarly, the real part �q

R
of the complex Banach lattice �q is also

considered to be a space of real sequences.

Lemma 3.50. Let E be a Banach space and {xn}∞n=1 ⊆ E be a sequence for which
there exist a constant C > 0 and 1 < r < ∞ such that∥∥∑

n∈A

xn

∥∥
E
≤ C |A|1/r for any finite subset A ⊆ N, (3.100)

where |A| denotes the cardinality of A. Then, for any 1 < q < r, there exists a
constant Kq > 0 such that

∥∥∥ N∑
i=1

anxn

∥∥∥
E
≤ Kq

( N∑
n=1

|an|q
)1/q

, N ∈ N, (an)∞n=1 ∈ �q
C
. (3.101)

Proof. Since each one of
(
Re(an)+

)∞
n=1

,
(
Re(an)−

)∞
n=1

,
(
Im(an)+

)∞
n=1

and(
Im(an)−

)∞
n=1

belongs to
(
�q

R

)+, whenever (an)∞n=1 ∈ �q
C
, and E can also be

considered as a vector space over R, it suffices to establish (3.101) for E a real
Banach space and each (an)∞n=1 ∈

(
�q

R

)+. So, let 1 < q < r and choose any
(an)∞n=1 ∈

(
�q

R

)+. Fix N ≥ 2. Since (3.100) does not depend on the order of the
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elements in A, we may relabel {aj}N
j=1, if necessary, so that a1 ≥ a2 ≥ · · · ≥ aN .

Define

yj :=
j∑

k=1

xk, j = 1, 2, . . . , N,

and note (via (3.100)) that ‖yj‖E ≤ Cj1/r for 1 ≤ j ≤ N . It follows that

∥∥∥ N∑
n=1

anxn

∥∥∥
E

=
∥∥∥aNyN +

N−1∑
k=1

(
ak − ak+1

)
yk

∥∥∥
E

≤ C
(
aNN1/r +

N−1∑
k=1

(
ak − ak+1

)
k1/r

)
= C

(
a1 +

N∑
k=2

ak

(
k1/r − (k − 1)1/r

))
.

By the Mean Value Theorem there exist numbers (k − 1) < ξk < k such that

k1/r − (k − 1)1/r = ξ
(1/r)−1
k /r ≤ ξ

(1/r)−1
k < (k − 1)(1/r)−1,

for 2 ≤ k ≤ N . Accordingly, by Hölder’s inequality and with 1/q′ + 1/q = 1, we
have∥∥∥ N∑

n=1

anxn

∥∥∥
E
≤ C

(
a1 +

N∑
k=2

ak(k − 1)(1/r)−1
)

≤ C
( N∑

k=1

aq
k

)1/q (
1 +

N∑
k=2

(k − 1)q′((1/r)−1)
)1/q′

≤ Kq

( N∑
k=1

aq
k

)1/q

,

where Kq := C
(
1 +

∑∞
k=2(k − 1)q′((1/r)−1)

)1/q′
< ∞ since q′(1 − (1/r)) > 1. �

Remark 3.51. Let E and {xn}∞n=1 ⊆ E satisfy condition (3.100) in Lemma 3.50
for some C > 0 and 1 < r < ∞. Fix any q ∈ (1, r). Then it follows from that
lemma that there exists a unique operator T ∈ L(�q, E) such that T (en) = xn,
for n ∈ N, where {en}∞n=1 ⊆ �q

C
is the standard unconditional basis. In particular,

{xn}∞n=1 is necessarily a weakly null sequence in E.

Now the promised result about Volterra operators.

Proposition 3.52. Let 1 < r <∞. Consider the Volterra measure νr : B([0,1])→
Lr([0,1]) of order r as given by formula (3.26). Then the associated integration
operator Iνr :L1(νr)→Lr([0,1]) is not completely continuous.

Proof. We proceed via several steps. Let E := Lr([0, 1]).
Step 1. For each u ∈ (0, 1), let Ju :=

[
1 − u, 1 − (u/2)

]
⊆ [0, 1]. Then(u

2

)1+(1/r)

≤
∥∥χ

Ju

∥∥
L1(νr)

=
∥∥νr(Ju)

∥∥
E
≤ 1

2
u1+(1/r). (3.102)
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Because νr is a positive vector measure in E, the equality in (3.102) follows
from Lemma 3.13.

To establish the inequalities, first note (by direct calculation) that

νr(Ju)(t) = (t + u − 1)χ
Ju

(t) +
u

2
χ

[1−(u/2), 1]
(t), t ∈ [0, 1]. (3.103)

In particular, for each u ∈ (0, 1), we have

0 ≤ νr(Ju)(t) ≤ u

2
, t ∈ [0, 1]. (3.104)

Since t �→ tr is increasing in [0, 1] and νr(Ju)(·) ≤ u
2 χ

[1−u,1]
(·) pointwise on

[0, 1], it follows that

∥∥νr(Ju)
∥∥

E
=
(∫ 1

0

∣∣νr(Ju)(t)
∣∣r dt

)1/r

≤
( ∫ 1

1−u

(u

2

)r

dt
)1/r

=
1
2
u1+(1/r),

which is the right-hand inequality in (3.102). Similarly, since the inequality
u
2 χ

[1−(u/2),1]
(·) ≤ νr(Ju)(·) holds pointwise on [0, 1] it also follows that

∥∥νr(Ju)
∥∥

E
=
( ∫ 1

0

∣∣νr(Ju)(t)
∣∣r dt

)1/r

≥
( ∫ 1

1−u
2

(u

2

)r

dt
)1/r

=
(u

2

)1+(1/r)

,

which is the left-hand inequality in (3.102). This establishes Step 1.
For each n ∈ N, let u(n) := 2−n and define fn := (2n)1+(1/r)χ

Ju(n)
. Since

each fn is bounded, it is clear that {fn}∞n=1 ⊆ L1(νr).

Step 2. For each n ∈ N, we have
∥∥Iνr (fn)

∥∥
E
≥
(

1
2

)1+(1/r).
To see this, observe that

Iνr (fn) = (2n)1+(1/r)νr(Ju(n)), n ∈ N, (3.105)

and so, by (3.102) and the definition of u(n), it follows that∥∥Iνr (fn)
∥∥

E
≥ (2n)1+(1/r)

(u(n)
2

)1+(1/r)

=
(1

2

)1+(1/r)

, n ∈ N,

which is the desired inequality.
Step 3. The sequence {fn}∞n=1 ⊆ L1(νr) is weakly null.
The proof of this fact is based on Lemma 3.50. Let A ⊆ N be any (fixed)

finite set. Let t ∈ [1/2, 1) and fix k ∈ N (which depends on t) so that t ∈ Ju(k).
Suppose that n ∈ A. If n > k, then (3.103) and (3.105) imply that

Iνr (fn)(t) = 0. On the other hand, if n ≤ k, then it follows from (3.104) and
(3.105) that

Iνr (fn)(t) = (2n)1+(1/r)νr(Ju(n))(t) ≤ (2n)1+(1/r) u(n)
2

=
1
2
· 2n/r.
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Since t ∈ Ju(k) ⊆ [1 − u(k), 1], it follows that∑
n∈A

Iνr (fn)(t) =
∑

n∈A∩[1,k]

Iνr (fn)(t)

≤
( ∑

n∈A∩[1,k]

2n/r
)
· 1
2
χ

[1−u(k),1]
(t) ≤

( ∑
1≤j≤n(k)

2j/r
)
· 1
2
χ

[1−u(k),1]
(t),

where n(k) := max{n ∈ A : n ≤ k}. But, with a := 21/r, we have that

∑
1≤j≤n(k)

2j/r = a

n(k)−1∑
j=0

aj =
a(an(k) − 1)

(a− 1)
<

a

(a− 1)
· an(k).

With Cr := 1
2 · a

(a−1) , it follows that

∑
n∈A

Iνr (fn)(t) ≤ Cr2n(k)/rχ
[1−u(k),1]

(t)

and hence, that∣∣∣∑
n∈A

Iνr (fn)(t)
∣∣∣r ≤ (Cr)r2n(k)χ

[1−u(k),1]
(t) ≤ (Cr)r

∑
n∈A

2nχ
[1−u(n),1]

(t) (3.106)

because n(k) ∈ A. Since all terms in the sum on the left-hand side of (3.106) are 0
whenever t ∈ [0, 1/2), it follows that (3.106) actually holds for all t ∈ [0, 1). But,∑

n∈A fn ≥ 0 and so, by (3.106) and Lemma 3.13, it follows that∥∥∥∑
n∈A

fn

∥∥∥
L1(νr)

=
∥∥∥∑

n∈A

Iνr (fn)
∥∥∥

E

≤ Cr

(∫ 1

0

∑
n∈A

2nχ
[1−u(n),1]

(t)dt
)1/r

= Cr|A|1/r.

Since A ⊆ N is an arbitrary finite set, it follows from Remark 3.51 (with E :=
L1(νr) and xn := fn for n ∈ N) that the sequence {fn}∞n=1 ⊆ L1(νr) is weakly
null. This establishes Step 3.

Finally, by Step 3 and the continuity (hence, also weak continuity) of the
map Iνr : L1(νr) → E it follows that Iνr (fn) → 0 weakly in E as n → ∞. If Iνr

were completely continuous, then (again by Step 3) the sequence
{
Iνr (fn)

}∞
n=1

would be norm convergent in E, necessarily to 0. However, this contradicts Step
2. Accordingly, Iνr cannot be completely continuous. �

Under certain conditions, vector measures always have relatively compact range.
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Lemma 3.53. Let ν : Σ → E be a Banach-space-valued measure.

(i) If ν is a Bochner indefinite integral on a positive, finite measure space
(Ω, Σ, μ), that is,

ν(A) = (B)-
∫

A

F dμ, A ∈ Σ,

for some F ∈ B(μ, E), then R(ν) is relatively compact in E.
(ii) If ν is a Pettis indefinite integral on a positive, finite, perfect measure space

(Ω, Σ, μ), that is,

ν(A) = (P)-
∫

A

H dμ, A ∈ Σ,

for some H ∈ P(μ, E), then R(ν) is relatively compact.
(iii) If ν is purely atomic, then R(ν) is compact.
(iv) If E = W ∗, for some Banach space W which does not contain an isomorphic

copy of �1, and if ν has σ-finite variation, then R(ν) is relatively compact.
(v) Let 1 ≤ r < 2. Every �r-valued vector measure has relatively compact range.

Proof. (i) We have already noted this in Section 3.2.
(ii) This is a result due to C. Stegall; see [60, Proposition on p. 135].
(iii) See [78, Theorem 10].
(iv) This is a result due to V.I. Rybakov; see, for example, [115, Corollary 10].
(v) Let r = 1. Since the range of every �1-valued measure is relatively weakly

compact (see Lemma 3.3), it is also relatively compact by the Schur property of �1.
Now let 1 < r < 2 and ν : Σ → �r be a vector measure. It follows from [136,

Remark 2, p. 211] that the restriction I
(∞)
ν of Iν to L∞(ν) ⊆ L1(ν) is a compact

operator. So, R(ν) = {I(∞)
ν (χ

A
) : A ∈ Σ} is relatively compact in �r. �

Part (v) of Lemma 3.53 cannot be extended to 2 ≤ r < ∞. Indeed, S.
Banach proved that the unit ball of �2 coincides with the range of some vector
measure; see [81, p. 250] and also [85]. A concrete example of a vector measure
ν : Σ → �2

R
whose range is precisely the closed unit ball of �2

R
is given in [134,

p. 210]. In particular, ν(Σ) cannot be relatively compact in �2
R
. Let ν̃ denote

the vector measure ν considered as taking its values in �2 = �2
R

+ i�2
R
, that is,

ν̃(A) := ν(A) + i0 for each A ∈ Σ. Since the function Φ from the metric space �2

into the metric space �2
R

which maps each ϕ ∈ �2
C

to Re(ϕ) ∈ �2
R

is continuous and
satisfies Φ

(
ν̃(Σ)

)
= ν(Σ), it follows that ν̃(Σ) cannot be a relatively compact set

in �2
C
. It is also known, for every 2 ≤ r < ∞, that the unit ball of �r is the range of

a vector measure, [134]. Obviously, the range of such a vector measure cannot be
relatively compact in �r. For further relevant information see [3] and [42, p. 275].

We now exhibit examples of vector measures with relatively compact range
whose associated integration operator is not completely continuous.
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Example 3.54. (i) Let E be a Banach space which does not have the Schur prop-
erty. Let ν be an E-valued, purely atomic measure whose associated integration
operator Iν : L1(ν) → E is a surjective isomorphism. Since E (hence, also L1(ν))
must be infinite-dimensional, Iν cannot be completely continuous. However, ν has
compact range; see Lemma 3.53(iii).

(a) Let the notation be as in Example 3.24 with 1 < r < ∞. The integration map
Iν : L1(ν) → �r is a surjective, linear isometry and hence, is not completely
continuous. However, Iν is weakly compact because �r is reflexive.

(b) Let the notation be as in Example 3.29. Then Iν : L1(ν) → c0 is also a
surjective, linear isometry. This Iν is not completely continuous or weakly
compact.

(c) Further examples follow from Proposition 3.64(i) below by choosing there
ν = Px, where P is an atomic spectral measure and x ∈ E is chosen so that
L1(ν) is infinite-dimensional.

(ii) The Volterra measure of order r, for 1 < r < ∞, provides an example of a
non-atomic vector measure with relatively compact range such that the associated
integration operator is not completely continuous; see the discussion immediately
after Example 3.49 and Proposition 3.52. �

Problem 3.55. Characterize those Banach-space-valued vector measures whose as-
sociated integration operators are completely continuous.

We now investigate vector measures ν : Σ → E with relatively compact range.
Given 1 < p ≤ ∞, let I

(p)
ν : Lp(ν) → E denote the restriction of Iν : L1(ν) → E

to Lp(ν) ⊆ L1(ν), that is,
I(p)
ν = Iν ◦ αp, (3.107)

where αp : Lp(ν) → L1(ν) is the natural inclusion map; see (3.58). Similarly, for
1 < p < ∞, let I

(p)
ν,w : Lp

w(ν) → E denote the restriction of Iν to Lp
w(ν) ⊆ L1(ν),

that is, I
(p)
ν,w = Iν ◦α

(w)
p (see (3.90)). The following result asserts that compactness

of the operators I
(p)
ν and I

(p)
ν,w turns out to be equivalent to relative compactness

of R(ν). This shows that I
(p)
ν exhibits additional features not possessed by Iν (in

general).

Proposition 3.56. Let ν : Σ → E be a Banach-space-valued measure.

(I) The following assertions are equivalent.

(i) The range R(ν) of ν is relatively compact.
(ii) Iν : L1(ν) → E maps every bounded, uniformly ν-integrable subset of

L1(ν) to a relatively compact set in E,

(iii) I
(p)
ν : Lp(ν) → E is compact for some/every 1 < p ≤ ∞.

(iv) I
(p)
ν,w : Lp

w(ν) → E is compact for some/every 1 < p < ∞.
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(II) If the variation |ν| : Σ → [0,∞] is σ-finite, then (i)–(iv) above are also
equivalent to each of the following assertions.

(v) I|ν| : L1(|ν|) → E is completely continuous.

(vi) For every set A ∈ Σ with |ν|(A) < ∞, the subset ν(Σ ∩ A) ⊆ E is
relatively compact.

(vii) The subset {ν(A) : A ∈ Σ, |ν|(A) < ∞} is relatively compact in E.

Proof. (I) The equivalence (i) ⇔ (ii) follows from Proposition 2.41 with X(μ) :=
L1(ν). The implication (ii) ⇒ (iii) follows from I

(p)
ν = Iν ◦ αp and Proposition

3.31(iii). Moreover, the implication (iii) ⇒ (i) is straightforward as {χA : A ∈ Σ}
is contained in a multiple of B[Lp(ν)]. Similarly, the implication (iv) ⇒ (i) follows
as {χA : A ∈ Σ} is contained in a multiple of B[Lp

w(ν)]. Now let 1 < p < ∞ be
fixed and assume (i). If 1 < r < p, then I

(r)
ν is compact because (i) implies (iii)

with r in place of p. Since Lp
w(ν) is continuously contained in Lr(ν) (see Remark

3.42(i)), we have (iv). So, part (I) is established.
(II) Assume that |ν| is σ-finite. Choose pairwise disjoint sets An ∈ Σ with 0 <

|ν|(An) < ∞, for n ∈ N, such that Ω =
⋃∞

n=1 An. Since the sequence {ν(Bn)}∞n=1

is unconditionally summable in E whenever Bn ∈ Σ∩An for n ∈ N, we can define
the sum

∞∑
n=1

ν(Σ ∩An) :=

{ ∞∑
n=1

xn : xn ∈ ν(Σ ∩ An) for n ∈ N

}

as in [86, p. 3].
(i) ⇔ (vi) ⇔ (vii). The implications (i) ⇒ (vii) ⇒ (vi) are clear. Conversely,

by [86, Ch. I, Lemma 1.3], condition (vi) implies that the sum
∑∞

n=1 ν(Σ∩An) is
relatively compact. But this sum is exactly ν(Σ). So, (i) holds.

(vi) ⇔ (v). Apply Corollary 2.43 with T := I|ν|. �

Remark 3.57. (i) When the scalar field is real, the equivalence (i) ⇔ (iv) occurs
in [57, Theorem 3.6].

(ii) Let 1 < r < ∞ and νr : B([0, 1]) → Lr([0, 1]) be the Volterra measure of
order r. Then νr has finite variation with L1(|νr|) = L1

(
(1− t)1/rdt

)
; see Example

3.26. According to the discussion immediately after Example 3.49, the range R(νr)
of νr is relatively compact. Hence, Proposition 3.56 implies that I|νr | : L1(|νr|) →
Lr([0, 1]) is completely continuous. If it were the case that L1(νr) = L1(|νr|),
then Iνr = I|νr | and so Iνr would be completely continuous, in contradiction to
Proposition 3.52. This provides an alternative proof of the fact that each inclusion

L1(|νr|) ⊆ L1(νr), 1 < r < ∞,

is proper (which was established in Example 3.26(ii-a) above). �
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Now let us consider integration operators which are weakly compact. If the
codomain space of a vector measure is reflexive then, of course, the associated
integration operator is weakly compact. In a sense, this is the only way that weakly
compact integration operators can arise. A precise statement is the following one:
we refer to [120, Proposition 2.1] for the proof.

Proposition 3.58. Let ν : Σ → E be a Banach-space-valued measure. The integra-
tion operator Iν : L1(ν) → E is weakly compact if and only if there exist a reflexive
Banach space Z, a Z-valued vector measure η : Σ → Z and a continuous linear
injection S : Z → E such that

(i) the vector measures ν and η have the same null sets,

(ii) L1(ν) = L1(η) as isomorphic Banach spaces, and

(iii) Iν = S ◦ Iη.

Now we present an integration operator which is weakly compact but not
compact.

Example 3.59. Let A(1) := [0, 1] and A(n) := [n−1, (n − 1)−1) for n = 2, 3, . . . .
With μ denoting Lebesgue measure on [0, 1], define vector measures

ν(1) : B([0, 1]) → �1 and ν(2) : B([0, 1]) → �2

by

ν(1)(A) :=
∞∑

n=1

n−2μ
(
A ∩ A(n)

)
χ{n} and ν(2)(A) :=

∞∑
n=1

μ
(
A ∩ A(n)

)
χ{n}

for each A ∈ B([0, 1]). As before, we treat �1 and �2 as linear subspaces of CN

(which is the space of C-valued functions on N). We have

L1([0, 1]) = L1(ν(1)) = L1(ν(2)).

The integration operator Iν(1) : L1(ν(1)) → �1 is compact by [120, Proposition 3.6].
On the other hand, Iν(2) : L1(ν(2)) → �2 is not compact because Iν(2) maps the
bounded set

{
n(n + 1)χ

A(n)
: n = 2, 3, . . .

}
⊆ L1(ν(2)) to

{
χ{1} + χ{n} : n ∈ N

}
which is not relatively compact in �2.

Define a non-atomic vector measure ν : B([0, 1]) → �1 × �2 by the formula
ν(A) := (ν(1)(A), ν(2)(A)) for A ∈ B([0, 1]). Then

L1(ν) = L1([0, 1]) and Iν(f) = (Iν(1)(f), Iν(2)(f)) for f ∈ L1(ν).

Since both Iν(1) and Iν(2) are weakly compact, so is Iν . Nevertheless, Iν is not
compact because Iν(2) is not compact. For the details, we refer to [120, Example
3.13]. �
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Remark 3.60. In general, weak compactness and complete continuity of integration
operators are not related; in other words, one does not imply the other. However,
if L1(ν) = L1(|ν|), that is, L1(ν) is an abstract L1-space, then Iν : L1(ν) → E
is necessarily completely continuous whenever it is weakly compact. This is the
Dunford–Pettis property of L1(|ν|), [42, Ch. III, Corollary 2.14].

The converse is not valid, in general. For instance, see parts (iii) and (iv)
of Example 3.49, where the vector measures ν there satisfy L1(ν) = L1(|ν|) with
Iν completely continuous but not weakly compact. On the other hand, the vector
measure ν in Example 3.24 (with 1 < r < ∞) has compact range and its integra-
tion map Iν : L1(ν) → �r is weakly compact but not completely continuous. �

The following example provides a non-atomic vector measure ν without rel-
atively compact range for which Iν is weakly compact but not completely contin-
uous.

Example 3.61. Let 1 ≤ r < ∞. Then ν : B([0, 1]) → E := Lr([0, 1]) defined by

ν(A) := χ
A
, A ∈ B([0, 1]), (3.108)

is a vector measure. Moreover, L1(ν) = Lr([0, 1]) with equal norms and the associ-
ated integration operator Iν turns out to be the identity map; this can be obtained
by direct computation or follows from Corollary 3.66(ii) below with x := χ

[0,1]
.

So, Iν is not completely continuous because Lr([0, 1]) does not have the Schur
property. If we assume further the restriction that 1 < r < ∞, then Iν is weakly
compact. Moreover, it follows from Lemma 3.21 that the range of the non-atomic
measure ν is not relatively compact in Lr([0, 1]) for 1 ≤ r < ∞. �
Remark 3.62. (i) Let ν : Σ → E be a Banach-space-valued vector measure. As seen
earlier, the associated integration operator Iν : L1(ν) → E need not be weakly
compact. In contrast to this, whenever 1 < p ≤ ∞, the integration operator
I
(p)
ν : Lp(ν) → E is always weakly compact because I

(p)
ν = Iν ◦ αp and because

the inclusion map αp : Lp(ν) → L1(ν) is weakly compact by Proposition 3.31(iii).

(ii) Similarly, if 1 < p < ∞, then the integration operator I
(p)
ν,w : Lp

w(ν) → E

is also weakly compact because I
(p)
ν,w = Iν ◦ α

(w)
p and because the inclusion map

α
(w)
p : Lp

w(ν) → L1(ν) is weakly compact (see Remark 3.42(i)). This occurs in [57,
Corollary 3.4] when the scalar field is real. �

In the final part of this section we concentrate on a class of vector measures
whose associated integration operator is an isomorphism onto its range. By an
isomorphism we mean a bicontinuous linear map, as usual.

Definition 3.63. A finitely additive set function P : Σ → L(E) is called a spectral
measure if P satisfies the following conditions:

(i) P (Ω) is the identity operator idE : E → E.
(ii) P (A ∩ B) = P (A)P (B) for all A, B ∈ Σ (i.e., P is multiplicative), and
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(iii) for every x ∈ E, the E-valued set function

Px : A �→ P (A)x ∈ E, A ∈ Σ, (3.109)

called the evaluation of P at x, is a vector measure.

Spectral measures are Banach space analogues of resolutions of the identity
for self-adjoint and normal operators in a Hilbert space. We refer to the detailed
study of spectral measures and spectral operators in the monograph [47]. For more
recent results, see also [131]. We now show that the class of all Banach-space-valued
vector measures with the property that their associated integration operator is an
isomorphism onto its range coincides with all the evaluations of spectral measures.

Proposition 3.64. Let E be a Banach space.

(i) Given a spectral measure P : Σ → L(E) and x ∈ E, the integration operator

IPx : L1(Px) → E

associated with the vector measure Px (see (3.109)) is an isomorphism onto
its range.

(ii) Conversely, let ν : Σ → E be a vector measure such that Iν : L1(ν) → E
is an isomorphism onto its range. Let Z := Iν

(
L1(ν)

)
. Then there exist a

spectral measure Q : Σ → L(Z) and a vector z ∈ Z such that ν = JZ ◦ Qz
with JZ : Z → E denoting the natural inclusion map.

Proof. (i) By the Uniform Boundedness Principle we have c := supA∈Σ ‖P (A)‖ <
∞ because, given any y ∈ E, the set {P (A)y : A ∈ Σ} = R(Py) is bounded; see
Lemma 3.3. Let f ∈ L1(Px). Since f is the limit of Σ-simple functions in the norm
of L1(Px), the multiplicativity of P gives that

∫
A

f d(Px) = P (A)
( ∫

Ω
f d(Px)

)
for A ∈ Σ. Apply (3.21) with ν := Px to obtain∥∥IPx(f)

∥∥
E
≤
∥∥f∥∥

L1(Px)
≤ 4 sup

A∈Σ

∥∥∥ ∫
A

f d(Px)
∥∥∥

E

= 4 sup
A∈Σ

∥∥∥∥P (A)
( ∫

Ω

f d(Px)
)∥∥∥∥

E

≤ 4c
∥∥IPx(f)

∥∥
E

.

This means precisely that IPx is an isomorphism onto its range.
(ii) For each A ∈ Σ, let MχA ∈ L

(
L1(ν)

)
denote the multiplication operator

by χ
A

(see (2.76)). The closed linear subspace Z = Iν(L1(ν)) of E is a Banach
space for the induced norm from E. Since Iν is bicontinuous and L1(ν) has σ-o.c.
norm, the set function

Q : A �−→ Iν ◦ MχA ◦ I−1
ν ∈ L(Z), A ∈ Σ,

is a spectral measure. Finally, with z := ν(Ω) ∈ Z, we have

Qz(A) = Q(A)z = ν(A) ∈ Z, A ∈ Σ.

So, part (ii) holds. �
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Part (i) of Proposition 3.64 is a special case of a more general result in the
locally convex setting, which is formally stated in [121, Proposition 2.5]. It was
originally given in [43, Proposition 2.1] with the extra assumption that R(P ) is
closed in the strong operator topology of L(E). However, this assumption was
not needed in the original proof. Our proof above is exactly that given in [43],
specialized to the Banach space setting.

Part (ii) of Proposition 3.64 is essentially in Theorem 10 of [117], which
provides further equivalent conditions to Iν being an isomorphism onto its range.

�
We have already presented various examples which are evaluations of spectral

measures. Let us review these in the light of Proposition 3.64.

Example 3.65. (i) Let ν : Σ → E be a Banach-space-valued measure. For every
A ∈ Σ, let P (A) ∈ L

(
L1(ν)

)
denote the multiplication operator by χ

A
, that is,

P (A)f := fχ
A

for f ∈ L1(ν). Then P : Σ → L
(
L1(ν)

)
is a spectral measure and

its evaluation at χ
Ω

is exactly the L1(ν)-valued vector measure [ν] : A �→ χ
A

on Σ
as given in (3.10). In this case, I[ν] is a positive operator (as [ν] is clearly a positive
vector measure).

(ii) Let E be either c0 or �r with 1 ≤ r < ∞. Given A ∈ 2N, define
P (A) ∈ L(E) as the multiplication operator by χ

A
, that is, P (A)f := fχ

A
for

f ∈ E. The so-defined set function P : Σ → L(E) is a spectral measure because
E is an o.c. Banach lattice. Then the vector measures in Examples 3.24 and 3.34
are evaluations of P at suitable elements of E. Note that for both examples the
corresponding vector measure is positive.

(iii) Let 1 ≤ r < ∞. Given A ∈ B([0, 1]), let P (A) ∈ L
(
Lr([0, 1])

)
denote the

multiplication operator by χ
A
. Then the vector measure (3.108) in Example 3.61

is the evaluation of P at χ
[0,1]

. �

Corollary 3.66. Let X(μ) be a σ-order continuous B.f.s. based on a positive, finite
measure space (Ω, Σ, μ).

(i) The following set function is a spectral measure:

P : A �→ MχA , A ∈ Σ. (3.110)

(ii) The X(μ)-valued set function

ν : A �→ χ
A
, A ∈ Σ, (3.111)

is the evaluation Pχ
Ω

of the spectral measure P at χ
Ω
∈ X(μ) and hence, is

a positive vector measure. Moreover, the following assertions hold for ν.

(a) L1(ν) = X(μ) with their given norms being equal.

(b) Iν = idX(μ).
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(c) Let g ∈ X(μ). If a sequence {fn}∞n=1 ⊆ X(μ) converges pointwise μ-a.e.
to a function f ∈ X(μ) and if |fn| ≤ |g| (μ-a.e.) for all n ∈ N, then
limn→∞ fn = f in the norm of X(μ).

(iii) Let g ∈ X(μ). Consider the evaluation Pg : Σ → X(μ) of the spectral measure
P at g, that is,

(Pg)(A) = χ
A

g, A ∈ Σ.

The vector measure Pg has the following properties.
(a) L1(Pg) = {f ∈ L0(μ) : fg ∈ X(μ)}.
(b) IPg(f) = fg for every f ∈ L1(Pg) and IPg : L1(Pg) → X(μ) is a

linear isometry onto its range. If, in addition, g(ω) �= 0 for μ-a.e. ω,
then the integration operator IPg : L1(Pg) → X(μ) is a surjective linear
isometry.

(c) Pg is a positive vector measure if and only if g ∈ X(μ)+.

Proof. (i) Given any g ∈ X(μ), the X(μ)-valued set function A �→ P (A)g =
MχA(g) for A ∈ Σ is σ-additive because X(μ) is σ-o.c. Since P (Ω) = MχΩ = idX(μ)

and

P (A ∩ B) = MχA∩B = MχAMχB = P (A)P (B), A, B ∈ Σ,

the set function P is a spectral measure.
(ii) That ν is a vector measure follows from part (i). Clearly Iν(s) = s for

every s ∈ sim Σ. Since Iν : L1(ν) → X(μ) is an isomorphism onto its range (by
Proposition 3.64(i) with x := χ

Ω
) and since sim Σ is dense in both L1(ν) and X(μ),

it follows that Iν(f) = f for every f ∈ L1(ν); in other words, L1(ν) = X(μ) and
Iν = idX(μ). To establish that L1(ν) and X(μ) have equal norms, fix f ∈ L1(ν).
Then Lemma 3.11 and the identity Iν = idX(μ) imply that

‖f‖L1(ν) = sup
s

∥∥Iν(sf)
∥∥

X(μ)
= sup

s
‖sf‖X(μ), (3.112)

where the supremum is taken over all s ∈ sim Σ with supω∈Ω |s(ω)| ≤ 1. Since
‖ ·‖X(μ) is a lattice norm, the right-hand side of (3.112) equals ‖f‖X(μ) and hence,
‖f‖L1(ν) = ‖f‖X(μ). So, we have established (a) and (b).

Since X(μ) = L1(ν) with their given norms being equal, we can apply the
Lebesgue Dominated Convergence Theorem for the vector measure ν (see Theorem
3.7(i)) to deduce (c).

(iii) To verify (a), first observe that
∫
Ω

s d(Pg) = sg ∈ X(μ) for every s ∈
simΣ. Fix f ∈ L1(Pg). By appealing to Theorem 3.5 with Pg in place of ν, select
sn ∈ sim Σ for n ∈ N such that sn → f pointwise and sng =

∫
Ω

sn d(Pg) →∫
Ω f d(Pg) in the norm of X(μ) as n → ∞. By Proposition 2.2(ii), the norm

convergent sequence {sng}∞n=1 in X(μ) admits a subsequence {sn(k)g}∞k=1 which
converges pointwise μ-a.e. to the function

∫
Ω

f d(Pg) ∈ X(μ). Therefore, fg =∫
Ω f d(Pg) ∈ X(μ), which establishes the inclusion

L1(Pg) ⊆ {f ∈ L0(μ) : fg ∈ X(μ)}.
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To prove the reverse inclusion, let f ∈ L0(μ) satisfy fg ∈ X(μ). Choose a
sequence {sn}∞n=1 ⊆ simΣ such that |sn| ≤ |f | for n ∈ N and sn → f pointwise as
n →∞. It follows from part (ii)(c) that sng → fg in the norm of X(μ) as n →∞
because |sng| ≤ |fg| ∈ X(μ) for n ∈ N and limn→∞ sng = fg pointwise. Since
‖ · ‖X(μ) is a lattice norm, for every A ∈ Σ we have that∥∥∥ ∫

A

sn d(Pg) − fgχ
A

∥∥∥
X(μ)

=
∥∥sngχ

A
− fgχ

A

∥∥
X(μ)

≤
∥∥sng − fg

∥∥
X(μ)

→ 0

as n →∞. So, Theorem 3.5 again yields that f ∈ L1(Pg) and
∫

A f d(Pg) = fgχ
A

for A ∈ Σ. This establishes (a).
Concerning (b), fix f ∈ L1(Pg). The identity IPg(f) = fg has already been

verified in the proof of (a). Now, from Lemma 3.11 with Pg in place of ν, we have
that

‖f‖L1(Pg) = sup
∥∥∥ ∫

Ω

sf d(Pg)
∥∥∥

X(μ)
= sup

∥∥sfg
∥∥

X(μ)

=
∥∥fg

∥∥
X(μ)

=
∥∥IPg(f)

∥∥
X(μ)

,

where the supremum is taken over all s ∈ sim Σ with supω∈Ω |s(ω)| ≤ 1. Hence,
IPg is a linear isometry.

Finally, assume that g(ω) �= 0 for μ-a.e. ω ∈ Ω. Then, every f ∈ X(μ) can
be written as f = (f/g) · g (μ-a.e.) with (f/g) ∈ L0(μ), which implies that IPg is
surjective.

Statement (c) follows immediately from the definition of Pg. �

In view of the previous corollary, it seems interesting to identify the class
of all those spectral measures P : Σ → L(E) such that the integration operator
IPx : L1(Px) → E is a linear isometry onto the range of IPx, for every x ∈ E.
The spectral measure P given in Corollary 3.66(i) belongs to this class, as verified
in part (iii).

We now exhibit an example of a vector measure whose associated integration
operator is injective but not an isomorphism.

Example 3.67. Let F1,0 : L1(T) → c0(Z) be the Fourier transform map, that
is, F1,0 assigns to each f ∈ L1(T) its Fourier transform f̂ : Z → C in c0(Z).
Since F1,0 is linear and continuous and since L1(T) is σ-o.c., the c0(Z)-valued set
function ν : A �→ F1,0(χA

), for A ∈ Σ, is a vector measure. Then L1(ν) = L1(T) =
L1(〈ν, ξ0〉), where ξ0 ∈ c0(Z)∗ = �1(Z) is the coordinate functional ψ �→ ψ(0) for
ψ ∈ c0(Z) (see [119, Example 1]). So, Iν is injective, [140, p. 29], and its range
is a proper dense subspace of c0(Z), [140, Theorem 1.2.4]. In particular, Iν is not
an isomorphism. Moreover,

∥∥F1,0(ein(·))
∥∥

c0(Z)
= 1 for all n ∈ N with ein(·) → 0

weakly in L1(ν). So F1,0 is not completely continuous and hence, is not weakly
compact via the Dunford–Pettis property of L1(ν) = L1(T), [42, Ch. III, Corollary
2.14]. For details of the above claims (and more) we refer to Chapter 7. �
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We end this section with some statements concerning the variation of vector
measures which are evaluations of spectral measures. For the definition of band
projections in Banach lattices we refer to [2], [108], [149], [165], for example.

Proposition 3.68. Let E be a Dedekind complete Banach lattice with o.c.-norm and
let M ⊆ L(E) be the Boolean algebra of all band projections. Let P : Σ → L(E)
be any spectral measure with range R(P ) = M. For x ∈ E, let

M[x] := span
{
P (A)x : A ∈ Σ

}
denote the cyclic space spanned by x relative to M, equipped with the induced
norm and lattice operations from E. If M[x] is an abstract L1-space, then the
vector measure Px : Σ → E has finite variation and L1(Px) = L1(|Px|) with
their given lattice norms being equivalent.

Proof. According to [44, Proposition 2.4(vi)] the integration map IPx : L1(Px) →
E is a topological and lattice isomorphism of L1(Px) onto its range, that is, onto
the cyclic space M[x]. Hence, if M[x] is isomorphic to an abstract L1-space, then
so is L1(Px). According to Lemma 3.14(iii) we can conclude that Px has finite
variation and L1(|Px|) = L1(Px) with their given lattice norms being equal. �

The converse of the previous result is not valid in general.

Example 3.69. Let E := �p for any 1 < p < ∞. Then the band projections are
precisely the multiplication operators {MχA : A ∈ 2N}, which we can represent via
the spectral measure P : 2N → L(E) given by P (A) := MχA for A ∈ 2N. For x ∈ E,
let supp(x) := {n ∈ N : xn �= 0}, where x = (x1, x2, . . . ) in sequence notation.
Then it is routine to check that M[x] is lattice isomorphic to the Banach lattice
�p(supp(x)) := {y ∈ E : supp(y) ⊆ supp(x)}. So, M[x] is an abstract L1-space if
and only if supp(x) is a finite set.

We claim that the E-valued vector measure Px has finite variation if and
only if x ∈ �1 ⊆ E. Indeed, if |Px|(N) < ∞, then for every N ∈ N,

N∑
n=1

|xn| =
N∑

n=1

∥∥Px({n})
∥∥

E
≤
∥∥Px

(
{k : k > N}

)∥∥
E

+
N∑

n=1

∥∥Px({n})
∥∥

E
≤ |Px|(N)

and so x ∈ �1. Conversely, suppose that x ∈ �1. Let {Aj}n
j=1 be any partition of

N. Since ‖P (Aj)x‖�p ≤ ‖P (Aj)x‖�1 for 1 ≤ j ≤ n, it follows that
n∑

j=1

∥∥(Px)(Aj)
∥∥

E
=

n∑
j=1

( ∑
k∈Aj

|xk|p
)1/p

≤
n∑

j=1

( ∑
k∈Aj

|xk|
)

= ‖x‖�1 < ∞.

Accordingly, Px : 2N → E has finite variation.
Note, for x ∈ �1, that μ := |Px| is the finite measure given by μ({n}) := |xn|

for n ∈ N and hence, L1(|Px|) � �1(μ); see also Lemma 3.20(ii). On the other hand,
L1(Px) is lattice isomorphic to �p(supp(x)). So, if supp(x) is an infinite set we see
that L1(|Px|) �= L1(Px), which should be compared with Lemma 3.14(iii). �
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We point out that the phenomenon exhibited in Example 3.69 cannot occur
for the band projections M := {MχA : A ∈ B([0, 1])} in E := Lp([0, 1]) with
1 < p < ∞. For, in this case, the cyclic space M[x] for x �= 0 is reflexive, being
isomorphic to Lp(supp(x)), where supp(x) is the essential-support of x, and hence,
also L1(Px) is reflexive, where P : B([0, 1]) → L(E) is the spectral measure given
by P (A) := MχA for A ∈ B([0, 1]). According to Corollary 3.23(ii), the variation
measure |Px| is necessarily totally infinite.

3.4 Concavity of L1(ν) and the integration operator Iν

for a vector measure ν

We provided basic facts on the concavity of Banach lattices and q-B.f.s.’ and of
relevant linear operators in Chapter 2. In this section we concentrate on concavity
properties of the particular class of Banach lattices of the kind L1(ν) and the
associated integration operator Iν : L1(ν) → E, for general vector measures ν.

To be precise, let (Ω, Σ) be a measurable space and ν : Σ → E be a Banach-
space-valued vector measure. For 0 < r < ∞ we say that ν has finite r-variation if

|ν|r(Ω) := sup
( n∑

j=1

∥∥ν(Aj)
∥∥r

E

)1/r

< ∞,

where the supremum is taken over all finite Σ-partitions {Aj}n
j=1 of Ω and all

n ∈ N. Of course, |ν|1(Ω) = |ν|(Ω) is the usual variation of ν. It is clear that

|ν|q(Ω) ≤ |ν|r(Ω), 0 < r < q < ∞, (3.113)

as a consequence of the fact that ‖ψ‖�q ≤ ‖ψ‖�r for ψ ∈ �r ⊆ �q.
There exists a vector measure with finite r-variation for every 0 < r < ∞;

see Example 3.72(ii) below.
We begin with the following basic fact, on which our arguments will be built.

Proposition 3.70. Let (Ω, Σ) be a measurable space and ν : Σ → E be a Banach-
space-valued vector measure. Suppose that μ : Σ → [0,∞) is a control measure for ν
and X(μ) is any q-B.f.s. over (Ω, Σ, μ) with X(μ) ⊆ L1(ν). Let J : X(μ) → L1(ν)
denote the natural inclusion map, necessarily positive, and 0 < q < ∞.

(i) The following conditions are equivalent.
(a) J is q-concave.
(b) The composition Iν ◦ J : X(μ) → E, which is exactly the restriction of

Iν to X(μ), is a q-concave operator.
In this case,

M(q)[J ] = M(q)[Iν ◦ J ]. (3.114)

(ii) If J : X(μ) → L1(ν) is q-concave, then ν has finite q-variation.
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Proving this proposition requires the following preliminary result.

Lemma 3.71. Given are a measurable space (Ω, Σ), a Banach-space-valued vec-
tor measure ν : Σ → E and a number 0 < q < ∞. Then it follows, for every
g1, . . . , gn ∈ L1(ν) with n ∈ N, that

( n∑
j=1

∥∥gj

∥∥q

L1(ν)

)1/q

= sup
s1,...,sn

( n∑
j=1

∥∥∥ ∫
Ω

sjgj dν
∥∥∥q

E

)1/q

, (3.115)

where the supremum is taken over all choices of sj ∈ sim Σ with supω∈Ω

∣∣sj(ω)
∣∣ ≤ 1

for j = 1, . . . , n.

Proof. Let sj ∈ simΣ satisfy supω∈Ω |sj(ω)| ≤ 1 for j = 1, . . . , n. Then for each
j we have

∥∥gj

∥∥
L1(ν)

≥
∥∥ ∫

Ω sjgj dν
∥∥

E
, via Lemma 3.11, which implies that the

left-hand side of (3.115) is greater than or equal to the right-hand side.
Let a denote the right-hand side of (3.115). To prove that

( n∑
j=1

∥∥gj

∥∥q

L1(ν)

)1/q

≤ a, (3.116)

let ε > 0. For each j = 1, . . . , n, it follows again from Lemma 3.11 that there exists
s∗j ∈ simΣ satisfying supω∈Ω |s∗j (ω)| ≤ 1 and

∥∥gj

∥∥q

L1(ν)
≤
∥∥∥ ∫

Ω

s∗jgj dν
∥∥∥q

E
+

ε

n
.

Therefore ( n∑
j=1

∥∥gj

∥∥q

L1(ν)

)1/q

≤
( n∑

j=1

∥∥∥ ∫
Ω

s∗jgj dν
∥∥∥q

E
+ ε
)1/q

≤ (aq + ε)1/q.

(3.117)

Letting ε → 0 in (3.117) yields (3.116) and hence, (3.115) holds. �

Proof of Proposition 3.70. (i) (a) ⇒ (b). Proposition 2.68(i) implies that Iν ◦ J is
q-concave and

M(q)[Iν ◦ J ] ≤ ‖Iν‖
(
M(q)[J ]

)
= M(q)[J ] (3.118)

because the integration operator Iν is continuous and ‖Iν‖ = 1 via (3.99).
(b) ⇒ (a). Fix n ∈ N and f1, . . . , fn ∈ X(μ). The identity (3.115) with

gj := J(fj) ∈ L1(ν) for j = 1, . . . , n, condition (b) and the fact that J is the
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natural inclusion map together imply that

( n∑
j=1

∥∥J(fj)
∥∥q

L1(ν)

)1/q

= sup
s1,...,sn

( n∑
j=1

∥∥∥ ∫
Ω

sjfj dν
∥∥∥q

E

)1/q

= sup
s1,...,sn

( n∑
j=1

∥∥(Iν ◦ J)(sjfj)
∥∥q

E

)1/q

≤ sup
s1,...,sn

(
M(q)[Iν ◦ J ]

)∥∥∥( n∑
j=1

∣∣sjfj

∣∣q)1/q∥∥∥
X(μ)

=
(
M(q)[Iν ◦ J ]

)∥∥∥( n∑
j=1

∣∣fj

∣∣q)1/q∥∥∥
X(μ)

,

where the supremum is taken over all choices of sj ∈ sim Σ with supω∈Ω |sj(ω)| ≤ 1
for j = 1, . . . , n. So, (a) holds and M(q)[J ] ≤ M(q)[Iν ◦ J ]. This, together with
(3.118), establish (3.114).

(ii) Let
{
A(j)

}n

j=1
be any finite Σ-partition of Ω with n ∈ N. Then part (i)

implies that

( n∑
j=1

∥∥ν(A(j)
)∥∥q

E

)1/q

=
( n∑

j=1

∥∥(Iν ◦ J
)(

χ
A(j)

)∥∥q

E

)1/q

≤
(
M(q)[Iν ◦ J ]

)∥∥∥( n∑
j=1

∣∣χ
A(j)

∣∣q)1/q∥∥∥
X(μ)

=
(
M(q)[Iν ◦ J ]

)∥∥χ
Ω

∥∥
X(μ)

< ∞.

So, ν has finite q-variation. �

Before discussing implications of Proposition 3.70, let us show that its setting
can occur even for 0 < q < 1.

Example 3.72. Let Ω := N and Σ := 2N. Fix 0 < q ≤ 1. Let ϕ ∈ �q ⊆ �1 be a
function satisfying ϕ(n) > 0 for every n ∈ N. Define a measure μ : Σ → [0,∞) by
μ({n}) := ϕ(n) for n ∈ N. For the function ψ : n �→

(
ϕ(n)

)q−1
on N, we have

�q(ψdμ) ⊆ �1(μ);

for the case 0 < q < 1 see (2.81) with r := q whereas the case q = 1 is obvious.
Let E := �1(μ). The E-valued vector measure ν : A �→ χ

A
on Σ satisfies L1(ν) =

E = �1(μ) with equal norms and Iν is the identity operator via Corollary 3.66(ii)
(with X(μ) := �1(μ) there).

(i) The natural inclusion J from the q-concave q-B.f.s. X(μ) := �q(ψdμ) (see
Example 2.73(i)) into L1(ν) = �1(μ) is q-concave by Corollary 2.69. However, J
is not r-concave when 0 < r < q. Assume, on the contrary, that J is r-concave.
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Then, there exists a constant c > 0 such that( n∑
j=1

∥∥J(fj)
∥∥r

E

)1/r

≤ c
∥∥∥( n∑

j=1

|fj |r
)1/r∥∥∥

X(μ)
(3.119)

for all f1, . . . , fn ∈ X(μ) with n ∈ N. Let g ∈ �q \ �r. Fix n ∈ N. Let fj :=(
g(j)/ϕ(j)

)
χ{j} ∈ X(μ) for j = 1, . . . , n. Recalling that J(f) = f for every

f ∈ X(μ) = �q(ψdμ), observe that |g(j)| = ‖fj‖�1(μ) =
∥∥J(fj)

∥∥
E

for j = 1, . . . , n.
Moreover, since f1, . . . , fn are disjointly supported, it follows that( n∑

j=1

|fj |r
)1/r

=
n∑

j=1

|fj|

and hence,∥∥∥( n∑
j=1

|fj |r
)1/r∥∥∥

X(μ)
=
∥∥∥ n∑

j=1

|fj|
∥∥∥

�q(ψdμ)

=
( n∑

j=1

∣∣∣∣ g(j)
ϕ(j)

∣∣∣∣q ψ(j)μ({j})
)1/q

=
( n∑

j=1

∣∣g(j)
∣∣q)1/q

.

This and (3.119) imply that( n∑
j=1

|g(j)|r
)1/r

=
( n∑

j=1

∥∥J(fj)
∥∥r

E

)1/r

≤ c
∥∥∥( n∑

j=1

|fj |r
)1/r∥∥∥

X(μ)
= c

( n∑
j=1

∣∣g(j)
∣∣q)1/q

.

Taking the limit as n →∞ yields that( ∞∑
j=1

|g(j)|r
)1/r

≤ c
( ∞∑

j=1

|g(j)|q
)1/q

< ∞

because g ∈ �q. This contradicts the assumption that g �∈ �r. Thus, J is not
r-concave.

(ii) Letting
ϕ(n) := 2−n, n ∈ N, (3.120)

we shall show that |ν|r(Ω) < ∞ whenever 0 < r < ∞. To this end, first consider
the case when 0 < r ≤ 1. We claim that

|ν|r(Ω) ≤
(

1
2r − 1

)1/r

< ∞. (3.121)
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To prove this claim, fix n ∈ N and any finite Σ-partition {Aj}n
j=1 of Ω = N. It

follows that( n∑
j=1

∥∥ν(Aj)
∥∥r

E

)1/r

=
( n∑

j=1

(
μ(Aj)

)r)1/r

=
( n∑

j=1

( ∑
k∈Aj

2−k
)r
)1/r

≤
( n∑

j=1

∑
k∈Aj

(2−k)r
)1/r

=
( ∞∑

k=1

( 1
2r

)k)1/r

=
( 1

2r − 1

)1/r

< ∞.

Here the inequality
(∑

k∈Aj
2−k

)r ≤
∑

k∈Aj
(2−k)r has been used, which follows

immediately from the general fact that, for any subset {ak : k ∈ N} ⊆ [0,∞), we
have ∞∑

k=1

ak ≤
( ∞∑

k=1

(ak)r
)1/r

,

thanks to the assumption that 0 < r ≤ 1; see (2.43). So, (3.121) holds.
Next consider the remaining case when 1 < r < ∞. From the first case just

considered, recall that |ν|1(Ω) < ∞. Then r > 1 gives that

|ν|r(Ω) ≤ |ν|1(Ω) < ∞

by (3.113) with r in place of q and 1 in place of r.
(iii) Let 0 < r < q ≤ 1 and let ϕ be as in (3.120). Then |ν|r(Ω) < ∞ via part

(ii). On the other hand, the inclusion map J : X(μ) = �q(ψdμ) → L1(ν) = �1(μ)
is not r-concave via part (i). In other words, the converse of Proposition 3.70(ii),
with r in place of q, does not hold in our setting because Iν ◦ J = J (as Iν is the
identity on L1(ν)). �

We now apply Proposition 3.70 to the spaces X(μ) := Lp(ν) with 1 ≤ p ≤ ∞.

Corollary 3.73. Let (Ω, Σ) be a measurable space and ν : Σ → E be a Banach-
space-valued vector measure.

(i) Given 1 ≤ p ≤ ∞ and 0 < q < ∞, the natural injection αp : Lp(ν) → L1(ν)
is q-concave if and only if the restricted integration operator I

(p)
ν : Lp(ν) → E

is q-concave.
(ii) Assume that 1 ≤ q < ∞. Then the following conditions are equivalent.

(a) The Banach lattice L1(ν) is q-concave.
(b) The associated integration operator Iν : L1(ν) → E is q-concave.
(c) The Banach lattice Lr(ν) is qr-concave for some/every 1 < r < ∞.

Proof. (i) If μ : Σ → [0,∞) is any control measure for ν, then L1(ν) is a B.f.s.
over (Ω, Σ, μ); see Proposition 3.28(i). So, apply Proposition 3.70(i) to the case
when X(μ) := Lp(ν), in which case J corresponds to αp and so Iν ◦ J = I

(p)
ν .
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(ii) (a) ⇔ (b). This is a special case of part (i) with p := 1. In this case, the
inclusion map α1 is the identity on L1(ν).

(a) ⇒ (c). This follows from Proposition 2.75(ii) with X(μ) := L1(ν) and
p := 1/r because Lr(ν) = L1(ν)[1/r].

(c) ⇒ (a). Assume that Lr(ν) is (qr)-concave for some 1 < r < ∞. Then
L1(ν) = Lr(ν)[r] is q-concave, again by applying Proposition 2.75(ii) with Lr(ν)
in place of X(μ), (qr) in place of q, and r in place of p. �

Before presenting a consequence of Corollary 3.73, let us recall that a complex
Banach lattice (Z, ‖ · ‖Z) is said to be an abstract Lp-space, for 1 ≤ p < ∞, if∥∥x + y

∥∥p

Z
=
∥∥x∥∥p

Z
+
∥∥y∥∥p

Z
(3.122)

whenever x, y ∈ Z+ with x ∧ y = 0; see [94, Ch. 5, §15, Definition 1]. A typical
example of an abstract Lp-space is the Lp-space of a [0,∞]-valued scalar measure.
Conversely, it is known that every abstract Lp-space is lattice isometric to the Lp-
space of such a scalar measure; see [94, Ch. 5, §15, Theorem 3]. In particular, every
abstract Lp-space is p-convex and p-concave and its p-convexity and p-concavity
constants are 1 via Example 2.73(i).

Let us collect various equivalent conditions for L1(ν) to be an abstract L1-
space.

Proposition 3.74. Let ν be a vector measure, defined on a measurable space (Ω, Σ),
with values in a Banach space E. Then the following assertions are equivalent.

(i) The Banach lattice L1(ν) is lattice isomorphic to an abstract L1-space.
(ii) L1(ν) = L1(|ν|) with their given norms being equivalent (in which case

|ν|(Ω) < ∞).
(iii) L1(ν) is 1-concave.
(iv) The associated integration operator Iν : L1(ν) → E is 1-concave.
(v) The Banach lattice Lp(ν) is lattice isomorphic to an abstract Lp-space for

some/every 1 < p < ∞.
(vi) Lp(ν) = Lp(|ν|) with their given norms being equivalent for some/every value

of 1 < p < ∞ (in which case |ν|(Ω) < ∞).
(vii) Lp(ν) is p-concave for some/every 1 < p < ∞.

Proof. (i) ⇔ (ii). See Lemma 3.14(iii).
(ii) ⇒ (iii). This is clear because L1(|ν|) is 1-concave via Example 2.73(i).
(iii) ⇒ (i). The real part L1(ν)

R
of the 1-concave Banach lattice L1(ν) is also

1-concave; see Lemma 2.49(ii). Moreover, L1(ν)
R

is equal to the space L1
R
(ν) of all

R-valued, ν-integrable functions on Ω and is a real Banach lattice equipped with
the induced (real) lattice norm by L1(ν) (see Remark 3.32). Since L1

R
(ν) is both

1-convex (every real Banach lattice is 1-convex, for example, via Lemma 2.49(i)
and Proposition 2.77(i)) and 1-concave, it follows from [99, p. 59] that there exists
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a [0,∞]-valued measure η for which L1
R
(ν) and L1

R
(η) are lattice isomorphic as real

Banach lattices. Then L1(ν) and L1(η) are lattice isomorphic as complex Banach
lattices via Lemma 3.8(iv) because L1(ν) and L1(η) are the complexifications of
L1

R
(ν) and L1

R
(η) respectively. Hence, (i) holds because L1(η) is an abstract L1-

space.
(iii) ⇔ (iv) ⇔ (vii). Apply Corollary 3.73(ii) with q := 1 and r := p.
(ii) ⇔ (vi). This is clear because Lp(ν)=L1(ν)[1/p] and Lp(|ν|)=L1(|ν|)[1/p].
(vi) ⇒ (v). Since Lp(|ν|) is an abstract Lp-space, this follows easily.
(v) ⇒ (i). Condition (v) means that there is a lattice isomorphism T from

(Lp(ν), ‖ · ‖Lp(ν)) onto an abstract Lp-space (Z, ‖ · ‖Z). So, there exist constants
c1, c2 > 0 such that

c1‖f‖Lp(ν) ≤
∥∥T (f)

∥∥
Z
≤ c2‖f‖Lp(ν), f ∈ Lp(ν). (3.123)

This allows us to define an equivalent lattice norm ||| · |||Lp(ν) on Lp(ν) by

|||f |||Lp(ν) := ‖T (f)‖Z, f ∈ Lp(ν), (3.124)

so that (Lp(ν), ||| · |||Lp(ν)) is lattice isometric to the abstract Lp-space (Z, ‖ ·‖Z). In
particular, (Lp(ν), ||| · |||Lp(ν)) itself is an abstract Lp-space and hence, is a p-convex
B.f.s. with p-convexity constant 1 (see the discussion prior to this proposition).
From Proposition 2.23(iii) it follows that the p-th power

(
Lp(ν)[p], ||| · |||Lp(ν)[p]

)
of

(Lp(ν), ||| · |||Lp(ν)) is a B.f.s. In other words, the lattice quasi-norm ||| · |||L1(ν), on
the p-th power L1(ν) = Lp(ν)[p] of Lp(ν) (see (3.52)), defined by

|||g|||L1(ν) := |||g|||Lp(ν)[p]
=
∣∣∣∣∣∣ |g|1/p

∣∣∣∣∣∣p
Lp(ν)

, g ∈ L1(ν), (3.125)

is indeed a norm. This norm ||| · |||L1(ν) is equivalent to ‖ · ‖L1(ν) because of the
inequalities

cp
1 ‖g‖L1(ν) ≤ |||g|||L1(ν) ≤ cp

2 ‖g‖L1(ν), g ∈ L1(ν). (3.126)

To verify (3.126), fix g ∈ L1(ν). Since |g|1/p ∈ Lp(ν), it follows from (3.123) and
(3.124) that

cp
1

∥∥ |g|1/p
∥∥p

Lp(ν)
≤
∣∣∣∣∣∣ |g|1/p

∣∣∣∣∣∣p
Lp(ν)

≤ cp
2

∥∥ |g|1/p
∥∥p

Lp(ν)
.

So, (3.126) follows from this, (3.125) and the fact that ‖g‖L1(ν) =
∥∥ |g|1/p

∥∥p

Lp(ν)
.

Now, given g, h ∈ L1(ν)+ with g ∧ h = 0, it follows that

|||g + h|||L1(ν) =
∣∣∣∣∣∣ (g + h)1/p

∣∣∣∣∣∣p
Lp(ν)

=
∣∣∣∣∣∣g1/p + h1/p

∣∣∣∣∣∣p
Lp(ν)

=
∣∣∣∣∣∣g1/p

∣∣∣∣∣∣p
Lp(ν)

+
∣∣∣∣∣∣h1/p

∣∣∣∣∣∣p
Lp(ν)

= |||g|||L1(ν) + |||h|||L1(ν)

because g1/p, h1/p ∈ Lp(ν)+ and g1/p ∧ h1/p = 0 and because ||| · |||Lp(ν) satisfies
(3.122) (with Z := Lp(ν)). Therefore,

(
L1(ν), ||| · |||L1(ν)

)
is an abstract L1-space.

So, (i) holds. �



3.4. Concavity of L1(ν) and the integration operator Iν for a vector measure ν 175

Example 3.75. We shall present examples of vector measures ν with values in an
abstract L1-space E such that the associated integration operator Iν : L1(ν) → E
is not 1-concave. Such an example implies that, in general, we cannot remove the
positivity assumption imposed on U in Corollary 2.70, with q := 1 (see Example
2.73(i) and the discussion prior to Proposition 3.74).

(i) Example 3.15 presents a vector measure ν, defined on 2N and with values
in the 1-concave, abstract L1-space �1, such that ν has infinite variation. So,
Proposition 3.74 yields that the associated integration operator Iν : L1(ν) → �1 is
not 1-concave.

The method adopted in Example 3.15 can easily be extended to the setting
of any infinite-dimensional abstract L1-space E in place of �1; all we need is an
unconditionally summable sequence in E which is not absolutely summable. The
Dvoretzky–Rogers Theorem ensures that such a sequence exists.

(ii) If a vector measure ν has totally infinite variation, then we have the
proper inclusion L1(|ν|) = {0} � L1(ν), so that Iν cannot be 1-concave; see
Proposition 3.74. General methods for constructing such vector measures ν (in
any infinite-dimensional Banach space) can be found in [45].

(iii) In order to provide other types of examples, we first need to establish a
general fact. Given are a (topological) isomorphism from a Banach space E0 into
a Banach space E (not necessarily surjective) and a vector measure ν0 : Σ → E0

defined on a measurable space (Ω, Σ). Then the composition T ◦ ν0 : Σ → E is
also a vector measure; see Lemma 3.27(i). Moreover, let us show that

(a) N0(T ◦ ν0) = N0(ν0),

(b) L1
(
|T ◦ ν0|

)
= L1(|ν0|) with their given norms being equivalent, and

(c) L1
(
T ◦ ν0

)
= L1(ν0) with their given norms being equivalent.

Part (a) has already been established in Lemma 3.27(iii) because T is injective.
Furthermore, since T is an isomorphism, there exist constants C1, C2 > 0 such
that

C1‖x‖E0 ≤ ‖T (x)‖E ≤ C2‖x‖E0 , x ∈ E0.

This, together with the definition of the variation of a vector measure, give

C1|ν0|(A) ≤ |T ◦ ν0|(A) ≤ C2|ν0|(A), A ∈ Σ,

from which (b) follows.
Finally, (c) is a consequence of the definition of integrability for a vector

measure together with the facts that the range R(T ) of T is a closed subspace of
E and that E0 and R(T ) (equipped with the induced norm topology from E) are
topologically isomorphic. Alternatively, we can apply Theorem 3.5 as follows. The
continuous inclusion L1(ν0) ⊆ L1(T ◦ν0) has been established in Lemma 3.27(iii).
To verify the reverse inclusion, fix f ∈ L1(T ◦ν0). According to Theorem 3.5 applied
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to the vector measure T ◦ ν0, we can choose a sequence {sn}∞n=1 ⊆ sim Σ with
sn → f pointwise as n →∞ and such that

lim
n→∞T

(∫
A

sn dν0

)
= lim

n→∞

∫
A

sn d(T ◦ ν0) =
∫

A

f d(T ◦ ν0), A ∈ Σ, (3.127)

in the topology of E. Consequently, since T is an isomorphism, we have from
(3.127) that

lim
n→∞

∫
A

sn dν0 = lim
n→∞T−1

( ∫
A

sn d(T ◦ ν0)
)

= T−1
( ∫

A

f d(T ◦ ν0)
)
, A ∈ Σ,

in the Banach space E0. So, Theorem 3.5 (now with ν := ν0) implies that the
function f ∈ L1(ν0), from which the equality L1

(
T ◦ ν0

)
= L1(ν0) follows. The

equivalence of the given norms is a consequence of the Open Mapping Theorem.
(iv) Let H be a separable Hilbert space with a complete orthonormal basis

{en}∞n=1. Suppose that we are given a vector measure ν0 : Σ → H , defined on a
measurable space (Ω, Σ), whose associated integration operator Iν0 : L1(ν0) → H
is not 1-concave or, equivalently,

L1
(
|ν0|
)
�= L1(ν0); (3.128)

see Proposition 3.74.
Let H1 denote the closed linear span of all Rademacher functions rn, for n ∈ N

(see, e.g., [41, p. 10] for their definition), in the Hilbert space L2([0, 1]). Equipped
with the inner product induced by L2([0, 1]), the subspace H1 is a Hilbert space
with orthonormal basis {rn}∞n=1. The linear operator R : H → H1 assigning to
each en the function rn, for n ∈ N, is a surjective linear isometry. On the other
hand, from Khinchin’s inequality, [41, p. 10], it follows that the topology induced
on H1 by L1([0, 1]) is the same as that induced by L2([0, 1]). In other words,
the canonical injection S : H1 → L1([0, 1]) is an isomorphism onto its range.
Consequently, the composition T = S ◦R : H → L1([0, 1]) is also an isomorphism
onto its range.

Now, the vector measure ν := T ◦ ν0 : Σ → L1([0, 1]) satisfies

L1(|ν|) �= L1(ν)

because part (iii) above (with E0 := H) and (3.128) yield that

L1(|ν|) = L1
(
|T ◦ ν0|

)
= L1(|ν0|) �= L1(ν0) = L1(T ◦ ν0) = L1(ν).

Therefore, it follows from Proposition 3.74 that the associated integration operator
Iν : L1(ν) → L1([0, 1]) is not 1-concave whereas its codomain space L1([0, 1]) is
1-concave (see Example 2.73(i)).

(v) In order that part (iv) is applicable, we need some examples of vector
measures ν0 taking values in a separable Hilbert space and whose associated inte-
gration operator Iν0 is not 1-concave (equivalently, L1

(
|ν0|
)
�= L1(ν0)).
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(v-a) For the Volterra measure ν2 : B([0, 1]) → L2([0, 1]) of order 2, we have
from Example 3.26(ii) that L1

(
|ν2|
)
�= L1(ν2).

(v-b) Given a separable Hilbert space H , let P : Σ → L(H) be any spec-
tral measure defined on a measurable space (Ω, Σ) and consider the evaluation
Px : Σ → H of P at a point x ∈ H with the property that the range R(IPx) of
the associated integration operator IPx : L1(Px) → H is infinite-dimensional. Ac-
cording to Proposition 3.64(i), the Banach space L1(Px) is isomorphic to R(IPx),
equipped with the relative topology from H . In particular, L1(Px) is an infinite-
dimensional, reflexive Banach space. So, L1(Px) cannot be 1-concave. In fact, if
L1(Px) were 1-concave then, from Proposition 3.74, it would follow that L1(Px) =
L1(|Px|) with their given norms being equivalent. This is a contradiction because
L1(|Px|), whose dimension is infinite, cannot be reflexive. Thus, we conclude that
L1(Px) is not 1-concave and, by Proposition 3.74, that IPx : L1(Px) → H is not
1-concave.

(v-c) Let (Ω, Σ, μ) be a σ-decomposable, positive, finite measure space. Take
any infinite-dimensional separable Hilbert space H . Let F : Ω → H be a strongly
measurable, Pettis μ-integrable function which is not Bochner μ-integrable. Its
Pettis indefinite integral μ̃F : Σ → H is then an H-valued vector measure, [42, Ch.
II, Theorem 3.5], and has σ-finite variation, [162, Proposition 5.6(iv)]. Moreover,
the variation of μ̃F is genuinely infinite. In fact, take a sequence of pairwise disjoint
non-μ-null sets {An}∞n=1 in Σ whose union equals Ω and such that

∣∣μ̃F

∣∣(An) < ∞
for every n ∈ N. Observe that

∣∣μ̃F

∣∣(A) =
∫

A

‖F (ω‖H0 dμ(ω), A ∈ Σ;

this can be verified in the same way that (3.97) was established in the proof of
Proposition 3.46. So,

∣∣μ̃F

∣∣(Ω) < ∞ if and only if F is Bochner μ-integrable. From
this observation and the assumption on F , it follows that the Pettis indefinite
integral μ̃F must have infinite variation. Therefore, L1

(
|μ̃F |

)
�= L1(μ̃F ).

Let us now show that there always exists a strongly measurable, Pettis
μ-integrable function which is not Bochner μ-integrable. Since (Ω, Σ, μ) is σ-
decomposable, choose a sequence of pairwise disjoint non-μ-null sets {Bn}∞n=1

in Σ. Select any unconditionally summable sequence {xn}∞n=1 ⊆ H which is not
absolutely summable; this is possible by the Dvoretzky-Rogers Theorem. Define a
countably-valued function F : Ω → H pointwise by

F (ω) :=
∞∑

n=1

(
1/μ(Bn)

)
χ

Bn
(ω)xn, ω ∈ Ω.

Then ∫
Ω

‖F (ω)‖H dμ(ω) =
∞∑

n=1

‖xn‖H = ∞
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and hence, F is not Bochner μ-integrable. On the other hand, given x∗ ∈ H , we
have ∫

Ω

∣∣〈F (ω), x∗〉
∣∣ dμ(ω) =

∞∑
n=1

∣∣〈xn, x∗〉
∣∣ < ∞

because {xn}∞n=1 is unconditionally summable in H . The reflexivity of H then
implies that F is Pettis μ-integrable (see [42, p. 53]).

Since every strongly μ-measurable function from Ω to H is μ-a.e. uniformly
approximated by countably-valued measurable functions, we have not lost gener-
ality in constructing such a desired function F ; see [42, Ch. II, Corollary 1.3] and
the proof of Theorem 3.7 in Ch. 2 of [42].

(v-d) Let us present a “concrete example” of a countably-valued Pettis in-
tegrable function which is not Bochner integrable. Consider the finite measure μ
on the measurable space (N, 2N) defined by μ({n}) := 1/n2 for n ∈ N, and let
H be the separable Hilbert space L2([0, 2π]). Given n ∈ N, define fn ∈ H by
fn(t) := (1/n) exp(−int) for t ∈ [0, 2π]. Then the sequence {fn}∞n=1 is not abso-
lutely summable in H because

∑∞
n=1‖fn‖H =

∑∞
n=12π/n = ∞. That {fn}∞n=1

is unconditionally summable in H is clear because
{
(2π)−1 exp(−int)

}∞
n=1

is an
orthonormal sequence in H ; see [46, Ch. IV, Lemma 4.9]. So the arguments in
(v-c) yield that the function F : N → H defined by F (n) :=

(
1/μ({n}

)
fn = n2fn

for n ∈ N is Pettis μ-integrable but not Bochner μ-integrable. �
Next we present a vector measure ν such that the associated integration

operator Iν is not 1-concave, whereas the restricted integration operator I
(p)
ν is

1-concave for some 1 < p < ∞.

Example 3.76. Fix 1 < r < ∞ and consider the Volterra measure νr : B([0, 1]) →
Lr([0, 1]) of order r. Then νr has finite variation with d|νr|(t) = (1− t)1/rdt and

L1
(
(1 − t)1/rdt

)
⊆ L1(νr) ⊆ L1

(
(1 − t)dt

)
(3.129)

with strict inclusions; see parts (i) and (ii) of Example 3.26. Let r ≤ p < ∞. We
claim that

Lp(νr) ⊆ L1(|νr|) ⊆ L1(νr) (3.130)

with strict inclusions. Indeed, (3.129) yields that Lp(νr) ⊆ Lp
(
(1− t)dt

)
. Further-

more, we have Lp
(
(1 − t)dt

)
⊆ L1

(
(1 − t)1/rdt

)
because it follows from Hölder’s

inequality that∫ 1

0

|f(t)|(1−t)1/rdt ≤
(∫ 1

0

|f(t)|p(1−t)p/rdt
)1/p

≤
(∫ 1

0

|f(t)|p(1−t) dt
)1/p

< ∞

whenever f ∈ Lp
(
(1−t)dt

)
. Accordingly, Lp(νr) ⊆ L1

(
(1−t)1/rdt

)
. This inclusion

is strict because Lp(νr) is p-convex (see Proposition 3.28(i)) but L1
(
(1−t)1/rdt

)
is

not p-convex via Example 2.73(ii-a). That L1
(
(1− t)1/rdt

)
= L1(|νr|) and the in-

clusion L1(|νr|) ⊆ L1(νr) is strict can be found in Example 3.26(ii-a) (alternatively
see Remark 3.57(ii)).
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Now let ν denote the vector measure νr and let E := Lr([0, 1]). The map
Iν : L1(ν) → E is not 1-concave because L1(ν) �= L1(|ν|) (see Proposition 3.74).
On the other hand, the natural embedding αp : Lp(ν) → L1(ν) is 1-concave.
Indeed, observe from (3.130) that αp = j1 ◦ γp where γp : Lp(ν) → L1(|ν|) and
j1 : L1(|ν|) → L1(ν) denote the respective natural inclusion map. Since L1(|ν|) is
1-concave (see Example 2.73(i)), the positive operator γp is 1-concave via Corollary
2.70. So, the continuity of j1 yields, via Proposition 2.68(i), that αp is 1-concave.
Accordingly, I

(p)
ν : Lp(ν) → E is also 1-concave via Proposition 3.70(i) with q := 1,

X(μ) := Lp(ν) and J := αp. �

The previous example provides a counterexample for 1-concave operators.
We now give one for q-concave operators with 1 < q < ∞.

Example 3.77. Fix 1 < q < ∞. Our aim is to construct a vector measure ν such
that its associated integration operator Iν on L1(ν) is not q-concave while the
restricted integration operator I

(p)
ν on Lp(ν) is q-concave whenever q ≤ p < ∞.

Take any Banach-space-valued vector measure η defined on a measurable
space (Ω, Σ) such that

Lq(η) ⊆ L1(|η|) ⊆ L1(η) (3.131)

with strict inclusions; for example, the Volterra measure of order q suffices (as
demonstrated in (3.130)). Then we have that Lq(|η|) �= Lq(η), so that Lq(η) is not
q-concave via Proposition 3.74 (with ν := η and with p := q). Moreover, (3.131)
gives

Lpq(η) ⊆ Lp(|η|) ⊆ Lq(|η|) ⊆ Lq(η), q ≤ p < ∞. (3.132)

We now construct the desired vector measure ν. Let E := Lq(η) and let
ν : Σ → E denote the positive E-valued vector measure A �→ χ

A
, for A ∈ Σ.

Then L1(ν) = Lq(η) with equal norms and Iν equals the identity on Lq(η); see
Corollary 3.66(ii). The integration operator Iν , which is the identity operator on
the non-q-concave space Lq(η), is not q-concave by definition.

On the other hand, when q ≤ p < ∞, the restricted integration operator
I
(p)
ν : Lp(ν) → E is q-concave. Indeed, since L1(ν) = Lq(η), it follows that the

space Lp(ν) = Lpq(η). This and (3.132) imply that

Lp(ν) ⊆ Lq(|η|) ⊆ L1(ν).

Hence, the natural inclusion map αp : Lp(ν) → L1(ν) can be written as αp = jq◦γq,
where γq : Lp(ν) → Lq(|η|) and jq : Lq(|η|) → L1(ν) are the respective natural
inclusion maps. Now the positive operator γq, whose codomain is q-concave (see
Example 2.73(i)), is q-concave by Corollary 2.70. Apply Proposition 2.68(i) to
deduce that αp = jq ◦ γq is q-concave because jq is continuous. Moreover Iν , being
the identity on L1(ν), implies that I

(p)
ν = αp. Thus, I

(p)
ν is q-concave. �



Chapter 4

Optimal Domains and
Integral Extensions

In the previous chapter we presented a selection of relevant aspects from the
theory of vector measures and integration. Following a time honoured practice, we
began with a vector measure ν and ended up with operators defined on the spaces
Lp(ν) and Lp

w(ν). In this chapter we reverse this line of development in a certain
sense. Namely, we begin with an operator T : X(μ) → E, defined on some σ-order
continuous q-B.f.s. X(μ) and taking values in a Banach space E, and produce from
it the E-valued vector measure mT : A �→ T (χ

A
). This, in turn, has associated

with it the B.f.s. L1(mT ) which is σ-o.c. and has the desirable property that every
function from X(μ) belongs to L1(mT ) and

T (f) =
∫

Ω

f dmT , f ∈ X(μ) ⊆ L1(mT ).

If, in addition, the μ-null sets and mT -null sets coincide, in which case T is called
μ-determined, then the inclusion map JT : X(μ) → L1(mT ) is injective and con-
tinuous and the integration operator ImT : L1(mT ) → E is a continuous linear
extension of T . Equivalently, T has a factorization according to the commutative
diagram:

X(μ) T ��

JT �������
���� E

L1(mT )
ImT

�����������

.

This feature alone is already a useful property concerning T . However, far more
important is the fact that this particular extension ImT of T turns out to be
optimal, in the sense that if Y (μ) is any σ-order continuous q-B.f.s. for which
X(μ) ⊆ Y (μ) continuously and such that there exists a continuous linear operator
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TY (μ) from Y (μ) into E which coincides with T on X(μ), then necessarily Y (μ)
is continuously embedded in L1(mT ) and TY (μ) coincides with ImT restricted to
Y (μ); see Theorem 4.14.

The optimality property of the spaces L1(mT ) mentioned above was first sys-
tematically developed for kernel operators T in [24] and then successfully used to
investigate the Sobolev kernel operator, [25]; some of these results will be summa-
rized below. This operator turned out to have applications to compactness results
for the Sobolev embedding between certain function spaces defined on bounded
domains in Rn, [28, 29]. To further indicate the versatility of this approach to the
analysis of operators defined on function spaces, we present several μ-determined
operators T which arise in classical analysis and indicate, in detail, how to iden-
tify both their optimal domain space L1(mT ) and the extended operator ImT . To
mention some explicit examples, we consider multiplication operators, Volterra
operators, convolution operators in Lp(T), composition operators, certain projec-
tions in Lp-spaces, the Hilbert transform in Lp(T), the finite Hilbert transform
in Lp

(
(−1, 1)

)
, and so on. Furthermore, Chapter 7 is entirely devoted to inves-

tigating “optimality aspects” of the Fourier transform operator and convolution
operators, defined on Lp-spaces of general compact abelian groups. In addition,
the main “optimality result” mentioned in the first paragraph plays a central role
in Chapter 5 which deals with the factorization of operators through the B.f.s.’
Lp(mT ) for arbitrary 1 ≤ p < ∞. Of course, some operators T are already defined
on their optimal domain to begin with (i.e., L1(mT ) = X(μ)) and so no further
extension is possible. However, this phenomenon is not always easy to detect a
priori. One quite general result which we establish in this direction states: if X(μ)
is a σ-order continuous B.f.s. and T is a μ-determined, semi-Fredholm operator,
then necessarily L1(mT ) = X(μ). In conclusion, for the interested reader we men-
tion that some closely related results occur in the recent works [33], [34], [35], [36],
[37], where the set function mT associated to T may only be defined on a δ-ring of
sets, rather than on a σ-algebra as in our setting. Nevertheless, it is still possible
to construct an analogous space L1(mT ) with certain optimality properties and to
use this feature to investigate classical operators which do not fit into the context
of this monograph.

4.1 Set functions associated with linear operators
on function spaces

Throughout this section let X(μ) be a q-B.f.s. based on a finite, positive measure
space (Ω, Σ, μ) and E be a Banach space, unless stated otherwise.

As in the case of Banach lattices (see Chapter 3), define

X(μ)a := {f ∈ X(μ) : |f | ≥ fn ↓ 0 with fn ∈ X(μ) implies
∥∥fn

∥∥
X(μ)

↓ 0},
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which we call the order continuous part of X(μ). Note that X(μ)a is solid in X(μ),
that is, if g ∈ X(μ) and f ∈ X(μ)a satisfy |g| ≤ |f |, then also g ∈ X(μ)a. Clearly,
X(μ) is σ-o.c. if and only if X(μ)a = X(μ). Define a positive, finitely additive set
function η : Σ → X(μ) by

η(A) := χ
A
, A ∈ Σ. (4.1)

As usual, η is said to be σ-additive if, for every pairwise disjoint sequence {An}∞n=1

in Σ, the sequence {η(An)}∞n=1 is unconditionally summable in X(μ). Unless X(μ)
is a B.f.s., we do not call η a vector measure, because we reserve the term “vector
measure” for a Banach-space-valued, σ-additive set function, as defined in Chapter
3. If X(μ) happens to be a σ-order continuous B.f.s., then this set function η is
precisely the vector measure (3.111). Similarly, if X(μ) is σ-o.c., then η is σ-
additive. The following lemma determines exactly when η is σ-additive.

Lemma 4.1. Let X(μ) be a q-B.f.s. over (Ω, Σ, μ). The set function η : Σ → X(μ)
defined by (4.1) is σ-additive if and only if χ

Ω
∈ X(μ)a.

Proof. Suppose that η is σ-additive. To prove that χ
Ω
∈ X(μ)a, let fn ∈ X(μ)+,

for n ∈ N, satisfy χ
Ω
≥ fn ↓ 0 in X(μ). We need to show limn→∞

∥∥fn

∥∥
X(μ)

= 0.
Fix 0 < ε < 1 and let

An := {ω ∈ Ω : fn(ω) > ε}, n ∈ N.

Then the sequence {An}∞n=1 ⊆ Σ decreases to A :=
⋂∞

n=1 An and

inf
n∈N

fn(ω) ≥ ε, ω ∈ A. (4.2)

On the other hand, by fn ↓ 0 in X(μ) we mean (by definition) that fn(ω) ↓ 0 in
R for μ-a.e. ω ∈ Ω. This and (4.2) imply that μ(A) = 0 or equivalently η(A) = 0.
So, the σ-additive set function η satisfies η(An) → η(A) = 0, that is,

lim
n→∞

∥∥η(An)
∥∥

X(μ)
= 0. (4.3)

Let K > 0 be a constant appearing in the “triangle inequality” for the quasi-norm
‖ · ‖X(μ); see (Q3) in Chapter 2 with Z := X(μ). Since 0 < ε < 1, it follows that

0 ≤ fn ≤ εχ
Ω\An

+ χ
An

≤ εχ
Ω

+ χ
An

, n ∈ N.

This and (4.3) yield

lim sup
n→∞

‖fn‖X(μ) ≤ lim sup
n→∞

‖εχ
Ω

+ χ
An

‖X(μ)

≤ lim sup
n→∞

K
(
‖εχ

Ω
‖X(μ) + ‖χ

An
‖X(μ)

)
= Kε‖χ

Ω
‖X(μ) + lim

n→∞K
∥∥η(An)

∥∥
X(μ)

= Kε‖χ
Ω
‖X(μ).
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Since 0 < ε < 1 is arbitrary, we conclude that limn→∞
∥∥fn

∥∥
X(μ)

= 0. So, the
function χ

Ω
∈ X(μ)a.

Conversely, suppose that χ
Ω
∈ X(μ)a. Since X(μ)a is solid in X(μ), it is

clear that
R(η) := {χ

A
: A ∈ Σ} ⊆ X(μ)a,

and hence, η is σ-additive by σ-order continuity of X(μ)a. �

We give an example to illustrate the previous lemma. Let ν : Σ → E be any
vector measure such that L1(ν) �= L1

w(ν). Define X(μ) := L1
w(ν) with μ a control

measure for ν. Then the X(μ)-valued set function A �→ χ
A

is σ-additive on Σ,
because χ

Ω
∈ L1(ν) = X(μ)a (see (3.86) with p := 1) but, X(μ) is not σ-o.c. via

Proposition 3.38(I) with p := 1.
Let T ∈ L(X(μ), E). Define a finitely additive set function mT : Σ → E by

mT (A) := T (χ
A
), A ∈ Σ, (4.4)

that is, mT = T ◦ η. If η is σ-additive, then so is mT because T is continuous. The
converse is not valid in general; see (i) or (ii) of the following example.

Example 4.2. (i) Let X(μ) := L∞([0, 1]) and E := L∞([0, 1]) and let

T : L∞([0, 1]) → L∞([0, 1])

be the Volterra operator V∞. Then mT is exactly the Volterra measure ν∞ of order
∞, and so is σ-additive. On the other hand the X(μ)-valued set function A �→ χ

A
,

for A ∈ B([0, 1]), is not σ-additive.
(ii) Fix g ∈ L1(T)+ and let X(μ) := L∞(T) and E := L∞(T). Let T :

L∞(T) → L∞(T) be the convolution operator f �→ f ∗ g for f ∈ L∞(T). Then
T is continuous and T

(
L∞(T)

)
⊆ C(T), [53, Proposition 3.1.4]. The set function

mT is σ-additive. In fact, let {An}∞n=1 ⊆ B(T) satisfy An ↓ ∅. Then mT (An) ↓ ∅
pointwise. So, Dini’s Theorem ensures that mT (An) → 0 uniformly on the compact
space T and hence, mT is σ-additive. On the other hand, the X(μ)-valued set
function A �→ χ

A
on B(T) is not σ-additive.

(iii) Let μ : 2N → [0,∞) be a finite measure such that μ({n}) > 0 for all
n ∈ N. Then �∞ is a B.f.s. over (N, 2N, μ). Let X(μ) := �∞ and E := C and let
T : �∞ → C be a non-zero continuous linear functional such that T restricted to
c0 is zero; see [88, pp. 424–426]. Then mT : 2N → C is not σ-additive even though
T is compact. �

If it happens that L
(
X(μ), E

)
= {0}, then the only set function mT : Σ → E

available is necessarily the zero vector measure ! So, to avoid trivialities we need
to know when L(X(μ), E) �= {0}.
Lemma 4.3. Let X(μ) be a q-B.f.s. based on (Ω, Σ, μ). Then L(X(μ), E) �= {0}
for every non-zero Banach space E if and only if X(μ) has non-trivial dual space,
that is, X(μ)∗ �= {0}.
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Proof. If L(X(μ), E) �= {0} for every Banach space E �= {0}, then the choice
E := C ensures that X(μ)∗ �= {0}. Conversely, suppose there exists a non-zero
element ξ ∈ X(μ)∗. Given any Banach space E �= {0}, fix a non-zero vector x ∈ E.
Then T (f) := 〈f, ξ〉x for f ∈ X(μ) defines a non-zero element of L(X(μ), E). �

Let 0 < r < 1. Then Lr(μ)∗ = {0} if μ is non-atomic (see Example 2.10). On
the other hand, if μ is purely atomic, then this is not the case; see Example 2.11
which asserts that �r(μ)∗ = �∞. So, we need to take extra care in dealing with
quasi-B.f.s.’, whereas every B.f.s. automatically has non-trivial dual.

4.2 Optimal domains

Throughout this section let X(μ) be a q-B.f.s., with σ-o.c. quasi-norm, based on
a non-zero, positive, finite measure space (Ω, Σ, μ), and let E be a Banach space,
unless otherwise stated.

Let T : X(μ) → E be a continuous linear operator. Then the set function
mT : Σ → E defined by (4.4) is σ-additive because X(μ) is σ-o.c. We call mT

the associated vector measure of T and adopt the notation mT as a standard one
throughout the rest of this monograph. Of course, for concrete operators which
are denoted by their own particular symbol, the subscript of the associated vector
measure will be the symbol used for that operator.

The main aim of this section is to determine exactly when X(μ) is contin-
uously embedded into the space L1(mT ), how T is extended to L1(mT ), and to
show that L1(mT ) is optimal in a certain sense (see Theorem 4.14 below). Let us
begin with the following general result.

Proposition 4.4. Let X(μ) be a σ-order continuous q-B.f.s. and T : X(μ) → E
be a continuous linear operator. The following statements hold for its associated
vector measure mT : Σ → E.

(i) Every f ∈ X(μ) is mT -integrable and

T (fχ
A
) =

∫
A

f dmT , A ∈ Σ. (4.5)

(ii) Concerning null functions we have N (μ) ⊆ N (mT ). Hence, the linear map

JT : X(μ) → L1(mT ) (4.6)

which assigns to each f ∈ X(μ) the mT -integrable function f is well defined.
Moreover, JT is continuous and satisfies ‖JT ‖ = ‖T ‖.

(iii) The linear map JT is injective whenever N (μ) = N (mT ). In this case,
L1(mT ) is a B.f.s. (based on (Ω, Σ, μ) ) into which X(μ) is continuously
embedded via the map JT with T = ImT ◦ JT and the integration opera-



186 Chapter 4. Optimal Domains and Integral Extensions

tor ImT : L1(mT ) → E is the unique continuous linear extension of T to
L1(mT ). That is, we have the commutative diagram:

X(μ) T ��

JT �������
���� E .

L1(mT )
ImT

�����������

Proof. (i) Choose functions sn ∈ sim Σ, for n ∈ N , such that sn → f pointwise as
well as in the space X(μ). Fix A ∈ Σ. Because ‖ · ‖X(μ) is a lattice quasi-norm,
it follows that limn→∞ snχ

A
= fχ

A
in the q-B.f.s. X(μ). It then follows from the

continuity of T that

lim
n→∞

∫
A

sn dmT = lim
n→∞T (snχ

A
) = T (fχ

A
).

By Theorem 3.5 with ν := mT , the function f is mT -integrable and (4.5) holds.
(ii) Let g ∈ N (μ) and A ∈ Σ. Then gχ

A
= 0 (μ-a.e.), and so 0 = T (gχ

A
) =∫

A g dmT by (4.5) with f := g. Hence, g ∈ N (mT ) because A ∈ Σ is arbitrary.
This establishes the inclusion N (μ) ⊆ N (mT ).

Let f ∈ X(μ) be an individual function. Any function g which is equal μ-a.e.
to f is identified with f in X(μ); see Chapter 2. For such a function g ∈ X(μ),
we have that (f − g) ∈ N (μ) ⊆ N (mT ). So, f and g determine the same element
of L1(mT ) because L1(mT ) is identified with its quotient space with respect to
N (mT ); see Chapter 3. Therefore the map JT : X(μ) → L1(mT ) is well defined.

Fix f ∈ X(μ). Since T is continuous and ‖ · ‖X(μ) is a lattice quasi-norm, it
follows from part (i) that

sup
s

∥∥∥∥ ∫
Ω

fs dmT

∥∥∥∥
E

= sup
s

∥∥∥T (fs)
∥∥∥

E
≤ sup

s
‖T ‖ · ‖fs‖X(μ) = ‖T ‖ · ‖f‖X(μ),

(4.7)
where the supremum is taken over all s ∈ sim Σ with |s(ω)| ≤ 1 for every ω ∈
Ω. The left-hand side of (4.7) equals ‖f‖L1(mT ) by Lemma 3.11 with ν := mT .
Consequently, we have∥∥JT (f)

∥∥
L1(mT )

= ‖f‖L1(mT ) ≤ ‖T ‖ · ‖f‖X(μ), f ∈ X(μ),

which implies that JT : X(μ) → L1(mT ) is continuous and satisfies ‖JT ‖ ≤ ‖T ‖.
On the other hand, the equality ‖ImT ‖ = 1 (see the beginning of Section 3.3)
yields that

‖T ‖ = ‖ImT ◦ JT ‖ ≤ ‖ImT ‖ · ‖JT ‖ = ‖JT ‖.

So, we conclude that ‖JT ‖ = ‖T ‖.
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(iii) Assume that N (μ) = N (mT ). Let f ∈ X(μ) be any function satisfying
JT (f) = 0. By definition, JT (f) = 0 means that the function f = JT (f) is mT -null
and hence, f ∈ N (μ). So, JT is injective.

The fact that T = ImT ◦ JT , obtained in part (i), can then be rephrased as
follows: ImT : L1(mT ) → E is a continuous linear extension of T : X(μ) → E to
the larger domain space L1(mT ) into which X(μ) is continuously embedded via
the injection JT . Moreover, ImT is the unique extension of T to L1(mT ) because
JT (sim Σ) = sim Σ is dense in L1(mT ). �

We say that a continuous linear operator T : X(μ) → E is μ-determined if
N (μ) = N (mT ). Such an operator T is necessarily non-zero whenever X(μ) �= {0}.
Indeed, if T = 0, then it follows that mT ≡ 0 and so N (mT ) = L0(Σ). Then
N (μ) = N (mT ) yields X(μ) = {0}, which is a contradiction !

The following criteria for T to be μ-determined will be useful in the sequel.

Lemma 4.5. Let X(μ) be σ-order continuous and T : X(μ) → E be a continuous
linear operator.

(i) The operator T is μ-determined if and only if N0(μ) = N0(mT ) (that is, the
μ-null and mT -null sets are the same) if and only if μ is a control measure
for mT .

(ii) The linear operator T is μ-determined if and only if the linear operator
JT : X(μ) → L1(mT ) defined in (4.6) is μ-determined.

(iii) The operator T is μ-determined if it is injective on the subset {χ
A

: A ∈ Σ} of
its domain X(μ). In particular, if T is injective on the whole domain X(μ),
then T is μ-determined.

(iv) The operator T is μ-determined if it is injective on the positive cone X(μ)+.
(v) Assume further that E is a Banach lattice and that T : X(μ) → E is a μ-

determined positive operator. Then T has the property that f = 0 whenever
f ∈ X(μ)+ satisfies T (f) = 0.

Proof. (i) That T is μ-determined is equivalent to the identity N0(μ) = N0(mT );
see Remark 3.4(ii). Moreover, it follows from Pettis’ Theorem, [42, Ch. I, Theorem
2.1], that μ is a control measure for mT if and only if N0(μ) = N0(mT ).

(ii) Consider the vector measure mJT : Σ → L1(mT ) associated with JT ,
that is, mJT (A) = JT (χ

A
) = χ

A
for A ∈ Σ. Then, given A ∈ Σ, it follows that

A ∈ N0(mJT ) ⇐⇒ χ
A
∈ N (mT ) ⇐⇒ A ∈ N0(mT ).

This, and part (i), establish (ii).
(iii) Suppose that A ∈ N0(mT ). Then χ

A
∈ X(μ) and T (χ

A
) = mT (A) = 0.

By the hypotheses on T we conclude that χ
A

= 0 in X(μ), that is, A ∈ N0(μ). So,
N0(mT ) ⊆ N0(μ). By Proposition 4.4(ii) we can establish the fact that N0(mT ) =
N0(μ) and so T is μ-determined by part (i).
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(iv) Since {χ
A

: A ∈ Σ} ⊆ X(μ)+, part (iv) follows from (iii).
(v) Let f ∈ X(μ)+ satisfy T (f) = 0. We need to show that f = 0 (μ-a.e.),

i.e., f ∈ N (μ). To this end define A(n) := {ω ∈ Ω : f(ω) > 1/n} for each n ∈ N.
Since χ

A(n)
≤ nf and T is positive, it follows that

0 ≤ mT

(
A(n)

)
= T

(
χ

A(n)

)
≤ n · T (f) = 0.

So, A(n) ∈ N0(mT ). Therefore f−1(C \ {0}) =
⋃∞

n=1 A(n) ∈ N0(mT ). Remark
3.4(ii) yields f ∈ N (mT ). Since T is μ-determined, we have f ∈ N (μ). �

It may be worthwhile to point out that, for a positive μ-determined operator
T : X(μ) → E (with E a Banach lattice), Lemma 4.5(v) is not equivalent to T
being injective on X(μ)+. Indeed, for X(μ) := L1([0, 1]) and E := C, the operator
T (f) :=

∫
[0,1] f dμ, for f ∈ L1([0, 1]) and μ being Lebesgue measure on [0, 1],

is positive and μ-determined (as mT = μ) but, T
(
χ

[0, 1/2]

)
= T

(
χ

(1/2, 1]

)
, for

example. This also shows that the converses of parts (iii) and (iv) of Lemma 4.5
fail to be valid.

Let us give several varied examples of μ-determined operators. We begin with
linear functionals.

Example 4.6. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ). Fix g ∈ X(μ)′. With E := C, define a continuous linear
functional T : X(μ) → E by

T (f) :=
∫

Ω

fg dμ, f ∈ X(μ).

Then, the associated (vector) measure mT equals the indefinite integral μg : A �→∫
A

g dμ on Σ. We claim that T is μ-determined if and only if g(ω) �= 0 for μ-a.e.
ω ∈ Ω. In fact, it follows from Lemma 4.5(i) that T is μ-determined if and only
if N0(mT ) = N0(μ) or equivalently N0(μg) = N0(μ). On the other hand, it is
routine to verify that N0(μg) = N0(μ) if and only if g(ω) �= 0 for μ-a.e. ω ∈ Ω.
This establishes our claim. �

It is straightforward to determine whether or not multiplication operators
are μ-determined.

Example 4.7. Let (Ω, Σ, μ) be a positive, finite measure space.
(i) Fix g ∈ L∞(μ) and 1 ≤ r < ∞. For the multiplication operator given

by Mg : f �→ fg from X(μ) := Lr(μ) into E := Lr(μ), it is immediate from
the definition of mMg (A) = χ

A
g for A ∈ Σ that Mg is μ-determined if and only

if g(ω) �= 0, for μ-a.e. ω ∈ Ω, if and only if Mg is injective. Now, suppose that
Mg is μ-determined. Set ν(g) := mMg ; this vector measure is denoted by Pg in
Corollary 3.66(iii) which gives that L1(ν(g)) = {f ∈ L0(μ) : gf ∈ Lr(μ)} and that
the integration operator Iν(g) : L1(ν(g)) → Lr(μ) is a surjective linear isometry
onto its range.
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If g is bounded away from 0, that is, 1/g ∈ L∞(ν), then L1(ν(g)) = Lr(μ).
On the other hand, if 1/g �∈ L∞(ν), then

L1(ν(g)) = (1/g) · Lr(μ) :=
{
f/g : f ∈ Lr(μ)

}
. (4.8)

In this case, Mg : Lr(μ) → Lr(μ) has the proper extension Iν(g) : L1(ν(g)) → Lr(μ)
and we have the following commutative diagram:

X(μ) = Lr(μ)
Mg ��

JMg 

�����������
E = Lr(μ)

L1(ν(g))

I
ν(g)

������������

.

If g−1({0}) �∈ N0(μ), then Mg is an example of an operator that is not μ-
determined. Indeed, every f ∈ Lr(μ) whose μ-essential support is contained in
g−1({0}) and is a non-μ-null set belongs to N0(mMg ) but not to N (μ).

(ii) Part (i) is a special case of a more general result. Let X(μ) be a σ-
order continuous q-B.f.s. and Y (μ) be a B.f.s. with σ-o.c. norm. Take any non-zero
function g ∈M

(
X(μ), Y (μ)

)
, if it exists. Again it is clear that Mg is μ-determined

if and only if g(ω) �= 0, for μ-a.e. ω ∈ Ω, if and only if Mg is injective. In this case,
let ν(g) : Σ → Y (μ) again denote the vector measure associated with Mg. From
Corollary 3.66(iii), with Y (μ) in place of X(μ) and ν(g) in place of Pg, it follows
that

L1(ν(g)) = (1/g) · Y (μ) :=
{
f/g : f ∈ Y (μ)

}
and that the integration operator Iν(g) : L1(mg) → Y (μ) is a surjective linear
isometry onto its range.

(iii) What happens if we do not assume that the B.f.s. Y (μ), in (ii) above,
is σ-o.c.? This is reduced to the σ-o.c. case. Indeed, fix g ∈ L0(μ). Still under the
assumption that X(μ) is σ-o.c. we show that

g · X(μ) ⊆ Y (μ) if and only if g ·X(μ) ⊆ Y (μ)a. (4.9)

Clearly g · X(μ) ⊆ Y (μ)a implies that g · X(μ) ⊆ Y (μ). Conversely, assume that
g · X(μ) ⊆ Y (μ). Let f ∈ X(μ) be arbitrary and assume that hn ∈ Y (μ) for
n ∈ N satisfy |fg| ≥ hn ↓ 0. For each n ∈ N define a Σ-measurable function
h′

n by h′
n(ω) := hn(ω)/|g(ω)| for every ω ∈ Ω with g(ω) �= 0 and by h′

n(ω) := 0
otherwise. Then |f | ≥ h′

n and hence, {h′
n}∞n=1 ⊆ X(μ). Moreover, h′

n ↓ 0. So, X(μ)
being σ-o.c. yields that limn→∞ ‖h′

n‖X(μ) = 0. It follows that limn→∞ ‖hn‖Y (μ) =
limn→∞

∥∥Mg(h′
n)
∥∥

Y (μ)
= 0 because Mg : X(μ) → Y (μ) is continuous. Thus,

fg ∈ Y (μ)a, which verifies that g · X(μ) ⊆ Y (μ)a and hence, (4.9) holds. We
conclude that, if Y (μ) is not σ-o.c., then we can replace Y (μ) with Y (μ)a, which
enables us to apply (ii). �
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We now exhibit a μ-determined operator on a “genuine” q-B.f.s.

Example 4.8. Let 0 < r < 1 and select ϕ ∈ �r ⊆ �1 satisfying ϕ(n) > 0 for each
n ∈ N. Then, the scalar measure μ defined by μ(A) :=

∑
n∈N

ϕ(n) for A ∈ 2N is
surely finite. With ψ(n) :=

(
ϕ(n)

)r−1 for n ∈ N, it follows that X(μ) := �r(ψdμ) ⊆
E := �1(μ) continuously; see (2.81). The natural inclusion T : �r(ψdμ) → �1(μ)
is a μ-determined operator on the q-B.f.s. �r(ψdμ). We recall that �r(ψdμ) is not
normable because it is isomorphic to the non-normable q.B.f.s. �r(μ); see Example
2.11.

This setting is also a special case of part (i) of Example 4.7 with E := �1(μ)
and g := χ

N
. Hence, L1(mT ) = �1(μ) with equal norms and ImT = id�1(μ).

The fact that μ is purely atomic in this example is crucial. Indeed, if μ were
non-atomic then, given ψ ∈ L0(μ)\{0}, we would have M

(
Lr(ψdμ), L1(μ)

)
= {0}

because the identity
(
Lr(ψ dμ)

)∗ = {0} yields L
(
Lr(ψ dμ), L1(μ)

)
= {0}; see

Lemma 4.3. �
Let us return to one of our favourites, the Volterra operator.

Example 4.9. Let 1 ≤ r < ∞. With μ denoting Lebesgue measure on [0, 1] and
X(μ) := Lr([0, 1]) and E := Lr([0, 1]), the Volterra operator Vr : Lr([0, 1]) →
Lr([0, 1]) (see (3.27)) is μ-determined. In fact, this follows from Lemma 4.5(iii)
and the fact that Vr is injective on Lr([0, 1]) because the derivative of Vr(f) equals
f (μ-a.e.) for every f ∈ Lr([0, 1]). �

Recall that the Fourier transform operator was introduced in Example 3.67.

Example 4.10. Let μ be normalized Haar measure on the circle group T. Given
1 ≤ r < ∞, let X(μ) := Lr(T) and E := c0(Z). Then Fr,0 : Lr(T) → c0(Z)
denotes the restriction of the Fourier transform operator F1,0 : L1(T) → c0(Z);
see Example 3.67. Since F1,0 is injective, so is Fr,0 and hence, Fr,0 is μ-determined
via Lemma 4.5(iii). The associated vector measure of Fr,0 is the same as that of
F1,0, namely the c0(Z)-valued measure A �→ F1,0(χA

) on B(T) as given in Example
3.67. It will be shown in Chapter 7 that L1(mFr,0) = L1(T) for all 1 ≤ r < ∞. �

Convolution operators, which also form an important class of operators in
harmonic analysis, are always μ-determined.

Example 4.11. Let μ and r, as well as X(μ), be as in Example 4.10. Let g ∈
L1(T) \ {0} and define the convolution operator C

(r)
g : Lr(T) → Lr(T) by

C(r)
g (f) := f ∗ g, f ∈ Lr(T). (4.10)

Then, with E := X(μ), the operator C
(r)
g : X(μ) → E is μ-determined, [123,

Lemma 2.2(ii)]. However, C
(r)
g may not be injective. In fact, C

(r)
g is injective if

and only if the Fourier transform ĝ : Z → C of g satisfies ĝ(n) = 0 for all n ∈ Z.
This is so because the injectivity of Fr,0 : Lr(T) → c0(Z) yields that

C(r)
g (f) = 0 ⇐⇒ Fr,0(f ∗ g) = f̂ ĝ = 0, f ∈ Lr(T).



4.2. Optimal domains 191

Let m
(r)
g : B(T) → E denote the vector measure associated with C

(r)
g . Then it

follows from [123, Theorem 1.1 and Proposition 4.1(i)] that

Lr(T) ⊆ L1
(
m(r)

g

)
⊆ L1(T)

with the first inclusion being strict when 1 < r < ∞; see also Chapter 7. So, if
1 < r < ∞, then the associated integration operator I

m
(r)
g

: L1
(
m

(r)
g

)
→ E is a

genuine extension of C
(r)
g and we have the commutative diagram:

Lr(T)
C(r)

g ��

J
C

(r)
g �����������

Lr(T)
Fr,0 �� c0(Z).

L1(m(r)
g )

I
m

(r)
g

�����������

�

As to be expected, composition operators are good candidates to be μ-
determined.

Example 4.12. Let μ denote Lebesgue measure on Ω := [0, 1]. As customary, we
write dt = dμ(t). Given any function g ∈ L0(μ) with g(t) > 0, for μ-a.e. t ∈ [0, 1],
let L2(g(t) dt) denote the weighted L2-space, over [0, 1], with weight g. In other
words, L2(g(t)dt) is the B.f.s., based on (Ω,B(Ω), μ), equipped with the norm

f �−→
(∫ 1

0

|f(t)|2g(t) dt

)1/2

, f ∈ L2(g(t)dt).

We shall consider two different weighted L2-spaces. Let α ≥ 1 and set
X(μ) := L2([0, 1]) = L2(μ) and E := L2(tαdt). For every f ∈ X(μ), we have∫ 1

0

∣∣f(t2)
∣∣2tα dt =

1
2

∫ 1

0

∣∣f(u)
∣∣2u(α−1)/2 du ≤ 1

2

∫ 1

0

∣∣f(u)
∣∣2du < ∞. (4.11)

So, we can define T ∈ L
(
L2([0, 1]), E

)
by

(Tf)(t) := f(t2), t ∈ [0, 1], f ∈ X(μ),

in which case ‖T ‖ ≤ 1/
√

2. Clearly, T is injective and hence, μ-determined via
Lemma 4.5(iii). Since t �→ 2−1t(α−1)/2 belongs to L∞([0, 1]), it is clear that the
natural inclusion X(μ) ⊆ L2(2−1t(α−1)/2dt) is continuous.

We claim, with equal norms, that

L1(mT ) = L2
(
2−1t(α−1)/2 dt

)
. (4.12)

Indeed, observe first that T admits a natural isometric linear extension

T̃ : L2
(
2−1t(α−1)/2 dt

)
→ E
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which assigns to each f ∈ L2
(
2−1t(α−1)/2 dt

)
the function T̃ (f) : t �→ f(t2) on

[0, 1]; this follows from the equality in (4.11). To verify the inclusion

L2
(
2−1t(α−1)/2 dt

)
⊆ L1(mT ),

fix f ∈ L2
(
2−1t(α−1)/2 dt

)
. With fn := fχ

[1/(n+1),1]
for n ∈ N, it follows that

limn→∞ fn = f pointwise and hence, by the Dominated Convergence Theorem,
also in the norm of L2

(
2−1t(α−1)/2 dt

)
. In particular, given A ∈ Σ, we have that

limn→∞ fnχ
A

= fχ
A

in L2
(
2−1t(α−1)/2 dt

)
and hence, by continuity of T̃ , that

limn→∞
∥∥T̃ (fnχ

A
) − T̃ (fχ

A
)
∥∥

E
= 0. Since t �→ 1/t(α−1)/2 is bounded away from

0 on [1/(n + 1), 1], it follows that fn ∈ X(μ) ⊆ L1(mT ) for each n ∈ N. Ac-
cordingly, T̃ (fnχ

A
) = T (fnχ

A
) =

∫
A

fn dmT via Proposition 4.4(i). Now apply
Theorem 3.5, with ν := mT , to deduce that f ∈ L1(mT ) and ImT (f) = T̃ f . Thus,
L2
(
2−1t(α−1)/2 dt

)
⊆ L1(mT ) and the integration operator ImT : L1(mT ) → E is

an extension of T̃ .
To verify the reverse inclusion L1(mT ) ⊆ L2

(
2−1t(α−1)/2 dt

)
, let f ∈ L1(mT ).

Choose sn ∈ simΣ for n ∈ N such that |sn| ≤ |f | and sn → f pointwise as n →∞.
The Monotone Convergence Theorem for the positive measure 2−1t(α−1)/2dt yields
that

1
2

∫ 1

0

|f(t)|2 t(α−1)/2dt = lim
n→∞

1
2

∫ 1

0

|sn(t)|2 t(α−1)/2dt.

From (4.11), with sn in place of f , and the Lebesgue Dominated Convergence
Theorem for the vector measure mT (see Theorem 3.7(i)), it then follows that

1
2

∫ 1

0

∣∣f(t)
∣∣2 t(α−1)/2dt = lim

n→∞
1
2

∫ 1

0

∣∣sn(t)
∣∣2 t(α−1)/2dt

= lim
n→∞

∥∥T (sn)
∥∥2

E
= lim

n→∞
∥∥ImT (sn)

∥∥2

E
=
∥∥ImT (f)

∥∥2

E
< ∞. (4.13)

Accordingly, f ∈ L2
(
2−1t(α−1)/2 dt

)
which justifies the inclusion

L1(mT ) ⊆ L2
(
2−1t(α−1)/2 dt

)
and hence, completes the proof of the identity (4.12) as vector spaces.

Now, (4.13) and Lemma 3.13 applied to the positive vector measure mT

imply that

∥∥f∥∥
L1(mT )

=
∥∥ImT (|f |)

∥∥
E

=
(

1
2

∫ 1

0

∣∣f(t)
∣∣2 t(α−1)/2dt

)1/2

, f ∈ L1(mT );

in other words, L1(mT ) and L2
(
2−1t(α−1)/2 dt

)
have equal norms. Observe, also

from (4.13), that ImT : L1(mT ) → E is a linear isometry. Moreover, ImT is
surjective. Indeed, if h ∈ E = L2(tα dt), then the function f : t �→ h(

√
t) on [0, 1]



4.2. Optimal domains 193

belongs to L2
(
2−1t(α−1)/2 dt

)
and satisfies ImT (f) = h. Hence, ImT : L1(mT ) → E

is an isometric isomorphism.
Finally, since L1(mT ) is reflexive and mT is non-atomic, it follows from Corol-

lary 3.23, with ν := mT , that |mT | is totally infinite. �

Our final example is the reflection operator.

Example 4.13. Let μ be Lebesgue measure on Ω := [−1, 1]. Given 1 ≤ r < ∞, set
X(μ) := Lr([−1, 1]) and E := Lr([−1, 1]). Define the (linear) reflection operator
R : Lr([−1, 1]) → Lr([−1, 1]) by

(Rf)(t) := f(−t), t ∈ [−1, 1], f ∈ Lr([−1, 1]),

and then define Q ∈ L(X(μ), E) by

Q :=
1
2

(
id + R

)
with id denoting the identity operator from X(μ) to E. Then Q is a norm 1
projection of Lr([−1, 1]) onto its closed subspace consisting of all the even functions
and hence, is surely not injective. But, Q is μ-determined. In fact, let A ∈ N0(mQ).
Then also A ∩ [0, 1] ∈ N0(mQ) and so

0 = mQ

(
A ∩ [0, 1]

)
=

1
2

(
χ

A∩[0,1]
+ χ

(−A)∩[−1,0]

)
in X(μ), which implies that χ

A∩[0,1]
= 0 (μ-a.e), that is, μ

(
A ∩ [0, 1]

)
= 0. By a

similar argument μ
(
A∩ [−1, 0]

)
= 0, so that μ(A) = 0. Hence, Q is μ-determined.

Next, let us prove that L1(mQ) = Lr([−1, 1]). By Proposition 4.4 applied
to T := Q we know that Lr([−1, 1]) = X(μ) ⊆ L1(mQ). Let JQ : Lr([−1, 1]) →
L1(mQ) denote the natural injection. To prove the reverse inclusion L1(mQ) ⊆
Lr([−1, 1]), define S : L1(mQ) → L1(mQ) by

S(f) :=
1
2

f χ
[0,1]

− JQ

(
χ

[0,1]
· ImQ

(
fχ

[0,1]

) )
, f ∈ L1(mQ).

Note that S is well defined, because the codomain space Lr([−1, 1]) of ImQ is equal
to the domain space of JQ, and that S satisfies ‖S‖ ≤ (1/2)+‖JQ‖·‖ImQ‖. Direct
calculation shows that S(χ

A
) = 0 for each A ∈ B(Ω) and so S vanishes on the

dense subspace simB(Ω) of L1(mQ), that is, S = 0. Accordingly,

1
2

f χ
[0,1]

= JQ

(
χ

[0,1]
· ImQ

(
fχ

[0,1]

) )
∈ JQ

(
Lr([−1, 1])

)
, f ∈ L1(mQ).

This means that χ
[0,1]

· L1(mQ) ⊆ JQ

(
Lr([−1, 1])

)
= Lr([−1, 1]). A similar argu-

ment gives χ
[−1,0)

· L1(mQ) ⊆ Lr([−1, 1]). So, the identity L1(mQ) = Lr([−1, 1])
holds. In particular, Q is already defined on its optimal domain. �
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Before we show that every μ-determined operator T ∈ L(X(μ), E) can be
uniquely extended to L1(mT ), still with values in E, let us give an illustrative
example. Let μ be Lebesgue measure on [0, 1] and T : L2([0, 1]) → C be a con-
tinuous linear operator/functional. Can we extend T to a larger B.f.s. with σ-o.c.
norm? Yes, and the procedure is indeed well known. By standard Hilbert space
theory, there exists g ∈ L2([0, 1]) such that T (f) =

∫ 1

0
fg dμ for f ∈ L2([0, 1]). By

Hölder’s inequality we can extend T to the (typically) larger domain L1(g(t)dt)
which is σ-o.c. Here observe that the C-valued “vector measure” mT associated
with T is the weighted Lebesgue measure with weight g, i.e., dmT (t) = g(t) dt, so
that L1(g(t) dt) = L1(mT ). It turns out that such an extension is available to all
μ-determined operators T ∈ L(X(μ), E) with X(μ) a σ-order continuous q-B.f.s.
and E a Banach space. The associated vector measure mT plays a crucial role.
As observed in Proposition 4.4, the q-B.f.s. X(μ) is embedded into L1(mT ) via
the continuous injection JT and the integration operator ImT : L1(mT ) → E is a
continuous linear extension of T . The crucial point about this particular extension
ImT to the particular space L1(mT ) is that it is optimal, as we now verify.

Theorem 4.14. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ). Let T : X(μ) → E be a Banach-space-valued, continuous
linear operator.

Suppose that T is μ-determined. Then the σ-order continuous B.f.s. L1(mT )
is the largest space amongst all q-B.f.s.’ with σ-o.c. quasi-norm (based on (Ω, Σ, μ))
into which X(μ) is continuously embedded and to which T admits an E-valued,
continuous linear extension. Moreover, such an extension is unique and is precisely
the integration operator ImT : L1(mT ) → E.

Proof. Let Y (μ) be any σ-order continuous q-B.f.s. such that X(μ) ⊆ Y (μ), in
which case the natural embedding is continuous by Lemma 2.7, and such that T
admits a continuous linear extension T̃ : Y (μ) → E. Then

mT̃ (A) = T̃ (χ
A
) = T (χ

A
) = mT (A), A ∈ Σ,

that is, mT̃ = mT and hence, T̃ is also μ-determined. By Proposition 4.4 with T̃ in
place of T and Y (μ) in place of X(μ), we conclude that Y (μ) ⊆ L1(mT̃ ) = L1(mT )
and that ImT̃

= ImT is a continuous linear extension of T̃ . So, L1(mT ) is the largest
q-B.f.s. which contains X(μ) and to which T admits an E-valued, continuous linear
extension. That ImT is the unique continuous linear extension of T to L1(mT ) is
immediate from Proposition 4.4(iii). �

In view of Theorem 4.14, the space L1(mT ) is called the order continuous
optimal domain of T or simply, the optimal domain of T . Recall that order con-
tinuity and σ-order continuity are the same for the B.f.s. L1(mT ) over (Ω, Σ, μ);
see Remark 2.5.

Remark 4.15. The main motivation of Theorem 4.14 comes from Theorem 3.1
in [24] which implies, in our terminology, that a Banach-spaced-valued continuous
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linear operator T on a σ-order continuous Banach function space X(μ) is uniquely
extended to L1(mT ), and that L1(mT ) is the largest σ-order continuous B.f.s.
containing X(μ) and to which T is extended. The condition that T is μ-determined,
although not explicitly stated, is surely implicit in Theorem 3.1 of [24] as can be
easily seen from its proof.

In our theorem, we are admitting a σ-order continuous quasi-B.f.s. X(μ) to
begin with. A Banach-space-valued continuous linear operator T on X(μ) is then
uniquely extended to its largest σ-order continuous q-B.f.s. L1(mT ) which turns
out necessarily to be a B.f.s. �

A simple but useful consequence of the previous theorem is the following one,
in which the assumptions are the same as that of Theorem 4.14.

Corollary 4.16. Suppose that Y (μ) is a σ-order continuous q-B.f.s. over (Ω, Σ, μ)
such that X(μ) ⊆ Y (μ). Then the following conditions for a μ-determined operator
T : X(μ) → E are equivalent.

(i) There exists a constant C > 0 such that

‖Tf‖E ≤ C‖f‖Y (μ), f ∈ X(μ) ⊆ Y (μ), (4.14)

(ii) X(μ) ⊆ Y (μ) ⊆ L1(mT ) with continuous inclusions.

Proof. (i) ⇒ (ii). It follows from (i) that the operator T : X(μ) → E is continuous
when X(μ) is equipped with the relative topology induced by Y (μ). Since X(μ)
contains the subspace sim Σ of Y (μ), which is dense in Y (μ), we can uniquely
extend T from X(μ) to Y (μ). According to Theorem 4.14, L1(mT ) is the largest
σ-order continuous q-B.f.s. to which T has an E-valued, continuous extension and
so, Y (μ) ⊆ L1(mT ). Observe that X(μ), Y (μ) and L1(mT ) are all q-B.f.s.’ over
(Ω, Σ, μ) and so, the natural inclusions in part (ii) are both continuous via Lemma
2.7. This establishes part (ii).

(ii) ⇒ (i). The restriction of ImT to Y (μ), which is the composition of ImT

with the natural inclusion map from Y (μ) into L1(mT ), is continuous. So, there
is C > 0 such that ‖Tf‖E = ‖ImT (f)‖E ≤ C ‖f‖Y (μ) for f ∈ X(μ). �

We have exhibited several classical μ-determined operators whose order con-
tinuous optimal domain is genuinely larger than their original domain (see Exam-
ples 4.7, 4.8, 4.10, 4.11 and 4.12 as well as Example 4.9 together with Example
3.26). It can also happen that the original domain X(μ) of T is already its opti-
mal domain. For instance, see Example 4.13 or, the Fourier transform operator
F1,0 : L1(T) → c0(Z) in Example 3.67. For both of these examples, the corre-
sponding operator T is not an isomorphism. On the other hand, if T : X(μ) → E
is an isomorphism, then it is to be expected that X(μ) is already optimal, i.e.,
X(μ) = L1(mT ). Proposition 4.18 below isolates a class of operators T , includ-
ing but not exclusive to isomorphisms, with the property that L1(mT ) equals the
original domain of T . Let us clarify some technical terms. Let S : Z1 → Z2 be a
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continuous linear operator between Banach spaces. The subspace S−1({0}) of Z1

is called the null space (or kernel) of S. We say that S is a semi-Fredholm operator
if its null space S−1({0}) is finite-dimensional and if its range

R(S) := {S(z) : z ∈ Z1}

is closed in Z2. If, in addition, the quotient space Z2/R(S) has finite dimension,
then S is called a Fredholm operator. In particular, every isomorphism from one
Banach space onto another Banach space is a Fredholm operator. Let us provide
some examples.

Example 4.17. Let μ be normalized Haar measure on the circle group T. Fix
1 ≤ r < ∞.

(i) Given a ∈ T, recall from Chapter 1 that τa : f �→ f(· − a) denotes the
translation operator by a, acting in Lr(T). Then τa is an isometric isomorphism of
Lr(T) onto itself and is surely μ-determined. Moreover, Lr(T) is already the o.c.
optimal domain L1(mτa) of τa, that is,

L1(T) = L1(mτa). (4.15)

In fact, let f ∈ L1(mτa). Then, given any g ∈ Lp′
(T) = Lp(T)∗, we have

〈mτa , g〉(A) =
∫

A

g(t + a) dt for every A ∈ B(T),

where dt stands for normalized Haar measure on T. Therefore, from (I-1) with
ν := mτa (see § 3.1) and E := Lp(T), it follows that f belongs to the Köthe dual
Lp(T) of Lp′

(T). This yields the inclusion L1(mτa) ⊆ Lp(T) and hence, (4.15)
holds because the reverse inclusion Lp(T) ⊆ L1(mτa) is guaranteed by Proposition
4.4(iii) with X(μ) := Lp(T), T := τa and E := Lp(T). The identity (4.15) can also
be obtained by Proposition 4.18 below.

(ii) Fix g ∈ L1(T) \ {0} and a ∈ T, and let the notation be as in Example
4.11. The convolution operator C

(r)
g : Lr(T) → Lr(T) is compact, [48, Corollary 6].

So, since τa is an isomorphism of Lr(T) onto itself, the operator T := τa + C
(r)
g is

Fredholm, [150, Theorem 5.10]. It then follows that L1(mT ) = Lr(T), because of
Proposition 4.18 below. �
Proposition 4.18. Let X(μ) be a σ-order continuous B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. If T : X(μ) → E is a μ-
determined, semi-Fredholm operator, then L1(mT ) = X(μ).

Proof. By Proposition 4.4, we have that T = ImT ◦ JT , which is a semi-Fredholm
operator by assumption. Then the natural injection JT : X(μ) → L1(mT ) (see
Proposition 4.4(iii)) is necessarily semi-Fredholm and so, in particular, has closed
range; see, for instance, [150, Theorem 5.32]. But, JT

(
X(μ)

)
contains the dense

subspace simΣ of L1(mT ) and hence, must be equal to L1(mT ). In other words,
L1(mT ) = X(μ). �
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Remark 4.19. (i) Assume that (Ω, Σ, μ) is a non-atomic, positive, finite measure
space and that X(μ) is a B.f.s. with σ-o.c. norm. Then every Banach-space-valued,
semi-Fredholm operator on X(μ) is necessarily μ-determined. We actually claim
a stronger result namely: if μ is non-atomic and T : X(μ) → E is any Banach-
space-valued continuous linear operator satisfying dimT−1({0}) < ∞, then T is
necessarily μ-determined. Indeed, assume on the contrary that there exists a set
A ∈ N0(mT ) \ N0(μ). Then the subspace χ

A
·X(μ) := {χ

A
f : f ∈ X(μ)} of X(μ)

is infinite-dimensional (as μ is non-atomic) and contained in T−1({0}) because
T (χ

A
f) =

∫
A

f dmT = 0 for all f ∈ X(μ); see Proposition 4.4(i). This contradicts
the assumption that dim T−1({0}) < ∞. So, T is necessarily μ-determined.

(ii) The criterion in part (i) may fail for the case of a purely atomic measure
μ. For example, let the notation be as in Example 2.11 with 1 ≤ r < ∞. Then
the continuous projection f �→ (0, f(2), f(3), . . . ) on the B.f.s. X(μ) := �r(μ) into
E := �r(μ) is a Fredholm operator but, it is not μ-determined. Therefore, the
assumption of μ-determinedness of T in Proposition 4.18 is necessary. �

Let us present some further examples of classical Fredholm operators on
function spaces.

Example 4.20. Let μ be normalized Haar measure on the circle group T. Fix
1 < r < ∞. Define the function sgn : Z → R by sgn (k) := k/|k| for k ∈ Z \ {0}
and sgn (0) := 0.

Let X(μ) := Lr(T) and E := Lr(T). Then the continuous linear operator
Hr : Lr(T) → Lr(T) given by

(Hrf )̂ = (i sgn ) · f̂ , f ∈ Lr(T),

is called the Hilbert transform on Lr(T); see [17, Proposition 9.1.8]. In other words,
Hr is a Fourier multiplier operator with multiplier i sgn (see [95] or Section 7.3 of
Chapter 7 for the definition of Fourier multiplier operators). An important fact is
that

H2
r f = −f + f̂(0)χ

T
, f ∈ Lr(T),

[17, Proposition 9.1.11]. This enables us to determine the range

R(Hr) = {f ∈ Lr(T) : f̂(0) = 0},

[17, pp. 339–340], so that R(Hr) is a closed subspace of Lr(T) with codimension
1. This is so because we can write R(Hr) = (π0 ◦ Fr,0)−1({0}) by using the
Fourier transform map Fr,0 : Lr(T) → c0(Z) (see Example 4.10) and the coor-
dinate functional π0 : c0(Z) → C of evaluation at 0 ∈ Z with both π0 and Fr,0

continuous.
Next we claim that the null space H−1

r ({0}) is the 1-dimensional space
spanned by the constant function χ

T
, that is,

H−1
r ({0}) = Cχ

T
. (4.16)
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In fact, since Fr,0 : Lr(T) → c0(Z) is injective, we have that a function f ∈ Lr(T)
belongs to H−1

r ({0}) if and only if 0 = (Fr,0 ◦Hr)(f) = (−i sgn ) · f̂ if and only if
f̂(n) = 0 for all n ∈ Z\{0} if and only if f ∈ Cχ

T
. That is, (4.16) holds. Therefore

Hr is a Fredholm operator. Since μ is non-atomic, the operator Hr is μ-determined
(see Remark 4.19(i)). So, Proposition 4.18 yields that Lr(T) is already the order
continuous optimal domain of Hr. �

The usual definition of the Hilbert transform on the circle group T is via
the Cauchy principal value; see [17, Definition 9.0.1]. In Example 4.20 above we
have instead adopted the definition via the Fourier transform. This is no longer
possible for the finite Hilbert transform, which we now discuss.

Example 4.21. Let Ω denote the open interval (−1, 1) and μ be Lebesgue measure
on Ω. Fix 1 < r < ∞. Given f ∈ Lr(μ), the Cauchy principal value

(Trf)(t) :=
1
π

PV
∫ 1

−1

f(u)
t − u

du =
1
π

lim
ε→0+

(∫ t−ε

−1

+
∫ 1

t+ε

)
f(u)
t − u

du

exists for μ-a.e. t ∈ Ω. The resulting function Trf is called the finite Hilbert
transform of f and belongs to Lr(μ), and the so-defined operator Tr : f �→ Trf ∈
Lr(μ) is continuous from Lr(μ) into itself as a consequence of M. Riesz’s Theorem,
[17, Proposition 8.1.9]. Let w denote the function t �→

√
1 − t2 on Ω. Since μ is

non-atomic and dimT−1
r ({0}) is either 0 or 1, as seen from parts (i)–(iii) below,

the operator Tr is μ-determined by Remark 4.19.
(i) Assume that 1 < r < 2. Then Tr ∈ L

(
Lr(μ)

)
is a Fredholm operator

because Tr is surjective and T−1
r ({0}) = {c/w : c ∈ C}. This is well known, [80,

§13]. For an alternative proof see [118, Proposition 2.4]. It follows from Proposition
4.18 that Lr(μ) is already the order continuous optimal domain of Tr, that is,
L1(mTr ) = Lr(μ).

(ii) Assume that 2 < r < ∞. Again Tr ∈ L
(
Lr(μ)

)
is a Fredholm operator

because Tr is injective and R(Tr) = {f ∈ Lr(μ) :
∫ 1

−1
f(t)/w(t) dt = 0}. This is

also well known, [80, §13]. An alternative proof has been given in [118, Proposi-
tion 2.6]. Again from Proposition 4.18 we have that Lr(μ) is already the order
continuous optimal domain of Tr, that is, L1(mTr ) = Lr(μ).

(iii) The case r = 2 is different. The operator T2 ∈ L
(
L2(μ)

)
is not Fred-

holm, although it is injective. Indeed, its range R(T2) is a proper dense subspace
of L2(μ); see [118, § 3] for this fact and a description of R(T2). The injection T2

is μ-determined via Lemma 4.5(iii). The precise identification of the order con-
tinuous optimal domain L1(mT2) of T2 seems to be an open question. Of course,
Proposition 4.4 gives that L2(μ) ⊆ L1(mT2). Furthermore, we have that

L1(mT2) ⊆
⋂

1<r<2

Lr(μ). (4.17)

Indeed, let 1 < r < 2 and α(r) : L2(μ) → Lr(μ) denote the natural embedding.
Then mTr = α(r) ◦mT2 , which implies that L1(mT2) ⊆ L1(mTr ) and

∫
A f dmTr =
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∫
A f dmT2 for every f ∈ L1(mT2) and every Borel set A ⊆ Ω; see Lemma 3.27.

Hence, (4.17) holds because L1(mTr ) = Lr(μ) via part (i). Thus, we have that

L2(μ) ⊆ L1(mT2) ⊆
⋂

1<r<2

Lr(μ). �

The assumptions of Proposition 4.18 are that T ∈ L(X(μ), E) is both μ-
determined and semi-Fredholm. We cannot replace T being semi-Fredholm with
the weaker requirement that T has closed range.

Example 4.22. (i) Let μ be Lebesgue measure on [0, 1] and X(μ) := L2(μ). Define
T : X(μ) → C to be the continuous linear functional f �→

∫ 1

0 f(t) dt. Then the
range of T equals C and hence, is surely closed. Since mT = μ, the operator T
is clearly μ-determined. However, its optimal domain L1(mT ) = L1(μ), which is
strictly larger than X(μ) = L2(μ).

(ii) Let Ω := [−1, 1] and μ be Lebesgue measure in Ω. Let X(μ) be the
sublattice of L0(μ) consisting of all f ∈ L0(μ) such that

‖f‖X(μ) :=
(∫ 0

−1

|f(t)|3 dt
)1/3

+
(∫ 1

0

|f(t)|2 dt
)1/2

< ∞.

Then f �→ ‖f‖X(μ), for f ∈ X(μ), is a σ-o.c. lattice norm for which X(μ) is a B.f.s.
over (Ω,B(Ω), μ). Observe that X(μ) ⊆ L2([−1, 1]) with a continuous inclusion.
Let T : X(μ) → L2([−1, 1]) denote the restriction to X(μ) of the continuous
projection Q : L2([−1, 1]) → L2([−1, 1]), as defined in Example 4.13 for r := 2.
Then R(T ) = R(Q) because, given any (even) function g ∈ R(Q), we observe that
T (2gχ

[0,1]
) = g with 2gχ

[0,1]
∈ X(μ). So, T has closed range.

On the other hand, L1(mT ) is strictly larger than X(μ) because mT = mQ

and hence, L1(mT ) = L1(mQ) = L2([−1, 1]) as verified in Example 4.13. �

4.3 Kernel operators

Kernel operators on Ω := [0, 1], with Σ := B(Ω) and μ being Lebesgue measure on
Σ provide a rich and interesting supply of μ-determined operators whose optimal
domain, in many cases, can be precisely described.

Let K : Ω× Ω → [0,∞) be a Borel measurable function such that,

∀t ∈ Ω, the function Kt : u �→ K(t, u), for u ∈ Ω, is μ-integrable. (4.18)

Let TK be the associated operator defined via the formula

(TKf)(t) :=
∫

Ω

f(u)Kt(u) du, t ∈ Ω, (4.19)
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for any Σ-measurable function f : Ω → R for which the right-hand side of (4.19)
is defined as a real number for a.e. t ∈ Ω. Clearly TKf ≥ 0 whenever f ≥ 0 and
TKf is defined. Observe that TKf is defined pointwise on Ω for every f ∈ L∞

R
(μ).

Under the assumption on the kernel K that

lim
n→∞Ktn = Kt0 weakly in the B.f.s. L1

R(μ) whenever t0 ∈ Ω and lim
n→∞ tn = t0,

(4.20)
it turns out that TK : L∞

R
(μ) → CR(Ω) continuously; see [24, Proposition 4.1(a)]

and the proof of [24, Proposition 5.1(a)]. Here CR(Ω) is the Banach space of all
continuous, R-valued functions on Ω equipped with the sup-norm.

The following result characterizes μ-determinedness of TK : L∞
R

(μ) → CR(Ω)
in terms of the kernel K itself. Note that the domain space of TK is not σ-
o.c. but, the associated vector measure mTK : B(Ω) → CR(Ω) is still σ-additive
(because of (4.20) rather than σ-order continuity of the domain space) and so
μ-determinedness of TK is still meaningful.

Proposition 4.23. Let K : Ω × Ω → [0,∞) satisfy the assumptions (4.18) and
(4.20) and let TK : L∞

R
(μ) → CR(Ω) be given by (4.19). Whenever u ∈ Ω, let K(u)

denote the function t �→ K(t, u), for t ∈ Ω. Then TK is μ-determined if and only
if 0 <

∫
Ω K(u)(t) dt < ∞ for a.e. u ∈ Ω.

Proof. For every A ∈ Σ, we have from (4.19) that

mTK (A) = TK(χ
A
) : t �−→

∫
A

K(t, u) du, t ∈ Ω. (4.21)

Moreover, Fubini’s Theorem yields∫
Ω

mTK (A)(t) dt =
∫

Ω

(∫
A

K(t, u) du

)
dt =

∫
Ω

χ
A
(u)
(∫

Ω

K(u)(t) dt

)
du. (4.22)

Assume now that 0 <
∫
Ω K(u)(t) dt < ∞ for a.e. u ∈ Ω. Let A ∈ N0(mTK ).

In particular, mTK (A) = 0 in CR(Ω) and so (4.22) implies that∫
Ω

χ
A
(u)
(∫

Ω

K(u)(t) dt

)
du = 0

and hence, μ(A) = 0. Thus, N0(mTK ) ⊆ N0(μ). As the reverse inclusion always
holds, we have N0(mTK ) = N0(μ). So, TK is μ-determined via Remark 3.4(ii).

Conversely assume that TK is μ-determined, that is, N0(mTK ) = N0(μ). Let

A :=
{
u ∈ Ω :

∫
Ω

K(u)(t) dt = 0
}
.

Since mTK (A) ∈ CR(Ω) is a non-negative function, it follows from (4.22) that
mTK (A)(t) = 0 for a.e. t ∈ Ω and hence, by continuity of mTK (A), for all t ∈ Ω. So,
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mTK being a positive vector measure, it follows that A ∈ N0(mTK ). By hypothesis,
also A ∈ N0(μ). But,∫

Ω

K(u)(t) dt < ∞ for a.e. u ∈ Ω. (4.23)

In fact, since TK(χ
Ω
) ∈ CR(Ω) ⊆ L1

R
(μ), Fubini’s Theorem applied to the function

K ≥ 0 gives that∫
Ω

(∫
Ω

K(u)(t) dt

)
du =

∫
Ω

(∫
Ω

K(t, u) du

)
dt = ‖TK(χ

Ω
)‖L1(μ) < ∞.

So (4.23) holds. Then (4.23), together with the definition of the set A and the fact
that A ∈ N0(μ), imply that 0 <

∫
Ω

K(u)(t) dt < ∞ for a.e. u ∈ Ω. �
Remark 4.24. (i) The condition (4.20) in Proposition 4.23 is only needed as a nec-
essary condition to ensure that mTK : B(Ω) → CR(Ω) is σ-additive. Accordingly,
it can be replaced with the assumption that mTK is σ-additive and Proposition
4.23 is then still valid.

(ii) Under the same assumptions on the kernel K as given in Proposition
4.23, the operator TK : L∞

R
(μ) → CR(Ω) admits a natural extension T̃K : L∞(μ) →

C(Ω). The proof of Proposition 4.23 can be adapted with little change to draw the
corresponding conclusion: T̃K is μ-determined if and only if 0 <

∫
Ω

K(u)(t) dt < ∞
for a.e. u ∈ Ω.

Example 4.25. Classical examples of kernels on [0, 1] × [0, 1] which satisfy the
assumptions (4.18) and (4.20) are the following ones.

(a) K(t, u) := χ
Δ

(t, u), the Volterra kernel, where

Δ :=
{
(t, u) ∈ [0, 1]× [0, 1] : 0 ≤ u ≤ t

}
.

We have already considered the Volterra operators which have this kernel and
their associated Volterra measures in several examples earlier (see Examples 3.10,
3.26, 3.45, 3.49(iv), 4.2(i) and 4.9).

(b) K(t, u) := exp
(
− λ(u − t)

)
· χ

[t,1]
(u) with λ ∈ R, which arises in the

nilpotent, left translation semigroup, [24, Example 4.4], [77, §19.4].
(c) K(t, u) := |t − u|α−1 for 0 < α < 1, arising in the Riemann–Liouville

fractional semigroup, [24, pp. 51–52, Example 4.6].
(d) K(t, u) := arctan(u/t) for t �= 0 and K(0, u) := π/2, the Poisson semi-

group kernel, [24, Example 4.5], [77, p. 579].
(e) K(t, u) := χ

[t,1]
(u) · u(1/n)−1 for n ∈ N fixed, the Sobolev kernel, [25, p.

132], [50]. �

The μ-determinedness of the kernel operators TK given by (4.19) has been
assumed only implicitly in [24] and [25]. Also, to be “completely correct”, the
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condition that T is μ-determined (for μ being Lebesgue measure on [0, 1]) should
be added to Theorem 3.1 in [24].

A real B.f.s. XR(μ) over (Ω, Σ, μ), with Ω := [0, 1], Σ := B(Ω) and μ denot-
ing Lebesgue measure, is called rearrangement invariant (briefly, r.i.) if it has
the Fatou property and the property that, whenever f ∈ XR(μ) and g is μ-
equimeasurable with f , then g ∈ XR(μ) and ‖g‖XR(μ) = ‖f‖XR(μ), [13, Ch. 1,
Definition 1.1 and Ch. 2, Definition 4.1]. It follows that L∞

R
(μ) ⊆ XR(μ) ⊆ L1

R
(μ)

continuously. Still assuming (4.18) and (4.20), we saw above that the kernel op-
erator TK : L∞

R
(μ) → CR(Ω) as given by (4.19) is continuous and hence, is also

continuous if considered as taking its values in L∞
R

(μ) (because CR(Ω) ⊆ L∞
R

(μ)
continuously). Henceforth, we consider TK : L∞

R
(μ) → L∞

R
(μ). Since K ≥ 0, we

have

‖TKf‖L1
R
(μ) ≤

∫
Ω

(∫
Ω

|f(u)|K(t, u) du

)
dt =

∫
Ω

|f(u)|w(u) du,

for each f ∈ L1
R
(μ), where w is the weight function

w(u) :=
∫ 1

0

K(t, u) dt =
∥∥K(u)

∥∥
L1

R
(μ)

, u ∈ [0, 1]. (4.24)

So, if w ∈ L∞
R

(μ), that is,
{
K(u) : u ∈ [0, 1]

}
⊆ L1

R
(μ) is a bounded set, then

TK maps L1
R
(μ) continuously into L1

R
(μ). By the Interpolation Theorem, [13, Ch.

3, Proposition 1.10 and Theorem 2.2], it follows that TK maps XR(μ) contin-
uously into XR(μ) for every r.i. Banach function space XR(μ); in this case we
denote the corresponding operator by TK,XR(μ). Since the range R(mTK,XR(μ)) ⊆
CR(Ω) ⊆ XR(μ) for all r.i. spaces XR(μ), it follows from Proposition 4.23 that
the vector measure mTK,XR(μ) : B(Ω) → XR(μ) is μ-determined for each r.i. space
XR(μ), provided that w ∈ L∞

R
(μ). Under some mild conditions, the optimal do-

main spaces L1
R
(mTK,XR(μ)) have some interesting “concrete descriptions” which

we now present.
We recall the K-method of J. Peetre. If (X0, X1) is a compatible pair of

Banach spaces, then the K-functional of f ∈ X0 + X1 is, for t > 0,

K
(
t, f ; X0, X1

)
:= inf

{
‖f0‖X0 + t‖f1‖X1 : f = f0 + f1; f0 ∈ X0, f1 ∈ X1

}
.

(4.25)
From a r.i. norm ρ on [0, 1] (see [13, Ch. 1, Definition 1.1 and Ch. 2, Definition

4.1]) we can generate interpolation spaces (X0, X1)ρ; see [13, Ch. 5, Definitions
1.13 and 1.18]. These spaces have a monotonicity property. Indeed, let (Y0, Y1) be
another pair of compatible Banach spaces. If f ∈ (X0, X1)ρ and for every t > 0
we have K(t, g; Y0, Y1) ≤ K(t, f ; X0, X1), then g ∈ (Y0, Y1)ρ and ‖g‖(Y0,Y1)ρ

≤
‖f‖(X0,X1)ρ

; see [13, Ch. 5, Theorem 1.19 and Ch. 5, inequality (1.47)]. Every r.i.
space XR(μ) on Ω arises as XR(μ) =

(
LR(μ), L∞

R
(μ)
)

ρ
for a suitable norm ρ; see

[13, Ch. 5, Theorem 1.17].
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The kernel K ≥ 0 on Ω × Ω is called non-decreasing if {Kt : t ∈ [0, 1]}, as
given in (4.19), is non-decreasing in the sense that Kt1 ≤ Kt2 pointwise a.e. on
[0, 1] whenever 0 ≤ t1 ≤ t2 ≤ 1. Similarly, we define non-increasing kernels. The
Volterra kernel of Example 4.25(a) is non-decreasing whereas the kernels in (b),
(d), (e) of Example 4.25 are non-increasing. For non-decreasing kernels K with
the property that there exists a constant β > 0 such that, for every r > 0 and
every u ∈ [0, 1],∫ 1

max{0, 1−r}
K(t, u) dt ≥ β · min

{
rK(1, u),

∫ 1

0

K(t, u) dt

}
, (4.26)

and for non-increasing kernels K with the property that there exists a constant
β > 0 such that, for every r > 0 and u ∈ [0, 1],∫ min{1,r}

0

K(t, u) dt ≥ β ·min
{

rK(0, u),
∫ 1

0

K(t, u) dt

}
, (4.27)

rather precise information concerning L1
R

(
mTK ,XR(μ)

)
is available. We point out

that the Volterra kernel of Example 4.25(a) satisfies (4.26) and that the kernels in
(b), (e) of Example 4.25 both satisfy (4.27). Define two further weight functions by

ξ(u) := K(1, u) and η(u) := K(0, u), u ∈ [0, 1], (4.28)

and let L1
w(μ), L1

ξ(μ) and L1
η(μ) denote the spaces L1

R

(
w(u)du

)
, L1

R

(
ξ(u)du

)
and

L1
R

(
η(u)du

)
respectively, where the weights w, ξ and η are defined by (4.24) and

(4.28). The following result, [24, Theorem 5.11 and 5.12], provides an alternate
description of the optimal domain spaces of the μ-determined kernel operators
TK,XR(μ) ∈ L(XR(μ)). Recall that Ω := [0, 1].

Proposition 4.26. Let μ be Lebesgue measure on Ω and K : Ω × Ω → [0,∞)
be a kernel which satisfies (4.18) and for which w ∈ L∞

R
(μ). Suppose that the set

function mTK defined on B(Ω) by (4.21) is a CR(Ω)-valued vector measure. Given a
r.i. norm ρ on Ω, let XR(μ) denote the r.i. space

(
L1

R
(μ), L∞

R
(μ)
)

ρ
on Ω, assumed

to have σ-o.c. norm, and consider the kernel operator TK,XR(μ) ∈ L
(
XR(μ)

)
.

(i) Suppose that K is non-decreasing and satisfies (4.26). Then

L1
R

(
mTK ,XR(μ)

)
=
(
L1

w(μ), L1
ξ(μ)

)
ρ
.

(ii) Suppose that K is non-increasing and satisfies (4.27). Then

L1
R

(
mTK ,XR(μ)

)
=
(
L1

w(μ), L1
η(μ)

)
ρ
.
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The procedure for applying Proposition 4.26 starts by identifying the spaces
L1

w(μ), L1
ξ(μ) and L1

η(μ), and then checking that either the condition (4.26)
or (4.27) holds, depending on the monotonicity properties of K. Next, the K-
functional with respect to the pair

(
L1

w(μ), L1
ξ(μ)

)
or
(
L1

w(μ), L1
η(μ)

)
has to be

computed, via the formula (4.25), say. Finally the corresponding r.i. norm ρ de-
termines the space L1

R
(mTK,XR(μ)) as given by Proposition 4.26.

For example, the kernel K of Example 4.25(b) satisfies the hypotheses re-
quired in Proposition 4.26(ii) whenever λ < 0. For this example we have w(u) =
(1 − e−λu)/λ and η(u) = e−λu, on [0, 1], and so L1

w(μ) = L1
R
(udu) and L1

η(μ) =
L1

R
([0, 1]), with equivalent norms. The K-functional is then

K
(
t, f ; L1

w(μ), L1
η(μ)

)
=
∫ 1

0

f(u) min{u, t} du, t ∈ [0, 1].

Consider the case when XR(μ) is a Lorentz space Lp,q
R

([0, 1]), with 1 < p < ∞
and 1 ≤ q < ∞, which is the real Lorentz space Lp,q

R
(μ) defined in Example

2.76(ii); see also [13, Ch. 4, §4] and [69, Ch. 1, §1.4]). Then the corresponding
space L1

R

(
mTK,XR(μ)

)
is precisely the space of functions f satisfying∫ ∞

0

(
t(1/p)−1

∫ 1

0

|f(u)| min{u, t} du

)q
dt

t
< ∞;

see [13, Ch. 5, Definition 1.7]. This implies that the norm of L1
R

(
mTK,XR(μ)

)
is

equivalent to
∫ 1

0 |f(u)|u1/p du, [24, Remark 5.14].
It should be noted that XR(μ) being r.i. does not necessarily imply that

L1
R

(
mTK,XR(μ)

)
is r.i. For instance, this phenomenon occurs for the kernel K of

Example 4.25(c) with XR(μ) = L∞
R

([0, 1]), [24, Example 5.15(b)].
For more details and further results along these lines we refer to [24]. The

particular Sobolev kernel K, as given in Example 4.25(e), is investigated in detail
in [25]. In addition to the description given by Proposition 4.26(ii), it is also shown
in [25, Proposition 3.4], still for the Sobolev kernel, that the space L1

R

(
mTK,XR(μ)

)
consists of all functions f ∈ L0

R
(μ) satisfying∫ 1

0

|f(u)|u(1/u)−1

(∫ u

0

g(t) dt

)
du < ∞

for every decreasing function g ∈
(
XR(μ)′

)+.
For particular r.i. spaces XR(μ) this becomes more explicit. For instance, if

XR(μ) = L∞
R

([0, 1]), then

L1
R

(
mTK,XR(μ)

)
= L1

R

(
|mTK,XR(μ) |

)
= L1

R

(
u(1/n)−1 du

)
,

[25, Proposition 2.1], whereas for XR(μ) = L1
R
([0, 1]) we have

L1
R

(
mTK,XR(μ)

)
= L1

R

(
|mTK,XR(μ) |

)
= L1

R(u1/n du),
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[25, Corollary 4.3]. Actually, the latter example is a special case of a more general
fact. Let ϕ be any increasing, concave function on [0, 1] with ϕ(0) = 0. Then the
r.i. space

Λϕ :=
{
f ∈ L0

R(μ) : ‖f‖Λϕ =
∫ 1

0

f∗(t) dϕ(t) < ∞
}
,

where f∗ is the decreasing rearrangement of f , is called the Lorentz space asso-
ciated with ϕ, [91]. Recall that the fundamental function ϕXR(μ) of a r.i. space
XR(μ) is defined by u �→ ‖χ

[0,u]
‖XR(μ) for u ∈ [0, 1]. It is increasing and qua-

siconcave with limu→0+ ϕXR(μ)(u) ≥ 0. Actually, we may assume that ϕXR(μ) is
concave, [13, Ch. 2, Proposition 5.11]. The space ΛXR(μ) := Λϕ for ϕ := ϕXR(μ) is
the smallest r.i. space having the same fundamental function as XR(μ) and satis-
fies ΛXR(μ) ⊆ XR(μ) continuously, [91, pp. 118–119]. It turns out that the vector
measure mTK,ΛXR(μ)

has finite variation, given by

A �→
∫

A

u(1/n)−1 ϕXR(μ)(u) du, A ∈ B(Ω),

[25, Proposition 3.1], and that

L1
R

(
mTK,ΛXR(μ)

)
= L1

R

(
|mTK,ΛXR(μ)

|
)

= L1
R

(
u(1/n)−1ϕXR(μ)(u) du

)
,

[25, Corollary 4.3].
Let us now give an example of a non-μ-determined kernel operator.

Example 4.27. Let μ be Lebesgue measure on [0, 1] and Σ := B([0, 1]). Let

Δ :=
{
(t, u) ∈ [0, 1]2 : t ≤ u ≤ 2−1

} ⋃ ([
2−1, 1

]
×
[
0, 2−1

] )
and K(t, u) := χ

Δ
(t, u) for (t, u) ∈ [0, 1]2. Given 1 ≤ r < ∞, define the associated

kernel operator TK : Lr([0, 1]) → Lr([0, 1]) by

(TKf)(t) :=
∫ 1

0

K(t, u)f(u) du, t ∈ [0, 1], (4.29)

for every f ∈ Lr([0, 1]). Then the associated vector measure mT : Σ → Lr([0, 1]))
satisfies (2−1, 1] ∈ N0(mT ) \N0(μ). Hence, TK is not μ-determined. This can also
be seen from Proposition 4.23 because

∫
Ω K(u)(t) dt = 0 for every u ∈ (2−1, 1]. �

In the above example, TK is not μ-determined because the measure μ speci-
fying its domain space Lr(μ), which is a B.f.s. over the measure space ([0, 1], Σ, μ),
is defined on a set which is “too large” in relation to the operator TK . However, if
we restrict TK to the Lr-space over [0, 2−1], then the resulting operator is μ[0,2−1]-
determined, where μ[0,2−1] is the measure μ restricted to Σ∩ [0, 2−1]. This feature
occurs for all non-μ-determined operators (and general finite measures μ).
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Proposition 4.28. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, fi-
nite measure space (Ω, Σ, μ) and let T : X(μ) → E be a Banach-space-valued,
continuous linear operator which is not μ-determined.

(i) There exists a set Ω1 ∈ Σ such that both Ω \ Ω1 ∈ N0(mT ) \ N0(μ) and also
N0(mT ) ∩ Ω1 = N0(μ) ∩ Ω1. Consequently, T (fχ

Ω\Ω1
) = 0 or equivalently

T (f) = T (fχ
Ω1

) for every f ∈ X(μ).

(ii) Let μ1 := μ|Ω1∩Σ. Regard the complemented subspace of X(μ) given by
X(μ1) := {fχ

Ω1
: f ∈ X(μ)}, in a natural way, as a q-B.f.s. over the fi-

nite measure space (Ω1, Σ ∩ Ω1, μ1) and let i1 : X(μ1) → X(μ) denote the
natural embedding (i.e., each h ∈ X(μ1) is extended to Ω by defining it to be
0 on Ω \ Ω1). Then the operator T ◦ i1 : X(μ1) → E is μ1-determined.

(iii) The set Ω1 is maximal in the sense that if Ω2 ∈ Σ is another set such that
Ω\Ω2 ∈ N0(mT )\N0(μ) and N0(mT )∩Ω2 = N0(μ)∩Ω2, then the symmetric
difference Ω1�Ω2 of Ω1 and Ω2 is μ-null.

Proof. (i) Let λ : Σ → [0,∞) be a control measure for mT : Σ → E, that is,
N0(λ) = N0(mT ). Since N0(μ) ⊆ N (mT ), we have λ << μ, that is, λ is absolutely
continuous with respect to μ. So, we may consider the Radon–Nikodým derivative
g := dλ/dμ, in which case λ(A) =

∫
A

g dμ, for each A ∈ Σ, with g ∈ L1(μ)+. Let
Ω1 := Ω \ g−1({0}). Given A ∈ Σ, we claim that

A ∈ N0(mT ) ⇐⇒ μ(A ∩ Ω1) = 0. (4.30)

In fact, A ∈ N0(mT ) if and only if λ(A) = 0 if and only if g(ω) = 0 for λ-a.e ω ∈ A,
which is equivalent to μ(A ∩Ω1) = 0. So, (4.30) holds. It is clear from (4.30) that
N0(mT ) ∩Ω1 = N0(μ) ∩Ω1 and that Ω \Ω1 ∈ N0(mT ). Moreover, μ(Ω \Ω1) > 0.
For, if μ(Ω\Ω1) = 0, then (4.30) would imply that N0(mT ) = N0(μ), which is not
the case as T is not μ-determined; see Lemma 4.5(i). Thus Ω\Ω1 ∈ N0(mT )\N0(μ).

Next, given s ∈ simΣ, we have

T (sχ
Ω\Ω1

) = 0. (4.31)

Indeed, write s =
∑k

j=1 ajχAj
for some aj ∈ C and Aj ∈ Σ with j = 1, . . . , k and

k ∈ N. Then

T (sχ
Ω\Ω1

) =
k∑

j=1

ajmT

(
Aj ∩ (Ω \ Ω1)

)
= 0

because Ω \ Ω1 ∈ N0(mT ).
Now take a general function f ∈ X(μ) and find a sequence {sn}∞n=1 ⊆ sim Σ

such that |sn| ≤ |f | for n ∈ N and sn → f pointwise as n →∞. Then Proposition
4.4(i) and the Lebesgue Dominated Convergence Theorem for mT (see Theorem
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3.7(i)) yield that

T (fχ
Ω\Ω1

) =
∫

Ω

fχ
Ω\Ω1

dmT = lim
n→∞

∫
Ω

snχ
Ω\Ω1

dmT = lim
n→∞T (snχ

Ω\Ω1
) = 0

because of (4.31) with s := sn for n ∈ N.
(ii) The operator T ◦ i1 is μ1-determined because part (i) yields that

N0(m(T◦i1)) = N0(μ1).
(iii) By assumption Ω1 \ Ω2 ⊆ Ω \ Ω2 ∈ N0(mT ) and hence, Ω1 \ Ω2 ∈

N0(mT ) ∩ Ω1 = N0(μ) ∩ Ω1 via part (i). Similarly Ω2 \ Ω1 ∈ N0(mT ) ∩ Ω2 =
N0(μ) ∩ Ω2 by exchanging the role of Ω1 with that of Ω2. Consequently, we have
that Ω1�Ω2 =

(
Ω1 \ Ω2

)
∪
(
Ω2 \ Ω1

)
∈ N0(μ). �

Given a σ-order continuous q-B.f.s. X(μ) over a positive, finite measure space
(Ω, Σ, μ) and a Banach-space-valued, continuous linear operator T : X(μ) → E,
a set Ω1 ∈ Σ is said to be an essential carrier of T if Ω \ Ω1 ∈ N0(mT ) and
N0(mT ) ∩Ω1 = N0(μ) ∩Ω1. If T happens to be μ-determined, then the whole set
Ω is an essential carrier of T .



Chapter 5

p-th Power Factorable
Operators

Let X(μ) be a q-B.f.s. with σ-o.c. norm and E be a Banach space. A continuous
linear operator T : X(μ) → E is p-th power factorable (cf. Definition 5.1 below),
for 1 ≤ p < ∞, if there exists T[p] ∈ L

(
X(μ)[p], E

)
which coincides with T on

X(μ) ⊆ X(μ)[p]. There is no a priori reason to suspect any connection between the
p-th power factorability of T and its associated E-valued vector measure mT : A �→
T (χ

A
). The aim of this chapter is to convince the reader that such a connection

does indeed exist and has some far-reaching consequences. Henceforth, assume
that T is also μ-determined.

As noted in earlier chapters, the B.f.s.’ Lp(mT ) satisfy Lp(mT )[p] = L1(mT ).

It turns out that the restriction map I
(p)
mT : Lp(mT ) → E of the integration op-

erator ImT : L1(mT ) → E to Lp(mT ) ⊆ L1(mT ) is always p-th power factorable.
However, it does not follow in general that I

(p)
mT : Lp(mT ) → E is an extension

of the original operator T : X(μ) → E. The difficulty is that the containments
X(μ) ⊆ L1(mT ) and Lp(mT ) ⊆ L1(mT ), which always hold, need not imply that
X(μ) ⊆ Lp(mT ); see Example 5.9(i) and Proposition 5.22, for example. However,
as we shall see, many operators of interest coming from various branches of analy-
sis are p-th power factorable and we will focus our attention on these. The crucial
fact in this regard is that T is p-th power factorable if and only if X(μ) ⊆ Lp(mT )
or, equivalently, if and only if I

(p)
mT : Lp(mT ) → E is an extension of T . This ob-

servation, together with several other equivalences, is established in Theorem 5.7.
The spaces Lp(mT ) also possess an important optimality property although,

for p > 1, this is more involved than for p = 1. Namely, it is shown in Theorem 5.11
that, if T is p-th power factorable, then Lp(mT ) is maximal amongst all σ-order
continuous q-B.f.s.’ Y (μ) which continuously contain X(μ) and such that T has
an E-valued extension TY (μ) : Y (μ) → E which is itself p-th power factorable.
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Whenever mT is σ-decomposable, the containment Lp(mT ) ⊆ L1(mT ) is
proper ; see Chapter 3. Accordingly, the factorization of T through Lp(mT ), when
available, rather than through L1(mT ) (always possible), provides extra informa-
tion about T . For instance, if p > 1, then T is necessarily weakly compact. Or, if
T is p-th power factorable and mT has σ-finite variation with ImT : L1(mT ) → E
weakly compact, then T is actually compact; see Corollary 5.18. In the setting of
E a Banach lattice and T : X(μ) → E a positive operator, it turns out that T is
p-convex whenever it is p-th power factorable (cf. Proposition 5.24). Suppose that
mT has finite variation. Then T : X(μ) → E has an extension to the classical B.f.s.
Lp(|mT |) of a scalar measure, rather than Lp(mT ), if and only if X(μ) ⊆ Lp(|mT |)
which, in turn, is equivalent to d|mT |/dμ ∈ (X(μ)[p])′; see Proposition 5.13. Such
factorizations of T via a classical space Lp(|mT |) are reminiscent of the Maurey–
Rosenthal factorization theory. Indeed, this link is actively pursued in Chapter
6, where the results of this chapter play a vital role. A second motivation is the
application of the results of this chapter to the factorization theory of convolution
(and related) operators acting in function spaces over a compact abelian group.
This is one of the main themes of Chapter 7. So, let us turn to establishing the
highlights of this chapter.

5.1 p-th power factorable operators

Throughout, let (X(μ), ‖ · ‖X(μ)) be a σ-order continuous q-B.f.s. based on a
positive, finite measure space (Ω, Σ, μ) and E be a Banach space, unless stated
otherwise.

Let 1 ≤ p < ∞. The p-th power X(μ)[p] of X(μ), equipped with the quasi-
norm ‖ · ‖X(μ)[p]

, is a σ-order continuous q-B.f.s. over (Ω, Σ, μ), as established in
Chapter 2; see (2.46), (2.47), Lemma 2.21(iii) and Proposition 2.22. Moreover,
X(μ) is p-convex if and only if its p-th power X(μ)[p] admits a lattice norm equiv-
alent to ‖ · ‖X(μ)[p]

. If X(μ) is p-convex and its p-convexity constant is 1, then
‖ · ‖X(μ)[p]

itself is a lattice norm. These facts are in Proposition 2.23(ii).
In view of the continuous inclusion X(μ) ⊆ X(μ)[p] (see Lemma 2.21(iv)), let

i[p] : X(μ) → X(μ)[p] (5.1)

denote the continuous inclusion map. Since sim Σ is dense in both X(μ) and
X(μ)[p], we have that X(μ) = i[p]

(
X(μ)

)
is dense in X(μ)[p].

Definition 5.1. Let X(μ) be a σ-order continuous q-B.f.s. and E be a Banach space.
Given 1 ≤ p < ∞, we say that a continuous linear operator T : X(μ) → E is p-th
power factorable if there exists a continuous linear operator T[p] : X(μ)[p] → E
such that

T = T[p] ◦ i[p]. (5.2)
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In other words, T[p] is a continuous linear extension of T to the q-B.f.s. X(μ)[p]

and the following diagram commutes:

X(μ) T ��

i[p] �����
��

��
��

E

X(μ)[p]

T[p]

�����������

.

In the above definition, the extension T[p] of a p-th power factorable operator
T : X(μ) → E to X(μ)[p] is unique because i[p] is continuous and i[p]

(
X(μ)

)
is

dense in X(μ)[p]. It is clear that the collection of all E-valued, p-th power factorable
operators on X(μ) equals the set

L
(
X(μ)[p], E

)
◦ i[p] :=

{
S ◦ i[p] : S ∈ L

(
X(μ)[p], E

)}
. (5.3)

In particular, for p = 1, the collection of all E-valued, 1-th power factorable
operators on X(μ) is exactly L(X(μ), E).

Given 1 ≤ p < ∞, the collection of all p-th power factorable operators from
a σ-order continuous q-B.f.s. X(μ) into a Banach space E is a linear subspace of
L(X(μ), E). In fact, if T, S ∈ L(X(μ), E) are p-th power factorable and a, b ∈ C,
then (aT + bS) is p-th power factorable and

(
aT + bS

)
[p]

= aT[p] + bS[p].

Example 5.2. Let ν : Σ → E be a Banach-space-valued measure and μ be any
control measure for ν. Let 1 ≤ p < ∞ and, in the notation of Proposition 3.31(iii),
let T := Iν ◦αp denote the restriction of the integration operator Iν : L1(ν) → E to
X(μ) := Lp(ν). Then the operator T : X(μ) → E is p-th power factorable because
Lp(ν)[p] = L1(ν), via (3.52), and T[p] = Iν . Of course, in this case i[p] = αp. �

We present two preliminary results.

Lemma 5.3. Let X(μ) be a σ-order continuous q-B.f.s. and E be a Banach space.
Suppose that 1 ≤ p < ∞. Then a continuous linear operator T : X(μ) → E is p-th
power factorable if and only if there is a constant C > 0 such that∥∥T (f)

∥∥
E

≤ C‖f‖X(μ)[p]
= C

∥∥ |f |1/p
∥∥p

X(μ)
, f ∈ X(μ) ⊆ X(μ)[p]. (5.4)

Proof. Let T be p-th power factorable. Let f ∈ X(μ), in which case i[p](f) = f .
Since T[p] : X(μ)[p] → E is continuous, it follows from (5.2) that∥∥T (f)

∥∥
E

=
∥∥∥(T[p] ◦ i[p]

)
(f)
∥∥∥

E
≤
∥∥T[p]

∥∥ · ∥∥i[p](f)
∥∥

X(μ)[p]

=
∥∥T[p]

∥∥ · ‖f‖X(μ)[p]
=
∥∥T[p]

∥∥ · ∥∥ |f |1/p
∥∥p

X(μ)
.

In other words, (5.4) holds with C :=
∥∥T[p]

∥∥.
Conversely, assume that there is a constant C > 0 satisfying (5.4). This im-

plies that T admits a unique E-valued continuous linear extension to the closure of
X(μ) in X(μ)[p]. But, X(μ) is dense in X(μ)[p], as observed just prior to Definition
5.1, which implies that T is p-th power factorable (by definition). �
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Lemma 5.4. Let X(μ) be a σ-order continuous q-B.f.s. and E be a Banach space.
Suppose that 1 ≤ p < ∞ and T : X(μ) → E is a p-th power factorable operator.
Given any Banach space Z and S ∈ L(E, Z), the composition S ◦ T : X(μ) → Z
is also a p-th power factorable operator and (S ◦ T )[p] = S ◦ T[p].

Proof. Since T admits the unique continuous linear extension T[p] : X(μ)[p] → E,
the operator S ◦ T[p] : X(μ)[p] → Z is also a continuous linear extension of S ◦ T
to X(μ)[p]. So, S ◦ T is p-th power factorable and (S ◦ T )[p] = S ◦ T[p]. �

There are p-th power factorable operators which are not μ-determined. The
operator T in Example 4.27 provides an example. To be precise, with μ denoting
Lebesgue measure and for 1 ≤ r < ∞, the operator TK : Lr([0, 1]) → Lr([0, 1])
given by (4.29) is not μ-determined. But, T is r-th power factorable. Indeed, in
this case X(μ) := Lr([0, 1]) and so the extension (TK)[r] : X(μ)[r] = L1([0, 1]) →
Lr([0, 1]) of T : X(μ) → Lr([0, 1]) is also given by the right-hand side of (4.29),
now with f ∈ L1([0, 1]).

Our primary concern is the class of μ-determined operators. In view of Propo-
sition 4.28, this is no real restriction. So, given 1 ≤ p < ∞, let F[p]

(
X(μ), E

)
denote the set of all μ-determined, p-th power factorable operators from X(μ)
into E. In particular, F[1]

(
X(μ), E

)
is exactly the set of all μ-determined opera-

tors from X(μ) into E. Since the zero operator is not μ-determined, we see that
F[p](X(μ), E) is not a vector space.

Example 5.5. Let 1 ≤ p < ∞. Suppose that ν : Σ → E is a Banach-space-valued
vector measure and that μ is a control measure for ν, that is, N0(μ) = N0(ν). Let
I
(p)
ν : Lp(ν) → E denote the restriction of the integration operator Iν : L1(ν) → E

to Lp(ν); see Example 5.2. Of course, I
(1)
ν = Iν .

(i) For T := I
(p)
ν and X(μ) := Lp(ν), we have that T ∈ F[p](X(μ), E).

Indeed, recall the associated vector measure mT : Σ → E of T is defined by
mT (A) := T (χ

A
) for A ∈ Σ; see (4.4). Then mT = ν and so, N0(mT ) = N0(ν) =

N0(μ), that is, T is μ-determined. Moreover, Example 5.2 shows that the operator
I
(p)
ν = T ∈ F[p](Lp(ν), E).

(ii) Consider the natural injection αp : Lp(ν) → L1(ν) as given by (3.58).
For T := αp, X(μ) := Lp(ν) and E := L1(ν), we have that T ∈ F[p](X(μ), E). In
fact, observe first that mT (A) = αp(χA

) = χ
A
∈ L1(ν) for every A ∈ Σ. So, given

A ∈ Σ, we have

A ∈ N0(mT ) ⇐⇒ χ
A

= 0 ∈ L1(ν) ⇐⇒ A ∈ N0(ν) = N0(μ),

which implies that N0(mT ) = N0(μ), that is, T is μ-determined. Next, the identity
operator id on L1(ν) is a continuous linear extension of T = αp to L1(ν) =
Lp(ν)[p] = X(μ)[p], by (3.52). So, T = αp is p-th power factorable and T[p] = id.

(iii) Let T := αp, X(μ) := Lp(ν) and E := L1(ν) be as in part (ii), in which
case T is μ-determined. Let 1 ≤ q ≤ p be fixed. Then T ∈ F[q](X(μ), E). Indeed,
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it is routine to check that X(μ)[q] = Lp/q(ν). According to Lemma 2.21(iv) we
have X(μ) ⊆ X(μ)[q] continuously, that is, Lp(ν) ⊆ Lp/q(ν) continuously. Since
1 ≤ p/q, the operator αp/q : Lp/q(ν) → E is a continuous linear extension of
T = αp to Lp/q(ν) = X(μ)[q]. So, T ∈ F[q](X(μ), E) with T[q] = αp/q. �

If E = {0} then, of course, L(X(μ), E) = {0}. It can also happen that
F[p](X(μ), E) = {0} with E a non-trivial Banach space.

Example 5.6. Assume that (Ω, Σ, μ) is a non-atomic, positive, finite measure space
and that 1 ≤ r < ∞. Let X(μ) := Lr(μ) and E be a non-trivial Banach space.

(i) Given 1 ≤ p < ∞, it follows from Example 2.10 (with (r/p) in place of p)
that

L
(
X(μ)[p], E

)
= {0} ⇐⇒ p > r (5.5)

because X(μ)[p] = Lr/p(μ).
(ii) Given 1 ≤ p < ∞, the collection of all p-th power factorable operators

from X(μ) into E equals the set L(X(μ)[p], E) ◦ i[p] (see (5.3)). But, (5.5) yields
that

L(X(μ)[p], E) ◦ i[p] = {0} ⇐⇒ p > r.

In other words, every E-valued p-th power factorable operator on X(μ) is neces-
sarily the zero operator if and only if p > r.

(iii) We shall show that

F[p]

(
X(μ), E

)
= {0} ⇐⇒ p > r. (5.6)

To this end, assume first that p ≤ r. Choose a function g ∈ Lr/p(μ)′ such that
g(ω) �= 0 for every ω ∈ Ω. Fix x0 ∈ E \ {0}. Define

S(f) :=
〈
f, g
〉
x0 =

(∫
Ω

fg dμ
)
x0, f ∈ X(μ)[p].

Since mS(A) =
( ∫

A g dμ
)
x0 with x0 �= 0 and |g| > 0, it is clear that S is μ-

determined; see also Example 4.6. The operator T := S ◦ i[p] is also μ-determined
because mT = mS . Since S is the continuous linear extension of T to X(μ)[p],
we have T ∈ F[p](X(μ), E) \ {0}. This proves the implication (⇒) in (5.6) by a
contrapositive argument.

Conversely, assume that p > r. Then

F[p]

(
X(μ), E

)
⊆ L(X(μ)[p], E) ◦ i[p] = {0}

via the definition of F[p]

(
X(μ), E

)
and part (ii). So, we have established (5.6). �
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5.2 Connections with Lp(mT )

Now let T : X(μ) → E be a Banach-space-valued, μ-determined operator on a σ-
order continuous q-B.f.s. X(μ). Recall the associated vector measure mT : Σ → E
is defined by mT (A) := T (χ

A
) for A ∈ Σ. Since T is μ-determined, the space

L1(mT ) is a σ-order continuous B.f.s. (based on (Ω, Σ, μ)) into which X(μ) is
continuously embedded, via the natural inclusion JT : X(μ) → L1(mT ), and the
integration operator ImT : L1(mT ) → E is a unique continuous linear extension
of T satisfying T = ImT ◦ JT (see Proposition 4.4). Given 1 ≤ p < ∞, recall that
Lp(mT ) is also a σ-order continuous B.f.s. based on (Ω, Σ, μ) (see Proposition
3.28(i)) with

Lp(mT ) = L1(mT )[1/p] and Lp(mT )[p] = L1(mT ); (5.7)

see (3.49) and (3.52), respectively. By Example 5.5(i) above, with ν := mT , the
restriction

I(p)
mT

: Lp(mT ) → E (5.8)

of the integration operator ImT to Lp(mT ) is μ-determined and p-th power fac-
torable, namely

I(p)
mT

∈ F[p]

(
Lp(mT ), E

)
(5.9)

with (I(p)
mT )[p] = ImT . The following result shows that T is p-th power factorable

if and only if X(μ) ⊆ Lp(mT ). This will enable us to factorize both T and JT

via the p-convex space B.f.s Lp(mT ) (see Proposition 3.28); for some immediate
consequences, see Remark 5.8 and Propositions 5.24 and 5.25 below. Such factor-
izations turn out to be useful in the investigation of T ; see Chapter 6. Note that
Theorem 5.7 also involves the B.f.s. Lp

w(mT ) which was studied in Chapter 3.

Theorem 5.7. Given are 1 ≤ p < ∞, a σ-order continuous q-B.f.s. X(μ) based on
a positive, finite measure space (Ω, Σ, μ), and a Banach space E. The following
assertions for a μ-determined operator T : X(μ) → E are equivalent.

(i) T is p-th power factorable, that is, T ∈ F[p](X(μ), E).
(ii) There is a constant C > 0 such that∥∥T (f)

∥∥
E

≤ C ‖f‖X(μ)[p]
= C

∥∥ |f |1/p
∥∥p

X(μ)
, f ∈ X(μ) ⊆ X(μ)[p].

(iii) X(μ) ⊆ Lp(mT ) with a continuous inclusion.
(iv) X(μ)[p] ⊆ L1(mT ) with a continuous inclusion.
(v) X(μ) ⊆ Lp

w(mT ) with a continuous inclusion.
(vi) X(μ)[p] ⊆ L1

w(mT ) with a continuous inclusion.
(vii) For every x∗ ∈ E∗, the Radon–Nikodým derivative d〈mT , x∗〉/ dμ belongs to

the Köthe dual
(
X(μ)[p]

)′ of the q-B.f.s. X(μ)[p].
(viii) The natural injection JT : X(μ) → L1(mT ) is p-th power factorable, that is,

JT ∈ F[p]

(
X(μ), L1(mT )

)
.
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Proof. (i) ⇔ (ii). This equivalence has already been established in Lemma 5.3.

(ii) ⇔ (iv). This equivalence is a consequence of Corollary 4.16, with X(μ)[p]

in place of Y (μ), because we already know that X(μ) ⊆ X(μ)[p] via Lemma
2.21(iv).

(iii) ⇔ (iv). From Lemma 2.20(ii) and the identities (5.7), it follows that

X(μ) ⊆ Lp(mT ) ⇐⇒ X(μ)[p] ⊆ L1(mT ). (5.10)

Moreover, each respective inclusion map in (5.10) is continuous via Lemma 2.7.

(iii) ⇔ (v). It suffices to prove that X(μ) ⊆ Lp(mT ) if and only if X(μ) ⊆
Lp

w(mT ), because continuity of the respective inclusion is again guaranteed by
Lemma 2.7. Moreover, since Lp(mT ) ⊆ Lp

w(mT ) by definition, we only need to
establish that X(μ) ⊆ Lp(mT ) whenever X(μ) ⊆ Lp

w(mT ). To prove this, first
observe the fact, for the order continuous parts of general q-B.f.s’ Y1(μ) and Y2(μ)
over (Ω, Σ, μ), that

Y1(μ) ⊆ Y2(μ) =⇒ Y1(μ)a ⊆ Y2(μ)a. (5.11)

This is a consequence of the continuity of the natural inclusion from Y1(μ) into
Y2(μ) (see Lemma 2.7), the definition of the order continuous part of a q-B.f.s. (see
Chapter 4), and the fact that Y1(μ) ⊆ Y2(μ) implies that Y1(μ) is solid in Y2(μ).
Now, the σ-order continuity of X(μ) yields X(μ) = X(μ)a. Moreover, Lp(mT ) =
Lp

w(mT )a by (3.86) with ν := mT . By applying (5.11), with Y1(μ) := X(μ) and
Y2(μ) := Lp

w(mT ), we have the desired implication

X(μ) ⊆ Lp
w(mT ) =⇒ X(μ) = X(μ)a ⊆ Lp

w(mT )a = Lp(mT ).

(v) ⇔ (vi). This can be proved as for the equivalence (iii) ⇔ (iv) because

Lp
w(mT ) = L1

w(mT )[1/p] and Lp
w(mT )[p] = L1

w(mT );

see (3.81).

(vi) ⇒ (vii). Let x∗ ∈ E∗. Since T is μ-determined, we have
∣∣〈mT , x∗〉

∣∣ << μ.
Moreover,∫

Ω

|f | · d|〈mT , x∗〉|
dμ

dμ =
∫

Ω

|f | d|〈mT , x∗〉| < ∞, f ∈ L1
w(mT ).

Since X(μ)[p] ⊆ L1
w(mT ), we can conclude that d|〈mT ,x∗〉|

dμ ∈
(
X(μ)[p]

)′.
(vii) ⇒ (vi). Let f ∈ X(μ)[p]. Then (vii) implies that∫

Ω

|f | d|〈mT , x∗〉| =
∫

Ω

|f | · d|〈mT , x∗〉|
dμ

dμ < ∞, x∗ ∈ E∗.

Therefore, f ∈ L1
w(mT ) by definition.
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(iii) ⇒ (viii). The given assumption implies that X(μ)[p] ⊆ L1(mT ) continu-
ously; see Lemmas 2.7 and 2.20(ii). So, let

β[p] : X(μ)[p] → L1(mT ) (5.12)

denote the natural embedding. Then β[p] is a continuous linear extension of JT :
X(μ) → L1(mT ) to the larger domain space X(μ)[p]; see Lemma 2.21(iv). By Def-
inition 5.1, with JT in place of T and L1(mT ) in place of E, we can conclude that
JT is p-th power factorable and β[p] =

(
JT

)
[p]

. Since T is μ-determined, Proposi-
tion 4.4(iii) shows that JT is injective. Then JT is μ-determined by either part (ii)
or part (iii) of Lemma 4.5 (with JT in place of T ). So, JT ∈ F[p]

(
X(μ), L1(mT )

)
.

(viii) ⇒ (i). Since T = ImT ◦ JT , with JT ∈ F[p]

(
X(μ), L1(mT )

)
and ImT ∈

L(L1(mT ), E), the operator T is p-th power factorable via Lemma 5.4. �

Remark 5.8. Let the assumptions be as in Theorem 5.7.
(I) As already noted in the proof of Theorem 5.7, the following conditions

are also equivalent to any one of (i)–(viii).

(iii)′ X(μ) ⊆ Lp(mT ) as vector sublattices of L0(μ).

(iv)′ X(μ)[p] ⊆ L1(mT ) as vector sublattices of L0(μ).

(v)′ X(μ) ⊆ Lp
w(mT ) as vector sublattices of L0(μ).

(vi)′ X(μ)[p] ⊆ L1
w(mT ) as vector sublattices of L0(μ).

(II) Assume that T ∈ F[p](X(μ), E) for some 1 ≤ p < ∞. We shall present
some factorizations of T and of the natural injection JT : X(μ) → L1(mT ). To
this end, let

J
(p)
T : X(μ) → Lp(mT ) and αp : Lp(mT ) → L1(mT ) (5.13)

denote the canonical inclusion maps. Here, the inclusion X(μ) ⊆ Lp(mT ) is guar-
anteed by Theorem 5.7(iii). We also need the inclusion i[p] : X(μ) → X(μ)[p] (as
given in (5.1)), the extension T[p] : X(μ)[p] → E of T (see (5.2)), the restricted
integration operator I

(p)
mT : Lp(mT ) → E (see (5.8) and (5.9)) and the inclusion

map β[p] : X(μ)[p] → L1(mT ) of (5.12), guaranteed by Theorem 5.7(iv).
(i) Every μ-determined operator T admits the factorization T = ImT ◦JT via

Proposition 4.4(iii). If, in addition, T ∈ F[p](X(μ), E), then we have the further
factorizations

T = T[p] ◦ i[p] and T = I(p)
mT

◦ J
(p)
T .

The first factorization is direct from Definition 5.1 (see (5.2)) and the second is
from (5.13) via Theorem 5.7(iii).
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So, the following diagram commutes:

X(μ)
J

(p)
T ��

T

		




















i[p]

��

Lp(mT )

I(p)
mT

��
X(μ)[p]

T[p] �� E.

(ii) Still assuming that T ∈ F[p](X(μ), E), we have that the natural injection
JT : X(μ) → L1(mT ) admits the factorizations

JT = β[p] ◦ i[p] and JT = αp ◦ J
(p)
T ,

because X(μ) ⊆ Lp(mT ) by Theorem 5.7(iii) and X(μ)[p] ⊆ L1(mT ) by Theorem
5.7(iv).

X(μ)
J

(p)
T ��

JT

		























i[p]

��

Lp(mT )

αp

��
X(μ)[p]

β[p] �� Lp(mT ).

(iii) Given T ∈ F[p](X(μ), E), the canonical map J
(p)
T : X(μ) → Lp(mT ) is

p-convex. Indeed, the p-convexity of Lp(mT ) (see Proposition 3.28(i)) implies that
every continuous linear map from X(μ) into Lp(mT ) is necessarily p-convex; see
Corollary 2.64. �

We can determine exactly when the Volterra operators are p-th power fac-
torable.

Example 5.9. Let μ be Lebesgue measure on Ω := [0, 1] and let Σ := B([0, 1]).
Given 1 ≤ r < ∞, write Lr([0, 1]) = Lr(μ) as usual. We consider the Volterra
operator Vr : Lr([0, 1]) → Lr([0, 1]) defined by

Vr(f)(t) :=
∫ t

0

f(u) du, t ∈ [0, 1], f ∈ Lr([0, 1]).

With X(μ) := Lr([0, 1]) and E := Lr([0, 1]), we shall determine when Vr is p-
th power factorable. We already know that Vr is μ-determined; see Example 4.9.
Observe that the associated vector measure mVr : A �→ Vr(χA

) on Σ is equal to
the Volterra measure νr of order r, that is,

mVr(A) = Vr(χA
) = νr(A), A ∈ Σ; (5.14)
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see Example 3.10. Recall from Example 3.26 that the variation measure |νr| of νr

is finite and is given by d|νr|(t) = (1− t)1/rdt. So,

Lr([0, 1]) ⊆ L1([0, 1]) ⊆ L1
(
(1 − t)1/rdt

)
⊆ L1(νr). (5.15)

Observe that Lq([0, 1]) ⊆ L1([0, 1]) ⊆ L1
(
(1 − t)dt

)
for 1 ≤ q ≤ ∞ and that

Lq([0, 1]) � L1
(
(1 − t)dt

)
whenever 0 < q < 1, (5.16)

which follows from the fact that the function t �→ t−1 ·χ
(0,1]

(t) belongs to Lq([0, 1])
but not to L1([0, 1]).

(i) Let r := 1. With X(μ) := L1([0, 1]) we have, for 1 < p < ∞, that
L1(|ν1|) = L1(ν1) (see Example 3.26) and so

X(μ)[p] = L1/p([0, 1]) � L1
(
(1 − t)dt

)
= L1(ν1) = L1(mV1)

by (5.16) with q := 1/p. Accordingly, Theorem 5.7 with T := V1 implies that V1

is not p-th power factorable.
(ii) Fix 1 < r < ∞. Given 1 < p < ∞, we claim that Vr is p-th power

factorable if and only if p ≤ r. In fact, assume first that Vr is p-th power factorable.
Since Vr �= 0, it follows from Example 5.6(ii) that p ≤ r.

Conversely, assume that p ≤ r. Then again with X(μ) := Lr([0, 1]) we have
(via (5.15)) that

X(μ)[p] = Lr/p([0, 1]) ⊆ L1([0, 1]) ⊆ L1(νr) = L1(mVr ).

Accordingly, Vr is p-th power factorable by Theorem 5.7 (with T := Vr and the
space E := Lr([0, 1]) there).

(iii) Again let 1 < r < ∞. Given 1 < p ≤ r, the operator Vr is p-th power
factorable via part (ii). It then follows from Theorem 5.7 (with T := Vr) that
X(μ) = Lr([0, 1]) ⊆ Lp(mVr ) = Lp(νr) and, of course, Lp(νr) ⊆ L1(νr) holds
(even for an arbitrary vector measure in place of νr). The B.f.s. Lp(νr) is not the
only p-convex B.f.s. over (Ω, Σ, μ) having this property. In other words, there exist
other p-convex space B.f.s.’ Y (μ) such that

Lr([0, 1]) ⊆ Y (μ) ⊆ L1(mVr ). (5.17)

To see this, fix any positive number γ < (1 − p−1) and let Yγ(μ) := Lp(tpγdt),
which is a p-convex B.f.s. (see Example 2.73(i)). For f ∈ Yγ(μ), Hölder’s inequality
yields ∫ 1

0

|f(t)| dt ≤
(∫ 1

0

|f(t)|p tpγ dt

)1/p(∫ 1

0

t−p′γ dt

)1/p′

< ∞

and hence, by (5.15) and p ≤ r, we have

Lr([0, 1]) ⊆ Lp([0, 1]) ⊆ Yγ(μ) ⊆ L1([0, 1]) ⊆ L1(νr).
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So, (5.17) does indeed hold. On the other hand,

Yγ(μ)[p] = L1(tpγdt) � L1
(
(1 − t)1/rdt

)
⊆ L1(νr),

because pγ > 0. So, we have

Yγ(μ) =
(
Yγ(μ)[p]

)
[1/p]

� L1(νr)[1/p] = Lp(νr) = Lp(mVr )

via Lemma 2.20 and (5.7) with mVr = νr in place of mT there. Thus, Yγ(μ) =
Lp(tpγ dt) is a p-convex B.f.s. satisfying (5.17) but, it is not contained in Lp(νr).
Moreover, it is also the case that

Lp(mVr ) = Lp(νr) � Yγ(μ),

because Lp
(
(1 − t)1/rdt

)
= Lp(|νr|) ⊆ Lp(νr) but, Lp((1 − t)1/rdt) � Lp(tpγdt) =

Y (μ)γ . For the last claim, just consider the function t �→ (1− t)−1/rp · χ
[0,1)

(t) on
[0, 1].

Now let us show that Yγ(μ) �= L1(νr). To this end, it suffices to prove that
L1(νr) is not p-convex because Yγ(μ) = Lp(tpγdt) is p-convex. Assume that L1(νr)
is p-convex. Then its closed subspace

χ
[0, 1/2]

· L1(νr) =
{

f ∈ L1(νr) : f vanishes on [1/2, 1]
}
,

which is also a Banach lattice when equipped with the induced lattice norm, must
be p-convex. However, (3.45) together with the fact that L1(ν1) = L1

(
(1 − t)dt

)
(see Example 3.26(i)) yield that

χ
[0, 1/2]

· L1(νr) = L1
(
[0, 1/2]

)
which is not p-convex via Example 2.73(ii-a). Therefore, L1(νr) is not p-convex
either. Thus Yγ(μ) �= L1(νr).

(iv) Let the notation be as in part (iii). Recall from part (iii) that the space
Yγ(μ) = Lp(tpγdt) is a σ-o.c. p-convex B.f.s. satisfying

Yγ(μ) �⊆ Lp(νr) and Lp(νr) �⊆ Yγ(μ) � L1(νr).

Here, we shall exhibit a σ-o.c. p-convex B.f.s. Z(μ), by using Yγ(μ), such that

Lp(νr) � Z(μ) � L1(νr). (5.18)

Some of the details will be left to the reader. Define

Z(μ) := Lp(νr) + Yγ(μ),

that is, Z(μ) is the linear span of Lp(νr) and Yγ(μ), formed in L1(νr). Given
f ∈ Z(μ), define

‖f‖Z(μ) := inf
{(

‖g‖p
Lp(νr) + ‖h‖p

Yγ(μ)

)1/p : f = g + h, g ∈ Lp(νr), h ∈ Yγ(μ)
}

.
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Then, ‖ · ‖Z(μ) is a lattice norm for which Z(μ) is a Banach lattice. Of course, the
order in Z(μ)+ is the pointwise μ-a.e. one. If p = 1 and if Lp(νr) and Yγ(μ) were
over R, then such a lattice norm would be equal to the one given in [99, Definition
2.g.2]. By using the fact that both Lp(νr) and Yγ(μ) are B.f.s.’ over (Ω, Σ, μ), it
can be shown that (Z(μ), ‖ ·‖Z(μ)) is also a B.f.s. over (Ω, Σ, μ). Since both Lp(νr)
and Yγ(μ) are p-convex, the definition of the lattice norm ‖·‖Z(μ) yields that Z(μ)
is also p-convex.

To verify that Z(μ) is σ-o.c., let Z(μ)+ � fn ↓ 0. We can find g1 ∈ Lp(νr)+

and h1 ∈ Yγ(μ)+ such that f1 = g1 +h1. Indeed, noting that f1 is R+-valued, first
take R-valued functions g0 ∈ Lp(νr) and h0 ∈ Yγ(μ) such that f1 = g0 + h0. Let
A := g−1

0 ([0,∞)) and B := h−1
0 ([0,∞)). Since Ω \ (A ∪ B) is μ-null, we can write

f1 =
(
g0 χ

A∩B
+ (g0 + h0)χA\B

)
+
(
h0 χ

A∩B
+ (g0 + h0)χB\A

)
.

Let

g1 := g0 χ
A∩B

+ (g0 + h0)χA\B
and h1 := h0 χ

A∩B
+ (g0 + h0)χB\A

.

Since h0 χ
A\B

≤ 0, we have

g0 χ
A\B

≥ (g0 + h0)χA\B
= f1 χ

A\B
≥ 0,

from which it follows that (g0 + h0)χA\B
∈ Lp(νr)+ and hence, g1 ∈ Lp(νr)+.

Similarly, h1 ∈ Yγ(μ)+. So, we can write f1 = g1 + h1 with the desired properties.
Now, with the understanding that 0/0 = 0, it follows that

Lp(νr)+ �
(
(fn/f1) · g1

)
↓ 0 and Yγ(μ)+ �

(
(fn/f1) · h1

)
↓ 0.

Moreover, fn = (fn/f1) · g1 + (fn/f1) · h1 with (fn/f1) · g1 ∈ Lp(νr)+ (since
0 ≤ fn/f1 ≤ 1 and g1 ∈ Lp(νr)+) and (fn/f1) · h1 ∈ Yγ(μ)+ (since 0 ≤ fn/f1 ≤ 1
and h1 ∈ Yγ(μ)+). Therefore the σ-order continuity of Lp(νr) and Yγ(μ) yields
that

‖fn‖Z(μ) ≤
(∥∥(fn/f1) · g1

∥∥p

Lp(νr)
+
∥∥(fn/f1) · h1

∥∥p

Yγ(μ)

)1/p

→ 0

as n →∞. Thus, Z(μ) is σ-o.c.
By the definition of Z(μ) we have that Lp(νr) ⊆ Z(μ) ⊆ L1(νr). Moreover,

Lp(νr) �= Z(μ) because Yγ(μ) � Lp(νr). Finally Z(μ) �= L1(νr), which is a con-
sequence of the fact that Z(μ) is p-convex whereas L1(νr) is not (see part (iii)
above). Thus, we have established (5.18).

(v) When p = r, we can find a Rybakov functional x∗
0 ∈ E∗ = Lp′

([0, 1]) such
that

Lp(mVp) = Lp(νp) ⊆ Lp
(
|〈νp, x∗

0〉|
)
⊆ L1(νp). (5.19)
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This is a consequence of Theorem 6.41 in Chapter 6 and is a case in which Question
(B) below has an affirmative answer (see Remark 6.42(ii)).

Let us verify that both inclusions in (5.19) are strict. First note that
Lp
(
|〈νp, x∗

0〉|
)

is both p-convex and p-concave; see Example 2.73(i). Hence,
Lp
(
|〈νp, x∗

0〉|
)

cannot be equal to Lp(νp) which is not p-concave by the fact that
Lp(νp) �= Lp(|νp|) (see Proposition 3.74). Moreover, L1(νp) is not p-convex (see
part (iii)) and hence, is not equal to Lp

(
|〈νp, x∗

0〉|
)
. �

Given 1 < p ≤ r < ∞, Example 5.9(iv) provides a p-convex B.f.s. Z(μ)
strictly larger than Lp(mVr ) = Lp(νr). So, does there exist a largest p-convex
B.f.s. within L1(νr)? Since L1(νr) is not p-convex, the answer is no by part (ii) of
the following fact.

Proposition 5.10. Let ν : Σ → E be a Banach-space-valued vector measure defined
on a measurable space (Ω, Σ) and let μ : Σ → [0,∞) be a control measure for ν.
Assume that 1 < p < ∞.

(i) The space L1(ν) is a union of p-convex B.f.s.’ Namely,

L1(ν) =
⋃{

g · Lp(ν) : g ∈ Lp′
(ν), g ≥ 1

}
. (5.20)

In particular, L1(ν) is the union of all p-convex B.f.s.’ (over (Ω, Σ, μ)) con-
tained in L1(ν).

(ii) Either L1(ν) is p-convex or there exists no largest p-convex B.f.s. (over
(Ω, Σ, μ)) inside L1(ν).

Proof. (i) Let g ∈ Lp′
(ν) satisfy g ≥ 1 on Ω. By Proposition 3.43(i) we have that

g ∈ M
(
Lp(ν), L1(ν)

)
and hence,

g · Lp(ν) :=
{
gf : f ∈ Lp(ν)

}
is an ideal of L1(ν). Equipped with the lattice norm

f �→ ‖f/g‖Lp(ν), f ∈ g · Lp(ν),

the ideal g ·Lp(ν) is lattice isometric to the p-convex B.f.s. Lp(ν); see Proposition
3.28(i) for the latter claim. Consequently, g · Lp(ν) is also p-convex. Moreover,
simΣ ⊆ g · Lp(ν) because

s = g · s

g
∈ g · L∞(ν) ⊆ g · Lp(ν), s ∈ sim Σ.

Therefore, g · Lp(ν) is a B.f.s. over (Ω, Σ, μ).
To establish (5.20), take an arbitrary function f ∈ L1(ν). Define

sgn f := f/|f | pointwise on Ω,
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with the understanding that 0/0 = 0. Since |f |1/p ∈ Lp(ν) and

f = (sgn f) |f | = (sgn f) |f |1/p |f |1/p′
=
(
|f |1/p′

+ 1
)
· (sgn f)|f |1/p′

|f |1/p′ + 1
· |f |1/p,

it follows, with 1 ≤ g :=
(
|f |1/p′

+ 1
)
∈ Lp′

(ν), that f ∈ g · Lp(ν). Thus, L1(ν)
is contained in the right-hand side of (5.20). The reverse containment is a conse-
quence of the fact that

Lp′
(ν) · Lp(ν) = L1(ν)[1/p′] · L1(ν)[1/p] ⊆ L1(ν)

via Lemma 2.21(i). So, (5.20) holds. This establishes part (i).
(ii) If there is a largest p-convex B.f.s. Z(μ) inside L1(ν), then Z(μ) necessar-

ily contains the right-hand side of (5.20) and consequently, Z(μ) = L1(ν). Thus,
(ii) holds. �

5.3 Optimality

Let 1 ≤ p < ∞ and T ∈ F[p](X(μ), E) for a σ-order continuous q-B.f.s. X(μ) and
a Banach space E. Theorem 5.7 guarantees that

X(μ) ⊆ Lp(mT ) ⊆ L1(mT ), (5.21)

and hence, using the notation of Remark 5.8(II)(ii), we can factorize JT as

JT = αp ◦ J
(p)
T . (5.22)

This observation suggests the following questions.

(A) Proposition 5.10(ii), with ν := mT , says that we do not have the largest
p-convex B.f.s. within L1(mT ) unless L1(mT ) itself is p-convex. On the other
hand, there are many p-convex B.f.s.’ within L1(mT ), other than Lp(ν). Is
there some additional property which ensures that Lp(mT ) is the largest of
all such p-convex B.f.s.’?

(B) For every Rybakov functional x∗ ∈ RmT [E∗], we clearly have Lp(mT ) ⊆
Lp
(
|〈mT , x∗〉|

)
. Can we factorize the inclusion map αp : Lp(mT ) → L1(mT )

through Lp
(
|〈mT , x∗

0〉|
)

for some suitable x∗
0 ∈ RmT [E∗] via inclusions? That

is, does there always exist x∗
0 ∈ RmT [E∗] such that

Lp(mT ) ⊆ Lp
(
|〈mT , x∗

0〉|
)
⊆ L1(mT )? (5.23)

Of course, only the second inclusion is the relevant one.
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(C) Assume that mT has finite variation. Then Lp(|mT |) ⊆ Lp(mT ) is a non-
trivial B.f.s. over (Ω, Σ, μ). Can we factorize J

(p)
T through Lp(|mT |) via in-

clusions? In other words, do we have

X(μ) ⊆ Lp(|mT |) ⊆ Lp(mT )? (5.24)

Here only the first inclusion is relevant.

To answer (A), we shall present a property which ensures that Lp(mT ) is
optimal in a certain sense. An operator T ∈ F[p]

(
X(μ), E

)
is said to admit an

F[p]-extension to a B.f.s. Y (μ)
(

based on (Ω, Σ, μ)
)

satisfying X(μ) ⊆ Y (μ) if
T admits a continuous linear extension T̃ ∈ F[p](Y (μ), E). Such an extension is
unique because X(μ), which contains sim Σ, is necessarily dense in Y (μ). Since
Lp(mT ) is p-convex, the following result provides an answer to Question (A).

Theorem 5.11. Let 1 ≤ p < ∞ and T ∈ F[p]

(
X(μ), E

)
. Then the B.f.s. Lp(mT )

is the largest one within the class of all σ-order continuous q-B.f.s.’
(
based on

(Ω, Σ, μ)
)

to which T admits an F[p]-extension.

Proof. Suppose that Y (μ) is a σ-order continuous q-B.f.s. to which T admits an
F[p]-extension. Denote by T̃ ∈ F[p]

(
Y (μ), E

)
such an extension. Then mT̃ = mT .

In particular, T̃ is also μ-determined. Since T̃ : Y (μ) → E is a continuous linear
extension of T to the σ-order continuous q-B.f.s. Y (μ), it follows from Theorem
4.14, with T̃ in place of T and Y (μ) in place of X(μ), that Y (μ) ⊆ L1(mT̃ ) =
L1(mT ). Now apply Theorem 5.7, with T̃ in place of T and Y (μ) in place of X(μ),
to deduce that Y (μ) ⊆ Lp(mT̃ ) = Lp(mT ). This proves the theorem. �

Now let us attend to Question (B). An affirmative answer would enable us
to factorize both T ∈ F[p](X(μ), E) and JT : X(μ) → E via Lp

(
|〈mT , x∗

0〉|
)
. This

would have a further advantage because Lp
(
|〈mT , x∗

0〉|
)
, being the Lp-space of

the scalar measure |〈mT , x∗
0〉|, has “nicer” properties than Lp(mT ). For example,

the B.f.s. Lp
(
|〈mT , x∗

0〉|
)

is always p-convex and p-concave; see Example 2.73(i).
Unfortunately, part (ii) of Example 5.12 below serves as a counterexample, that
is, it is not always possible to find a Rybakov functional x∗

0 ∈ RmT [E∗] satisfying
(5.23). A sufficient condition guaranteeing an affirmative answer to Question (B)
will be provided in Chapter 6; see Theorem 6.41 and Remark 6.42(ii). We now
present the stated counterexample where we first exhibit, in part (i), a Banach
lattice E and an E-valued vector measure ν such that Lp

(
|〈ν, x∗〉|

)
� L1(ν) for

all x∗ ∈ Rν [E∗]. We shall then apply this in part (ii) to an appropriate σ-order
continuous q-B.f.s. X(μ) and operator T ∈ F[p](X(μ), E).

Example 5.12. (i) Let λ : B(R2) → [0,∞] denote Lebesgue measure. With

Bn :=
[
− n, n

]2 \ [− n + 1, n− 1
]2 ⊆ R2
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and an := n−3 for n ∈ N, define a finite measure μ : Σ → [0,∞) by

μ(A) :=
∞∑

n=1

an
λ(Bn ∩ A)

λ(Bn)
, A ∈ B(R2).

Note that Bn = [−n, n]2 \Bn−1 for every n ≥ 2 and so λ(Bn ∩Bk) = 0 whenever
n �= k. Moreover, R2 \ {(0, 0)} =

⋃∞
n=1 Bn with the union pairwise disjoint. Define

functions gj : R2 → C for j = 1, 2 by

g1(t, u) := 1 and g2(t, u) := t + iu, (t, u) ∈ R2.

Clearly g1 ∈ L2(μ) ⊆ L1(μ). But, g2 ∈ L1(μ) \ L2(μ). In fact, since μ(Bn) = an

for every n ∈ N, it follows that∫
R2

|g2| dμ =
∞∑

n=1

∫
Bn

|g2| dμ ≤
∞∑

n=1

√
2nan =

√
2

∞∑
n=1

n−2 < ∞

and that∫
R2

|g2|2 dμ =
∞∑

n=1

∫
Bn

|g2|2 dμ ≥
∞∑

n=2

(
n− 1)2 an =

∞∑
n=2

(n − 1)2/n3 = ∞.

Now let Ω := R2, Σ := B(R2) and E := C2 equipped with its usual unitary
norm. Define a vector measure ν : Σ → E by

ν(A) :=
(∫

A

g1dμ,

∫
A

g2dμ

)
, A ∈ Σ.

Assume that 1 < p < 3/2, in which case its adjoint index p′ satisfies 3 < p′ < ∞.
Our aim is to show that

Lp
(
|〈ν, x∗〉|

)
�⊆ L1(ν) (5.25)

for every x∗ ∈ Rν [E∗]. First, we show that E∗ \ {0} = Rν [E∗]. It is clear that
Rν[E∗] ⊆ E∗\{0}. To show the reverse inclusion, let x∗ ∈ E∗\{0}. With the usual
identification (C2)∗ = C2, we can uniquely express x∗ = (x∗

1, x∗
2) with x∗

1, x∗
2 ∈ C

in the canonical way. Thus,

〈ν, x∗〉(A) = x∗
1

∫
A

g1 dμ + x∗
2

∫
A

g2 dμ =
∫

A

(
x∗

1g1 + x∗
2g2

)
dμ, A ∈ Σ.

Therefore we have, from [141, Theorem 6.13], that∣∣〈ν, x∗〉
∣∣(A) =

∫
A

∣∣x∗
1g1 + x∗

2g2

∣∣ dμ, A ∈ Σ. (5.26)

If x∗
2 = 0, then

∣∣x∗
1g1 + x∗

2g2

∣∣(t, u) = |x∗
1| > 0 for every (t, u) ∈ Ω and if x∗

2 �= 0,
then

∣∣x∗
1g1 + x∗

2g2

∣∣(t, u) =
∣∣x∗

1 + (t + iu)x∗
2

∣∣ > 0 whenever t + iu �= −x∗
1/x∗

2. So,
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(5.26) implies that the scalar measures
∣∣〈ν, x∗〉

∣∣ and μ are mutually absolutely
continuous, that is, x∗ ∈ Rν [E∗], which establishes the identity E∗\{0} = Rν [E∗].

To identify L1(ν), let e∗1 := (1, 0) ∈ E∗ and e∗2 := (0, 1) ∈ E∗. Then, directly
from the definition of ν-integrability, we can see that a given Σ-measurable function
f : Ω → C is ν-integrable if and only if it is

〈
ν, e∗j

〉
-integrable for each j = 1, 2, in

which case ∫
A

f dν =
(∫

A

fg1dμ,

∫
A

fg2dμ

)
, A ∈ Σ.

Therefore, we have that

L1(ν) = L1
(
|〈ν, e∗1〉|

)
∩ L1

(
|〈ν, e∗2〉|

)
= L1

(
|g1|dμ

)
∩ L1

(
|g2|dμ

)
= L1

(
(|g1|+ |g2|)dμ

)
.

Moreover,∫
Ω

|f |
(
|g1|+ |g2|

)
dμ =

∫
Ω

|f | d|〈ν, e∗1〉|+
∫

Ω

|f | d|〈ν, e∗2〉| ≤ 2‖f‖L1(ν), f ∈ L1(ν).

(5.27)
To establish condition (5.25), assume the contrary, that is, there exists an

element x∗ = (x∗
1, x

∗
2) ∈ E∗\ {0} with

Lp
(
|〈ν, x∗〉|

)
⊆ L1(ν).

Observe that both Lp
(
|〈ν, x∗〉|

)
and L1(ν) are B.f.s.’ over (Ω, Σ, μ). Hence, the nat-

ural injection from Lp
(
|〈ν, x∗〉|

)
into L1(ν) is necessarily continuous; see Lemma

2.7 with X(μ) := Lp
(
|〈ν, x∗〉|

)
and Y (μ) := L1(ν). So, with C denoting the oper-

ator norm of this injection, we have from (5.27) that∫
Ω

|f |
(
|g1|+ |g2|

)
dμ ≤ 2‖f‖L1(ν) ≤ 2C

(∫
Ω

|f |p d|〈ν, x∗〉|
)1/p

< ∞, f ∈ Lp
(
|〈ν, x∗〉|

)
.

(5.28)

Consider first the case when x∗
2 = 0. Then the scalar measure |〈ν, x∗〉| can

be written as d|〈ν, x∗〉| = |x∗
1| dμ (see (5.26)) and hence, from (5.28), it follows

that∫
Ω

|f |
(
|g1|+ |g2|

)
dμ ≤ 2‖f‖L1(ν) ≤ 2C |x∗

1|
(∫

Ω

|f |p dμ

)1/p

< ∞, f ∈ Lp(μ).

This means that
(
|g1|+ |g2|

)
∈ Lp(μ)′ = Lp′

(μ) and hence, also (g1 +g2) ∈ Lp′
(μ).

Since g1 = χ
Ω
∈ Lp′

(μ) and p′ ≥ 3, we have

g2 ∈ Lp′
(μ) ⊆ L2(μ).

This contradicts the fact that g2 �∈ L2(μ).
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Next assume that x∗
2 �= 0 and let γ := x∗

1/x∗
2. Then (5.26) yields that

Lp
(
|〈ν, x∗〉|

)
= Lp

(
|x∗

1g1 + x∗
2g2|dμ

)
= Lp

(
|γg1 + g2|dμ

)
. (5.29)

It follows from (5.28), for every f ∈ Lp
(
|〈ν, x∗〉|

)
, that∫

Ω

(
|f | · |γg1 + g2|1/p

) |g1| + |g2|
|γg1 + g2|1/p

dμ ≤ 2C

(∫
Ω

|f |p d|〈ν, x∗〉|
)1/p

< ∞.

(5.30)

Observe, for every h ∈ Lp(μ), that there exists f ∈ Lp
(
|〈ν, x∗〉|

)
= Lp

(
|γg1+g2|dμ

)
satisfying h = f ·

∣∣γg1 + g2

∣∣1/p. Since g1 = χ
Ω
, we have

(
|g1| + |g2|

)
≥ 1 and so it

follows from (5.30) that∫
Ω

|h|
|γg1 + g2|1/p

dμ ≤
∫

Ω

|h|
(
|g1| + |g2|

)
|γg1 + g2|1/p

dμ < ∞, h ∈ Lp(μ).

This means that
∣∣γg1 + g2

∣∣−1/p ∈ Lp(μ)′ = Lp′
(μ). In other words,

∣∣γ + g2

∣∣1−p′
=
(∣∣γ + g2

∣∣−1/p
)p′

∈ L1(μ). (5.31)

To show that this is not the case, let t0 := −Re γ and u0 := −Imγ. Choose ε > 0
and N ∈ N satisfying

A(ε, N) :=
{
(t, u) ∈ R2 : t > t0, u > u0,

(
t− t0

)2 +
(
u − u0

)2
< ε2

}
⊆ BN .

Define h0 :=
∣∣γ + g2

∣∣1−p′
· χ

A(ε,N)
. It then follows that

∫
Ω

h0 dμ =
aN

λ(BN )

∫
A(ε,N)

(
1√

(t − t0)2 + (u − u0)2

)p′−1

dλ(t, u)

=
aN

λ(BN )

∫ π/2

0

(∫ ε

0

r

rp′−1
dr

)
dθ =

aN π

2λ(BN )

∫ ε

0

1
rp′−2

dr = ∞

because p′ > 3. Since |γ + g2|1−p′ ≥ h0, this contradicts (5.31). Thus, our assump-
tion that Lp

(
|〈ν, x∗〉|

)
⊆ L1(ν) also gives a contradiction when x∗

2 �= 0. So, we
have established (5.25) for all x∗ ∈ E∗\ {0} = Rν[E∗].

(ii) Using the same notation and setting as in part (i), consider any σ-order
continuous q-B.f.s. X(μ) over (Ω, Σ, μ) with X(μ) ⊆ Lp(ν). Let T : X(μ) → E
denote the restriction of the integration operator Iν : L1(ν) → E to X(μ), so
that mT = ν. The assumption X(μ) ⊆ Lp(ν) implies that T ∈ F[p](X(μ), E) via
Theorem 5.7. However, by part (i), we have

X(μ) ⊆ Lp(mT ) ⊆ Lp
(
|〈mT , x∗〉|

)
�⊆ L1(mT ), x∗ ∈ E∗\ {0} = Rν [E∗]. �
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Now the final Question (C) ! As for Question (B), an affirmative answer to
(C) would allow us to factorize T ∈ F[p](X(μ), E) and JT via Lp

(
|mT |

)
, again

with the advantage that it is the Lp-space of a scalar measure, namely |mT |.
The following result provides an affirmative answer in terms of the Köthe dual(
X(μ)[p]

)′. Since always Lp
(
|mT |

)
⊆ Lp(mT ), we note that X(μ) ⊆ Lp(mT )

whenever X(μ) ⊆ Lp
(
|mT |

)
.

Proposition 5.13. Let X(μ) be a σ-order continuous q-B.f.s. over (Ω, Σ, μ) and E
be a Banach space. Suppose that T : X(μ) → E is a μ-determined operator whose
associated vector measure mT : Σ → E has finite variation. Then, for each 1 ≤ p <
∞, both L1

(
|mT |

)
and its (1/p)-th power Lp

(
|mT |

)
are also B.f.s.’ over (Ω, Σ, μ).

Moreover, the inclusion X(μ) ⊆ Lp
(
|mT |

)
holds if and only if the Radon–Nikodým

derivative
d|mT |

dμ
belongs to the Köthe dual

(
X(μ)[p]

)′ of the q-B.f.s. X(μ)[p]. In

this case, the restriction I
(p)
|mT | of the integration operator I

(p)
mT : Lp(mT ) → E

to Lp
(
|mT |

)
⊆ Lp(mT ) is a continuous linear extension of T to Lp

(
|mT |

)
and

consequently, T factorizes through Lp(|mT |).

X(μ) T ��

��

E

Lp(|mT |)

I
(p)
|mT |

����������������������
�� Lp(mT ).

I(p)
mT

��

Proof. Since L1
(
|mT |

)
= Lp

(
|mT |

)
[p]

, we have that

X(μ) ⊆ Lp
(
|mT |

)
⇐⇒ X(μ)[p] ⊆ L1

(
|mT |

)
; (5.32)

see Lemma 2.20(ii) with Y (μ) := Lp
(
|mT |

)
. Moreover, since mT and |mT | have

the same null sets, it follows from the μ-determinedness of T that |mT | << μ.
Accordingly, ∫

Ω

|f | d|mT |
dμ

dμ =
∫

Ω

|f | d|mT |, f ∈ X(μ)[p]. (5.33)

Suppose now that X(μ) ⊆ Lp
(
|mT |

)
, that is, X(μ)[p] ⊆ L1

(
|mT |

)
by (5.32).

By Lemma 2.7, with X(μ)[p] in place of X(μ) and L1
(
|mT |

)
in place of Y (μ), the

natural injection from X(μ)[p] into L1
(
|mT |

)
is continuous. So, there is C > 0

satisfying ∫
Ω

|f | d|mT | ≤ C ‖f‖X(μ)[p]
< ∞, f ∈ X(μ)[p].
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This and (5.33) show that
∫
Ω
|f |d|mT |

dμ dμ < ∞ for every f ∈ X(μ)[p]. In other

words, d|mT |
dμ ∈ (X(μ)[p])′.

Conversely, suppose that d|mT |
dμ ∈ (X(μ)[p])′. Then, again from (5.33), we

have that
∫
Ω
|f | d|mT | =

∫
Ω
|f |d|mT |

dμ dμ < ∞ for every f ∈ X(μ)[p], that is, the
inclusion X(μ)[p] ⊆ L1

(
|mT |

)
holds. This completes the proof. �

The following example exhibits a σ-order continuous q-B.f.s. X(μ), a Banach
space E and a linear operator T ∈ F[p]

(
X(μ), E

)
such that X(μ) � Lp

(
|mT |

)
.

Example 5.14. Let Σ := 2N and let μ : Σ → [0,∞) be a finite scalar measure with
μ({n}) > 0 for every n ∈ N. Define the positive function ϕ : n �→ μ({n}), for
n ∈ N, in which case ϕ ∈ �1. For 0 < r < ∞ the space �r(μ) := Lr(μ), equipped
with the usual Lr-quasi-norm for the finite measure μ, is a σ-order continuous
q-B.f.s. based on (N, Σ, μ). Fix 1 < p < ∞.

(i) The q-B.f.s. �r(μ) is p-convex if and only if r ≥ p ; see (i) and (ii) of
Example 2.73. In this case, the p-th power �r(μ)[p] = �r/p(μ) is a B.f.s with the
property that its standard p-th power lattice norm ‖ ·‖�r(μ)[p]

, as defined by (2.47)
with X(μ) := �r(μ), coincides with the usual norm on �r/p(μ). On the other hand,
if 1 ≤ r < p, then the q-B.f.s. �r(μ)[p] = �r/p(μ) is not normable whereas �r(μ) is
a B.f.s.

(ii) Suppose that max{1, r/p} ≤ q < ∞. We construct a μ-determined, p-
th power factorable operator T from the q-B.f.s. �r(μ) into the Banach space �q.
Observe that

f ∈ �r/p(μ) ⇐⇒ |f |r/p ·ϕ ∈ �1 ⇐⇒ |f |·ϕp/r ∈ �r/p =⇒ |f |·ϕp/r ∈ �q,

where the last implication uses (r/p) ≤ q. So, we can define the linear injection
S : f �→ f · ϕp/r from �r/p(μ) into �q. The map S is continuous because∥∥S(f)

∥∥
�q ≤

∥∥S(f)
∥∥

�r/p =
( ∞∑

n=1

|f(n)|r/p · ϕ(n)
)p/r

= ‖f‖�r/p(μ), f ∈ �r/p(μ).

Now let X(μ) := �r(μ) = Lr(μ) and let E := �q. The natural inclusion map
i[p] : X(μ) → X(μ)[p] = �r/p(μ) = Lr/p(μ) is continuous because (r/p) < r. So,
the continuous linear injection T := S ◦ i[p] from X(μ) into E is μ-determined via
Lemma 4.5(ii). The p-th power factorability of T is clear because T[p] := S is a
continuous linear extension of T to the larger domain space X(μ)[p] = �r/p(μ).

(iii) Under the same assumption as in part (ii), the associated vector measure
mT : Σ → E = �q is given by mT (A) = T (χ

A
) = χ

A
· ϕp/r for A ∈ Σ. Therefore,

L1(mT ) =
{
f ∈ CN : f · ϕp/r ∈ �q

}
(5.34)

and ImT (f) = f · ϕp/r for every f ∈ L1(mT ), which can be verified by applying
Theorem 3.5 with ν := mT . Accordingly,

Lp(mT ) =
{
f ∈ CN : f · ϕ1/r ∈ �pq

}
.
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(iv) It follows, from Lemma 3.20(i) applied to the purely atomic vector mea-
sure ν := mT , that |mT |({n}) =

∥∥mT ({n})
∥∥

E
= ϕp/r(n) for n ∈ N and hence,

|mT |(A) =
∑

n∈A ϕp/r(n) for A ∈ Σ. Thus,

L1
(
|mT |

)
=
{
f ∈ CN : f · ϕp/r ∈ �1

}
, (5.35)

which is independent of q. Since 1 < p < ∞ and q ≥ 1 by assumption, it follows
from (5.34) and (5.35) that L1

(
|mT |

)
�= L1(mT ).

According to (5.35) we have that

Lp(|mT |) =
{
f ∈ CN : |f |p · ϕp/r ∈ �1

}
=
{
f ∈ CN : f · ϕ1/r ∈ �p

}
.

This identity, together with X(μ) = �r(μ) =
{
f ∈ CN : f · ϕ1/r ∈ �r

}
, show that

X(μ) ⊆ Lp
(
|mT |

)
if and only if r ≤ p. In this case ϕ ∈ �1 ⊆ �p/r and so |mT | is a

finite measure. Consequently, if 1 < p < r, then X(μ) = �r(μ) � Lp
(
|mT |

)
. �

5.4 Compactness criteria

For 1 < p < ∞, every operator T ∈ F[p](X(μ), E) factorizes through Lp(mT )
and satisfies T = I

(p)
mT ◦ J

(p)
T ; see Remark 5.8(II)(i). This enables us to determine

compactness properties of T by applying the relevant results from Chapter 3.

Proposition 5.15. Let X(μ) be a σ-order continuous q-B.f.s. over (Ω, Σ, μ) and
E be a Banach space. Let 1 < p < ∞. The following assertions hold for every
operator T ∈ F[p](X(μ), E).

(i) The operator T is weakly compact.
(ii) The following conditions are equivalent.

(a) The operator T is compact.
(b) The range R(mT ) = {T (χ

A
) : A ∈ Σ} of the associated vector measure

mT : Σ → E of T is a relatively compact set in E.
(iii) If, in addition, the variation measure |mT | : Σ → [0,∞] of mT is σ-finite,

then conditions (a) and (b) in part (ii) are equivalent to any of the following
conditions.
(c) The restriction I|mT | of the integration operator ImT : L1(mT ) → E to

L1
(
|mT |

)
⊆ L1(mT ) is completely continuous.

(d) For every set A ∈ Σ with |mT |(A) < ∞, the subset of E given by
mT (Σ ∩ A) = {T (χ

A
) : B ∈ Σ ∩ A} is relatively compact.

Proof. (i) Recall, in the notation of Remark 5.8II(i), that T = I
(p)
mT ◦ J

(p)
T . Now

Remark 3.62(i), with ν := mT , yields that I
(p)
mT is weakly compact and hence, so

is T .
For parts (ii) and (iii), apply Proposition 3.56 with ν := mT . �
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The following two corollaries of Proposition 5.15 provide useful criteria for
an operator T ∈ F[p](X(μ), E), with 1 < p < ∞, to be compact.

Corollary 5.16. Let μ : Σ → [0,∞) be a purely atomic measure, X(μ) be a σ-order
continuous q-B.f.s. over (Ω, Σ, μ) and 1 < p < ∞. Given a Banach space E, every
operator T ∈ F[p](X(μ), E) is compact.

Proof. Since T is μ-determined, N0(mT ) = N0(μ); see Lemma 4.5(i). So, mT is
also purely atomic and consequently, has compact range, [78, Theorem 10]. Then
Proposition 5.15(ii) implies that T is compact. �

If μ is non-atomic, then we can easily find a q.B.f.s. X(μ), a Banach space
E and a non-compact operator T ∈ F[p](X(μ), E).

Example 5.17. Let μ : Σ → [0,∞) be a non-atomic measure and X(μ) :=
L4(μ). With E := L2(μ), consider the inclusion map T : X(μ) → E. Then
T ∈ F[p](X(μ), E) whenever 1 < p ≤ 2; just note that the inclusion T[p] of
X(μ)[p] = L4/p(μ) into E is an extension of T . Moreover, {T (χ

A
) : A ∈ Σ} =

{χ
A

: A ∈ Σ} is not relatively compact in E via Lemma 3.21, where we have
used the fact that L1(mT ) = L4(μ) ⊆ E (cf. Corollary 3.66(ii). Then Proposition
5.15(ii) implies that T is not compact. �
Corollary 5.18. Let X(μ) be a σ-order continuous B.f.s. over (Ω, Σ, μ) and E be a
Banach space. Suppose that T ∈ F[p](X(μ), E) for some 1 < p < ∞ and that the
associated vector measure mT : Σ → E of T has σ-finite variation. The following
assertions hold.

(i) If the restricted integration operator I|mT | : L1
(
|mT |

)
→ E is weakly compact,

then T is compact.
(ii) If the integration operator ImT : L1(mT ) → E is weakly compact, then T is

compact.
(iii) If the Banach space E is reflexive, then T is compact.

Proof. (i) Given A ∈ Σ with |mT |(A) < ∞, let |mT |A : Σ∩A → [0,∞) denote the
restriction of |mT | to Σ∩A. Then L1(|mT |A) can naturally be regarded as a closed
subspace of L1

(
|mT |

)
. So, the restriction TA of the weakly compact operator T

to L1(|mT |A) is also weakly compact. The Dunford-Pettis property of L1(|mT |A),
[42, Ch. III, Corollary 2.14], guarantees that TA is completely continuous and
hence, {T (χ

B
) : B ∈ Σ ∩ A} = {TA(χ

B
) : B ∈ Σ ∩ A} is relatively compact via

Corollary 2.42, with |mT |A in place of μ and TA in place of T . Then Proposition
5.15(iii) implies that T is compact.

(ii) Let j1 : L1
(
|mT |

)
→ L1(mT ) denote the natural inclusion map. By the

assumption on ImT , we see that I|mT | = ImT ◦ j1 is weakly compact. So, part (ii)
holds via (i).

(iii) The given assumption implies the weak compactness of ImT . So, part
(iii) follows from (ii). �
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Example 5.19. (i) The σ-finiteness assumption in Corollary 5.18 is not necessary.
To see this, adopt the notation of Example 4.11 and suppose further that 1 <
q < r < ∞ and g ∈ Lq(T) \ Lr(T). With X(μ) := Lr(T) and E := Lr(T), let
T denote the convolution operator C

(r)
g := Lr(T) → Lr(T). Choose u according

to q−1 + u−1 = r−1 + 1, so that T can be extended to the larger domain space
Lu(T). Hence, T ∈ F[p](X(μ), E) whenever 1 < p < (r/u) because we already
know that T is μ-determined; see Example 4.11. The operator T is compact, [48,
Corollary 6]. However, the variation measure |mT | associated with T is totally
infinite, [123, Theorem 1.2]. In short, the operator T ∈ F[p](X(μ), E) is compact
and E is reflexive whereas the variation measure |mT | is totally infinite. For more
precise details and further examples along these lines we refer to Chapter 7.

(ii) We present a non-compact, μ-determined operator T from a q-B.f.s. X(μ)
into a reflexive Banach space E such that

(a) |mT |(Ω) < ∞,

(b) R(mT ) = {T (χ
A
) : A ∈ Σ} is relatively compact in E, and

(c) T /∈ F[p](X(μ), E) for every 1 < p < ∞.

Let Ω := [0, 1], Σ := B([0, 1]) and μ : Σ → [0,∞) be Lebesgue measure. With
1 < r < ∞ and E := Lr([0, 1]), let νr : Σ → E denote the Volterra measure of
order r. Let T denote the restricted integration operator I|νr | : L1(|νr|) → E and
let X(μ) := L1(|νr|), in which case mT = νr. We claim that T is μ-determined.
In fact, since the Volterra operator Vr : Lr([0, 1]) → Lr([0, 1]) is μ-determined
(see Example 4.9), we have N0(νr) = N0(μ). The fact that mT = νr yields
N0(mT ) = N0(νr) = N0(μ) and hence, T is μ-determined; see Lemma 4.5(i).

Next, it follows from [129, Proposition 5.2(ii)] that T is not compact.
Condition (a) holds because d|νr|(t) = (1− t)1/rdt; see Example 3.26. More-

over, condition (b) has already been established just prior to Lemma 3.50 in Chap-
ter 3. The remaining condition (c) is a special case of Proposition 5.22 below (as
will be confirmed in Remark 5.23(i)). �

An immediate implication of Example 5.19(ii) is that we cannot remove the
assumption in Proposition 5.15 that T ∈ F[p](X(μ), E).

Let us now present another consequence of Proposition 5.15, which shows
that if T ∈ F[p](X(μ), E) is compact, with 1 < p < ∞, then so is its extension
T[r] : X(μ)[r] → E whenever 1 < r < p. This is not always so for the linear
operator T[p] : X(μ)[p] → E, in general; see Example 5.21 below.

Corollary 5.20. Let X(μ) be a σ-order continuous B.f.s. over (Ω, Σ, μ) and E be
a Banach space. Let 1 < p < ∞ and T ∈ F[p](X(μ), E). Then T is compact if and
only if its extension T[r] : X(μ)[r] → E is compact for all/some 1 ≤ r < p.

Proof. Fix 1 ≤ r < p. Recall that X(μ) ⊆ X(μ)[r] ⊆ X(μ)[p] (see Lemma
2.21(iv)). Let T[r] : X(μ)[r] → E denote the restriction of T[p] to X(μ)[r]. Then
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T[p] : X(μ)[p] → E is a continuous linear extension of T[r] to X(μ)[p] with

T[r] ∈ F[p/r]

(
X(μ)[r], E

)
and

(
T[r])[p/r] = T[p],

where we have also used the fact that (X(μ)[r])[p/r] = X(μ)[p]; see Lemma 2.20(i).
Assume now that T is compact. From the identity mT = mT[r] , we see that

R(mT[r]) equals R(mT ) with R(mT ) relatively compact in E by the compactness
of T . So, apply Proposition 5.15(ii), with T[r] in place of T and (p/r) in place of
p, to conclude that T[r] is compact.

Conversely, assume that T[r] is compact for some 1 ≤ r < p. Then, the
compactness of T follows from the identity T = T[r]◦i[r] with i[r] : X(μ) → X(μ)[r]

denoting the natural inclusion. �

Example 5.21. Let Ω := [0, 1], Σ := B([0, 1]) and μ : Σ → [0,∞) be Lebesgue
measure. With X(μ) := Lp

(
(1 − t)1/pdt

)
for 1 < p < ∞ and E := Lp([0, 1]),

define T : X(μ) → E to be the unique linear extension of the Volterra operator
Vp : Lp([0, 1]) → E to Lp

(
(1 − t)1/pdt

)
. Such an extension is possible because

Lp([0, 1]) ⊆ Lp
(
(1 − t)1/pdt

)
⊆ L1

(
(1 − t)1/pdt

)
= L1(|νp|) ⊆ L1(νp)

with νp denoting the Volterra measure of order p; see Example 3.26. Then T ∈
F[p](X(μ), E). In fact, from the definition we have X(μ)[p] = L1

(
(1 − t)1/pdt

)
on

which the restricted integration operator I|νp| is an extension of T . That is, T[p] =
I|νp|. Since R(mT ) = R(νp) and R(νp) is relatively compact (by compactness of
Vp), Proposition 5.15(ii) yields that the operator T ∈ F[p](X(μ), E) is compact.
On the other hand, I|νp| is not compact; see Example 5.19(ii) (with p in place of r).
In other words, the extension T[p] of T is not compact whereas T is compact. �

If the domain space of a μ-determined operator T is already equal to its
o.c. optimal domain L1(mT ) then, of course, T is not p-th power factorable. The
following proposition provides a general method for creating μ-determined, non-
p-th power factorable operators whose domain space is strictly smaller than their
o.c. optimal domain.

Proposition 5.22. Let 1 < p < ∞ and ν : Σ → E be a Banach-space-valued vector
measure whose variation measure |ν| is finite. Suppose that Σ is σ-decomposable
relative to ν and μ : Σ → [0,∞) is any control measure for ν. Then

L1(|ν|)[p] � L1(ν) (5.36)

and the restriction I|ν| : L1(|ν|) → E of the integration operator Iν to L1(|ν|) is
μ-determined but, not p-th power factorable.

Proof. It follows from Theorem 3.7 that L1(ν) is a B.f.s. over (Ω, Σ, μ). Since the
finite measures |ν| and μ are mutually absolutely continuous, the space L1(|ν|)
is also a B.f.s. over (Ω, Σ, μ) and hence, its p-th power L1/p(|ν|) = L1(|ν|)[p] is a
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q-B.f.s. over (Ω, Σ, μ); see Proposition 2.22 with X(μ) := L1(|ν|). To prove (5.36)
assume the contrary, that is,

L1(|ν|)[p] ⊆ L1(ν). (5.37)

Then the natural inclusion map j[p] : L1(|ν|)[p] → L1(ν) is continuous via Lemma
2.7, with X(μ) := L1(|ν|)[p] and Y (μ) := L1(ν) there.

First consider the case when ν is non-atomic. Since j[p] : L1(|ν|)[p] → L1(ν) is
a non-zero continuous linear operator and the dual space of the Banach space L1(ν)
is non-trivial, the q-B.f.s. L1(|ν|)[p] would have a non-trivial dual. This contradicts
the fact that

(
L1(|ν|)[p]

)∗ = L1/p(|ν|)∗ = {0}; see Example 2.10. Therefore, (5.37)
cannot hold in this case.

Next, consider the case when ν is purely atomic. Since ν is σ-decomposable,
the space L1(|ν|) is infinite-dimensional and so ν has infinitely countably many
atoms (see Lemma 3.20(ii)). So, we may assume that Ω = N and Σ = 2N and that
each singleton {n} ∈ 2N is an atom of ν. Let

g(n) := |ν|({n}), n ∈ N,

in which case
L1(|ν|) = (1/g) · �1 = {f/g : f ∈ �1}.

Given n ∈ N, let fn :=
(
g(n)

)−p
χ{n}. Then

‖fn‖L1(|ν|)[p]
= ‖fn‖L1/p(|ν|) =

(
g(n)

)−p (|ν|({n}))p = 1, n ∈ N,

and hence, {fn}∞n=1 ⊆ B[L1(|ν|)[p]], that is,

sup
n∈N

∥∥j[p](fn)
∥∥

L1(ν)
≤
∥∥j[p]

∥∥ < ∞. (5.38)

On the other hand, since ‖ν‖({n}) = |ν|({n}) (see Lemma 3.20(i)), it follows for
n →∞ that∥∥j[p](fn)

∥∥
L1(ν)

=
(
g(n)

)−p∥∥χ{n}
∥∥

L1(ν)
=
(
g(n)

)−p ‖ν‖({n})

=
(
g(n)

)−p |ν|({n}) =
(
g(n)

)1−p −→∞,

because
∑∞

n=1|ν|({n}) < ∞ implies that limn→∞ g(n) = limn→∞ |ν|({n}) = 0.
This contradicts (5.38) and so again (5.37) cannot hold.

Finally consider the general case. In other words, ν admits an atomic part
Ωa, which is the union of the countably many atoms of ν (by Lemma 3.20(ii)),
and a non-atomic part Ωna = Ω \ Ωa, such that both Ωa and Ωna are non-ν-null
sets. Let νna denote the restriction of ν to the measurable space

(
Ωna, Σ ∩ Ωna

)
.

Then (5.37) implies that

L1
(
|νna|

)
[p]

⊆ L1(νna).
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But, as already argued above, this is not the case because νna is purely non-atomic.
So, again (5.37) cannot hold. Since all possibilities have been considered, we can
conclude that (5.36) holds

Now let T := I|ν|. Then the associated measure mT equals ν. Hence, we have
N0(mT ) = N0(ν) = N0(μ), that is, T = I|ν| is μ-determined. That T is not p-th
power factorable follows from (5.36). �
Remark 5.23. Let the notation be as in Proposition 5.22.

(i) Proposition 5.22 is only of interest if L1(|ν|) �= L1(ν). We recall that
L1(|ν|) = L1(ν) if and only if L1(ν) is lattice isomorphic to an abstract L1-space;
see Lemma 3.14(iii).

An example of a vector measure ν for which L1(|ν|) �= L1(ν) is the Volterra
measure νr of order r for 1 < r < ∞; see Example 3.26(ii). Consequently, the
restricted integration operator I|νr | : L1(|νr|) → Lr([0, 1]) is not p-th power fac-
torable whenever 1 < p < ∞.

(ii) Since |ν| and any control measure μ for ν are mutually absolutely con-
tinuous, the spaces L1(ν) and L1(|ν|) are both B.f.s’ over the finite measure space
(Ω, Σ, |ν|). Accordingly, we may use |ν| instead of a general control measure μ to
conclude that the restricted integration operator I|ν| : L1(|ν|) → E of the integra-
tion operator Iν to L1(|ν|) is |ν|-determined but, not p-th power factorable. �

For E a Banach lattice, the positive operators which belong to the class
F[p](X(μ), E), with 1 ≤ p < ∞, possess an additional desirable property.

Proposition 5.24. Let 1 ≤ p < ∞ and X(μ) be a σ-order continuous q-B.f.s. over
(Ω, Σ, μ) and E be a Banach lattice. If a positive operator T : X(μ) → E belongs
to the class F[p]

(
X(μ), E

)
, then T is p-convex.

Proof. By Theorem 5.7, the operator T is factorized through Lp(mT ) such that
T = I

(p)
mT ◦J

(p)
T (in the notation of Remark 5.8(II)). The vector measure mT is pos-

itive thanks to the positivity of T . Accordingly, the restricted integration operator
I
(p)
mT : Lp(mT ) → E is also positive and, in particular, I

(p)
mT ∈ Λp(Lp(mT ), E). On

the other hand, the canonical map J
(p)
T : X(μ) → Lp(mT ) is p-convex; see Remark

5.8(II)(iii). So, the composition T = I
(p)
mT ◦ J

(p)
T is also p-convex, via Proposition

2.63(ii). �

We have applied Proposition 2.63(ii) to establish Proposition 5.24, for which
the order of the composition J

(p)
T ◦ I

(p)
mT is crucial. As seen from the proof of

Proposition 5.24, if I
(p)
mT ∈ Λp(Lp(mT ), E), then T is p-convex. Do we really need

such an assumption? To be precise, let X(μ) be a σ-order continuous q-B.f.s and
E be a Banach lattice. Given 1 ≤ p < ∞, do we always have the inclusion

F[p](X(μ), E) ⊆ K(p)(X(μ), E) ?

The answer is affirmative for p = 1, 2, while it seems to be open for the remaining
cases. The case p = 1 is easy. Indeed, let T : X(μ) → E be a μ-determined
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operator, which is equivalent to saying that T ∈ F[1](X(μ), E) because T is 1-th
power factorable by definition. Now, E is 1-convex, which can be seen directly
from the definition (or derived from the 1-convexity of idE via Lemma 2.50). So,
it follows from Corollary 2.64 that T is 1-convex.

The affirmative answer for p = 2 is the following result.

Proposition 5.25. Let X(μ) be a σ-order continuous q-B.f.s over (Ω, Σ, μ) and E
be a Banach lattice. Then

F[2]

(
X(μ), E

)
⊆ K(2)

(
X(μ), E

)
.

Proof. Consider any operator T ∈ F[2]

(
X(μ), E

)
. Then the canonical inclusion

map J
(2)
T : X(μ) → L2(mT ) is 2-convex; see Remark 5.8(II)(iii) with p := 2.

Hence, the composition T = I
(2)
mT ◦ J

(2)
T (which exists by Remark 5.8(II)(i) with

p := 2) is also 2-convex via Proposition 2.63(iii). �



Chapter 6

Factorization of p-th Power
Factorable Operators
through Lq-spaces

Maurey–Rosenthal factorization theory establishes a clear link between norm in-
equalities for operators, geometrical properties of Banach lattices, and factoriza-
tions through Lq-spaces. This theory essentially has its roots in the work of Rosen-
thal, Krivine and Maurey (see [92], [99], [106], [137]). They developed these ideas
in the late 1960s and during the 1970s for purposes related to the study of the
structure of Banach lattices and operators. In the 1980s, the contributions of
Garćıa Cuerva and Rubio de Francia provided powerful new tools for this theory
in the context of harmonic analysis, [61] [62], [138]. Currently, this factorization
theory has become a keystone in several areas of functional analysis with varied
applications, for instance, to interpolation theory of Banach spaces, operator ideal
theory, [31], [41], the study of almost everywhere convergence of series in function
spaces, [163, III.H] and to the factorization of inequalities, [14], [61], [62]. Further
contributions to the Maurey–Rosenthal theory have recently been developed in
the context of the geometry of Banach lattices (see for instance [30], [32], [56]).

The aim of this chapter is to relate the factorization results for p-th power
factorable operators as presented in Chapter 5 with Maurey–Rosenthal factor-
ization theory. As we will see, the combination of these two theories leads to a
meaningful improvement of the factorization results through Lp-spaces which are
obtained when using each theory individually. The abstract version of the Maurey–
Rosenthal theorems relates the p-concavity of an operator T (assuming certain
p-convexity conditions on the domain space of T ) to its factorization through an
Lp-space via a multiplication operator. If we focus our attention on T being p-th
power factorable, then the required assumptions can be weakened, thereby obtain-
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ing better factorizations for such operators. The reason is, roughly speaking, that
a p-th power factorable operator T always factorizes through the p-convex Banach
lattice Lp(mT ). In this chapter we extend these results further, under suitable
assumptions, to show that it is possible to factorize each p-th power factorable op-
erator through an appropriate Lq-space (of some finite positive scalar measure).
Consequently, for this class of operators we provide two canonical factorization
procedures, called the upper scheme and the lower scheme; the first one factorizes
through an Lq-space and the other one through the corresponding Lq/p-space with
(q/p) ≤ q. In fact, these schemes preserve and improve the structure of both the
canonical factorization procedures for p-th power factorable operators which were
presented in Chapter 5.

To be more precise, suppose that (Ω, Σ, μ) is a positive, finite measure space.
Let 1 ≤ p < ∞ and T ∈ F[p]

(
X(μ), E

)
with X(μ) a σ-order continuous q-B.f.s.

and E a Banach space. Then, according to Chapter 5, the operator T factorizes
through Lp(mT ). Although Lp(mT ) is always a p-convex B.f.s., the factorization
through a classical Lp-space (of a scalar measure) would be preferable, whenever
available. Under certain conditions (e.g., |mT |(Ω) < ∞), such an operator T can
indeed be factored through a classical Lp-space, namely through Lp

(
|mT |

)
(see

Proposition 5.13), which then provides an additional tool for analyzing T . However,
many interesting p-th power factorable operators fail to factorize in this way. This
suggests that we should seek a “different type” of factorization, maybe still through
the Lq-space of a scalar measure but, allowing 0 < q < ∞.

The Maurey–Rosenthal theory provides such a factorization, modulo certain
assumptions. One version can be formulated as follows. Let 1 ≤ q < ∞ and let
X(μ) be a σ-order continuous q-convex B.f.s. Consider a Banach space E and a
q-concave linear operator T : X(μ) → E. Then there exists g ∈ L1(μ) satisfying

sup
‖f‖≤1

( ∫
Ω

|f |qg dμ
)1/q

≤ M(q)[T ] ·M(q)[X(μ)]

and ∥∥T (f)
∥∥

E
≤
(∫

Ω

|f |qg dμ
)1/q

for every f ∈ X(μ). There is also a factorization version of this result. Namely,
under the above assumptions, T factorizes as

X(μ) T ��

M
g1/q 		














E

Lq(μ)
S

�����������

where S is a continuous linear operator, Mg1/q is the continuous operator of multi-
plication by g1/q and ‖Mg1/q‖·‖S‖ ≤ M(q)[T ]·M(q)[X(μ)]. This is part of Corollary
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6.17 below which is motivated by an earlier version of the Maurey–Rosenthal type
theorem, [30, Corollary 5], with slightly different settings. By using different ar-
guments, a similar factorization result can also be found in [62, Ch. VI, Theorem
4.5]. In fact, what is traditionally known as the Maurey–Rosenthal Theorem is a
result regarding factorizations through L2(μ) for operators taking their values in
L1(μ), [41, Theorem 12.30]. Although the arguments given there are related to
ours, this version does not correspond to the one that we develop here, where the
B.f.s. is the domain space of the operator.

One of the main aims of this chapter is to isolate a class of operators T ∈
L(X(μ), E) which admit factorizations through both Lp(mT ) and Lq(μ) simultane-
ously (for some 1 ≤ p < ∞ and 0 < q < ∞) without any convexity assumption on
X(μ). Our main result (Theorem 6.9) provides equivalent factorizations for such
an operator T . Moreover, we “recover” the above version of the Maurey–Rosenthal
Theorem as a consequence of Theorem 6.9; see Corollary 6.17.

6.1 Basic results

Given 1 ≤ p < ∞ and 0 < q < ∞, recall the definition of the seminorm ‖·‖b,X(μ)[q]
;

see (2.25) with X(μ)[q] in place of X(μ). Observe (via (2.46) with (q/p) in place
of p and Lemma 2.21(iv)) that∣∣f ∣∣q/p ∈ X(μ)[q/p] ⊆ X(μ)[q], f ∈ X(μ). (6.1)

Definition 6.1. Let 1 ≤ p < ∞ and 0 < q < ∞. We say that a continuous linear
operator T : X(μ) → E from a q-B.f.s. X(μ) into a Banach space E is bidual
(p, q)-power-concave if there exists a constant C1 > 0 such that

n∑
j=1

∥∥T (fj)
∥∥q/p

E
≤ C1

∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

b,X(μ)[q]

, f1, . . . , fn ∈ X(μ), n ∈ N.

(6.2)
The class of all such operators is denoted by Ap,q(X(μ), E). For p := 1, every
bidual (1, q)-power-concave operator T will be called simply bidual q-concave, in
which case (6.2) can be written as

( n∑
j=1

∥∥T (fj)
∥∥q

E

)1/q

≤ C
1/q
1

∥∥∥ n∑
j=1

∣∣fj

∣∣q∥∥∥1/q

b,X(μ)[q]

, f1, . . . , fn ∈ X(μ), n ∈ N.

(6.3)

In order to investigate some basic properties of Ap,q(X(μ), E), let us define
another class of operators. Under the same assumptions on p and q as in Definition
6.1, we say that a continuous linear operator T : X(μ) → E is (p, q)-power-
concave if there is a constant C2 > 0 such that, for all choices of n ∈ N and
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f1, . . . , fn ∈ X(μ),

n∑
j=1

∥∥T (fj)
∥∥q/p

E
≤ C2

∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

X(μ)[q]

(6.4)

or equivalently, from the definition of the quasi-norm ‖ · ‖X(μ)[q]
, that

( n∑
j=1

∥∥T (fj)
∥∥q/p

E

)p/q

≤
(

C2

∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

X(μ)[q]

)p/q

=
(
C2

)p/q
∥∥∥∥( n∑

j=1

∣∣fj

∣∣q/p
)1/q

∥∥∥∥p

X(μ)

. (6.5)

We shall write Bp,q(X(μ), E) for the class of all such operators. Operators in this
class are somewhat more tractable than those in Ap,q(X(μ), E) because the right-
hand side of (6.4) involves the quasi-norm ‖ · ‖X(μ)[q]

which is, at least formally,
easier to deal with than the seminorm ‖ · ‖b,X(μ)[q]

which involves the bidual
(X(μ)[q])∗∗.

It is clear from (2.104) and (6.5) that the (1, q)-power-concave operators and
the q-concave operators (from X(μ) into E) are the same. That is,

B1,q(X(μ), E) = K(q)(X(μ), E). (6.6)

As will be seen in Theorem 6.9, operators from Ap,q(X(μ), E) admit various
factorizations whereas this is not, in general, the case for elements of Bp,q(X(μ), E).
The usefulness of Bp,q(X(μ), E) is that it provides a tool which helps to identify
various properties of Ap,q(X(μ), E). To motivate the discussion concerning the
relationship between these concepts let us present some basic facts.

Proposition 6.2. Let 1 ≤ p < ∞ and 0 < q < ∞. The following assertions hold for
any σ-order continuous q-B.f.s. X(μ) and any Banach space E.

(i) Ap,q(X(μ), E) ⊆ Bp,q(X(μ), E) ⊆ K(q/p)(X(μ), E).
(ii) Every (p, q)-power-concave operator from X(μ) into E is p-th power fac-

torable.
(iii) Suppose that X(μ) is q-concave. Then a linear operator T ∈ L(X(μ), E) is

(p, q)-power-concave if and only if it is p-th power factorable.
(iv) If X(μ) is q-convex, then Ap,q(X(μ), E) = Bp,q(X(μ), E).
(v) Suppose that X(μ) is both q-convex and q-concave. Then a continuous linear

operator T : X(μ) → E is bidual (p, q)-power-concave if and only if it is
(p, q)-power concave if and only if it is p-th power factorable.

(vi) Let Z be a Banach space. Given T ∈ Ap,q(X(μ), E) and S ∈ L(E, Z), the
composition S◦T : X(μ) → Z is again a bidual (p, q)-power-concave operator.



6.1. Basic results 241

Proof. (i) The first inclusion follows from (6.2) and (6.4) because of the inequality
‖ · ‖b,X(μ)[q]

≤ ‖ · ‖X(μ)[q]
; see (2.27) with X(μ)[q] in place of X(μ). Concerning

the second inclusion, fix T ∈ Bp,q(X(μ), E). To prove that T is (q/p)-concave, we
need to exhibit a constant C0 > 0 satisfying( n∑

j=1

∥∥T (fj)
∥∥q/p

E

)p/q

≤ C0

∥∥∥∥( n∑
j=1

∣∣fj

∣∣q/p
)p/q∥∥∥∥

X(μ)

(6.7)

whenever n ∈ N and f1, . . . , fn ∈ X(μ). Since T is (p, q)-power-concave, select a
constant C2 > 0 satisfying (6.5). The continuous inclusion X(μ)[1/p] ⊆ X(μ) is
guaranteed by Lemma 2.21(iv). So, there is a constant C3 > 0 such that

‖g‖X(μ) ≤ C3 ‖g‖X(μ)[1/p]
= C3

∥∥ |g|p∥∥1/p

X(μ)
, g ∈ X(μ)[1/p]. (6.8)

Now, (6.5) and (6.8) with g :=
(∑n

j=1

∣∣fj

∣∣q/p)1/q ∈ X(μ)[1/p] yield that( n∑
j=1

∥∥T (fj)
∥∥q/p

E

)p/q

≤
(
C2

)p/q (
C3

)p ∥∥∥∥( n∑
j=1

∣∣fj

∣∣q/p
)p/q∥∥∥∥

X(μ)

,

that is, (6.7) holds with C0 :=
(
C2

)p/q (
C3

)p. So, T is indeed (q/p)-concave and
hence, the second inclusion in part (i) is established.

(ii) Let T ∈ Bp,q

(
X(μ), E

)
. Take a constant C2 > 0 satisfying (6.4). Apply

(6.4) to a single function f ∈ X(μ) to deduce that∥∥T (f)
∥∥

E
=
(
‖T (f)‖q/p

E

)p/q

≤
(
C2

∥∥ |f |q/p
∥∥

X(μ)[q]

)p/q

= (C2)p/q
∥∥ |f |1/p

∥∥p

X(μ)
,

which implies that T is p-th power factorable via Lemma 5.3.
(iii) Fix any n ∈ N and f1, . . . , fn ∈ X(μ). With i[p] : X(μ) → X(μ)[p]

denoting the canonical injection as given in (5.1), we claim that
n∑

j=1

∥∥i[p](fj)
∥∥q/p

X(μ)[p]
≤
(
M(q)[X(μ)]

)q∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

X(μ)[q]

. (6.9)

Note, according to (6.1), that the right-hand side of (6.9) is meaningful. Now,
observe that |fj |1/p ∈ X(μ)[1/p] ⊆ X(μ) for each j = 1, . . . , n. This and the
q-concavity of X(μ) yield that( n∑

j=1

∥∥i[p](fj)
∥∥q/p

X(μ)[p]

)1/q

=
( n∑

j=1

∥∥ |fj |1/p
∥∥q

X(μ)

)1/q

≤
(
M(q)[X(μ)]

) ∥∥∥( n∑
j=1

|fj |q/p
)1/q∥∥∥

X(μ)
=
(
M(q)[X(μ)]

) ∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥1/q

X(μ)[q]

,

from which (6.9) follows.
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Now let T ∈ L(X(μ), E) be a p-th power factorable operator. Its continuous
linear extension T[p] : X(μ)[p] → E satisfies T = T[p] ◦ i[p] as in (5.2). It follows
from (6.9) that

n∑
j=1

∥∥T (fj)
∥∥q/p

E
=

n∑
j=1

∥∥(T[p] ◦ i[p]

)
(fj)

∥∥q/p

E
≤
∥∥T[p]

∥∥q/p
n∑

j=1

∥∥i[p](fj)
∥∥q/p

X(μ)[p]

≤
∥∥T[p]

∥∥q/p
(
M(q)[X(μ)]

)q∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

X(μ)[q]

.

Therefore, T is (p, q)-power-concave.
Conversely, every (p, q)-power-concave operator from X(μ) into E is p-th

power factorable via part (ii).
(iv) The q-convex q-B.f.s. X(μ) admits an equivalent lattice norm via Propo-

sition 2.23(iv). Since X(μ)[q] is also σ-o.c. (see Lemma 2.21(iii)), Proposition
2.13(vi) implies that ‖ · ‖X(μ)[q]

and ‖ · ‖b,X(μ)[q]
are equivalent. An examination

of (6.2) and (6.4) then yields the desired equality.
(v) This follows from parts (iii) and (iv).
(vi) Take any constant C1 > 0 satisfying (6.2). Then we have

n∑
j=1

∥∥(S ◦ T )(fj)
∥∥q/p

Z
≤ ‖S‖q/p

n∑
j=1

∥∥T (fj)
∥∥q/p

E
≤ C1‖S‖q/p

∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

b,X(μ)[q]

whenever n ∈ N and f1, . . . , fn ∈ X(μ). Therefore, S ◦ T ∈ Ap,q(X(μ), Z). �
Corollary 6.3. Let 1 ≤ p < ∞ and 0 < q < ∞. Given are a positive, finite measure
space (Ω, Σ, μ), a Banach space E and a function g ∈ L1(μ)+.

(i) An E-valued continuous linear operator defined on Lq(g dμ) is bidual (p, q)-
power-concave if and only if it is (p, q)-power-concave if and only if it is p-th
power factorable.

(ii) Ap,q

(
Lq(g dμ), E

)
= Bp,q

(
Lq(g dμ), E

)
= L

(
Lq/p(g dμ), E

)
◦ i[p] where

i[p] : Lq(gdμ) → Lq/p(gdμ) = Lq(gdμ)[p] denotes the canonical injection.

(iii) For p = 1 we have A1,q

(
Lq(gdμ), E

)
= B1,q

(
Lq(gdμ), E

)
= L

(
Lq(gdμ), E

)
.

Proof. Since Lq(g dμ) is both q-convex and q-concave (see Example 2.73(i)), part
(i) is an immediate consequence of Proposition 6.2(v).

Part (ii) follows from (i) after recalling that the set L
(
Lq/p(g dμ), E

)
◦

i[p] consists exactly of all E-valued, p-th power factorable operators defined on
Lq(g dμ); see (5.3) with X(μ) := Lq(g dμ) and note that X(μ)[p] = Lq(g dμ)[p] =
Lq/p(gdμ).

Finally, part (iii) is a special case of (ii) with p := 1 (as i[1] : Lq(g dμ) →
Lq(g dμ) is the identity operator). �
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Corollary 6.3 provides a canonical example of bidual (p, q)-power-concave
operators because a general bidual (p, q)-power-concave operator defined on X(μ)
can always be factorized through Lq(g dμ) for some suitable function g ∈ L1(μ);
see Proposition 6.27(iii) below.

It is time to present some examples and comments concerning Proposition 6.2.

Example 6.4. Let (Ω, Σ, μ) be a non-atomic, positive, finite measure space and
consider the B.f.s. X(μ) := Lr(μ) for any fixed 1 ≤ r < ∞. As usual, E is any
Banach space.

(i) If r < p < ∞ then, for every 0 < q < ∞, we have that

Ap,q

(
X(μ), E

)
= Bp,q

(
X(μ), E

)
= {0}.

This follows from the facts that Ap,q(X(μ), E) ⊆ Bp,q(X(μ), E), that every opera-
tor in Bp,q

(
X(μ), E

)
is p-th power factorable (via parts (i) and (ii) of Proposition

6.2) and because every E-valued p-th power factorable operator defined on X(μ)
is necessarily the zero operator (see Example 5.6(ii)).

(ii) If r < q < ∞, then Ap,q

(
Lr(μ), E

)
= {0} for every 1 ≤ p < ∞. In fact,

X(μ)[q] = Lr/q(μ) has trivial dual (see Example 2.10) and hence, Proposition
2.13(iii) (with X(μ)[q] in place of X(μ)) implies that ‖ · ‖b,X(μ)[q]

is identically
zero. So, every bidual (p, q)-power-concave operator must be zero in view of Defi-
nition 6.1.

(iii) Assume that 1≤ p≤ r < q <∞. Part (ii) gives Ap,q

(
X(μ), E

)
= {0}.

On the other hand, the set of all E-valued, p-th power factorable operators is
non-trivial; see Example 5.6(iii). Moreover, since X(μ) = Lr(μ) is q-concave (see
Example 2.73(i)), this set equals Bp,q(X(μ), E) via Proposition 6.2(iii). In partic-
ular,

Ap,q

(
X(μ), E

)
�= Bp,q

(
X(μ), E

)
,

so that the first inclusion in part (i) of Proposition 6.2 is strict. �
The second inclusion in part (i) of Proposition 6.2 may also be strict, in general.

Example 6.5. Suppose that (Ω, Σ, μ) is as in the previous Example 6.4 and E �= {0}
is a Banach space. Let p, q and r be positive numbers satisfying

1 ≤ r < p < ∞ and p r ≤ q < ∞.

It follows from Example 6.4(i) that Bp,q

(
Lr(μ), E

)
= {0}. On the other hand,

K(q/p)

(
Lr(μ), E

)
= L(Lr(μ), E) (6.10)

via Corollary 2.69 because (q/p) ≥ r gives that Lr(μ) is (q/p)-concave (see Ex-
ample 2.73(i-b)). But, L(Lr(μ), E) �= {0}; for instance, for any e ∈ E \ {0}, the
non-zero (even μ-determined) operator f �→

( ∫
Ω

f dμ
)
e belongs to L(Lr(μ), E).

So, we can conclude that

Bp,q

(
Lr(μ), E

)
�= K(q/p)

(
Lr(μ), E

)
. �
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We shall present a characterization of (p, q)-power-concave operators in Pro-
position 6.34 (see Section 6.3). This characterization will then enable us to exhibit
a p-th power factorable operator which is not (p, q)-power-concave (see Example
6.35) and hence, the converse statement of part (ii) of Proposition 6.2 is not valid,
in general. Such an operator has to be defined on a non-q-concave q-B.f.s. and
hence, we cannot remove the assumption that X(μ) is q-concave in part (iii) of
Proposition 6.2. Nevertheless, the arguments in the proof of part (iii) of Propo-
sition 6.2 will now be used to characterize q-concavity of a general σ-order con-
tinuous q-B.f.s. X(μ) in terms of the natural inclusion i[p] : X(μ) → X(μ)[p] for
1 ≤ p < ∞.

Remark 6.6. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. Suppose that 0 < q < ∞.

(i) The following three conditions are equivalent.

(a) The q-B.f.s. X(μ) is q-concave.
(b) For every 1 ≤ p < ∞, there exists a constant C > 0 such that the natural

inclusion i[p] : X(μ) → X(μ)[p] satisfies

n∑
j=1

∥∥i[p](fj)
∥∥q/p

X(μ)[p]
≤ C

∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

X(μ)[q]

, f1, . . . , fn ∈ X(μ), n ∈ N.

(6.11)
(c) For some 1 ≤ p < ∞ there exists C > 0 such that i[p] satisfies (6.11).

Let us verify this. The implication (a) ⇒ (b), with C :=
(
M(q)[X(μ)]

)q,
is already established in the proof of part (iii) of Proposition 6.2; see (6.9).
There it was also noted that the right-hand side of (6.11) is always finite, that
is,
∑n

j=1

∣∣fj

∣∣q/p ∈ X(μ)[q].
Since the implication (b) ⇒ (c) is clear, it remains to prove the implication

(c) ⇒ (a). So, let p and C > 0 be as in part (c). Given n ∈ N and arbitrary
s1, . . . , sn ∈ sim Σ, we first claim that( n∑

j=1

∥∥sj

∥∥q

X(μ)

)1/q

≤ C1/q
∥∥∥( n∑

j=1

∣∣sj

∣∣q)1/q∥∥∥
X(μ)

. (6.12)

In fact, since |sj |p ∈ X(μ) ⊆ X(μ)[p] for each j = 1, . . . , n (see Lemma 2.21(iv)),
condition (c) implies via (6.11) that( n∑

j=1

∥∥sj

∥∥q

X(μ)

)1/q

=
( n∑

j=1

∥∥ |sj |p
∥∥q/p

X(μ)[p]

)1/q

=
( n∑

j=1

∥∥i[p](|sj |p)
∥∥q/p

X(μ)[p]

)1/q

≤
(
C
∥∥∥ n∑

j=1

(
|sj |p

)q/p
∥∥∥

X(μ)[q]

)1/q

= C1/q
∥∥∥( n∑

j=1

|sj |q
)1/q∥∥∥

X(μ)
.

Thus, (6.12) holds.
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Now, consider arbitrary functions f1, . . . , fn ∈ X(μ) with n ∈ N. Let K ≥ 1
be any constant appearing in (Q3) of Chapter 2 for the quasi-norm ‖·‖X(μ) and let
r > 0 be the number determined by 2r = K (see the discussion prior to Proposition
2.2). To establish (a) it suffices to show that( n∑

j=1

∥∥fj

∥∥q

X(μ)

)1/q

≤ 161/rC1/q
∥∥∥( n∑

j=1

∣∣fj

∣∣q)1/q∥∥∥
X(μ)

, (6.13)

where we note that the right-hand side of (6.13) is finite because∥∥∥∥( n∑
j=1

|fj|q
)1/q∥∥∥∥

X(μ)

=
∥∥∥∥ n∑

j=1

|fj |q
∥∥∥∥1/q

X(μ)[q]

with |fj |q ∈ X(μ)[q] for j = 1, . . . , n. To this end, we may assume that fj ≥ 0 for
j = 1, . . . , n because ‖ · ‖X(μ) is a lattice quasi-norm. Given any fixed j = 1, . . . , n,
we can select a sequence

{
s
(k)
j

}∞
k=1

⊆
(
sim Σ

)+ such that s
(k)
j ↑ fj pointwise

(relative to k). So, limk→∞ ‖s(k)
j ‖X(μ) ≤ ‖fj‖X(μ) < ∞. Moreover, since X(μ) is

σ-o.c., we have limk→∞ s
(k)
j = fj in the q-B.f.s. X(μ). Then Proposition 2.2(vi)

implies that ‖fj‖X(μ) ≤ 41/r limk→∞ ‖s(k)
j ‖X(μ). Thus( n∑

j=1

∥∥fj

∥∥q

X(μ)

)1/q

≤ 41/r lim
k→∞

( n∑
j=1

∥∥s(k)
j

∥∥q

X(μ)

)1/q

. (6.14)

Next, since
(∑n

j=1 |s
(k)
j |q

)1/q ↑
(∑n

j=1 |fj|q
)1/q pointwise (relative to k) it follows,

again because X(μ) is σ-o.c. with
(∑n

j=1 |fj |q
)1/q ∈ X(μ), that

lim
k→∞

( n∑
j=1

∣∣s(k)
j

∣∣q)1/q

=
( n∑

j=1

∣∣fj

∣∣q)1/q

in the topology of the q-B.f.s. X(μ). So, Proposition 2.2(vi) once more implies
that

lim
k→∞

∥∥∥( n∑
j=1

∣∣s(k)
j

∣∣q)1/q∥∥∥
X(μ)

≤ 41/r
∥∥∥( n∑

j=1

∣∣fj

∣∣q)1/q∥∥∥
X(μ)

. (6.15)

Since (6.12) holds for
{
s
(k)
j

}n

j=1
⊆ sim Σ, for each k ∈ N, it follows from (6.14)

and (6.15) that( n∑
j=1

∥∥fj

∥∥q

X(μ)

)1/q

≤ 41/r lim
k→∞

( n∑
j=1

∥∥s(k)
j

∥∥q

X(μ)

)1/q

≤ 41/rC1/q lim
k→∞

∥∥∥( n∑
j=1

∣∣s(k)
j

∣∣q)1/q∥∥∥
X(μ)

≤ 161/rC1/q
∥∥∥( n∑

j=1

∣∣fj

∣∣q)1/q∥∥∥
X(μ)

.

So, (6.13) holds and hence, X(μ) is q-concave.
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(ii) We have not yet defined (p, q)-power-concavity for a linear operator T
on X(μ) taking values in a quasi-Banach space (E, ‖ · ‖E). However, we can easily
extend the previous definition (given for a Banach space E) to this setting. The
terms ‖T (fj)‖E in the left-hand side of (6.4) now denote the quasi-norm ‖ · ‖E of
E applied to each vector T (fj) ∈ E for j = 1, . . . , n. It then makes sense to speak
about the (p, q)-power-concavity of i[p] : X(μ) → X(μ)[p], even when X(μ)[p] is
not a B.f.s. but only a q-B.f.s. Part (i) above can then be rephrased as follows:
statement (a) is equivalent to each of the assertions

(b′) i[p] : X(μ) → X(μ)[p] is (p, q)-power-concave for every 1 ≤ p < ∞, and
(c′) i[p] : X(μ) → X(μ)[p] is (p, q)-power-concave for some 1 ≤ p < ∞,

respectively. �
Remark 6.7. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. Suppose that 1 ≤ p1 ≤ p2 and
0 < q < ∞.

(i) The inclusion Ap2,q(X(μ), E) ⊆ Ap1,q(X(μ), E) always holds (see Corol-
lary 6.16 below).

(ii) If q ≤ r < ∞, then the inclusion Bp2,q(X(μ), E) ⊆ Bp1,r(X(μ), E)
always holds (see Corollary 6.38 below). However, the corresponding containment
Ap2,q(X(μ), E) ⊆ Ap1,r(X(μ), E) need not hold, in general, even when p1 = p2,
as we show now.

(iii) Assume that μ is non-atomic and E �= {0}. Let 1 ≤ p ≤ q < r and
X(μ) := Lq(μ). Then Ap,r(X(μ), E) = {0} by Example 6.4(ii) (with q and r
interchanged). However, it follows from Proposition 6.2(v) that Ap,q(X(μ), E)
is equal to the class of all p-th power factorable operators from X(μ) into E
(because X(μ) = Lq(μ) is both q-convex and q-concave; see Example 2.73(i)).
This latter class is always non-trivial because it contains F[p](Lq(μ), E) and p ≤ q
(see Example 5.6(iii)). �

According to the following remark, a non-μ-determined, bidual (p, q)-power-
concave operator T can always be treated as if it were μ-determined; one simply
restricts T to its essential carrier.

Remark 6.8. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. Given T ∈ L(X(μ), E), let Ω1 be
an essential carrier of T as defined after Proposition 4.28. By setting μ1 := μ|Σ∩Ω1 ,
the complemented subspace

X(μ1) = χ
Ω1

·X(μ) =
{
fχ

Ω1
: f ∈ X(μ)

}
of X(μ) can be considered, in a natural way, as a q-B.f.s. over the finite measure
space (Ω1, Σ ∩ Ω1, μ1) with

X(μ1)[q] = χ
Ω1

· X(μ)[q], 0 < q < ∞.
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Moreover, the restriction T1 of T to X(μ1) is μ1-determined (and still E-valued);
see Proposition 4.28.

Suppose that 1 ≤ p < ∞ and 0 < q < ∞. Let us show that T ∈Ap,q(X(μ),E)
if and only if T1 ∈ Ap,q(X(μ1), E). First, given n ∈ N and f1, . . . , fn ∈ X(μ), recall
that |fj |q/p ∈ X(μ)[q] for each j = 1, . . . , n; see (6.1). Moreover,

n∑
j=1

∣∣fjχΩ1

∣∣q/p = χ
Ω1

( n∑
j=1

|fj|q/p
)

∈ χ
Ω1

·X(μ)[q] = X(μ1)[q]

and hence, (2.36) with X(μ)[q] in place of X(μ) and A := Ω1 implies that∥∥∥ n∑
j=1

∣∣fjχΩ1

∣∣q/p
∥∥∥

b,X(μ1)[q]

=
∥∥∥ n∑

j=1

∣∣fjχΩ1

∣∣q/p
∥∥∥

b,X(μ)[q]

. (6.16)

Now, assume that T ∈ Ap,q

(
X(μ), E

)
and take any constant C1 > 0 satis-

fying (6.2). Fix n ∈ N and g1, . . . , gn ∈ X(μ1), in which case gj = fjχΩ1
for some

fj ∈ X(μ) and j = 1, . . . , n. From (6.2) and (6.16), with fjχΩ1
in place of fj for

j = 1, . . . , n, it follows that
n∑

j=1

∥∥T1(gj)
∥∥q/p

E
=

n∑
j=1

∥∥T (fjχΩ1
)
∥∥q/p

E

≤ C1

∥∥∥ n∑
j=1

∣∣fjχΩ1

∣∣q/p
∥∥∥

b,X(μ)[q]

= C1

∥∥∥ n∑
j=1

∣∣gj

∣∣q/p
∥∥∥

b,X(μ1)[q]

.

So, T1 ∈ Ap,q(X(μ1), E).
Conversely, assume that T1 ∈ Ap,q

(
X(μ1), E

)
. Then there exists a constant

C > 0 such that
n∑

j=1

∥∥T1(gj)
∥∥q/p

E
≤ C

∥∥∥ n∑
j=1

∣∣gj

∣∣q/p
∥∥∥

b,X(μ1)[q]

for all n ∈ N and g1, . . . , gn ∈ X(μ1). Given f1, . . . , fn ∈ X(μ), we have that
gj := fj χ

Ω1
∈ X(μ1) for each j = 1, . . . , n. Then the previous inequality and

(6.16) imply that
n∑

j=1

∥∥T (fj)
∥∥q/p

E
=

n∑
j=1

∥∥T (gj)
∥∥q/p

E
=

n∑
j=1

∥∥T1(gj)
∥∥q/p

E
≤ C

∥∥∥ n∑
j=1

∣∣gj

∣∣q/p
∥∥∥

b,X(μ1)[q]

= C
∥∥∥ n∑

j=1

∣∣fjχΩ1

∣∣q/p
∥∥∥

b,X(μ)[q]

≤ C
∥∥∥ n∑

j=1

∣∣fj

∣∣q/p
∥∥∥

b,X(μ)[q]

,

where we have used the facts that T (fj) = T (fjχΩ1
) for j = 1, . . . , n (see Propo-

sition 4.28(i)) and that ‖ · ‖b,X(μ)[q]
is a lattice seminorm via Proposition 2.13(ii).

Therefore, T ∈ Ap,q(X(μ), E). �
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6.2 Generalized Maurey–Rosenthal
factorization theorems

In this section we present a generalized Maurey–Rosenthal Factorization Theorem
for p-th power factorable operators. We show that the vector norm inequality (6.2),
as given in the definition of bidual (p, q)-power-concave operators, is equivalent to
two factorization schemes (of a quite different nature) which, in turn, can also be
formulated as inclusions between appropriate spaces. The first scheme is related
to the known factorization through Lp(mT ) for p-th power factorable operators
T : X(μ) → E as presented in Chapter 5, whereas the second one is based on
factorization of the operator through X(μ)[p].

Let us motivate the result with an example.

Let E be a Banach space, 1 < p ≤ q < ∞, X(μ) := Lq(μ) for a positive,
finite measure μ and T ∈ F[p]

(
X(μ), E

)
. Then X(μ)[p] = Lq/p(μ) and the following

diagram commutes

X(μ) = Lq(μ) ��

JT

������������������������

��

Lp(mT )

��
X(μ)[p] = Lq/p(μ) �� L1(mT )

with each unlabelled arrow indicating the respective inclusion map and JT denot-
ing the inclusion of the domain space X(μ) of T into its optimal domain L1(mT );
see Theorem 5.7. Both factorizations in the diagram are, in a sense, natural for
this particular setting.

The following result not only provides a generalized Maurey–Rosenthal type
theorem but also, for a μ-determined operator T on a σ-order continuous q-B.f.s.
X(μ), tells us precisely when the inclusion map JT from X(μ) into L1(mT ) fac-
tors through a scheme analogous to the one above (just by replacing μ with a
suitable measure arising as an indefinite integral μg : A �→

∫
A

g dμ for A ∈ Σ).
The requirement that T is μ-determined is assumed throughout this section. This
is not a genuine restriction. Indeed, if T fails to satisfy this condition, then
we can instead consider the restriction of T to its essential carrier as noted in
Remark 6.8.

Theorem 6.9. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ). Let E be a Banach space and T ∈ L(X(μ), E) be μ-
determined. For any 1 ≤ p < ∞ and 0 < q < ∞, the following assertions are
equivalent.
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(i) There exists a constant C > 0 such that

( n∑
j=1

∥∥T (fj)
∥∥q/p

E

)1/q

≤ C
∥∥∥ n∑

j=1

∣∣fj

∣∣q/p
∥∥∥1/q

b,X(μ)[q]

for all n ∈ N and f1, . . . , fn ∈ X(μ); namely, T is bidual (p, q)-power-
concave.

(ii) There exists a function g ∈
(
X(μ)[q]

)′ with g > 0 (μ-a.e.) such that

∥∥T (f)
∥∥

E
≤
(∫

Ω

|f |q/p g dμ

)p/q

< ∞, f ∈ X(μ). (6.17)

(iii) There exists g ∈ L0(μ) with g > 0 (μ-a.e.) such that the inclusions

X(μ) ⊆ Lq(g dμ) ⊆ Lp(mT )

hold and are continuous.

(iv) There exists g ∈ L0(μ) with g > 0 (μ-a.e.) such that the inclusions

X(μ)[p] ⊆ Lq/p(gdμ) ⊆ L1(mT )

hold and are continuous.

(v) T ∈ F[p](X(μ), E) and there exist a Σ-measurable function g > 0 (μ-a.e.)
such that gp/q ∈ M

(
X(μ)[p], Lq/p(μ)

)
and a μ-determined operator S ∈

L(Lq/p(μ), E) satisfying T[p] = S ◦ Mgp/q . That is, the following diagram
commutes:

X(μ) T ��

i[p]

��

E

X(μ)[p]

T[p]

��������������������� M
gp/q

�� Lq/p(μ).

S

��

(vi) T ∈ F[p]

(
X(μ), E

)
and the natural inclusion map J

(p)
T : X(μ) → Lp(mT ) is

bidual q-concave.

(vii) T ∈ F[p]

(
X(μ), E

)
and the natural inclusion map β[p] : X(μ)[p] → L1(mT ) is

bidual (q/p)-concave.

(viii) T ∈ F[p]

(
X(μ), E

)
and the extension T[p] : X(μ)[p] → E of T is bidual

(q/p)-concave.

Let us make some comments concerning Theorem 6.9.
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Remark 6.10. (I) If a μ-determined operator T ∈ L(X(μ), E) satisfies the equiv-
alent conditions (iii) and (iv), then the following diagram commutes

X(μ) ��

��

JT

������������������������������������� Lq(gdμ) �� Lp(mT )

��
X(μ)[p]

�� Lq/p(gdμ) �� L1(mT )

with each unlabeled arrow indicating the respective inclusion map. So we have
two factorizations. Namely, the upper diagram X(μ) → Lq(g dμ) → Lp(mT )
which provides a factorization of the inclusion X(μ) ⊆ Lp(mT ), that is, of the
map J

(p)
T , and the lower diagram X(μ)[p] → Lq/p(gdμ) → L1(mT ) which provides

a factorization of the inclusion X(μ)[p] ⊆ L1(mT ). Statement (iii) of Theorem
6.9 corresponds exactly to the upper scheme, while statement (v) gives the lower
one. This creates further possibilities for determining different properties of T (by
using either one of the two factorizations). Note that the four corner spaces in
the above diagram are already known to us for p-th power factorable operators
(see Remark 5.8(II)(ii)). A new feature is the factorizations through the additional
spaces Lq(gdμ) and Lq/p(g dμ), for some appropriate g. By inserting f = χ

Ω
into

(6.17) we see that necessarily g ∈ L1(μ). If 0 < q < 1, then both Lq(g dμ) and
Lq/p(gdμ) are, of course, q-B.f.s.’

(II) For every function g ∈ L0(μ) with g > 0 (μ-a.e.), the multiplication
operator Mg1/q : f �→ g1/qf , for f ∈ Lq(g dμ), is a surjective linear map from
Lq(gdμ) onto Lq(μ) which satisfies ‖Mg1/qf‖Lq(μ) = ‖f‖Lq(gdμ), for f ∈ Lq(gdμ).
Here ‖ · ‖Lq(μ) and ‖ · ‖Lq(gdμ) denote the usual quasi-norms in Lq-spaces for
0 < q < ∞. In particular, Mg1/q is a bicontinuous isomorphism of Lq(g dμ) onto
Lq(μ). Accordingly, an equivalent formulation of condition (iii) of Theorem 6.9 is
commutativity of the diagram:

X(μ)
J

(p)
T ��

M
g1/q 		














Lp(mT )

Lq(μ)
M

g−1/q

�����������

.

(III) In condition (vi) (respectively, (vii)) the assumption T ∈ F[p](X(μ), E)
implies that the linear map J

(p)
T (respectively, β[p]) is defined because Theorem

5.7 ensures that X(μ) ⊆ Lp(mT ) (respectively, X(μ)[p] ⊆ L1(mT )).
(IV) The equivalences of (i) with (vi)–(viii) indicate essentially that we can

separate p-th power factorability and q-concavity type properties of a μ-determined
operator when characterizing its bidual (p, q)-power-concavity. �
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We need some preparatory results in order to establish Theorem 6.9.

Definition 6.11. A family Ψ of R-valued functions defined on a non-empty set
W is called concave if, for every finite set {ψ1, . . . , ψn} ⊆ Ψ with n ∈ N and
non-negative scalars c1, . . . , cn satisfying

∑n
j=1 cj = 1, there exists ψ ∈ Ψ such

that
n∑

j=1

cjψj ≤ ψ,

pointwise on W .

Lemma 6.12. Let W be a compact convex subset of a Hausdorff topological vector
space and let Ψ be a concave family of lower semi-continuous, convex, R-valued
functions on W . Let c ∈ R. Suppose, for every ψ ∈ Ψ, that there exists xψ ∈ W
such that ψ(xψ) ≤ c. Then there exists x ∈ W such that ψ(x) ≤ c for all ψ ∈ Ψ.

The previous result is known as Ky Fan’s Lemma; see, for example, [127, E.4].

Lemma 6.13. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. For any 1 ≤ p < ∞ and 0 <
q < ∞, the following assertions for an operator T ∈ L(X(μ), E) are equivalent.

(i) The operator T is bidual (p, q)-power-concave, that is, there exists a constant
C1 > 0 satisfying

n∑
j=1

∥∥T (fj)
∥∥q/p

E
≤ C1

∥∥∥ n∑
j=1

∣∣fj

∣∣q/p
∥∥∥

b,X(μ)[q]

, f1, . . . , fn ∈ X(μ), n ∈ N.

(ii) There exists a non-negative function g ∈
(
X(μ)[q]

)′ satisfying (6.17).

Proof. (i) ⇒ (ii). Endow the convex subset

B+
[
(X(μ)[q])∗

]
:= B

[
(X(μ)[q])∗

]
∩
(
(X(μ)[q])∗

)+
of (X(μ)[q])∗ with the relative weak* topology, in which case B+

[
(X(μ)[q])∗

]
is

compact; see the proof of Proposition 2.13(vii) with X(μ)[q] in place of X(μ).

Fix n ∈ N and f1, . . . , fn ∈ X(μ), in which case
∑n

j=1

∣∣fj

∣∣q/p ∈ X(μ)[q]; see
(6.1). Consequently, the function ψf1,...,fn : B+[(X(μ)[q])∗] → R defined by

ψf1,...,fn(ξ) :=
n∑

j=1

∥∥T (fj)
∥∥q/p

E
− C1

〈 n∑
j=1

|fj |q/p, ξ
〉
, ξ ∈ B+

[
(X(μ)[q])∗

]
,

is continuous. Moreover, given 0 ≤ a ≤ 1, we have

ψf1,...,fn

(
aξ + (1− a)η

)
= a · ψf1,...,fn(ξ) + (1 − a) · ψf1,...,fn(η),

for ξ, η ∈ B+
[
(X(μ)[q])∗

]
, and so the function ψf1,...,fn is convex. Note that X(μ)[q]

is σ-o.c.; see Lemma 2.21(iii). So, by Proposition 2.13(vii) with X(μ)[q] in place
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of X(μ) and
∑n

j=1 |fj |q/p in place of f , there exists ξ1 ∈ B+
[
(X(μ)[q])∗

]
, which

depends on f1, . . . , fn, such that

〈 n∑
j=1

|fj |q/p, ξ1

〉
=
∥∥∥ n∑

j=1

|fj |q/p
∥∥∥

b,X(μ)[q]

.

This and (6.2) yield that

ψf1...,fn

(
ξ1) ≤ 0. (6.18)

Next we claim that the collection

Ψ :=
{
ψf1,...,fn : f1 . . . , fn ∈ X(μ), n ∈ N

}
of R-valued continuous, convex functions on the compact set B+[(X(μ)[q])∗] is
concave in the sense of Definition 6.11. In fact, given numbers cj ∈ [0, 1], for
j = 1, . . . , n, with n ∈ N and

∑n
j=1 cj = 1 and finite collections of functions{

f
(j)
1 , . . . , f

(j)
k(j)

}
⊆ X(μ) with k(j) ∈ N, for j = 1, . . . , n, direct calculation shows

that
n∑

j=1

cj ψ
f
(j)
1 ,...,f

(j)
k(j)

= ψ
c

p/q
1 f

(1)
1 ,...,c

p/q
1 f

(1)
k(1),...,c

p/q
n f

(n)
1 ,...,c

p/q
n f

(n)
k(n)

,

from which it follows that Ψ is a concave family.
Now Lemma 6.12, with W := B+[(X(μ)[q])∗] and c := 0 and in combination

with (6.18), implies that there exists an element ξ0 ∈ B+[(X(μ)[q])∗] satisfying

ψf1,...,fn(ξ0) ≤ 0 whenever n ∈ N and f1, . . . , fn ∈ X(μ).

Apply this to each single function f ∈ X(μ) to obtain that ψf (ξ0) ≤ 0, that is,

∥∥T (f)
∥∥q/p

E
≤ C1

〈
|f |q/p, ξ0

〉
< ∞. (6.19)

Since X(μ)[q] is σ-o.c. (see Lemma 2.21(iii)), we can identify ξ0 ∈ B+[(X(μ)[q])∗]
with a non-negative function h ∈

(
X(μ)[q]

)′
via (2.37) (with h in the role of g):

see Proposition 2.16(ii). So, we can rewrite the inequality (6.19) as

∥∥T (f)
∥∥q/p

E
≤ C1

∫
Ω

|f |q/ph dμ < ∞. (6.20)

This is precisely (ii) with g := C1h ≥ 0.

(ii) ⇒ (i). The function g ∈
(
X(μ)[q]

)′ corresponds to the element ξg ∈(
X(μ)[q]

)∗ via (2.37) with X(μ)[q] in place of X(μ). Let C1 denote the norm of ξg
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in
(
X(μ)[q]

)∗. Given n ∈ N and f1, . . . , fn ∈ X(μ), it follows from (6.17) that

n∑
j=1

∥∥T (fj)
∥∥q/p

E
≤

n∑
j=1

∫
Ω

|fj|q/pg dμ =
∫

Ω

( n∑
j=1

|fj|q/p
)
g dμ

= C1

〈 n∑
j=1

|fj |q/p, C−1
1 ξg

〉
≤ C1 sup

{∣∣∣〈 n∑
j=1

|fj |q/p, ξ
〉∣∣∣ : ξ ∈ B

[(
X(μ)[q]

)∗]}

= C1

∥∥∥ n∑
j=1

|fj |q/p
∥∥∥

b,X(μ)[q]

.

So, T is bidual (p, q)-power-concave. �

Before proving Theorem 6.9, let us assume condition (i) of Lemma 6.13 and
derive a useful fact from the proof of (i) ⇒ (ii) above. We can identify the non-
negative function h ∈ (X(μ)[q])′ with the functional ξ0 ∈ B+[(X(μ)[q])∗]. Then,
of course, C1ξ0 ∈ (X(μ)[q])∗ is identified with the function g := C1h ∈ (X(μ)[q])′.
Now, let us verify that(∫

Ω

|f |q/pg dμ
)p/q

≤ C
p/q
1 ‖f‖X(μ)[p]

≤ C
p/q
1

∥∥i[p]

∥∥ · ‖f‖X(μ), (6.21)

for f ∈ X(μ) ⊆ X(μ)[p], with
∥∥i[p]

∥∥ denoting the operator norm (see (2.1)) of the
canonical injection i[p] : X(μ) → X(μ)[p]. Fix f ∈ X(μ), in which case |f |q/p ∈
X(μ)[q] (see (6.1)). Since ξ0 ∈ B+[(X(μ)[q])∗], it follows, from the definition of the
dual norm ‖ · ‖(X(μ)[q])∗ (see (2.16) with X(μ)[q] in place of X(μ)), that(∫

Ω

|f |q/pg dμ
)p/q

=
〈
|f |q/p, C1ξ0

〉p/q

≤
∥∥ |f |q/p

∥∥p/q

X(μ)[q]
·
∥∥C1ξ0

∥∥p/q

(X(μ)[q])∗
= C

p/q
1

∥∥ |f |1/p
∥∥p

X(μ)
·
∥∥ξ0

∥∥p/q

(X(μ)[q])∗

≤ C
p/q
1 ‖f‖X(μ)[p]

= C
p/q
1

∥∥i[p](f)
∥∥

X(μ)[p]
≤ C

p/q
1

∥∥i[p]

∥∥ · ‖f‖X(μ),

that is, (6.21) is established. It is important to note that the function g satisfying
(6.21) depends on the constant C1 in condition (i) of Lemma 6.13.

Proof of Theorem 6.9. (i) ⇒ (ii). Observe that condition (i) of Theorem 6.9 is
equivalent to condition (i) of Lemma 6.13. So, by (ii) of the same lemma we can find
a non-negative function g ∈

(
X(μ)[q]

)′ satisfying (6.17). Then, with A := g−1({0}),
it follows that∥∥mT (B)

∥∥
E

=
∥∥T (χ

B
)
∥∥

E
≤
( ∫

Ω

∣∣χ
B

∣∣q/p
g dμ

)p/q

=
( ∫

B

g dμ
)p/q

= 0, B ∈ Σ ∩ A,
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which means precisely that A is mT -null. Hence, A is also μ-null because T is
μ-determined. Thus, g > 0 (μ-a.e.). So, (ii) holds.

(ii) ⇒ (i). This has already been established in Lemma 6.13.

(ii) ⇒ (iv). As noted in Remark 6.10(I) we can conclude that g ∈ L1(μ). Since
g ∈ (X(μ)[q])′, Proposition 2.29 (with q in place of p) implies that X(μ) ⊆ Lq(gdμ)
continuously. Note, with Y (μ) := Lq/p(gdμ), that we always have

X(μ) ⊆ Lq(gdμ) ⇐⇒ X(μ)[p] ⊆ Y (μ), (6.22)

with continuous inclusions. Moreover, 1 ≤ p < ∞ implies that X(μ) ⊆ X(μ)[p]

continuously (see Lemma 2.21(iv)) and so X(μ) ⊆ Y (μ) continuously. Since (6.17)
is then precisely the inequality (4.14), it follows from Corollary 4.16 that Y (μ) ⊆
L1(mT ) continuously. So, we have X(μ)[p] ⊆ Y (μ) ⊆ L1(mT ) with continuous
inclusions which is precisely condition (iv).

(iv) ⇒ (ii). It follows from χ
Ω
∈ X(μ)[p] ⊆ Lq/p(gdμ) that g ∈ L1(μ). More-

over, with Y (μ) := Lq/p(g dμ), the assumed inclusions of condition (iv) together
with X(μ) ⊆ X(μ)[p] imply that X(μ) ⊆ Y (μ) ⊆ L1(mT ) continuously. Then
Corollary 4.16 implies that (6.17) holds. Moreover, via (6.22) and the inclusion
X(μ)[p] ⊆ Lq/p(g dμ) we can conclude that X(μ) ⊆ Lq(g dμ) continuously. Then
Proposition 2.29 implies that g ∈ (X(μ)[q])′. Hence, condition (ii) holds.

(iii) ⇔ (iv). These statements are clearly equivalent. Indeed, as already ob-
served in (6.22), it is enough to compute the p-th power (or the (1/p)-th power)
of the spaces to obtain one chain of inclusions from the other one; see Lemma
2.20(ii).

(iv) ⇒ (v). First, from Theorem 5.7 we have that T ∈ F[p](X(μ), E) be-
cause (iv) gives X(μ)[p] ⊆ L1(mT ). The inclusion X(μ)[p] ⊆ Lq/p(g dμ) allows us
to define the multiplication operator Mgp/q : X(μ)[p] → Lq/p(μ). Now, for every
f ∈ Lq/p(μ), we have g−p/qf ∈ Lq/p(g dμ) ⊆ L1(mT ). Accordingly, we can define
S(f) := ImT

(
g−p/qf

)
. The so-defined linear operator S : Lq/p(μ) → E is contin-

uous and satisfies T[p] = S ◦ Mgp/q because S can be viewed as the composition
of three continuous linear operators: Mg−p/q : Lq/p(μ) → Lq/p(g dμ), the canon-
ical inclusion map from Lq/p(g dμ) into L1(mT ), and the integration operator
ImT : L1(mT ) → E. To show that S is μ-determined, let A ∈ Σ be an mS-null
set. As noted above, g−p/qf ∈ L1(mT ) whenever f ∈ Lq/p(μ) and hence, with
f := χ

Ω
, we see that g−p/q ∈ L1(mT ). Then∫

B

g−p/qdmT = S(χ
B

) = mS(B) = 0, B ∈ Σ ∩ A.

This means that
(
gχ

A

)
(ω) = 0 for mT -a.e. ω ∈ Ω and hence, for μ-a.e. ω ∈ Ω

because T is μ-determined. Since g > 0 (μ-a.e.) by assumption, it follows that A
is μ-null. Consequently, the mS-null and μ-null sets coincide (because the μ-null
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sets are always mS-null). So, S is μ-determined. Finally, the continuous inclusion
X(μ)[p] ⊆ Lq/p(g dμ) and the fact that

∥∥gp/qf
∥∥

Lq/p(μ)
= ‖f‖Lq/p(gdμ) for all

f ∈ Lq/p(gdμ) imply that gp/q ∈M
(
X(μ)[p], Lq/p(μ)

)
. So, condition (v) holds.

(v) ⇒ (ii). Set g1 := g with g as in (v). The calculation∥∥T (f)
∥∥

E
=
∥∥T[p](f)

∥∥
E
≤ ‖S‖ ·

∥∥M
g

p/q
1

(f)
∥∥

Lq/p(μ)

= ‖S‖
(∫

Ω

|f |q/p g1 dμ

)p/q

< ∞,

is valid for all f ∈ X(μ) ⊆ X(μ)[p]. So, (ii) holds with g there defined as ‖S‖q/pg1.

(iii) ⇒ (vi). First, the inclusion X(μ)⊆Lp(mT ) implies that T ∈F[p](X(μ),E)
via Theorem 5.7. Let γ1 : X(μ) → Lq(g dμ) and γ2 : Lq(g dμ) → Lp(mT ) denote
the respective inclusion map. Then, for each f ∈ X(μ), we have∥∥J (p)

T (f)
∥∥

Lp(mT )
=
∥∥(γ2 ◦ γ1

)
(f)
∥∥

Lp(mT )

≤ ‖γ2‖ ·
∥∥γ1(f)

∥∥
Lq(gdμ)

= ‖γ2‖
(∫

Ω

|f |qg dμ
)1/q

< ∞.

It follows from χ
Ω
∈ X(μ) ⊆ Lq(g dμ) that g ∈ L1(μ). Furthermore, because of

the inclusion X(μ) ⊆ Lq(g dμ), Proposition 2.29 gives that g ∈
(
X(μ)[q]

)′. So,
Lemma 6.13 (with E := Lp(mT ), the operator J

(p)
T in place of T and 1 in place of

p) yields that J
(p)
T is bidual (1, q)-power-concave, that is, bidual q-concave.

(vi) ⇒ (vii). Since J
(p)
T ∈ A1,q

(
X(μ), Lp(mT )

)
, we can choose a constant

C3 > 0 satisfying

n∑
j=1

∥∥J (p)
T (gj)

∥∥q

Lp(mT )
≤ C3

∥∥∥ n∑
j=1

∣∣gj

∣∣q∥∥∥
b,X(μ)[q]

, n ∈ N, g1, . . . , gn ∈ X(μ);

(6.23)
see (6.3) with J

(p)
T in place of T and Lp(mT ) in place of E. To prove that β[p] ∈

A1,q/p

(
X(μ)[p], L

1(mT )
)
, fix n ∈ N and f1, . . . , fn ∈ X(μ)[p]. By (6.23) with the

functions gj := |fj|1/p ∈ X(μ) for j = 1, . . . , n, we have that

n∑
j=1

∥∥β[p](fj)
∥∥q/p

L1(mT )
=

n∑
j=1

∥∥fj

∥∥q/p

L1(mT )
=

n∑
j=1

∥∥ |fj |1/p
∥∥q

Lp(mT )

=
n∑

j=1

∥∥J (p)
T (|fj |1/p)

∥∥q

Lp(mT )
≤ C3

∥∥∥ n∑
j=1

|fj|q/p
∥∥∥

b,X(μ)[q]

= C3

∥∥∥ n∑
j=1

|fj|q/p
∥∥∥

b,(X(μ)[p])[q/p]

,
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where X(μ)[q] = (X(μ)[p])[q/p] follows from Lemma 2.20(i). Thus, the operator
β[p] is bidual (q/p)-concave, that is, (vii) holds.

(vii) ⇒ (viii). Setting Z := E and E := L1(mT ) in Proposition 6.2(vi), with
β[p] in place of T , the operator T[p] in place of T , the space X(μ)[p] in place of
X(μ) and S := ImT , we have from Proposition 6.2(vi) (also with 1 in place of
p and (q/p) in place of q) that (viii) holds because T[p] = ImT ◦ β[p] and ImT is
continuous.

X(μ) T ��

i[p]

��

E

X(μ)[p]

T[p]

���������������������� β[p] �� L1(mT ).

ImT

��

(viii) ⇒ (i). Since T[p] ∈ A1,q/p

(
X(μ)[p], E

)
, we can choose a constant C4 > 0

(see (6.3)) such that

n∑
j=1

∥∥T[p](gj)
∥∥q/p

E
≤ C4

∥∥∥ n∑
j=1

∣∣gj

∣∣q/p
∥∥∥

b,(X(μ)[p])[q/p]

= C4

∥∥∥ n∑
j=1

∣∣gj

∣∣q/p
∥∥∥

b,X(μ)[q]

(6.24)
for all n ∈ N and g1, . . . , gn ∈ X(μ)[p]. Fix n ∈ N and f1, . . . , fn ∈ X(μ) ⊆ X(μ)[p].
Then, (6.24) with gj := fj for j = 1, . . . , n yields that

n∑
j=1

∥∥T (fj)
∥∥q/p

E
=

n∑
j=1

∥∥T[p](fj)
∥∥q/p

E
≤ C4

∥∥∥ n∑
j=1

|fj |q/p
∥∥∥

b,X(μ)[q]

because T[p] is an extension of T to X(μ)[p]. Thus, part (i) holds for the constant
C := C

1/q
4 . �

The arguments in the proof of Theorem 6.9 have further implications.

Remark 6.14. Let the assumptions be as in Theorem 6.9. Suppose that we can find
a function g satisfying condition (ii) there. In view of the arguments establishing
the implications (ii) ⇒ (iv) and (iv) ⇒ (v), let S ∈ L(Lq/p(μ), E) be the operator
defined there by h �→ ImT (g−p/qh) for h ∈ Lq/p(μ). Then T[p] = S ◦Mgp/q with the
multiplication operator Mgp/q : X(μ)[p] → Lq/p(μ) as in condition (v). We shall
show that

‖S‖ ≤ 1; (6.25)

note that S is defined according to the particular g satisfying condition (ii). To

establish (6.25), first recall the inequality ‖T (f)‖E ≤
( ∫

Ω
|f |q/pg dμ

)p/q

for each
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f ∈ X(μ) as given in (6.17). We claim that

‖ImT (ψ)‖E ≤
( ∫

Ω

|ψ|q/pg dμ
)p/q

, ψ ∈ Lq/p(gdμ). (6.26)

Note that the continuous inclusion Lq/p(g dμ) ⊆ L1(mT ) is contained in part
(iv), which is equivalent to (ii). To verify our claim, fix ψ ∈ Lq/p(g dμ) and take
a sequence {sn}∞n=1 from the dense subspace sim Σ of the σ-order continuous q-
B.f.s. Lq/p(g dμ) such that |sn| ↑ |ψ| and limn→∞ ‖sn − ψ‖Lp/q(gdμ) = 0. Now,
the continuous inclusion Lq/p(g dμ) ⊆ L1(mT ) ensures that sn → ψ in L1(mT )
and hence, that T (sn) = ImT (sn) → ImT (ψ) in the Banach space E as n → ∞.
This, the Lebesgue Dominated Convergence Theorem for the scalar measure μ,
and (6.17) with f := sn ∈ sim Σ ⊆ X(μ) for n ∈ N jointly yield (6.26).

Now, let h ∈ Lq/p(μ). Since hg−p/q ∈ Lq/p(g dμ) and ‖hg−p/q‖Lq/p(gdμ) =
‖h‖Lq/p(μ), it follows from (6.26), with ψ := hg−p/q, that

‖S(h)‖E =
∥∥ImT (hg−p/q)

∥∥
E

≤
( ∫

Ω

∣∣hg−p/q
∣∣q/p

g dμ
)p/q

= ‖h‖Lq/p(μ),

which establishes (6.25). �

The bidual (p, q)-power-concavity of T : X(μ) → E and of the natural injec-
tion JT : X(μ) → L1(mT ) are directly connected.

Corollary 6.15. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ). Let E be a Banach space. Given values 1 ≤ p < ∞
and 0 < q < ∞, a μ-determined operator T ∈ L(X(μ), E) is bidual (p, q)-power-
concave if and only if the natural inclusion map JT : X(μ) → L1(mT ) is bidual
(p, q)-power-concave.

Proof. Suppose that T is bidual (p, q)-power-concave. It follows from condition
(vii) of Theorem 6.9 that T ∈ F[p]

(
X(μ), E

)
and the inclusion map β[p] : X(μ)[p] →

L1(mT ) is bidual (q/p)-concave. Now, we know from Theorem 5.7 that JT ∈
F[p]

(
X(μ), L1(mT )

)
and hence, JT admits the unique continuous linear extension

(JT )[p] : X(μ)[p] → L1(mT ). Since the continuous inclusion X(μ) ⊆ X(μ)[p] is the
natural one, it is clear that (JT )[p] = β[p]. In short, JT ∈ F[p]

(
X(μ), L1(mT )

)
and its canonical extension (JT )[p] is bidual (q/p)-concave. Therefore, via the
equivalence (i) ⇔ (viii) in Theorem 6.9 (with JT in place of T ), we deduce that
JT is bidual (p, q)-power-concave.

Conversely, suppose that JT is bidual (p, q)-power-concave. Then Proposition
6.2(vi) yields that T is bidual (p, q)-power-concave because T = ImT ◦ JT . �

The following result is another consequence of Theorem 6.9.

Corollary 6.16. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. Suppose that 1 ≤ p1 ≤ p2 < ∞
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and 0 < q < ∞. Then

Ap2,q

(
X(μ), E

)
⊆ Ap1,q

(
X(μ), E

)
.

Proof. Let T ∈ Ap2,q

(
X(μ), E

)
. Let Ω1, μ1 and X(μ1) be as in Remark 6.8. Then

the μ1-determined operator T1 : X(μ1) → E is bidual (p2, q)-power-concave via
Remark 6.8. So, there exists g ∈ L0(μ1) with g > 0 (μ1-a.e.) such that, with
continuous inclusions,

X(μ1) ⊆ Lq(gdμ1) ⊆ Lp2(mT1) (6.27)

(see condition (iii) of Theorem 6.9 with p := p2). On the other hand, we have
Lp2(mT1) ⊆ Lp1(mT1) because p1 ≤ p2; see (3.49) and Lemma 2.21(iv). This and
(6.27) imply that

X(μ1) ⊆ Lq(gdμ1) ⊆ Lp1(mT1),

that is, condition (iii) of Theorem 6.9 is satisfied with p := p1. So,

T1 ∈ Ap1,q(X(μ1), E).

Now we conclude, again via Remark 6.8, that T ∈ Ap1,q(X(μ), E), which completes
the proof. �

In the special case when p := 1, Theorem 6.9 reduces to the following
corollary in which we shall provide equivalent conditions for an operator T ∈
L(X(μ), E) to be bidual q-concave (with 0 < q < ∞) when X(μ) is a σ-order
continuous q-B.f.s. and E is a Banach space. Our result is motivated by the
Maurey–Rosenthal type factorization theorem presented in [30, Corollary 5] with
a slightly different setting. In that version the domain space is assumed to be
q-convex and the codomain space is a quasi-Banach space. Moreover, the quasi-
Banach function spaces in [30] are assumed to satisfy additional conditions (see
(II) and (III) on p. 155 in [30]).

Corollary 6.17. Let 0 < q < ∞, let X(μ) be a σ-order continuous q-B.f.s. over a
positive, finite measure space (Ω, Σ, μ) and let E be a Banach space. The following
assertions are equivalent for a μ-determined operator T ∈ L(X(μ), E).

(i) There is a constant C > 0 such that( n∑
j=1

∥∥T (fj)
∥∥q

E

)1/q

≤ C
∥∥∥ n∑

j=1

∣∣fj

∣∣q∥∥∥1/q

b,X(μ)[q]

, n ∈ N, f1, . . . , fn ∈ X(μ),

that is, T is bidual q-concave.
(ii) There is a function g ∈

(
X(μ)[q]

)′ satisfying g > 0 (μ-a.e.) such that

∥∥T (f)
∥∥

E
≤
(∫

Ω

|f |qg dμ
)1/q

, f ∈ X(μ).
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(iii) There exists g ∈ L0(μ) with g > 0 (μ-a.e.) such that the inclusions

X(μ) ⊆ Lq(gdμ) ⊆ L1(mT )

hold and are continuous.
(iv) There exist a function g ∈

(
X(μ)[q]

)′ with g > 0 (μ-a.e.) and an operator
S ∈ L(Lq(μ), E) satisfying T = S ◦ Mg1/q . That is, the following diagram
commutes:

X(μ) T ��

M
g1/q 		














E

Lq(μ)
S

�����������

.

(v) The natural inclusion map JT : X(μ) → L1(mT ) is bidual q-concave.

If, in addition, X(μ) happens to be q-convex, then each one of (i)–(v) is
equivalent to

(vi) T is q-concave.

In this case, there exists g0 ∈
(
X(μ)[q]

)′ with g0 > 0 (μ-a.e.) such that∥∥T (f)
∥∥

E
≤
(∫

Ω

|f |qg0 dμ
)1/q

≤
(
M(q)[T ] ·M(q)[X(μ)]

)
‖f‖X(μ), (6.28)

for every f ∈ X(μ). Consequently, for the operator M
g
1/q
0

: X(μ) → Lq(μ) of

multiplication by g
1/q
0 (see part (iv) ), we have∥∥M

g
1/q
0

∥∥ ≤ M(q)[T ] ·M(q)[X(μ)]. (6.29)

Proof. Note that parts (i)–(iii) of Corollary 6.17 correspond precisely to (i)–(iii)
of Theorem 6.9 (with p := 1). Part (iv) of Corollary 6.17 corresponds to (v) of
Theorem 6.9 (also with p := 1) because T is always 1-th power factorable and
because the condition g1/q ∈ M

(
X(μ), Lq(μ)

)
(coming from (v) of Theorem 6.9

when p = 1) is equivalent to g ∈ (X(μ)[q])′, which occurs in (iv) of Corollary 6.17;
see Proposition 2.29. Note that part (v) of Corollary 6.17 corresponds to (vi) of
Theorem 6.9 (with p := 1).

Suppose now, in addition, that X(μ) is q-convex. Then A1,q(X(μ), E) =
B1,q(X(μ), E) = K(q)(X(μ), E); for the first equality see Proposition 6.2(iv) with
p := 1, whereas the second equality is exactly (6.6). This gives the equivalence (i)
⇔ (vi) in Corollary 6.17.

Still under the assumption that X(μ) is q-convex, suppose that the operator
T : X(μ) → E is q-concave, that is, (vi) holds. In order to show that (6.28) holds,
we first claim that( n∑

j=1

∥∥T (fj)
∥∥q

E

)1/q

≤
(
M(q)[T ] ·M(q)[X(μ)]

) ∥∥∥ n∑
j=1

∣∣fj

∣∣q∥∥∥1/q

b,X(μ)[q]

(6.30)
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whenever n ∈ N and f1, . . . , fn ∈ X(μ). Indeed, since X(μ) is q-convex, apply
Proposition 2.23(ii), with q in place of p, to find an equivalent lattice norm η[q] on
X(μ)[q] satisfying

η[q](f) ≤ ‖f‖X(μ)[q]
≤
(
M(q)[X(μ)]

)q

η[q](f), f ∈ X(μ)[q]. (6.31)

Recalling the definition of the seminorm ‖·‖b,X(μ)[q]
we can, via (6.31), derive that

η[q](f) ≤ ‖f‖b,X(μ)[q]
≤
(
M(q)[X(μ)]

)q

η[q](f), f ∈ X(μ)[q]. (6.32)

Indeed, in the proof of (c) ⇒ (a) in Proposition 2.13(vi) we have shown that (2.28)
implies (2.29). Here, (6.31) implying (6.32) is a special case of this. It follows from
(6.31) and (6.32) that

‖f‖1/q
X(μ)[q]

≤
(
M(q)[X(μ)]

)
(η[q](f))1/q ≤

(
M(q)[X(μ)]

)
‖f‖1/q

b,X(μ)[q]
, (6.33)

for f ∈ X(μ)[q]. Now, given n ∈ N and f1, . . . , fn ∈ X(μ) we have |fj|q ∈ X(μ)[q]
for j = 1, . . . , n and so

∑n
j=1

∣∣fj

∣∣q ∈ X(μ)[q], that is,
(∑n

j=1

∣∣fj

∣∣q)1/q ∈ X(μ). So,
the q-concavity of T as well as (6.33), with f :=

∑n
j=1

∣∣fj

∣∣q, imply (6.30) because

( n∑
j=1

∥∥T (fj)
∥∥q

E

)1/q

≤
(
M(q)[T ]

)∥∥∥( n∑
j=1

∣∣fj

∣∣q)1/q∥∥∥
X(μ)

=
(
M(q)[T ]

)∥∥∥ n∑
j=1

∣∣fj

∣∣q∥∥∥1/q

X(μ)[q]

≤
(
M(q)[T ]

)(
M(q)[X(μ)]

)∥∥∥( n∑
j=1

∣∣fj

∣∣q)∥∥∥1/q

b,X(μ)[q]

.

In short, with C1 :=
(
M(q)[T ] ·M(q)[X(μ)]

)q
, we have

n∑
j=1

∥∥T (fj)
∥∥q

E
≤ C1

∥∥∥ n∑
j=1

∣∣fj

∣∣q∥∥∥
b,X(μ)[q]

, f1, . . . , fn ∈ X(μ), n ∈ N.

This is exactly condition (i) of Lemma 6.13 with p := 1. Now, for this particular
constant C1, the arguments immediately after the proof of Lemma 6.13 deliver a
non-negative function g0 ∈

(
X(μ)[q]

)′ satisfying (6.21) with p := 1 and g := g0. In
other words,( ∫

Ω

|f |qg0 dμ
)1/q

≤ C
1/q
1

∥∥i[1]∥∥ · ‖f‖X(μ) =
(
M(q)[T ] ·M(q)[X(μ)]

)
· ‖f‖X(μ)



6.2. Generalized Maurey–Rosenthal factorization theorems 261

whenever f ∈ X(μ); note that i[1] is the identity operator on X(μ). This and part
(ii), which is valid with g := g0, establish (6.28).

Finally, since
∥∥M

g
1/q
0

(f)
∥∥

Lq(μ)
=
( ∫

Ω
|f |qg0 dμ

)1/q for f ∈ X(μ), the inequal-
ity (6.29) follows immediately from (6.28). �
Remark 6.18. Given 0 < q < ∞, let X(μ) be a q-convex, σ-order continuous q-
B.f.s. over a positive, finite measure space (Ω, Σ, μ). Suppose that E is a Banach
space and T ∈ L(X(μ), E) is a μ-determined, q-concave operator. In other words,
condition (vi) of Corollary 6.17 is satisfied. Then, we claim that it is possible to
select a particular function g0 ∈

(
X(μ)[q]

)′ with g0 > 0 (μ-a.e.) and a particular
operator S0 ∈ L

(
Lq(μ), E

)
such that T = S0 ◦ M

g
1/q
0

and

‖T ‖ ≤ ‖S0‖ ·
∥∥M

g
1/q
0

∥∥ ≤ M(q)[T ] ·M(q)[X(μ)]; (6.34)

in short, we can include an extra condition (6.34) in part (iv) (with g := g0

and S := S0) of Corollary 6.17. The inequality (6.34) was originally given in [30,
Corollary 5]. Now let us verify our claim. Take a function g0 ∈

(
X(μ)[q]

)′ with g0 >

0 (μ-a.e.) satisfying (6.28) for every f ∈ X(μ). Then, g
1/q
0 ∈M

(
X(μ), Lq(μ)

)
and

T = S0 ◦ M
g
1/q
0

with S0 ∈ L(Lq(μ), E) denoting the operator f �→ ImT

(
g
−1/q
0 f

)
;

see the arguments used to prove the implications (ii) ⇒ (iv) and (iv) ⇒ (v) in
Theorem 6.9 with p := 1. Moreover, ‖S0‖ ≤ 1 via Remark 6.14) (with S := S0).
Consequently, it follows from (6.29) that

‖T ‖ =
∥∥S0 ◦ M

g
1/q
0

∥∥ ≤ ‖S0‖ ·
∥∥M

g
1/q
0

∥∥ ≤ ∥∥M
g
1/q
0

∥∥ ≤ M(q)[T ] ·M(q)[X(μ)]. �

The σ-order continuity of a q-B.f.s. X(μ) in Theorem 6.9 ensures, amongst
other things, that the set function mT : A �→ T (χ

A
) on Σ associated with a

Banach-space valued, continuous linear operator T on X(μ) is actually σ-additive.
Such a vector measure mT played a crucial role in the proof of Theorem 6.9. Let
us now demonstrate, by example, that if X(μ) is not σ-o.c., then there may exist
continuous linear operators on X(μ) which do not admit a factorization by means
of a multiplication operator as in part (iv) of Corollary 6.17 (which is exactly part
(v) of Theorem 6.9 with p := 1).

In the following example, we shall use the fact that L∞(μ) over a positive,
finite measure space (Ω, Σ, μ) is q-convex whenever 1 ≤ q < ∞. To see this, fix
1 ≤ q < ∞. Given n ∈ N and functions f1, . . . , fn ∈ L∞(μ), it is clear that(∑n

j=1

∣∣fj(ω)
∣∣q)1/q ≤

(∑n
j=1

∥∥fj

∥∥q

L∞(μ)

)1/q for μ-a.e. ω ∈ Ω and hence, that∥∥∥( n∑
j=1

∣∣fj

∣∣q)1/q∥∥∥
L∞(μ)

≤
( n∑

j=1

∥∥fj

∥∥q

L∞(μ)

)1/q

.

So, according to Definition 2.46, the B.f.s. L∞(μ) is q-convex with M(q)
[
L∞(μ)

]
≤

1. On the other hand, M(q)
[
L∞(μ)

]
≥ 1 by (2.107) and consequently, we have

M(q)
[
L∞(μ)

]
= 1.
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Example 6.19. Suppose that (Ω, Σ, μ) is a positive, finite measure space such that
Σ is σ-decomposable relative to μ. Let 1 ≤ q < ∞. The B.f.s. X(μ) := L∞(μ) is
not σ-o.c. So, L∞(μ)∗ �= L∞(μ)′ = L1(μ). Since Σ is σ-decomposable relative to
μ, the L∞(μ)-valued set function A �→ χ

A
is not norm σ-additive on Σ. Hence,

there exists x∗ ∈ L∞(μ)∗ such that the finitely additive, scalar-valued set function
λ : A �→ 〈χ

A
, x∗〉 is not σ-additive on Σ. Clearly x∗ can be chosen from (L∞(μ)∗)+,

in which case λ ≥ 0. Let E := C and T ∈ L(X(μ), E) denote the functional x∗,
that is, T (f) = 〈f, x∗〉 for all f ∈ L∞(μ). Note that E is q-concave, and so
the positive operator T is also q-concave via Corollary 2.70. Moreover, L∞(μ) is
q-convex; see the discussion just prior to this example.

Now, assume that we can factorize T as in part (iv) of Corollary 6.17, i.e.,
T = S ◦ Mg1/q for some function g ∈

(
X(μ)[q]

)′ with g > 0 (μ-a.e.) and some
operator S ∈ L

(
Lq(μ), E

)
. Whenever A(n) ↓ ∅ with A(n) ∈ Σ for n ∈ N, it

follows that
〈
χ

A(n)
, x∗〉 = T (χ

A(n)
) = S ◦ Mg1/q(χ

A(n)
) → 0 as n → ∞ because∥∥S ◦ Mg1/q(χ

A(n)
)
∥∥ ≤ ‖S‖ · ‖Mg1/q(χ

A(n)
)‖ and

∥∥Mg1/q(χ
A(n)

)
∥∥

Lq(μ)
=
( ∫

A(n)

g dμ
)1/q

→ 0 as n →∞.

We have used here the fact that g1/q = Mg1/q(χ
Ω
) ∈ Lq(μ), that is, g ∈ L1(μ). So,

T (χ
A(n)

) → 0 as n → ∞ whenever Σ � A(n) ↓ ∅. In other words, λ is σ-additive.
This is a contradiction and hence, T does not admit a factorization as in Corollary
6.17(iv). �

The following example shows that q-convexity of X(μ) is necessary if, in part
(i) of Corollary 6.17, we wish to replace the bidual q-concavity condition on T
assumed there with q-concavity of T .

Example 6.20. Let (Ω, Σ, μ) be a positive, finite measure space for which Σ is
σ-decomposable relative to μ. Fix any 1 ≤ r < ∞ and let X(μ) := Lr(μ) and
E := Lr(μ), in which case X(μ) is both r-convex and r-concave. We denote the
identity operator on Lr(μ) by T and interpret T : X(μ) → E. Given r < q < ∞,
it follows that X(μ) = Lr(μ) is q-concave but not q-convex (see (i-b) and (ii-a) of
Example 2.73).

To show that T is not bidual q-concave, assume the contrary. It then follows
from Corollary 6.17 that there exists g ∈ L0(μ) with g > 0 (μ-a.e.) for which

Lr(μ) = X(μ) ⊆ Lq(gdμ) ⊆ L1(mT ). (6.35)

Since mT (A) = T (χ
A
) = χ

A
∈ X(μ) for A ∈ Σ, we have that L1(mT ) = Lr(μ),

with their given norms being equal; see Corollary 3.66(ii)(a). Hence, (6.35) implies
that Lr(μ) = X(μ) = Lq(g dμ) as isomorphic B.f.s.’. Since Lq(gdμ) is q-convex (see
Example 2.73(i)), this contradicts the fact that Lr(μ) is not q-convex. Therefore,
T �∈ A1,q

(
X(μ), E

)
. On the other hand, T ∈ K(q)(X(μ), E) because its codomain

E = Lr(μ) is q-concave and T is a positive operator; see Corollary 2.70.
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Noting that χ
Ω
∈ X(μ) ⊆ Lq(g dμ), we can conclude that g ∈ L1(μ). Then

Corollary 6.3(iii) can be applied to deduce that T ∈ A1,r

(
X(μ), E

)
.

Finally, suppose that 0 < q < r. Then T , being the identity operator on
Lr(μ), is not q-concave because Lr(μ) is not q-concave (see Example 2.73(ii-b)).
So, again T fails to be bidual q-concave; see Proposition 6.2(i) with p := 1. �

Given 1 ≤ p < ∞ and 0 < q < ∞, we now exhibit a (p, q)-power-concave
operator defined on a non-q-convex q-B.f.s. The choice p := 1 will then show that
Corollary 6.17 allows us to consider a Maurey–Rosenthal type factorization on a
non-q-convex space (whereas that due to A. Defant [31, Corollary 5] requires the
operator to act in a q-convex space X(μ)).

Example 6.21. Let ϕ ∈ �1 satisfy ϕ(n) > 0 for every n ∈ N. Define a finite measure
μ : 2N → [0,∞) by μ({n}) := ϕ(n) for every n ∈ N. Fix 1 ≤ p < ∞ and 0 < q < ∞.

(i) Given 0 < r < q < ∞, the q-B.f.s. X(μ) := �r(μ) based on the finite mea-
sure space (N, 2N, μ) is not q-convex; see Example 2.73(ii-a). By applying condition
(v) of Theorem 6.9 we shall exhibit a bidual (p, q)-power-concave multiplication
operator defined on X(μ) and taking values in the Banach space E := �u(μ); here
1 ≤ u < ∞ is arbitrary (but fixed from now on). To this end, apply Lemma 2.80(ii)
(with (r/p) in place of q and (q/p) in place of u) to deduce that

M
(
�r/p(μ), �q/p(μ)

)
= ϕ(p/r)−(p/q) · �∞. (6.36)

Next we shall show that

(i-a) if p < (q/u), that is, u < (q/p), then

M
(
�q/p(μ), �u(μ)

)
= ϕ(p/q)−(1/u) · �(qu)/(q−pu),

and

(i-b) if p ≥ (q/u), that is, u ≥ (q/p), then

M
(
�q/p(μ), �u(μ)

)
= ϕ(p/q)−(1/u) · �∞.

For (i-a), since u < (q/p), take w > 0 satisfying (p/q) + (1/w) = (1/u). Then
Example 2.30(i) gives that

M
(
�q/p(μ), �u(μ)

)
= �w(μ) = ϕ−(1/w) · �w = ϕ(p/q)−(1/u) · �(qu)/(q−pu).

So, (i-a) holds. Next, applying Lemma 2.80(ii) with (q/p) in place of q establishes
(i-b). Note that both (i-a) and (i-b) are independent of the condition 0 < r < q
assumed on r.

Consider now the function ψ :=
∑∞

n=1 2−nχ{n} defined pointwise on N. Then
ψ(n) > 0 for every n ∈ N and

ψ ∈
⋂

0<s≤∞
�s. (6.37)
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The function h := ϕ(p/q)−(1/u)ψ satisfies

Mh ∈ L
(
�q/p(μ), �u(μ)

)
. (6.38)

In fact, if 1 ≤ p < (q/u), then (qu)/(q−pu) > 0 and so (6.37) gives ψ ∈ �(qu)/(q−pu).
Hence, (6.38) holds via (i-a). On the other hand, if p ≥ (q/u), then (i-b) and the
fact that ψ ∈ �∞ again imply that (6.38) holds. Moreover, the operator Mh is
μ-determined because h(n) > 0 for every n ∈ N; see Example 4.7(ii).

Recall that 0 < r < q. With g :=
(
ϕ(p/r)−(p/q)

)q/p, we have (p/r)− (p/q) > 0
and g(n) > 0 for every n ∈ N. Moreover, gp/q = ϕ(p/r)−(p/q)χ

N
and so the function

gp/q ∈M
(
�r/p(μ), �q/p(μ)

)
= M

(
X(μ)[p], �q/p(μ)

)
via (6.36).

Therefore, with i[p] : X(μ) = �r(μ) → X(μ)[p] = �r/p(μ) denoting the natural
inclusion map, define the operator T ∈ L(X(μ), E) as the composition

T := Mh ◦ Mgp/q ◦ i[p]. (6.39)

Being the multiplication operator by the function h gp/q, which satisfies
hgp/q > 0 pointwise on N, the operator T is μ-determined via Example 4.7(ii).
Moreover, the operator T[p] := Mh ◦ Mgp/q belongs to L(X(μ)[p], E) and satisfies
T = T[p] ◦ i[p]. According to Definition 5.1 the operator T is p-th power factorable
and hence T ∈ F[p](X(μ), E). It follows from (6.39) and condition (v) of Theorem
6.9 (with S := Mh) that T is bidual (p, q)-power-concave.

(ii) With X(μ) := �1(μ) and E := �1(μ) we shall show that

Mz ∈ A1,2

(
X(μ), E

)
whenever z ∈ �2 and z(n) > 0 for all n ∈ N. We can write z =

(
ϕ−(1/2)z

)
· ϕ1/2.

Moreover, part (ii) of Lemma 2.80 (with q := 1 and u := 2) gives

ϕ1/2 = ϕ1−(1/2) · χ
N
∈ ϕ1−(1/2) · �∞ = M

(
�1(μ), �2(μ)

)
,

whereas part (i) of the same lemma (with r := 2 and q := 1, in which case w = 2)
gives

ϕ−(1/2)z ∈ ϕ−(1/2) · �2 = �2(μ) = M
(
�2(μ), �1(μ)

)
.

Since z > 0 pointwise on N, the multiplication operator Mz : X(μ) → E is
μ-determined; see Example 4.7(ii). Moreover, the discussion immediately after
the identity (5.3) implies that Mz ∈ F[1](X(μ), E). Accordingly, Mz is bidual
2-concave because the composition

Mz = Mϕ−1/2z ◦ Mϕ1/2
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ensures that condition (v) of Theorem 6.9 with p := 1, q := 2, g := ϕ, T := Mz

and S := Mϕ−1/2z holds, that is, we have:

X(μ) = �1(μ)
T=Mz ��

M
ϕ1/2 ������������

E = �1(μ)

�2(μ)

S=M
ϕ−1/2z

�����������

.

�

In order to exhibit an example of a bidual (p, q)-power concave operator on
a q-B.f.s. over a non-atomic, positive, finite measure space, we first require the
following fact.

Remark 6.22. Let X(μ) be a q-B.f.s. based on a non-atomic, positive, finite mea-
sure space (Ω, Σ, μ) and E be a Banach space. If 1 ≤ p < ∞ and 0 < q < p, then

Ap,q(X(μ), E) = {0}. (6.40)

If E = {0}, then (6.40) is clear. So, suppose that E �= {0} and assume, on the
contrary, that there does exist a non-zero operator T ∈ Ap,q(X(μ), E). Then we
may as well assume that T is μ-determined. Otherwise we simply consider the
restriction T1 of T to its essential carrier Ω1 because the restriction μ1 of μ to Ω1

is also non-atomic and because T1 is μ1-determined; see Remark 6.8. Now apply
condition (iv) of Theorem 6.9 to find g ∈ L0(μ), with g > 0 (μ-a.e.), such that
X(μ)[p] ⊆ Lq/p(gdμ) ⊆ L1(mT ). However, since (q/p) < 1 and since the indefinite
integral μg = gdμ : Σ → [0,∞) is also non-atomic and finite (as g ∈ L1(μ), which
can be seen from the proof of (iv)⇒(ii) in Theorem 6.9), Example 2.10 yields that(
Lq/p(gdμ)

)∗ = {0}. So, recalling that L1(mT ) is a Banach space (and non-trivial
as μ is non-atomic with N0(μ) = N0(mT )) enables us to obtain from Lemma 2.9
that

L
(
Lq/p(gdμ), L1(mT )

)
= {0}.

But, the linear map corresponding to the inclusion Lq/p(g dμ) ⊆ L1(mT ) is non-
trivial and belongs to L

(
Lq/p(g dμ), L1(mT ); a contradiction. Therefore, (6.40)

must hold. �

We now present a bidual (p, q)-power-concave operator defined on a non-q-
convex q-B.f.s. (over a non-atomic, finite measure space).

Example 6.23. Let 1 < q < ∞ and 0 < r < q. Consider the Lorentz space Lq,r(μ)
over a non-atomic, positive, finite measure space (Ω, Σ, μ). Then

Lq,r(μ) ⊆ Lq(μ) ⊆ L1(μ),

via Example 2.76(ii-c), and Lq,r(μ) is not q-convex; see Example 2.76(vii). Let
T �= 0 denote the natural injection from X(μ) := Lq,r(μ) into the Banach space
E := L1(μ). Given 1 ≤ p < ∞, we claim that T ∈ Ap,q(X(μ), E) if and only if
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p ≤ q. Indeed, if T ∈ Ap,q(X(μ), E), then we necessarily have p ≤ q via Remark
6.22. Conversely, assume that p ≤ q. Again, by Example 2.76(ii-c), we have (since
(r/p) < (q/p) and (q/p) ≥ 1) that

L(q/p), (r/p)(μ) ⊆ Lq/p(μ) ⊆ L1(μ). (6.41)

Observe that X(μ)[p] = Lq,r(μ)[p] = L(q/p), (r/p)(μ); see Example 2.76(iv). Since

mT (A) = T (χ
A
) = χ

A
, A ∈ Σ, (6.42)

Corollary 3.66(ii)(a) (with X(μ) := L1(μ)) implies that L1(mT ) = L1(μ) with
equal norms. Therefore, we can rewrite (6.41) as

X(μ)[p] ⊆ Lq/p(μ) ⊆ L1(mT ).

Moreover, (6.42) implies that N0(mT ) = N0(μ), that is, T is μ-determined. So,
condition (iv) of Theorem 6.9 is satisfied and hence, T ∈ Ap,q(X(μ), E). �

The following result will be applied to the Volterra operators and convolution
operators considered in Examples 6.25 and 6.26 below, respectively.

Lemma 6.24. Let (Ω, Σ, μ) be a non-atomic, positive, finite measure space. Given
1 < r < ∞, consider the B.f.s. Lr(μ) and a Banach space E �= {0}. Let T ∈
L(Lr(μ), E) be any μ-determined operator (necessarily non-zero). Fix 1 ≤ p < ∞
and 0 < q < ∞.

(i) If T ∈ Ap,q

(
Lr(μ), E

)
, then we necessarily have p ≤ q ≤ r.

(ii) Suppose that p ≤ q ≤ r. If there exists a number u satisfying 1 ≤ u ≤ (q/p)
such that Lu(μ) ⊆ L1(mT ), then T ∈ Ap,q

(
Lr(μ), E

)
.

(iii) Assume that L1(μ) ⊆ L1(mT ). Then T ∈ Ap,q

(
Lr(μ), E

)
if and only if we

have p ≤ q ≤ r.

Proof. (i) It was noted in Example 6.5 that there exist μ-determined operators
in L(Lr(μ), E). Example 6.4(ii) and Remark 6.22 yield that q ≤ r and p ≤ q,
respectively. So, (i) holds.

(ii) Note that the assumed conditions on p, q, r and u imply that the inequal-
ities 1 ≤ u ≤ (q/p) ≤ q ≤ r hold and hence, we have

Lr(μ)[p] = Lr/p(μ) ⊆ Lq/p(μ) ⊆ Lu(μ) ⊆ L1(mT ).

In other words, condition (iv) of Theorem 6.9 is satisfied with g := χ
Ω

and X(μ) :=
Lr(μ). Hence, T ∈ Ap,q

(
Lr(μ), E

)
.

(iii) This follows from (i) and (ii) (with u := 1). �
Example 6.25. Let 1 < r < ∞ and μ be Lebesgue measure. Given 1 ≤ p < ∞ and
0 < q < ∞, the Volterra integral operator Vr : Lr([0, 1]) = Lr(μ) → Lr([0, 1]) (see
(3.27)) is bidual (p, q)-power-concave if and only if 1 ≤ p ≤ q ≤ r. This follows from
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Lemma 6.24(iii) because it follows from (3.45) that the vector measure mVr = νr

associated with Vr (see Example 3.10) satisfies

L1(μ) ⊆ L1
(
(1 − t)1/rdt

)
⊆ L1(νr) = L1(mVr ). �

Example 6.26. Let μ be normalized Haar measure on the circle group T. Given 1 <

r < ∞ and g ∈ L1(T)\{0} consider the convolution operator C
(r)
g : Lr(T) → Lr(T)

as given in (4.10). Let m
(r)
g : B(T) → Lr(T) denote the vector measure associated

with C
(r)
g (see Example 4.11), that is, m

(r)
g denotes m

C
(r)
g

. Fix 1 ≤ p < ∞ and
0 < q < ∞.

(i) Assume that g ∈ Lr(T). Then L1(m(r)
g ) = L1(μ) = L1(T) (see Theo-

rem 7.50 or [123, Theorem 1.2]). So, it follows from Lemma 6.24(iii) that C
(r)
g ∈

Ap,q

(
Lr(T), Lr(T)

)
if and only if p ≤ q ≤ r. The situation for a general compact

abelian group G in place of T is analogous; see Example 7.51 in Chapter 7.
(ii) Let 1 ≤ s < r and choose u ≥ 1 according to (1/s) + (1/u) = (1/r) + 1.

Then, for any function g ∈ Ls(T) \ Lr(T), we have Lu(μ) = Lu(T) ⊆ L1(m(r)
g );

see [123, Remark 3.3(ii)]. So, we can apply Lemma 6.24(ii) to obtain that

C(r)
g ∈ Ap,q

(
Lr(T), Lr(T)

)
whenever 1 ≤ u ≤ pu ≤ q ≤ r.

Again for a general group G (of the type in part (i)) in place of T, the situation
is analogous; see Remark 7.45(iv) in Chapter 7. �

6.3 Bidual (p, q)-power-concave operators

Given an operator T ∈ L(X(μ), E), not necessarily μ-determined, we shall present
equivalent conditions for the bidual (p, q)-power-concavity of T ; see Proposition
6.27 below. These conditions do not explicitly contain the associated vector mea-
sure mT . With T1 denoting the restriction of T to its essential carrier we could,
of course, make use of our previous Theorem 6.9 by applying it to T1. However,
we prefer to prove the result directly, without recourse to vector measures. We
require some preparation before providing a formal statement.

Given are a positive, finite measure space (Ω, Σ, μ) and 0 < q < ∞. Let X(μ)
be a q-B.f.s. over (Ω, Σ, μ) and consider any non-negative function g ∈

(
X(μ)[q]

)′.
Then

∫
Ω g|h| dμ < ∞ for all h ∈ X(μ)[q] and hence, with h := χ

Ω
∈ X(μ)[q], we see

that g ∈ L1(μ)+. According to Proposition 2.29, it follows that
∫
Ω |f |qg dμ < ∞

for every f ∈ X(μ). If, in addition, g > 0 (μ-a.e.), then the weighted Lq-space
Lq(μg) = Lq(g dμ) is also a q-B.f.s. over (Ω, Σ, μ) and we have the inclusion
X(μ) ⊆ Lq(gdμ), in which case the corresponding natural inclusion map is exactly
the multiplication operator M1 : X(μ) → Lq(g dμ) determined by the constant
function 1 := χ

Ω
. Even for the general case when g ≥ 0 (i.e., M1 is not necessarily

injective), let us still use the same notation M1 : X(μ) → Lq(g dμ) to denote the
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corresponding multiplication operator. That is, for each f ∈ X(μ), the function
M1(f) is considered as an element of Lq(g dμ). Recall that the simple functions
are dense in any q-B.f.s. which is σ-o.c.; see Remark 2.6.

According to Corollary 6.3(i), for each 1 ≤ p < ∞, the p-th power factorable
operators and the bidual (p, q)-power-concave operators defined on Lq(g dμ) are
the same.

Proposition 6.27. Let 1 ≤ p < ∞ and 0 < q < ∞. Suppose that X(μ) is a σ-
order continuous q-B.f.s. over a positive, finite measure space (Ω, Σ, μ) and E is a
Banach space. Then the following conditions for an operator T ∈ L(X(μ), E) are
equivalent.

(i) T is bidual (p, q)-power-concave.

(ii) There exists a non-negative function g ∈
(
X(μ)[q]

)′ such that

∥∥T (f)
∥∥

E
≤
( ∫

Ω

|f |q/pg dμ
)p/q

< ∞, f ∈ X(μ).

(iii) There exist a non-negative function g ∈
(
X(μ)[q]

)′ and a bidual (p, q)-power-
concave operator R : Lq(gdμ) → E such that T = R ◦ M1, with the operator
M1 : X(μ) → Lq(gdμ) denoting multiplication by 1 := χ

Ω
, that is, we have

X(μ) T ��

M1

��

E

Lq(gdμ)

R

����������������������� γ[p] �� Lq/p(gdμ)

R[p]

��

where γ[p] denotes the canonical inclusion map.

(iv) T is p-th power factorable and there exist g ∈ L1(μ)+ and S ∈ L
(
Lq/p(μ), E

)
such that gp/q ∈ M

(
X(μ)[p], Lq/p(μ)

)
and T[p] = S ◦Mgp/q , that is, we have

X(μ) T ��

i[p]

��

E

X(μ)[p]

T[p]

��������������������� M
gp/q

�� Lq/p(μ).

S

��
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(v) T is p-th power factorable and there exist a function h ∈ M
(
X(μ)[p], Lq/p(μ)

)
and U ∈ L

(
Lq/p(μ), E

)
such that T[p] = U ◦ Mh, that is, we have

X(μ) T ��

i[p]

��

E

X(μ)[p]

T[p]

���������������������
Mh �� Lq/p(μ).

U

��

(vi) T is p-th power factorable and T[p] : X(μ)[p] → E is bidual (q/p)-power-
concave.

Proof. (i) ⇔ (ii). This is exactly Lemma 6.13.
(ii) ⇒ (iii). Since f := χ

Ω
∈ X(μ), it follows from condition (ii) that

g ∈ L1(μ). So, we can define a linear operator R1 on the subspace sim Σ of
Lq/p(gdμ) by

R1(s) := T (s), s ∈ sim Σ.

Here note that s in the left-hand side is considered as an element of Lq/p(g dμ)
whereas s in the right-hand side is considered as an element of X(μ). Then con-
dition (ii) gives that∥∥R1(s)

∥∥
E
≤
(∫

Ω

|s|q/pg dμ
)p/q

< ∞, s ∈ simΣ,

that is, ‖R1(s)‖E ≤ ‖s‖Lq/p(gdμ) for all s ∈ sim Σ ⊆ Lq/p(gdμ). So, R1 is continu-
ous on the dense subspace sim Σ of the σ-order continuous q-B.f.s. Lq/p(gdμ) and
hence, admits a unique E-valued, continuous linear extension to Lq/p(g dμ). This
extension is denoted also by R1. Let

γ[p] : Lq(gdμ) → Lq(gdμ)[p] = Lq/p(gdμ)

denote the canonical embedding; see Lemma 2.21(iv) with Lq(g dμ) in place of
X(μ) there. The composition R := R1 ◦ γ[p] ∈ L

(
Lq(g dμ), E

)
is clearly p-th

power factorable with R[p] = R1 and hence, R ∈ Ap,q(Lq(g dμ), E) via Corollary
6.3(ii).

Now, consider the multiplication operator M1 : X(μ) → Lq(gdμ) as discussed
prior to the proposition. Then the E-valued continuous linear operators R ◦ M1

and T coincide on the dense subspace sim Σ of X(μ) and hence, R ◦ M1 = T on
X(μ).

(iii) ⇒ (iv). The bidual (p, q)-operator R is p-th power factorable (see parts
(i) and (ii) of Proposition 6.2) and hence, admits a continuous linear extension

R[p] : Lq/p(gdμ) = Lq(gdμ)[p] → E;
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see Definition 5.1. We can then define a linear operator S : Lq/p(μ) → E by

S(h) := R[p](g−p/qh), h ∈ Lq/p(μ),

because g−p/qh ∈ Lq/p(gdμ) for every h ∈ Lq/p(μ). Then

‖S(h)‖E ≤ ‖R[p]‖ · ‖g−p/qh‖Lq/p(gdμ) = ‖R[p]‖ · ‖h‖Lq/p(μ)

for every h ∈ Lq/p(μ).
In the discussion prior to Proposition 6.27 we saw that the non-negative

function g ∈
(
X(μ)[q]

)′ belongs to L1(μ)+ and hence, via Proposition 2.29, we
have

gp/q ∈ M
(
X(μ)[p], Lq/p(μ)

)
.

So, given f ∈ X(μ) ⊆ X(μ)[p], we have (because gp/qf ∈ Lq/p(μ)) that(
S ◦ Mgp/q

)
(f) = S(gp/qf) = R[p](f) =

(
R ◦ M1

)
(f) = T (f),

that is, S ◦ Mgp/q : X(μ)[p] → E is a continuous linear extension of T , which
establishes (iv).

(iv) ⇒ (v). This is immediate by setting h := gp/q and U := S.
(v) ⇒ (vi). For every f ∈ X(μ)[p] we have

‖T[p](f)‖E =
∥∥(U ◦ Mh

)
(f)
∥∥

E
≤ ‖U‖ · ‖hf‖Lq/p(μ)

= ‖U‖
(∫

Ω

∣∣f ∣∣q/p∣∣h∣∣q/p
dμ
)p/q

< ∞.

In particular,
∫
Ω |f |q/p|h|q/p dμ < ∞ for every f ∈ X(μ)[p]. Since every ψ ∈

(X(μ)[p])[q/p] = X(μ)[q] satisfies |ψ| = (|ψ|p/q)q/p, with f := |ψ|p/q ∈ X(μ)[p], it
follows that |h|q/p belongs to

(
(X(μ)[p])[q/p]

)′. So, by setting g := ‖U‖q/p · |h|q/p

we see that (6.17) holds (with 1 in place of p and (q/p) in place of q and with
X(μ)[p] in place of X(μ) and T[p] in place of T ). According to Lemma 6.13 we can
conclude that T[p] ∈ A1,q/p

(
X(μ)[p], E

)
.

(vi) ⇒ (i). The proof of (viii) ⇒ (i) in Theorem 6.9 works for this case
without any change (and makes no use of the μ-determinedness of T or the vector
measure mT ). �
Remark 6.28. Let 1 ≤ p < ∞ and 0 < q < ∞.

(i) Condition (iii) in Proposition 6.27 illustrates that a prototype of bidual
(p, q)-power-concave operators are those operators induced by p-th power fac-
torable operators defined on the Lq-space of some finite scalar measure.

(ii) Condition (v) in Proposition 6.27 allows us to describe the class of all
bidual (p, q)-power-concave operators from a σ-order continuous q-B.f.s. X(μ) into
a Banach space E as follows:

Ap,q

(
X(μ), E

)
=
{
U ◦ Mh ◦ i[p] : h ∈ M

(
X(μ)[p], Lq/p(μ)

)
, U ∈ L

(
Lq/p(μ), E

)}
.

�
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Let us immediately apply this remark.

Example 6.29. Let 1 ≤ q < ∞ and 0 < r < q. Consider the Lorentz space
X(μ) := Lq,r(μ) over a non-atomic, positive, finite measure space (Ω, Σ, μ); see
Example 2.76. Given a Banach space E, our aim is to verify that

Ap,q(X(μ), E) =
{
U ◦ Mh ◦ i[p] : h ∈ L∞(μ), U ∈ L(Lq/p(μ), E)

}
(6.43)

whenever 1 ≤ p ≤ q.
(i) We shall first show that

M
(
L1,s(μ), L1(μ)

)
= L∞(μ), 0 < s < 1. (6.44)

It follows from Theorem 1.4.17(ii) and its proof in [69] that

L1,s(μ)∗ = L1,s(μ)′ = L∞(μ); (6.45)

see also Proposition 2.16 and Example 2.76(iii) for the identification L1,s(μ)∗ =
L1,s(μ)′. Now let h ∈ M

(
L1,s(μ), L1(μ)

)
. Since Mh ∈ L

(
L1,s(μ), L1(μ)

)
and

L1(μ)∗ = L1(μ)′ = L∞(μ), the linear functional

f �→
∫

Ω

hf dμ =
∫

Ω

Mh(f) dμ, f ∈ L1,s(μ),

is continuous. This and (6.45) give that h ∈ L∞(μ).
Conversely, the inclusion L1,s(μ) ⊆ L1(μ) (see Example 2.76(ii-c)), together

with the inequality ‖fg‖L1(μ) ≤ ‖g‖L∞(μ) ‖f‖L1(μ), valid for all f ∈ L1(μ) and
g ∈ L∞(μ), yield that

M
(
L1,s(μ), L1(μ)

)
⊇ L∞(μ).

So, (6.44) does indeed hold.
(ii) Next we show that if 1 ≤ u < ∞ and 0 < w < u, then

M
(
Lu,w(μ), Lu(μ)

)
= L∞(μ).

In fact, Example 2.76(iv) yields that L1, (w/u)(μ) = Lu,w(μ)[u]. From (2.77) (with
X(μ) := Lu,w(μ), Y (μ) := Lu(μ), and p := u) and part (i) (with s := w/u), it
follows that

M
(
Lu,w(μ), Lu(μ)

)
=
(
M
(
Lu,w(μ), Lu(μ)

)
[u]

)
[1/u]

= M
(
Lu,w(μ)[u], Lu(μ)[u]

)
[1/u]

= M
(
L1, (w/u)(μ), L1(μ)

)
[1/u]

= L∞(μ)[1/u] = L∞(μ).

(iii) Let 1 ≤ p < ∞. It follows from part (ii) (with u := q/p and w := r/p)
that

M
(
L(q/p), (r/p)(μ), Lq/p(μ)

)
= L∞(μ),

that is, M
(
Lq,r(μ)[p], Lq/p(μ)

)
= L∞(μ); see (2.167). This and Remark 6.28(ii)

yield (6.43). �
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In the previous Example 6.29 we have assumed that r < q. If r = q, then
Lq,q(μ) = Lq(μ) via Example 2.76(ii-a) and hence, Corollary 6.3(ii) (with g := χ

Ω
)

gives a description of the class of all bidual (p, q)-power concave operators defined
on Lq(μ). So, we now consider the remaining case when r > q.

Example 6.30. Suppose that 1 ≤ q < r < ∞ and that (Ω, Σ, μ) is a non-atomic,
positive, finite measure space. Given any Banach space E, we claim that

Ap,q

(
Lq,r(μ), E

)
= {0}, 1 ≤ p < ∞. (6.46)

To prove this, it suffices to assume that 1 ≤ p ≤ q because (6.46) has already been
verified when p > q (see Remark 6.22).

First we shall show that

M
(
L(q/p), (r/p)(μ), Lq/p(μ)

)
= {0}. (6.47)

Since 1 ≤ (q/p), we have L1, (r/q)(μ) = L(q/p), (r/p)(μ)[q/p] via Example 2.76(iv)
and since L1(μ) = Lq/p(μ)[q/p], it follows from (2.77), with X(μ) := L(q/p), (r/p)(μ)
and Y (μ) := Lq/p(μ) and with (q/p) in place of p, that

M
(
L1, (r/q)(μ), L1(μ)

)
= M

(
L(q/p), (r/p)(μ)[q/p], Lq/p(μ)[q/p]

)
= M

(
L(q/p), (r/p)(μ), Lq/p(μ)

)
[q/p]

. (6.48)

However, since 1 < (r/q) < ∞, the q-B.f.s. L1, (r/q)(μ) has trivial dual (see
[69, Theorem 1.4.17(iii)]) and hence, Lemma 2.9 with E := L1(μ) implies that
L
(
L1, (r/q)(μ), L1(μ)

)
= {0}. In particular, it follows that

M
(
L1, (r/q)(μ), L1(μ)

)
= {0} (6.49)

because each h ∈ M
(
L1, (r/q)(μ), L1(μ)

)
corresponds to the multiplication opera-

tor Mh ∈ L
(
L1, (r/q)(μ), L1(μ)

)
. Now, (6.48) and (6.49) yield (6.47).

With i[p] : Lq,r(μ) → Lq,r(μ)[p] = L(q/p), (r/p)(μ) denoting the natural em-
bedding, Remark 6.28(ii) gives

Ap,q

(
Lq,r(μ), E

)
=
{

U ◦ Mh ◦ i[p] : U ∈ L
(
Lq/p(μ), E

)
, h ∈M

(
L(q/p), (r/p)(μ), Lq/p(μ)

)}
.

So, (6.46) follows from this and (6.47). �

The situation for purely atomic measures is somewhat different.

Example 6.31. Let ϕ ∈ �1 with ϕ(n) > 0 for all n ∈ N and μ : 2N → [0,∞) be
the finite, positive measure defined by μ({n}) := ϕ(n) for n ∈ N. Fix positive
numbers q, r, u such that q < r and u ≥ 1. Given any 1 ≤ p < ∞, our aim is to
identify those functions ψ ∈ M

(
�r(μ), �u(μ)

)
for which Mψ ∈ Ap,q

(
�r(μ), �u(μ)

)
.
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Recall from Example 2.73(i-a) that the q-B.f.s. �r(μ) over the finite measure space
(N, 2N, μ) is q-convex because 0 < q < r. Therefore it follows from Proposition
6.2(iv), with X(μ) := �r(μ) and E := �u(μ), that

Ap,q

(
�r(μ), �u(μ)

)
= Bp,q

(
�r(μ), �u(μ)

)
. (6.50)

This is to be compared with Example 6.20 in which the assumption q > r imposes
non-q-convexity on �r(μ).

(i) Observing that 0 < (p/r) < (p/q), let w > 0 be the number satisfying

p

r
+

1
w

=
p

q
, i.e., w =

qr

p(r − q)
.

Apply Lemma 2.80(i) (with (r/p) in place of r and (q/p) in place of q and noting
that (q/p) < (r/p)) to deduce that

M
(
�r/p(μ), �q/p(μ)

)
= �w(μ) = ϕ−(1/w) · �w = ϕ(p/r)−(p/q) · �w. (6.51)

(ii) There are two cases: (q/p) ≤ u and (q/p) > u, which will be treated
separately.

(ii-a) Assume first that (q/p) ≤ u. It then follows from Lemma 2.80(ii) (also
from Example 6.21(i-b)) that

M
(
�q/p(μ), �u(μ)

)
= ϕ(p/q)−(1/u) · �∞.

This, the identity �∞ · �w = �w, and (6.51) imply that

M
(
�q/p(μ), �u(μ)

)
·M

(
�r/p(μ), �q/p(μ)

)
=
(
ϕ(p/q)−(1/u) · �∞

)
·
(
ϕ(p/r)−(p/q) · �w

)
= ϕ(p/r)−(1/u) · �w. (6.52)

Given ψ ∈M
(
�r(μ), �u(μ)

)
, we shall show that

Mψ ∈ Ap,q

(
�r(μ), �u(μ)

)
⇐⇒ ψ ∈ ϕ(p/r)−(1/u) · �w = ϕ(p/r)−(1/u) · �(qr)/(p(r−q)).

(6.53)
To this end, assume first that Mψ ∈ Ap,q

(
�r(μ), �u(μ)

)
. Via Proposition 6.27(v),

there exist a function h ∈ M
(
�r(μ)[p], �q/p(μ)

)
= M

(
�r/p(μ), �q/p(μ)

)
and an

operator U ∈ L
(
�q/p(μ), �u(μ)

)
such that(
Mψ

)
[p]

= U ◦Mh. (6.54)

Here
(
Mψ

)
[p]

: �r/p = �r(μ)[p] → �u(μ) denotes the continuous linear extension of
the operator Mψ : �r(μ) → �u(μ) (necessarily p-th power factorable by Proposition
6.27(v)) to the p-th power �r(μ)[p] of �r(μ). Of course,

(
Mψ

)
[p]

is also the oper-

ator of multiplication by ψ. Let A := h−1
(
C \ {0}

)
. Then the continuous linear
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operator U1 : �q/p(μ) → �u(μ) defined by U1(f) := U(fχ
A
) for every f ∈ �q/p(μ)

is continuous and satisfies (because hgχ
A

= hg for every g ∈ �r/p(μ))(
Mψ

)
[p]

= U1 ◦ Mh. (6.55)

Now we have

U1(χ{n}) = U(χ{n}χA
) = U(0) = 0, n ∈ N \ A. (6.56)

On the other hand, (6.55) yields that

ψ(n)χ{n} =
(
Mψ

)
[p]

(
χ{n}

)
= U1

(
hχ{n}

)
= h(n)U1

(
χ{n}

)
, n ∈ A. (6.57)

We claim that U1 ∈ L
(
�q/p(μ), �u(μ)

)
is the multiplication operator by ψ1 :=

(ψ/h)χ
A
. Indeed, given f ∈ �q/p(μ), we have f =

∑∞
n=1f(n)χ{n} in the topology

of the q-B.f.s. �q/p(μ). For the case f ≥ 0 this follows from �q/p(μ) being σ-o.c.
and the fact that

∑k
n=1 f(n)χ{n} ↑ f in the order of �q/p(μ). For R-valued f , the

conclusion then follows by considering f+ and f− and the case of C-valued f by
then considering Re(f) and Im(f). The previous fact, together with (6.56) and
(6.57), imply that

U1(f) = U1

( ∞∑
n=1

f(n)χ{n}
)

=
∞∑

n=1

f(n)U1(χ{n})

=
∞∑

n=1

(
ψ(n)/h(n)

)
χ

A
(n)f(n)χ{n} =

(
ψ/h)χ

A
f

= ψ1f.

Therefore ψ1 ∈ M
(
�q/p(μ), �u(μ)

)
and U1 = Mψ1 , which establishes our claim.

Now, this together with (6.55), give that

ψg =
(
Mψ

)
[p]

(g) =
(
Mψ1◦ Mh

)
(g), g ∈ �r/p(μ)

and hence, via (6.52), we have that

ψ = ψ1h ∈ M
(
�q/p(μ), �u(μ)

)
· M

(
�r/p(μ), �q/p(μ)

)
= ϕ(p/r)−(1/u) · �w.

To prove the reverse implication in (6.53), assume that ψ ∈ �(p/r)−(1/u) · �w.
Then (6.52) implies that the multiplication operator M̃ψ : f �→ ψf from �r/p(μ)
into �u(μ) factorizes through �q/p(μ) by multiplications; see the discussion prior
to Lemma 2.80. So, M̃ψ is the continuous linear extension of Mψ : �r(μ) → �u(μ)
to �r(μ)[p] = �r/p(μ), that is, Mψ is p-th power factorable with M̃ψ = (Mψ)[p] and
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consequently,
Mψ = Mh2 ◦ Mh1 ◦ i[p]

for some h1 ∈M
(
�r/p(μ), �q/p(μ)

)
and h2 ∈M

(
�q/p(μ), �u(μ)

)
. Therefore, Mψ ∈

Ap,q

(
�r(μ), �u(μ)

)
via condition (v) of Proposition 6.27 or Remark 6.28(ii). So we

have established (6.53).
(ii-b) Now let us consider the case when (q/p) > u. Let the number v > 0

satisfy
p

q
+

1
v

=
1
u

, i.e., v =
qu

q − pu
.

Then Lemma 2.80(i) (with (q/p) in place of r and u in place of q) implies that

M
(
�q/p(μ), �u(μ)

)
= �v(μ) = �1(μ)[1/v].

Therefore, via (6.51) and Lemma 2.21(i) we have

M
(
�q/p(μ), �u(μ)

)
·M

(
�r/p(μ), �q/p(μ)

)
= �v(μ) · �w(μ) = �1(μ)[1/v] · �1(μ)[1/w] = �1(μ)[(1/v)+(1/w)]

= �1(μ)[(1/u)−(p/r)] = �(ru)/(r−pu)(μ). (6.58)

Given a function ψ ∈ M
(
�r(μ), �u(μ)

)
, we can conclude that

Mψ ∈ Ap,q(�r(μ), �u(μ)) ⇐⇒ ψ ∈ �(ru)/(r−pu)(μ).

We omit the proof of this because it is similar to that of (6.53), which requires
Proposition 6.27 and the discussion prior to Lemma 2.80.

(iii) Let us assume further that p = 1 and q < u. Then the following condi-
tions for a function ψ ∈ M

(
�r(μ), �u(μ)

)
are equivalent.

(a) Mψ : �r(μ) → �u(μ) is bidual q-concave.
(b) Mψ is q-concave.
(c) ψ ∈ ϕ(1/r)−(1/u) · �(qr)/(r−q).

(d) Mψ factorizes through �q(μ) via multiplications.

In fact, the equivalence (a) ⇔ (b) is from (6.50) with p := 1 and (6.6). The above
(ii-a) (see (6.50)) with p := 1 verifies the equivalence (a) ⇔ (c). Finally, in view
of (6.52) with p := 1, we can see that condition (c) is equivalent to

ψ ∈M
(
�q(μ), �u(μ)

)
·M

(
�r(μ), �q(μ)

)
,

which in turn is equivalent to (d) in view of the discussion prior to Lemma 2.80.
Hence, we have established the equivalence of (a) to (d).

Note that the equivalence (b) ⇔ (d) answers the question posed after Lemma
2.80 with the assumption that u ≥ 1. �



276 Chapter 6. Factorization of p-th Power Factorable Operators

As an application of Proposition 6.27, we now provide a characterization
of q-convex B.f.s.’ for 1 ≤ q < ∞. For real B.f.s.’, such a characterization has
already been given in [32, Theorem 2.4], which is recorded as Lemma 6.32 below;
it is needed for our characterization of the complex case as given in Proposition
6.33. As before, �q

R
denotes the real part of the complex sequence space �q for

1 ≤ q < ∞. Given a function ψ : N → R satisfying ψ · �q
R
⊆ �p

R
with 1 ≤ p, q < ∞,

let M
(R)
ψ : �q

R
→ �p

R
denote the corresponding multiplication operator. Of course, if

we consider complex spaces �p and �q and ψ ∈ M(�q, �p), then the corresponding
multiplication operator will be denoted by Mψ : �q → �p as usual.

Lemma 6.32. Let 1 < q < ∞. The following assertions are equivalent for a real
B.f.s. XR(μ) over a positive, finite measure space (Ω, Σ, μ).

(i) XR(μ) is q-convex.

(ii) There is a number p ∈ [1, q) such that every positive operator S :XR(μ)→�p
R

admits a factorization S = M
(R)
ψ ◦ R through �q

R
for some R-linear operator

R ∈ L
(
XR(μ), �q

R

)
and some R-valued function ψ on N satisfying ψ ·�q

R
⊆ �p

R
.

XR(μ)
S≥0 ��

R
���

��
��

��
��

�p
R

�q
R

M
(R)
ψ

���������

.

We shall now settle the complex case in Proposition 6.33 below. Our proof
requires an application of Corollary 2 in [30] to a continuous R-linear operator
with values in the real Banach lattice �1

R
(which is the real part of �1). For this, we

need to check that �1
R

is a B.f.s. in the sense of [30, p. 155], where the definition
is different from ours. First, observe that �1

R
is an order ideal of the real vector

lattice RN (in the pointwise order) which is, of course, the L0-space corresponding
to counting measure on (N, 2N). So, condition (I) in [30, p. 155] holds. Moreover,
�1

R
being a real Banach lattice, condition (II) in [30, p. 155] holds with t := 1

there. Finally, for �1
R
, condition (III) in [30, p. 155] requires that ‖ψn‖�1

R

→ ‖ψ‖�1
R

whenever ψn (n ∈ N) and ψ are elements of �1
R

satisfying ψn ↑ ψ pointwise on N;
this surely holds because �1

R
is σ-o.c. Therefore, �1

R
is indeed a B.f.s. in the sense

of [30].

Proposition 6.33. Let 1 ≤ q < ∞ and X(μ) be a σ-order continuous B.f.s. over a
positive, finite measure space (Ω, Σ, μ). The following assertions are equivalent.

(i) X(μ) is q-convex.

(ii) For each q-concave Banach lattice E and each positive operator T :X(μ)→E,
there exist a non-negative function g ∈M

(
X(μ), Lq(μ)

)
and a linear operator
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U ∈ L
(
Lq(μ), E

)
such that T factorizes as T = U ◦ Mg.

X(μ) T ��

Mg 		














E

Lq(μ)
U

�����������

.

(iii) For every positive operator T : X(μ) → �1 there exist a non-negative func-
tion g ∈ M

(
X(μ), Lq(μ)

)
and an operator U ∈ L

(
Lq(μ), �1

)
such that T

factorizes as T = U ◦ Mg.

X(μ) T ��

Mg 		














�1

Lq(μ)
U

����������

.

(iv) There is a number p ∈ [1, q] such that every positive operator T : X(μ) → �p

admits a factorization T = Mψ◦V through �q for some V ∈ L
(
X(μ), �q

)
with

V
(
XR(μ)

)
⊆ �q

R
and some R-valued function ψ on N satisfying ψ · �q

R
⊆ �p

R
.

X(μ) T ��

V ����
��

��
��

�p

�q

Mψ

����������

.

Proof. (i) ⇒ (ii). Let E and T be as in the statement of (ii). The positive operator
T is q-concave because E is q-concave (see Corollary 2.70). This and (i) imply
part (ii) via Corollary 6.17, whenever T is μ-determined. Otherwise, argue for the
restriction T1 of T to an essential carrier Ω1 (see Remark 6.8) and note that T1 is
also positive and q-concave and that X(μ1) is again q-concave.

(ii) ⇒ (iii). Part (iii) is a special case of (ii) because �1 is 1-concave and
hence, also q-concave (see Example 2.73(i-b)).

(iii) ⇒ (iv). Fix a positive operator T : X(μ) → �q. According to (iii),
we can choose a non-negative function g ∈ M

(
X(μ), Lq(μ)

)
and an operator

U ∈ L
(
Lq(μ), �1

)
such that T = U ◦ Mg. Set A := {ω ∈ Ω : g(ω) �= 0} and define

an operator U1 ∈ L
(
Lq(μ), �1

)
by

U1(h) := U(hχ
A
), h ∈ Lq(μ).

Then
U ◦ Mg = U1 ◦ Mg on X(μ).
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We claim that U1 is positive. In fact, let h ∈ Lq(μ)+. It follows from Proposition
2.27 that the range R(Mg) of Mg is dense in the closed subspace χ

A
· Lq(μ)

of Lq(μ). Since g ≥ 0, we can select a sequence {fn}∞n=1 ⊆ X(μ)+ such that
Mg(fn) → hχ

A
in Lq(μ) as n →∞. So,

U1(h) = U(hχ
A
) = lim

n→∞U
(
Mg(fn)

)
= lim

n→∞T (fn) ≥ 0,

which implies that U1 is positive.
The positive operator U1 on the q-convex B.f.s. Lq(μ) is q-convex (see Corol-

lary 2.65). In view of the inclusion U1

(
Lq

R
(μ)
)
⊆ �1

R
, due to the positivity of

U1 ∈ L(Lq(μ), �1), let U
(R)
1 : Lq

R
(μ) → �1

R
denote the restriction of U1 to Lq

R
(μ),

with codomain �1
R
. Then U

(R)
1 is also q-convex, which is an immediate conse-

quence of Definition 2.46 and Remark 2.48. Moreover, being 1-concave, �1
R

is also
q-concave; see Lemma 2.49(ii) and Example 2.73(i-b). Consequently, U

(R)
1 is a q-

convex R-linear operator from the real Banach space Lq
R
(μ) into the q-concave

space �1
R
. Recall that �1

R
is a B.f.s. over (N, 2N), relative to counting measure, in

the sense of [30, p. 155]; see the discussion immediately prior to this proposition.
So, it follows from [30, Corollary 2] that U

(R)
1 = M

(R)
ψ ◦ W (R) for some R-linear

operator W (R) ∈ L
(
Lq

R
(μ), �q

R

)
and non-negative function ψ on N with ψ · �q

R
⊆ �1

R
.

Here, M
(R)
ψ : �q

R
→ �1

R
is, of course, the multiplication operator corresponding to ψ.

Recalling that g ≥ 0, let M
(R)
g denote the corresponding multiplication op-

erator from the real part XR(μ) of X(μ) into the real part Lq
R
(μ) of Lq(μ). Now,

given f ∈ XR(μ) ⊆ X(μ), it follows that

T (f) =
(
U ◦ Mg

)
(f) =

(
U1 ◦ Mg

)
(f) =

(
M

(R)
ψ ◦ (W (R) ◦ M (R)

g )
)
(f). (6.59)

Let V ∈ L(X(μ), �q) denote the natural C-linear extension of the R-linear operator
(W (R) ◦ M

(R)
g ) : XR(μ) → �q

R
, that is,

V
(
f1 + if2

)
:=
(
W (R) ◦ M (R)

g

)
(f1) + i

(
W (R) ◦ M (R)

g

)
(f2)

for all f = f1 + if2 ∈ XR(μ)+ iXR(μ) = X(μ); see [149, p. 135], for example. Then
we have from (6.59) that T = Mψ ◦ V because, given f1, f2 ∈ XR(μ), it follows
that

T
(
f1 + if2

)
= T (f1) + iT (f2)

=
(
M

(R)
ψ ◦ (W (R) ◦ M (R)

g )
)
(f1) + i

(
M

(R)
ψ ◦ (W (R) ◦ M (R)

g )
)
(f2)

= Mψ

(
(W (R) ◦ M (R)

g )(f1) + i(W (R) ◦ M (R)
g )(f2)

)
=
(
Mψ ◦ V

)
(f1 + if2).

In other words, part (iv) holds with p := 1.
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(iv) ⇒ (i). If q = 1 in the assumptions of Proposition 6.33, then part (i)
always holds (without any recourse to parts (ii)–(iv)) because every B.f.s. is always
1-convex (see Proposition 2.77).

Now, assume that 1 < q < ∞ and let p be as in part (iv). In order to establish
condition (ii) of Lemma 6.32, let S : XR(μ) → �p

R
be any positive operator. The

natural continuous C-linear extension T : X(μ) → �p of S is defined by

T (f1 + if2) := S(f1) + iS(f2), f = f1 + if2 ∈ XR(μ) + iXR(μ) = X(μ);

again see [149, p. 135]. Clearly T is positive because S is. Since V
(
XR(μ)

)
⊆ �q

R
,

let V (R) : XR(μ) → �q
R

denote the restriction of V to XR(μ), with codomain �q
R
.

Then the factorization T = Mψ ◦ V , as given by the assumptions in part (iv),
yields that S = M

(R)
ψ ◦ V (R). That is, condition (ii) of Lemma 6.32 is satisfied

with R := V (R) and hence, XR(μ) is q-convex via the same lemma. Finally, apply
Lemma 2.49(i) to obtain the q-convexity of X(μ). �

Inspired by the equivalence (i) ⇔ (vi) in Proposition 6.27, we now present a
corresponding equivalence for a (p, q)-power-concave operator.

Proposition 6.34. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. Suppose that 1 ≤ p < ∞
and 0 < q < ∞. Then a continuous linear operator T : X(μ) → E is (p, q)-power-
concave if and only if it is p-th power factorable and its continuous linear extension
T[p] : X(μ)[p] → E is (q/p)-concave.

Proof. Assume first that T is (p, q)-power-concave. Proposition 6.2(ii) gives that T
is p-th power factorable. By the definition of (p, q)-power-concavity, there is C > 0
such that

n∑
j=1

∥∥T (sj)
∥∥q/p

E
≤ C

∥∥∥ n∑
j=1

∣∣sj

∣∣q/p
∥∥∥

X(μ)[q]

, n ∈ N, s1, . . . , sn ∈ sim Σ. (6.60)

To prove that T[p] ∈ L(X(μ)[p], E) is (q/p)-concave, fix n ∈ N and f1, . . . , fn ∈
X(μ)[p]. Given j = 1, . . . , n, the fact that X(μ)[p] is σ-o.c. (see Lemma 2.21(iii))
allows us to select a sequence

{
s
(j)
k

}∞
n=1

⊆ simΣ such that lim k→∞s
(j)
k = fj in the

quasi-norm ‖·‖X(μ)[p]
and |s(j)

k | ↑ |fj| pointwise (relative to k). Then, since X(μ)[q]
is also σ-o.c. and

∑n
j=1

∣∣s(j)
k

∣∣q/p .⏐ ∑n
j=1

∣∣fj

∣∣q/p ∈ X(μ)[q] pointwise (relative to
k), it follows that

lim
k→∞

n∑
j=1

∣∣s(j)
k

∣∣q/p =
n∑

j=1

∣∣fj

∣∣q/p

in the topology of X(μ)[q]. Proposition 2.2(vi) applied to the q-B.f.s.X(μ)[q] yields
that

lim
k→∞

∥∥∥ n∑
j=1

∣∣s(j)
k

∣∣q/p
∥∥∥

X(μ)[q]

≤ 41/r
∥∥∥ n∑

j=1

∣∣fj

∣∣q/p
∥∥∥

X(μ)[q]

(6.61)
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for some r > 0 determined by the quasi-norm ‖ · ‖X(μ)[q]
(see (2.5) with Z :=

X(μ)[q]). Now, the continuity of T[p] gives that limk→∞ T[p]

(
s
(j)
k

)
= T[p](fj) in

the Banach space E, which implies (since all s
(j)
k ∈ X(μ) ⊆ X(μ)[p]) that∥∥T[p](fj)

∥∥
E

= lim
k→∞

∥∥T[p](s
(j)
k )
∥∥

E
= lim

k→∞
∥∥T (s(j)

k )
∥∥

E

whenever j = 1, . . . , n. This, (6.60) and (6.61) yield that( n∑
j=1

∥∥T[p](fj)
∥∥q/p

E

)p/q

=
( n∑

j=1

lim
k→∞

∥∥T (s(j)
k

)∥∥q/p

E

)p/q

=
(

lim
k→∞

n∑
j=1

∥∥T (s(j)
k

)∥∥q/p

E

)p/q

≤
(

lim
k→∞

C
∥∥∥ n∑

j=1

∣∣s(j)
k

∣∣q/p
∥∥∥

X(μ)[q]

)p/q

≤
(

41/rC
∥∥∥ n∑

j=1

∣∣fj

∣∣q/p
∥∥∥

X(μ)[q]

)p/q

= 4p/(qr)Cp/q
∥∥∥( n∑

j=1

∣∣fj

∣∣q/p
)p/q∥∥∥

X(μ)[p]

.

Here the last equality is a consequence (via (2.47)) of the general fact that∥∥g∥∥p/q

X(μ)[q]
=
∥∥ |g|p/q

∥∥
X(μ)[p]

, g ∈ X(μ)[q], (6.62)

because
∑n

j=1

∣∣fj

∣∣q/p ∈ X(μ)[q]. According to Definition 2.46(ii), the operator
T[p] : X(μ)[p] → E is (q/p)-concave.

Conversely, assume that T[p] : X(μ)[p] → E is (q/p)-concave in which case
there exists a constant C1 > 0 such that( n∑

j=1

∥∥T[p](gj)
∥∥q/p

E

)p/q

≤ C1

∥∥∥( n∑
j=1

∣∣gj

∣∣q/p
)p/q∥∥∥

X(μ)[p]

= C1

∥∥∥ n∑
j=1

∣∣gj

∣∣q/p
∥∥∥p/q

X(μ)[q]

(6.63)
for all n ∈ N and g1, . . . , gn ∈ X(μ)[p]. Here, for the equality in (6.63), we have

again applied (6.62) with g :=
∑n

j=1

∣∣gj

∣∣q/p ∈ X(μ)[q]. Now, fix n ∈ N and
h1, . . . , hn ∈ X(μ) ⊆ X(μ)[p]. Then, (6.63) with gj := hj for j = 1, . . . , n yields
that

n∑
j=1

∥∥T (hj)
∥∥q/p

E
=

n∑
j=1

∥∥T[p](hj)
∥∥q/p

E
≤
(
C1)q/p

∥∥∥ n∑
j=1

|hj |q/p
∥∥∥

X(μ)[q]

because T[p] is an E-valued extension of T from X(μ) to X(μ)[p]. According to
(6.4), we see that T : X(μ) → E is (p, q)-power-concave. �

Let us now show that the converse statement of part (ii) of Proposition 6.2
may not hold, in general; see the discussion after Example 6.5.

Example 6.35. Let (Ω, Σ, μ) be σ-decomposable, positive, finite measure space.
Take positive numbers p, q, r such that 1 ≤ p, r < ∞ and 0 < q < pr. Fix any
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continuous linear operator S : Lr(μ) → Lr(μ) which is not (q/p)-concave; for
instance, the identity operator on Lr(μ) will do by applying both the inequality
(q/p) < r and Example 2.73(ii-b). Let

X(μ) := Lpr(μ) and E := Lr(μ)

and consider T := S ◦ i[p], where i[p] : X(μ) = Lpr(μ) → X(μ)[p] = Lr(μ) is
the canonical injection (note that (pr) ≥ r). Clearly, T : X(μ) → E is p-th power
factorable; see (5.3). However, its continuous linear extension T[p] to X(μ)[p], which
equals S, is not (q/p)-concave. Therefore, Proposition 6.34 yields that the p-th
power factorable operator T is not (p, q)-power-concave for all 0 < q < (pr). �
Corollary 6.36. Suppose that 1 ≤ p ≤ q < ∞. Let X(μ) be any p-convex q-B.f.s.
(over a positive, finite measure space (Ω, Σ, μ)) for which M(p)[X(μ)] = 1. Then,
for every Banach space E, we have

Πq/p

(
X(μ)[p], E

)
◦ i[p] ⊆ Bp,q

(
X(μ), E

)
. (6.64)

Proof. The assumption that M(p)[X(μ)] = 1 guarantees that the given quasi-
norm ‖ · ‖X(μ)[p]

is a norm on the p-th power X(μ)[p] (see Proposition 2.23(iii)).
That is, X(μ)[p] is a B.f.s. with 1 ≤ (q/p) < ∞ and hence, we can speak of the E-
valued absolutely (q/p)-summing operators on X(μ)[p]; see Example 2.61. Now, fix
S ∈ Πq/p

(
X(μ)[p], E

)
. Then the composition T := S◦i[p] is a p-th power factorable

operator from X(μ) into E with T[p] = S; see (5.3). It follows from Example 2.61
that T[p] = S : X(μ)[p] → E is (q/p)-concave. So, T is (p, q)-power-concave via
Proposition 6.34. �

The assumption in Corollary 6.36 that M(p)[X(μ)] = 1 is not essential. In
fact, suppose that X(μ) is any p-convex q-B.f.s. but, M(p)[X(μ)] is not necessarily
equal to 1. Then the p-th power X(μ)[p] of X(μ) admits an equivalent lattice norm
η[p] (see Proposition 2.23(ii). So, we need to replace (6.64) with

Πq/p

(
(X(μ)[p], η[p]), E

)
◦ i[p] ⊆ Bp,q(X(μ), E) (6.65)

because (in this monograph) absolutely (q/p)-summing operators are only defined
on Banach spaces.

Let us give an application of the previous corollary to the construction of
(p, q)-power-concave operators arising from a class of classical kernel operators.

Example 6.37. Let 1 ≤ p ≤ q < r and (Ω, Σ, μ) be a positive, finite measure space.
Set X(μ) := Lr(μ) and E := Lq/p(μ). Then Lr(μ) is p-convex with M(p)

[
Lr(μ)

]
=

1 (see Example 2.73(i-a)). We first exhibit an absolutely (q/p)-summing operator
from Lr/p(μ) = X(μ)[p] into E = Lq/p(μ). Let u := (r/p)′, that is, u = r/(r − p).
Take any strongly μ-measurable function F : Ω → Lu(μ) (see Section 3.2 for the
definition) such that the scalar function ω �→

∥∥F (ω)
∥∥q/p

Lu(μ)
, defined on Ω, belongs

to L1(μ). This is usually denoted by F ∈ Lq/p
(
μ, Lu(μ)

)
in the literature; see
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[41, p. 43] and [42, pp. 49–50], for example. Noting that Lu(μ)∗ = Lr/p(μ), it
follows from Hölder’s inequality that

∣∣〈g, F (ω)〉
∣∣q/p ≤ ‖g‖q/p

Lr/p(μ)
· ‖F (ω)‖q/p

Lu(μ) for

each ω ∈ Ω and each g ∈ Lr/p(μ). Accordingly, we can define a continuous linear
operator S : Lr/p(μ) → Lq/p(μ) by

S(g)(ω) :=
〈
g, F (ω)

〉
, g ∈ Lr/p(μ), ω ∈ Ω.

Then [41, Example 2.11] can be applied to deduce that S is absolutely (q/p)-
summing on Lr/p(μ) = X(μ)[p]. Hence, S ◦ i[p] : X(μ) = Lr(μ) → E = Lq/p(μ) is
(p, q)-power-concave; see Corollary 6.36. �

Typical examples of operators S of the form given above are kernel operators
of Hille-Tamarkin type, [41, p. 43].

The following result was already announced in Remark 6.7(ii).

Corollary 6.38. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. Suppose that 1 ≤ p1 ≤ p2 < ∞
and 0 < q ≤ r < ∞. Then

Bp2,q

(
X(μ), E

)
⊆ Bp1,r

(
X(μ), E

)
.

Proof. Let T ∈ Bp2,q(X(μ), E). Then it follows from Proposition 6.34 that T is
p2-th power factorable and its continuous linear extension T[p2] : X(μ)[p2] → E
is (q/p2)-concave. According to Proposition 2.54(iv), the operator T[p2] is also
(r/p1)-concave because (r/p1) ≥ (q/p2). Let M1 : X(μ)[p1] → X(μ)[p2] denote
the multiplication operator by the constant function 1 := χ

Ω
(i.e., it is the nat-

ural injection). Since X(μ)[p1] ⊆ X(μ)[p2] (see Lemma 2.21(iv)), the operator
T : X(μ) → E is also p1-th power factorable and we have T = T[p1] ◦ i[p1] where

T[p1] = T[p2] ◦ M1.

That is, we have

X(μ) T ��

i[p1]

��

i[p2]

		������������������� E

X(μ)[p1]
M1 �� X(μ)[p2].

T[p2]

��

Since T[p2] is (r/p1)-concave, the map T[p1] = T[p2] ◦M1 is also (r/p1)-concave via
Proposition 2.68(ii) because

M1 ∈ Λr/p1(X(μ)[p1], X(μ)[p2]);

see Example 2.59. Consequently, it follows from Proposition 6.34 above that T ∈
Bp1,r(X(μ), E). �
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6.4 Factorization of the integration operator

Let X(μ) be a σ-order continuous q-B.f.s. over a finite, positive, measure space
(Ω, Σ, μ) and E be a Banach space. The importance of the integration operator
ImT : L1(mT ) → E lies in the fact that it is the extension of a μ-determined
operator T : X(μ) → E to its optimal domain L1(mT ) and hence, plays a crucial
role in the detailed understanding of T itself. Hence, it is most useful to be able
to find factorizations of T and/or ImT , whenever they may exist. So, suppose
that T ∈ F[p](X(μ), E) for some 1 ≤ p < ∞. Then Theorem 5.7 guarantees that
the natural inclusion map JT : X(μ) → L1(mT ) factors through Lp(mT ) via the
natural inclusions. In other words,

X(μ) ⊆ Lp(mT ) ⊆ L1(mT )

or equivalently
JT = αp ◦ J

(p)
T ,

where J
(p)
T : X(μ) → Lp(mT ) and αp : Lp(mT ) → L1(mT ) denote the respective

natural inclusion map; see Remark 5.8. Given further assumptions on T , Theorem
6.9 gives equivalent conditions for J

(p)
T to factorize through Lq(g dμ) for some

g ∈ L0(μ) and 0 < q < ∞. In this section we focus our attention on factorization
of the map αp. However, since the main role of X(μ) and T in this context is to
define the vector measure mT : Σ → E, we shall present our results in the setting
of general vector measures. In order to provide further explanations concerning
the contents of this section, we begin with a consequence of Corollary 6.17.

Lemma 6.39. Let 1 ≤ p < ∞. Given a measurable space (Ω, Σ), the following four
conditions are equivalent for a Banach-space-valued vector measure ν : Σ → E.

(i) The restricted integration operator I
(p)
ν : Lp(ν) → E is p-concave.

(ii) The inclusion map αp : Lp(ν) → L1(ν) is p-concave.
(iii) For every Rybakov functional x∗ ∈ Rν [E∗], there exists a function g ∈ L0(Σ)

with g > 0 (ν-a.e.) such that

Lp(ν) ⊆ Lp
(
gd|〈ν, x∗〉|

)
⊆ L1(ν).

(iv) There exists a constant C > 0 such that( n∑
j=1

∥∥∥ ∫
Ω

sj dν
∥∥∥p

E

)1/p

≤ C
∥∥∥( n∑

j=1

∣∣sj

∣∣p)1/p∥∥∥
Lp(ν)

(6.66)

for all n ∈ N and s1, . . . , sn ∈ sim Σ.

If, in addition, we can select a constant C1 > 0 such that

‖f‖L1(ν) ≤ C1

∥∥∥ ∫
Ω

|f | dν
∥∥∥

E
, f ∈ L1(ν), (6.67)

then any of (i) to (iv) above is equivalent to the following condition:
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(v) there exists a constant C∗ > 0 such that( n∑
j=1

∥∥∥ ∫
Ω

sj dν
∥∥∥p

E

)1/p

≤ C∗
∥∥∥ ∫

Ω

n∑
j=1

∣∣sj

∣∣pdν
∥∥∥1/p

E
(6.68)

for all n ∈ N and s1, . . . , sn ∈ sim Σ.

Proof. (i) ⇔ (ii). This is a special case of Corollary 3.73(i).
(i) ⇔ (iii). For every x∗ ∈ Rν [E∗], the space Lp(ν) is a B.f.s. over the

finite measure space
(
Ω, Σ, |〈ν, x∗〉|

)
; see Proposition 3.28(i) with μ := |〈ν, x∗〉|.

Moreover, recalling that Lp(ν) is p-convex (see Proposition 3.28(i)), we can apply
Corollary 6.17 (with q := p, μ := |〈ν, x∗〉|, T := I

(p)
ν and X(μ) := Lp(ν) in which

case mT = ν and T is μ-determined) to derive the equivalence (i) ⇔ (iii).
(i) ⇔ (iv). In view of the fact that

∫
Ω s dν = I

(p)
ν (s) for all s ∈ simΣ, the

equivalence (i) ⇔ (iv) is a consequence of Lemma 2.52(ii) (with q := p, Z := Lp(ν),
Z0 := sim Σ, W := E and S := I

(p)
ν ) because sim Σ is dense in the order continuous

B.f.s. Lp(ν) (see Remark 2.6 and Proposition 3.28(i)).
Now we shall prove that part (iv) together with the assumption (6.67) imply

part (v). Fix n ∈ N and s1, . . . , sn ∈ sim Σ. Then we have, from part (iv) and
(3.50), that

( n∑
i=1

∥∥∥ ∫
Ω

si dν
∥∥∥p

E

)1/p

≤ C
∥∥∥( n∑

j=1

∣∣sj

∣∣p)1/p∥∥∥
Lp(ν)

= C
∥∥∥ n∑

j=1

∣∣sj

∣∣p∥∥∥1/p

L1(ν)
≤ CC

1/p
1

∥∥∥∫
Ω

n∑
j=1

∣∣sj

∣∣p dν
∥∥∥1/p

E
;

we have used the assumption (6.67) with f :=
∑n

j=1

∣∣sj

∣∣p ∈ L1(ν). That is, (v)

holds with C∗ := CC
1/p
1 .

Finally we shall verify the implication (v) ⇒ (iv), for which we do not require
(6.67) as will be seen now. Fix n ∈ N and s1, . . . , sn ∈ sim Σ. Then part (v) together
with (3.50) and (3.99) imply that

( n∑
j=1

∥∥∥ ∫
Ω

sj dν
∥∥∥p

E

)1/p

≤ C∗
∥∥∥ ∫

Ω

n∑
j=1

∣∣sj

∣∣p dν
∥∥∥1/p

E
= C∗

∥∥∥Iν

( n∑
j=1

∣∣sj

∣∣p)∥∥∥1/p

E

≤ C∗‖Iν‖1/p
∥∥∥ n∑

j=1

∣∣sj

∣∣p∥∥∥1/p

L1(ν)
= C∗

∥∥∥( n∑
j=1

∣∣sj

∣∣p)1/p∥∥∥
Lp(ν)

.

In other words, part (iv) holds with C := C∗. �

Given a general Banach-space-valued vector measure ν : Σ → E, a natural
question arising from Lemma 6.39(iii) above is whether or not we can choose
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g := χ
Ω

for an appropriate choice of x∗ ∈ Rν [E∗], that is, whether or not

Lp(ν) ⊆ Lp
(
|〈ν, x∗〉|

)
⊆ L1(ν) ? (6.69)

A positive answer would be most desirable. Unfortunately, this is not the case
in general, as already demonstrated in Example 5.12(ii). Accordingly, our aim in
this section is to present two classes of vector measures ν for which (6.69) does
hold, for a suitable choice of x∗ ∈ Rν [E∗]; see Proposition 6.40 and Theorem 6.41
below. Consequently, we shall have available two independent sufficient conditions
each of which provides an affirmative answer to Question (B) posed in Section
5.3; see Remark 6.42 below. Moreover, each of Proposition 6.40 and Theorem 6.41
also provides a sufficient condition under which the p-concavity of the restricted
integration operator I

(p)
ν is equivalent to condition (v) of Lemma 6.39.

Proposition 6.40. Let ν : Σ → E be a Banach-space-valued vector measure on a
measurable space (Ω, Σ) such that the integration operator Iν : L1(ν) → E is an
isomorphism onto its range R(Iν). Given any 1 ≤ p < ∞, the following assertions
are equivalent.

(i) The restricted integration operator I
(p)
ν : Lp(ν) → E is p-concave.

(ii) There exists x∗
0 ∈ Rν [E∗] such that the scalar measure 〈ν, x∗

0〉 is positive and

Lp(ν) ⊆ Lp(〈ν, x∗
0〉) ⊆ L1(ν).

(iii) There exists a constant C > 0 such that( n∑
j=1

∥∥∥ ∫
Ω

sj dν
∥∥∥p

E

)1/p

≤ C
∥∥∥ ∫

Ω

n∑
j=1

∣∣sj

∣∣pdν
∥∥∥1/p

E

for all n ∈ N and s1, . . . , sn ∈ sim Σ.

Proof. (i) ⇒ (ii). Fix any x∗
1 ∈ Rν [E∗]. By Lemma 6.39, there exists g ∈ L0(Σ)

with g > 0 (ν-a.e.) such that

Lp(ν) ⊆ Lp
(
g d|〈ν, x∗

1〉|
)
⊆ L1(ν).

In particular, we have

L1(ν) = Lp(ν)[p] ⊆ Lp
(
g d|〈ν, x∗

1〉|
)
[p]

= L1(g d|〈ν, x∗
1〉|);

see Lemma 2.20(ii). Since χ
Ω
∈ L1(ν), we conclude that the indefinite integral

gd|〈ν, x∗
1〉| is a finite, positive measure and hence, the corresponding linear func-

tional f �→
∫
Ω fg d|〈ν, x∗

1〉| is continuous on L1(g d|〈ν, x∗
1〉|). It then follows that

the linear functional

ηg : f �→
∫

Ω

fg d|〈ν, x∗
1〉|, f ∈ L1(ν),
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is continuous on L1(ν), that is, ηg ∈
(
L1(ν)∗

)+. Since Iν is an isomorphism onto
its range, the space L1(ν) can be identified with the closed subspace R(Iν ) of E.
Hence, the dual operator I∗ν :

(
R(Iν)

)∗ → L1(ν)∗ is a vector space isomorphism.
So, via the Hahn-Banach Theorem, there exists x∗

0 ∈ E∗ satisfying ηg = I∗ν (x̃0
∗),

where x̃0
∗ ∈

(
R(Iν)

)∗ denotes the restriction of x∗
0 to R(Iν). It follows that

〈f, ηg〉 =
〈
Iν(f), x∗

0

〉
=
∫

Ω

f d〈ν, x∗
0〉, f ∈ L1(ν).

Since ηg ≥ 0, it is easy to deduce that 〈ν, x∗
0〉 is a positive scalar measure satisfying

Lp
(
g d|〈ν, x∗

1〉|
)

= Lp
(
〈ν, x∗

0〉
)
. Moreover, since g > 0 (μ-a.e.), we must have that

x∗
0 is a Rybakov functional for ν. Accordingly, (ii) holds.

Apply Lemma 6.39 to derive the implication (ii) ⇒ (i).
(i) ⇔ (iii). Since I−1

ν : R(Iν) → L1(ν) is continuous on R(Iν) equipped with
the topology induced by E we have, for any f ∈ L1(ν), that

‖f‖L1(ν) =
∥∥I−1

ν

(
Iν(f)

)∥∥
L1(ν)

≤
∥∥I−1

ν

∥∥ · ∥∥∥ ∫
Ω

f dν
∥∥∥

E

and hence, it follows that

‖f‖L1(ν) =
∥∥ |f | ∥∥

L1(ν)
≤
∥∥I−1

ν

∥∥ · ∥∥∥ ∫
Ω

|f | dν
∥∥∥

E
.

Namely, (6.67) holds with C1 :=
∥∥I−1

ν

∥∥. Therefore, the equivalence (i) ⇔ (iii) is a
consequence of Lemma 6.39. �

Recall that the class of all vector measures whose associated integration op-
erator is an isomorphism onto its range is exactly that consisting of the evaluations
of all spectral measures; see Proposition 3.64.

Let us now consider the case of positive vector measures.

Theorem 6.41. Suppose that E is a Banach lattice and that ν : Σ → E is any
positive vector measure defined on a measurable space (Ω, Σ). Let 1 ≤ p < ∞.
Then the following assertions are equivalent.

(i) The restricted integration operator I
(p)
ν : Lp(ν) → E is p-concave.

(ii) There exist a constant C > 0 and a positive element x∗
0 ∈ B[E∗] such that

∥∥I(p)
ν (f)

∥∥
E

≤ C

(∫
Ω

|f |p d〈ν, x∗
0〉
)1/p

, f ∈ Lp(ν). (6.70)

(iii) There exists a positive functional x∗
0 ∈ B[E∗] such that

Lp(ν) ⊆ Lp
(
〈ν, x∗

0〉
)
⊆ L1(ν), (6.71)

in which case x∗
0 is necessarily a Rybakov functional for ν.
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(iv) There exists a constant C > 0 such that( n∑
j=1

∥∥∥ ∫
Ω

sj dν
∥∥∥p

E

)1/p

≤ C
∥∥∥ ∫

Ω

n∑
j=1

∣∣sj

∣∣pdν
∥∥∥1/p

E

for all n ∈ N and s1, . . . , sn ∈ sim Σ.

Proof. (i) ⇒ (ii). Equip the convex subset

B+[E∗] := B[E∗] ∩ (E∗)+

of E∗ with the relative weak* topology. Then B+[E∗] is compact because B[E∗]
is weak* compact (by the Banach-Alaoglu Theorem) and (E∗)+ is weak* closed.
Let C := M(p)

[
I
(p)
ν

]
.

Fix n ∈ N and f1, . . . , fn ∈ Lp(ν). Define a function ψf1,...,fn : B+[E∗] → R
by

ψf1,...,fn(x∗) :=
n∑

j=1

∥∥I(p)
ν (fj)

∥∥p

E
− Cp

〈 n∑
j=1

∫
Ω

∣∣fj

∣∣p dν, x∗
〉

, x∗ ∈ B+[E∗].

Then ψf1,...,fn is continuous because
∑n

j=1

∫
Ω

∣∣fj

∣∣p dν ∈ E. Given x∗, y∗ ∈ B[E∗]
and 0 ≤ a ≤ 1, we have

ψf1,...,fn

(
ax∗ + (1− a)y∗) = aψf1,...,fn(x∗) + (1− a)ψf1,...,fn(y∗).

Hence, ψf1,...,fn is a convex function on B+[E∗]. Moreover, since I
(p)
ν is p-concave,

it follows that
n∑

j=1

∥∥I(p)
ν (fj)

∥∥p

E
≤ Cp

∥∥∥( n∑
j=1

∣∣fj

∣∣p)1/p∥∥∥p

Lp(ν)
= Cp

∥∥∥ n∑
j=1

∣∣fj

∣∣p∥∥∥
L1(ν)

, (6.72)

where we have used (2.104) to obtain the inequality and (3.50) to obtain the
equality in (6.72). On the other hand, from Lemma 3.13 we have∥∥∥ n∑

j=1

∣∣fj

∣∣p∥∥∥
L1(ν)

=
∥∥∥ ∫

Ω

n∑
j=1

∣∣fj

∣∣pdν
∥∥∥

E
= sup

x∗∈B+[E∗]

〈∫
Ω

n∑
j=1

∣∣fj

∣∣pdν, x∗
〉

(6.73)

because ν is positive and
∑n

j=1

∣∣fj

∣∣p ≥ 0. Now, the continuous function

x∗ �−→
〈∫

Ω

n∑
j=1

∣∣fj

∣∣pdν, x∗
〉

, x∗ ∈ B+[E∗]

on the compact set B+[E∗] attains its maximum at some point y∗
0 ∈ B+[E∗]

(depending on f1, . . . , fn and n ∈ N). This, together with the definition of ψf1,··· ,fn ,
(6.72) and (6.73), imply that

ψf1,...,fn

(
y∗
0

)
≤ 0. (6.74)
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Now let Ψ := {ψf1,...,fn : f1, . . . , fn ∈ Lp(ν), n ∈ N}. Then Ψ is a con-
cave family of R-valued functions, in the sense of Definition 6.11. In fact, given
numbers cj ∈ [0, 1], for j = 1, . . . , n, with n ∈ N and

∑n
j=1 cj = 1 and finite

collections of functions {f (j)
1 , . . . , f

(j)
k(j)} ⊆ X(μ) with k(j) ∈ N, for j = 1, . . . , n,

direct calculation shows that
n∑

j=1

cjψf
(j)
1 ,...,f

(j)
k(j)

= ψ
c
1/p
1 f

(1)
1 ,...,c

1/p
1 f

(1)
k(1),··· ,c

1/p
n f

(n)
1 ,...,c

1/p
n f

(n)
k(n)

,

from which it follows that Ψ is a concave family.
Apply Lemma 6.12 (with c := 0 and W := B+[E∗] and in combination with

(6.74)) to the concave family Ψ of R-valued continuous, convex functions to find
a positive element x∗

0 ∈ B[E∗] satisfying ψf1,...,fn

(
x∗

0

)
≤ 0, that is,( n∑

j=1

∥∥I(p)
ν (fj)

∥∥p

E

)1/p

≤ C

(∫
Ω

n∑
j=1

∣∣fj

∣∣p d〈ν, x∗
0〉
)1/p

whenever f1, . . . , fn ∈ Lp(ν) and n ∈ N. In particular, the case n := 1 gives

∥∥I(p)
ν (f)

∥∥
E

≤ C

(∫
Ω

|f |p d〈ν, x∗
0〉
)1/p

= C
∥∥f∥∥

Lp(〈ν,x∗
0〉)

, f ∈ Lp(ν).

So, (ii) holds.
(ii) ⇒ (i). Let n ∈ N and f1, . . . , fn ∈ Lp(ν). Then it follows, from (ii), (3.7)

and (3.50), that( n∑
j=1

∥∥I(p)
ν (fj)

∥∥p

E

)1/p

≤ C

(∫
Ω

n∑
j=1

∣∣fj

∣∣p d〈ν, x∗
0〉
)1/p

≤ C
∥∥∥ n∑

j=1

∣∣fj

∣∣p∥∥∥1/p

L1(ν)
= C

∥∥∥( n∑
j=1

∣∣fj

∣∣p)1/p∥∥∥
Lp(ν)

,

which implies that I
(p)
ν is p-concave. Note that in order to be able to apply (3.50)

we need to know that
(∑n

j=1 |fj|p
)1/p ∈ Lp(ν), namely, that

∑n
j=1 |fj |p ∈ L1(ν),

which actually is the case because fj ∈ Lp(ν) for all j = 1, . . . , n.
(ii) ⇔ (iii). If x∗

0 ∈ B[E∗]∩ (E∗)+ satisfies (6.70), then x∗
0 ∈ Rν [E∗] because

(6.70) yields, with f := χ
A
, that

‖ν(A)‖E =
∥∥I(p)

ν (χ
A
)
∥∥

E
≤ C

(
〈ν, x∗

0〉(A)
)1/p

, A ∈ Σ.

Similarly, if x∗
0 satisfies (6.69), then the second inclusion in (6.69) ensures the

existence of a constant C1 > 0 such that

‖ν(A)‖E ≤ ‖χ
A
‖L1(ν) ≤ C1‖χA

‖Lp(〈ν,x∗
0〉) = C1

(
〈ν, x∗

0〉(A)
)1/p

, A ∈ Σ,
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and so again x∗
0 ∈ Rν [E∗]. Therefore, we can apply Corollary 4.16, with μ :=

〈ν, x∗
0〉, X(μ) := Lp(ν) and Y (μ) := Lp(〈ν, x∗

0〉) to the μ-determined operator
T := I

(p)
ν , to establish the equivalence (ii) ⇔ (iii).

(i) ⇔ (iv). Since ν is positive, it follows from Lemma 3.13 that ‖f‖L1(ν) =∥∥ ∫
Ω
|f | dν

∥∥
E

for f ∈ L1(ν). So, (6.67) is satisfied with C1 := 1 and hence, Lemma
6.39 establishes the equivalence (i) ⇔ (iv). �

By considering vector measures of the form ν := mT , each of Proposition
6.40 and Theorem 6.41 provides sufficient conditions under which an affirmative
answer to Question (B) in Section 5.3 is equivalent to p-concavity of the restricted
integration operator I

(p)
mT : Lp(mT ) → E. Let us formulate this more precisely. We

also include an additional equivalent condition.

Remark 6.42. Let X(μ) be a σ-order continuous q-B.f.s. over a positive, finite
measure space (Ω, Σ, μ) and E be a Banach space. Let mT : Σ → E denote the
vector measure associated with a μ-determined operator T : X(μ) → E. Suppose
that 1 ≤ p < ∞. We assume that either:

(a) the associated integration operator ImT : L1(mT ) → E is an isomorphism
onto its range, or that

(b) E is a Banach lattice and T : X(μ) → E is a positive operator.

Observe that (a) is exactly the assumption of Proposition 6.40 with ν := mT ,
whereas (b) is precisely the hypothesis of Theorem 6.41 with ν := mT (because
mT is necessarily positive). So, according to Proposition 6.40 and Theorem 6.41,
the following assertions are equivalent.

(i) The restricted integration operator I
(p)
mT : Lp(mT ) → E is p-concave.

(ii) The continuous inclusions

Lp(mT ) ⊆ Lp
(
〈mT , x∗

0〉
)
⊆ L1(mT )

hold for some x∗
0 ∈ RmT [E∗] such that the scalar measure 〈mT , x∗

0〉 ≥ 0.
(iii) There exists a constant C > 0 such that( n∑

j=1

∥∥T (sj)
∥∥p

E

)1/p

≤ C
∥∥∥T( n∑

j=1

∣∣sj

∣∣p)∥∥∥1/p

E

for all n ∈ N and s1, . . . , sn ∈ sim Σ.

Note, under the assumption (b), that there exists a positive functional x∗
0 ∈

RmT [E∗] satisfying (ii) (see Theorem 6.41). Regarding (iii) we have, of course,
used the fact that T (s) =

∫
Ω

s dmT for every s ∈ simΣ, which is a direct conse-
quence of the definition of the vector measure mT . �

It is worthwhile to record a special case of Theorem 6.41.
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Corollary 6.43. Let E be a Banach lattice and let ν be any E-valued, positive vector
measure. Then the following conditions are equivalent.

(i) The associated integration operator Iν : L1(ν) → E is 1-concave.
(ii) There exists a positive x∗

0 ∈ Rν [E∗] satisfying

L1(ν) = L1(〈ν, x∗
0〉),

with the given lattice norms being equivalent.

Proof. This is a consequence of Theorem 6.41 (with p := 1) and the fact that
we always have L1(ν) ⊆ L1(|〈ν, x∗〉|) with a continuous inclusion whenever x∗ ∈
Rν[E∗]; see (I-1) immediately after Lemma 3.3 and the definition of Rybakov
functionals (given just prior to Theorem 3.7). �

Recall that Proposition 3.74 presents several equivalent conditions to Iν being
1-concave (for a general Banach-space-valued vector measure ν). Corollary 6.43(ii)
exhibits a further equivalent condition provided that ν is a positive vector measure
(with values in a Banach lattice, of course). Can we extend this extra equivalence
to a general vector measure, that is, to one which is not necessarily positive? The
answer is no as will now be demonstrated.

Example 6.44. Let the notation be as in Example 5.12, where ν : B(R2) → E := C2

as given there is surely not positive. Then

L1(ν) �= L1
(
|〈ν, x∗〉|

)
, x∗ ∈ Rν [E∗]. (6.75)

To see this fix x∗ ∈ Rν[E∗].
Given 1 < p < 3/2, recall from (5.25) that Lp

(
|〈ν, x∗〉|

)
� L1(ν). This,

together with the general fact that Lp
(
|〈ν, x∗〉|

)
⊆ L1

(
|〈ν, x∗〉|

)
for the scalar

measure |〈ν, x∗〉|, yield (6.75).
On the other hand, the integration operator Iν : L1(ν) → C2 clearly has

finite rank, and hence, is absolutely 1-summing (see [41, Proposition 2.3]). So,
apply Example 2.61 with q := 1 to conclude that Iν is 1-concave. �

The following fact, whose proof is obvious, has already been used in Example
6.44.

Lemma 6.45. Let ν : Σ → E be a Banach-space-valued measure defined on a mea-
surable space (Ω, Σ). If there exists x∗

0 ∈ Rν [E∗] such that L1(ν) = L1(|〈ν, x∗
0〉|),

then
Lp
(
|〈ν, x∗

0〉|
)
⊆ L1

(
|〈ν, x∗

0〉|
)

= L1(ν), 1 ≤ p < ∞.

In Corollary 3.19, we have exhibited conditions equivalent to L1(ν) =
L1
(
|〈ν, x∗

0〉|
)

for some Rybakov functional x∗
0. In certain cases, it is possible to

identify such a Rybakov functional explicitly; see, for instance, Lemma 3.14(ii)(b)
(and its proof) and Example 3.67.
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We end this chapter with some examples of positive vector measures ν for
which we can find an explicit functional x∗

0 ∈ B[E∗] ∩ (E∗)+ satisfying (6.71).
Note that Theorem 6.41 does not provide a general method for constructing such
a functional x∗

0.

Example 6.46. Let 1 ≤ r ≤ ∞ and consider the Volterra measure νr : B([0, 1]) →
Lr([0, 1]) of order r; see (3.23) and (3.26). For the case 1 ≤ r < ∞, the constant
function 1 := χ

[0,1]
belongs to Lr′

([0, 1]) = Lr([0, 1])∗ and satisfies

〈νr,1〉(A) =
∫

A

(1 − t) dt, A ∈ B([0, 1]), (6.76)

which follows easily from the definition of νr and Fubini’s theorem. In particular,
1 is a positive Rybakov functional for νr.

(i) Consider r := 1. Then, according to Example 3.26(i), we have

L1(ν1) = L1(|ν1|) = L1(〈ν1,1〉) = L1
(
(1 − t)dt

)
.

This situation is quite typical for Lemma 3.14(ii)(b). So, we can apply Lemma
6.45 to deduce (6.71) for every 1 ≤ p < ∞.

(ii) Let 1 < r < ∞. Then, for the function 1 ∈ Lr′
([0, 1]) = Lr([0, 1])∗, we

have Lp(〈νr,1〉) = Lp
(
(1 − t)dt

)
and so

Lp(νr) ⊆ Lp
(
(1 − t)dt

)
⊆ L1

(
(1 − t)1/rdt

)
= L1(|νr |) ⊆ L1(νr) (6.77)

whenever p satisfies r ≤ p < ∞; see Example 3.76. In other words, for every
r ≤ p < ∞, (6.71) holds with ν := νr and x∗

0 := 1 ∈ Lr′
([0, 1]) = Lr([0, 1])∗.

(iii) For r = ∞, it follows from (3.27) that the Volterra operator V∞ satisfies
V∞
(
L∞([0, 1])

)
⊆ C([0, 1]). So, we have

R(ν∞) ⊆ R(V∞) ⊆ C([0, 1]),

where R(ν∞) and R(V∞) denote the ranges of the vector measure ν∞ and the
operator V∞, respectively. Accordingly, let ν0 : B([0, 1]) → C([0, 1]) denote the
Volterra measure ν∞ considered as being C([0, 1])-valued. Then

L1(ν∞) = L1(ν0) = L1([0, 1]); (6.78)

see [129, Proposition 3.1]. As usual, the dual space of C([0, 1]) is identified with
the space of all C-valued Borel measures on [0, 1]. In particular, the Dirac measure
δ1 at the point 1 belongs to the dual space C([0, 1])∗. With μ denoting Lebesgue
measure on [0, 1], it follows that

〈ν0, δ1〉(A) =
∫ 1

0

( ∫ t

0

χ
A
(u) du

)
dδ1(t) =

∫ 1

0

χ
A
(u) du = μ(A), A ∈ B([0, 1]).
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This and (6.78) yield that

L1(ν0) = L1(〈ν0, δ1〉) = L1([0, 1]).

(iv) Finally we consider the vector measure ν∞ : B([0, 1]) → L∞([0, 1]). Let
j : C([0, 1]) → L∞([0, 1]) denote the natural injection (actually an isometry).
That is, j(f) is the equivalence class (modulo μ-a.e.) in L∞([0, 1]) determined by
f ∈ C([0, 1]). Then j

(
C([0, 1])

)
is a closed subspace of L∞([0, 1]) and ν∞ = j ◦ ν0

(see Lemma 3.27). Moreover, δ̃1 defined by δ̃1

(
j(f)

)
:= 〈f, δ1〉, for f ∈ C([0, 1]), is

a continuous linear functional on j
(
C([0, 1]

)
which, by the Hahn-Banach Theorem,

has an extension (not unique) to an element η ∈ L∞([0, 1])∗. Since the containment
R(ν∞) ⊆ j

(
C([0, 1])

)
holds, it follows that

〈ν∞, η〉(A) = 〈ν∞(A), η〉 =
〈
j
(
ν0(A)

)
, δ̃1

〉
=
〈
ν0(A), δ1

〉
= μ(A), A ∈ B([0, 1]).

This and (6.78) imply that

L1(ν∞) = L1
(
〈ν∞, η〉

)
= L1([0, 1]). �

Example 6.47. Given a positive, finite measure space (Ω, Σ, μ) which is σ-decom-
posable and 1 < p < ∞, select functions gj ∈ L1(μ)+, for j ∈ N, such that∑∞

j=1 ‖gj‖L1(μ) < ∞ and gj > 0 (μ-a.e.) for each j ∈ N. Let {ej}∞j=1 denote the
standard unit vector basis for the Banach space �p. The (norm 1) inclusion �1 ⊆ �p

implies that ( ∞∑
j=1

‖gj‖p
L1(μ)

)1/p

≤
∞∑

j=1

‖gj‖L1(μ) < ∞,

which enables us to define a finitely additive set function ν : Σ → �p by

ν(A) :=
∞∑

j=1

(∫
A

gj dμ
)
ej , A ∈ Σ. (6.79)

Note that the separable Banach space �p contains no copy of �∞ and that the
standard unit vector basis {γn}∞n=1 ⊆ (�p)∗ = �p′

is a total subset of (�p)∗. Let
n ∈ N. Observe that

〈ν(A), γn〉 =
∫

A

gndμ, A ∈ Σ,

which implies that the finitely additive set function 〈ν, γn〉 : A �→ 〈ν(A), γn〉 on Σ
is equal to the indefinite integral of gn ∈ L1(μ) (with respect to μ) and hence, is
σ-additive. Consequently, the generalized Orlicz-Pettis Theorem (see Lemma 3.2)
implies that ν is σ-additive, that is, ν is a positive, �p-valued vector measure.



6.4. Factorization of the integration operator 293

Now let ψ ∈ �p′
= (�p)∗ be the (non-negative) function defined by the formula

ψ(j) :=
∥∥gj

∥∥p/p′

L1(μ)
for j ∈ N. Then

〈ν, ψ〉(A) =
n∑

j=1

ψ(j)
∫

A

gj dμ, A ∈ Σ.

Our aim is to show, for x∗
0 := ψ, that

Lp(ν) ⊆ Lp(〈ν, x∗
0〉) = Lp

(
〈ν, ψ〉

)
⊆ L1(ν),

that is, (6.71) holds. Since ψ(j) > 0 for each j ∈ N, the scalar measure 〈ν, ψ〉
and the vector measure ν are mutually absolutely continuous and so, the first
inclusion Lp(ν) ⊆ Lp

(
〈ν, ψ〉

)
necessarily holds. To prove the second inclusion

Lp
(
〈ν, ψ〉

)
⊆ L1(ν), we shall first verify that

‖s‖L1(ν) ≤ ‖s‖Lp(〈ν,ψ〉), s ∈ sim Σ. (6.80)

To this end, fix s ∈ simΣ. It follows from Lemma 3.13 and (6.79) that

‖s‖L1(ν) =
∥∥∥ ∫

Ω

|s| dν
∥∥∥

�p
=
∥∥∥∥ ∞∑

j=1

( ∫
Ω

|s|gj dμ
)
ej

∥∥∥∥
�p

=
( ∞∑

j=1

(∫
Ω

|s|gj dμ
)p
)1/p

≤
( ∞∑

j=1

ψ(j)
∫

Ω

|s|pgj dμ

)1/p

. (6.81)

Here the last inequality in (6.81) is a consequence of the identity (1/p)+(1/p′) = 1
and Hölder’s inequality as follows: for each j ∈ N we have(∫

Ω

|s|gj dμ

)p

=
(∫

Ω

(
ψ(j)1/p |s|g1/p

j

) (
ψ(j)−1/p g

1/p′

j

)
dμ

)p

≤
(∫

Ω

ψ(j) |s|p gj dμ

)p/p (∫
Ω

ψ(j)−p′/p gj dμ

)p/p′

=
(

ψ(j)
∫

Ω

|s|p gj dμ

)(∥∥gj

∥∥−1

L1(μ)

∫
Ω

gj dμ

)p/p′

= ψ(j)
∫

Ω

|s|p gj dμ.

Since the right-hand side of (6.81) equals ‖s‖Lp(〈ν,ψ〉), the inequality (6.80) does
indeed hold.

Now, let f ∈ Lp(〈ν, ψ〉). Select a sequence {sn}∞n=1 ⊆ simΣ such that sn → f
both pointwise and in the norm ‖ · ‖Lp(〈ν,ψ〉) as n →∞. Then we have from (6.80)
that

‖sn − sk‖L1(ν) ≤ ‖sn − sk‖Lp(〈ν,ψ〉), n, k ∈ N,

and hence, {sn}∞n=1 is Cauchy in L1(ν). So, Theorem 3.5(ii) yields that f ∈ L1(ν).
This establishes the inclusion Lp(〈ν, ψ〉) ⊆ L1(ν). �



Chapter 7

Operators from Classical
Harmonic Analysis

Two of the most important operators arising in harmonic analysis are the Fourier
transform and convolutions (which include translation operators via convolution
with Dirac point measures). The aim of this final chapter is to make a detailed
analysis of these two classes of operators, acting in Lp-spaces, from the viewpoint
of their optimal domain and properties of the corresponding extended operator.
In particular, for the well-known class of Lq-improving measures, it turns out that
the corresponding convolution operators can be characterized as precisely those
which are p-th power factorable for a suitable range of p; see Section 7.5. This
makes a close and important connection between the results of Chapter 5 and the
classical family of convolution operators.

To fix the setting, let G denote a (Hausdorff) compact abelian group with
dual group Γ. It is always assumed that G (hence, also Γ) is infinite. The identity
element of G is denoted by 0. Normalised Haar measure in G is denoted by μ;
it is defined on the Borel σ-algebra B(G) (i.e., that generated by the open sets).
For each 1 ≤ p < ∞, let Lp(G) denote the (complex) Banach space of all p-th
power μ-integrable functions f : G → C with its standard norm ‖f‖Lp(G) :=( ∫

G
|f |pdμ

)1/p, that is, Lp(G) = Lp(μ). As usual, L∞(G) = L∞(μ) is the Banach
space of μ-a.e. bounded measurable functions equipped with the essential sup-
norm ‖ · ‖L∞(G).

The adjoint index to p is denoted by p′ and is determined by

1
p

+
1
p′

= 1.

Since μ is finite, we have

L∞(G) ⊆ Lq(G) ⊆ Lp(G) ⊆ L1(G) (7.1)
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whenever 1 < p < q < ∞. Moreover, since μ(G) = 1, we have that all inclusions in
(7.1) are continuous with operator norm 1. As G is infinite, these inclusions are all
proper (adapt the proof of [95, Lemma 4.5.1]). The dual space Lp(G)∗ of Lp(G)
is identified with Lp′

(G) via the duality

〈f, ψ〉 :=
∫

G

fψ dμ, f ∈ Lp(G), ψ ∈ Lp′
(G).

We will also require the Banach spaces �p(Γ), equipped with the norm
‖ξ‖�p(Γ) :=

(∑
γ∈Γ |ξ(γ)|p

)1/p for 1 ≤ p < ∞ and ‖ξ‖�∞(Γ) := supγ∈Γ |ξ(γ)|
for p = ∞, where elements ξ of �p(Γ) are considered as functions ξ : Γ → C de-
fined on the discrete space Γ. The Banach space dual �p(Γ)∗ of �p(Γ) is identified
with �p′

(Γ) via the duality

〈ξ, η〉 :=
∑
γ∈Γ

ξ(γ)η(γ), ξ ∈ �p(Γ), η ∈ �p′
(Γ).

Of course, c0(Γ) denotes the Banach space of all functions ξ : Γ → C which “vanish
at infinity” (i.e., for each ε > 0 the set {γ ∈ Γ : |ξ(γ)| ≥ ε} is finite), equipped
with the norm ‖ · ‖c0(Γ) inherited from �∞(Γ). Actually, c0(Γ) is a closed subspace
of �∞(Γ). Both c0(Γ) and �∞(Γ) are algebras relative to pointwise multiplication
of functions on Γ.

For each γ ∈ Γ, the value of the character γ at a point x ∈ G is denoted by
(x, γ). The identity element of Γ will be denoted by e. Let

T (G) := span
{
(·, γ) : γ ∈ Γ

}
be the space of all trigonometric polynomials on G. Clearly we have T (G) ⊆⋂

1≤r≤∞ Lr(G) and
∥∥(·, γ)

∥∥
Lr(G)

= 1 whenever γ ∈ Γ and 1 ≤ r ≤ ∞.
Finally, the space of all C-valued, regular measures defined on B(G) is de-

noted by M(G); it is a Banach space when equipped with the usual total variation
norm ‖·‖M(G). The Fourier–Stieltjes transform λ̂ : Γ → C of a measure λ ∈ M(G)
is defined by

λ̂(γ) :=
∫

G

(x, γ) dλ(x), γ ∈ Γ, (7.2)

in which case λ̂ ∈ �∞(Γ). If λ is absolutely continuous with respect to μ, denoted
by λ � μ, then it follows from the Radon–Nikodým Theorem that there exists
h ∈ L1(G) whose indefinite integral

μh : A �→
∫

E

h dμ, A ∈ B(G), (7.3)

equals λ. In this case, λ̂ is equal to the Fourier transform ĥ of h defined by

ĥ(γ) =
∫

G

(x, γ)h(x) dμ(x), γ ∈ Γ. (7.4)
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Clearly ‖f̂‖�∞(Γ) ≤ ‖f‖L1(G) for each f ∈ L1(G) and so the Fourier transform
map

F1 : L1(G) → �∞(Γ)

defined by f �→ f̂ is continuous. Actually, by the Riemann–Lebesgue Lemma, [140,
Theorem 1.2.4], F1 is c0(Γ)-valued. If we wish to consider F1 as being c0(Γ)-valued,
then we will denote it by

F1,0 : L1(G) → c0(Γ).

Since the inequalities

‖f̂‖c0(Γ) ≤ ‖f‖L1(G) ≤ ‖f‖Lp(G), f ∈ Lp(G), (7.5)

hold for each 1 ≤ p < ∞, it follows that the Fourier transform map is also defined
on each space Lp(G) and maps it continuously into c0(Γ). We denote this map by

Fp,0 : Lp(G) → c0(Γ).

Actually, more is true: it turns out that f̂ ∈ �p′
(Γ), whenever 1 ≤ p ≤ 2 and

f ∈ Lp(G), with
‖f̂‖�p′(Γ) ≤ ‖f‖Lp(G), f ∈ Lp(G). (7.6)

This is the Hausdorff–Young inequality, [76, p. 227], [95, Theorem F.8.4.]. The
continuous linear map f �→ f̂ so-defined is denoted by

Fp : Lp(G) → �p′
(Γ),

for each 1 ≤ p ≤ 2.
For 1 ≤ p < ∞ and each λ ∈ M(G), the convolution operator C

(p)
λ from

Lp(G) into itself, defined by

C
(p)
λ : f �→ f ∗ λ, f ∈ Lp(G), (7.7)

is linear and continuous. Indeed, the function f ∗ λ : G → C defined by

f ∗ λ : x �→
∫

G

f(x − y) dλ(y), μ-a.e. x ∈ G,

belongs to Lp(G) and satisfies

‖f ∗ λ‖Lp(G) ≤ ‖λ‖M(G) · ‖f‖Lp(G), (7.8)

[75, Theorem 20.13]. So,
∥∥C(p)

λ

∥∥ ≤ ‖λ‖M(G). For fixed a ∈ G, let δa denote the
Dirac measure at a, that is, δa(A) = χ

A
(a) for A ∈ B(G). Then C

(p)
δa

is precisely
the translation operator τa ∈ L

(
Lp(G)

)
given by

τaf : x �→ f(x − a), x ∈ G, (7.9)

for each f ∈ Lp(G). It is clear that τa ◦ C
(p)
λ = C

(p)
λ ◦ τa for each a ∈ G.
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Since T (G) ⊆ Lp(G) and

C
(p)
λ

(
(·, γ)

)
= (·, γ) ∗ λ = λ̂(γ) · (·, γ), γ ∈ Γ, (7.10)

with equality as elements of Lp(G), we see that the trigonometric polynomials are
invariant under each convolution operator C

(p)
λ .

As indicated above, the aim of this final chapter is to make a detailed and
systematic study of the convolution operators C

(p)
λ , for 1 ≤ p < ∞ and λ ∈ M(G),

and the Fourier transform maps Fp,0 : Lp(G) → c0(Γ) for 1 ≤ p < ∞ and
Fp : Lp(G) → �p′

(Γ) for 1 ≤ p ≤ 2. We begin with the Fourier transform, after
noting that each B.f.s. X(μ) = Lp(μ), for 1 ≤ p < ∞, which appears in this
chapter has σ-o.c. norm.

7.1 The Fourier transform

We begin with an analysis of the Fourier transform maps Fp,0 : Lp(G) → c0(Γ)
for 1 ≤ p < ∞. First we require a preliminary result.

Lemma 7.1. The map F1,0 : L1(G) → c0(Γ) is not weakly compact.

Proof. Since Γ is infinite we can choose (and fix) a sequence {γn}∞n=1 of distinct
elements of Γ. Given h ∈ L∞(G) we have〈

(·, γn), h
〉

=
∫

G

(x, γn)h(x) dμ(x) = ĥ(−γn), n ∈ N.

Since h ∈ L1(G), we know that ĥ ∈ c0(Γ) and so limn→∞ ĥ(−γn) = 0. Accordingly,{
(·, γn)

}∞
n=1

converges weakly to 0 in L1(G). Moreover, the orthogonality relations∫
G

(x, γ) dμ(x) = χ{γ}(e), γ ∈ Γ,

[140, p. 10], imply that
(·, γ )̂ = χ{γ}, γ ∈ Γ. (7.11)

Suppose that F1,0 is weakly compact. Since L1(G) has the Dunford-Pettis
property, it follows that F1,0 maps weakly convergent sequences in L1(G) to
norm convergent sequences in c0(Γ), [42, pp. 176–177]. Hence, the sequence{
F1,0(γn)

}∞
n=1

=
{
(·, γn)̂

}∞
n=1

would be norm convergent in c0(Γ); this is surely
not the case since (7.11) implies that∥∥(·, γk )̂ − (·, γn )̂

∥∥
c0(Γ)

= 1, k �= n. (7.12)

�

Remark 7.2. The proof of Lemma 7.1 also shows that F1,0 : L1(G) → c0(Γ)
is not completely continuous. According to Corollary 2.42, it then follows that{
F1,0(χA

) : A ∈ B(G)
}

is not a relatively compact subset of c0(Γ). �
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Define a set function mp : B(G) → c0(Γ) by

mp : A �→ Fp,0(χA
) = χ̂

A
, A ∈ B(G). (7.13)

According to (7.5) we have

‖mp(A)‖c0(Γ) ≤ μ(A), A ∈ B(G),

from which it follows that mp is both σ-additive and has finite variation. Of course,
in the notation of Chapter 4, mp is precisely the vector measure mFp,0 induced by
the operator Fp,0. The unit vector χ{e} ∈ �1(Γ) = c0(Γ)∗ satisfies〈

mp(A), χ{e}
〉

= χ̂
A
(e) = μ(A), A ∈ B(G). (7.14)

Accordingly, for each A ∈ B(G), we have

μ(A) =
∣∣〈mp(A), χ{e}〉

∣∣ ≤ ‖mp(A)‖c0(Γ) ≤ μ(A),

from which it is clear that actually |mp| = μ. It is also clear from (7.14) that
Fp,0 : Lp(G) → c0(Γ) is a μ-determined operator. Moreover, (7.14) implies that

L1(mp) ⊆ L1
w(mp) ⊆ L1

(
|〈mp, χ{e}〉|

)
= L1(G)

which, together with L1(G) = L1(|mp|) ⊆ L1(mp), yields

L1
w(mp) = L1(mp) = L1(|mp|) = L1(G).

Since
∫

G s dmp = ŝ for each s ∈ simB(G) ⊆ Lp(G), we see that Imp , which is the
continuous c0(Γ)-valued extension of Fp,0 : Lp(G) → c0(Γ) to L1(mp) = L1(G), is
precisely the operator F1,0 : L1(G) → c0(Γ). The following result summarizes the
above discussion.

Proposition 7.3. Let 1 ≤ p < ∞ and mp : B(G) → c0(Γ) be the vector measure
associated to the (μ-determined) Fourier transform map Fp,0 : Lp(G) → c0(Γ) via
(7.13).

(i) The vector measure mp has finite variation, satisfies |mp| = μ, and its range
R(mp) is not relatively compact in c0(Γ).

(ii) We have
L1

w(mp) = L1(mp) = L1(|mp|) = L1(G) (7.15)

and the integration operator Imp : L1(mp) → c0(Γ) is precisely the Fourier
transform map F1,0 : L1(G) → c0(Γ). In particular, Imp is injective. More-
over,

Lr(mp) = Lr(G), 1 ≤ r < ∞.

(iii) The integration operator Imp : L1(mp) → c0(Γ) is not weakly compact or
completely continuous.
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Proof. Parts (i) and (ii) have already been established above. Part (iii) follows
from the identity Imp = F1,0 together with Lemma 7.1 and Remark 7.2. �
Remark 7.4. (i) Since Lp(G) is reflexive, for 1 < p < ∞, the Fourier transform
map Fp,0 : Lp(G) → c0(Γ) is necessarily weakly compact. However, its optimal
extension Imp = F1,0 is not weakly compact.

(ii) In the notation of the proof of Lemma 7.1, note that the sequence{
(·, γn)

}∞
n=1

belongs to B[Lp(G)] for every 1 ≤ p < ∞. It is clear from (7.12)
that

{
(·, γn )̂

}∞
n=1

cannot have a convergent subsequence in c0(Γ). Accordingly,
the Fourier transform map Fp,0 : Lp(G) → c0(Γ) is not a compact operator. �
Remark 7.5. Fix 1 ≤ p < ∞. Let X(μ) := Lp(G) and E := c0(Γ). Then the
operator T := Fp,0 ∈ L(X(μ), E) is μ-determined and L1(mT ) = L1(μ); see
Proposition 7.3. Since μ is non-atomic (see Lemma 7.97 below) we can apply
Lemma 6.24(iii) (with p and r interchanged) to conclude that

Fp,0 ∈ Ar,q

(
Lp(G), c0(Γ)

)
if and only if 1 ≤ r ≤ q ≤ p.

Therefore, if 1 ≤ r ≤ q ≤ p, then Theorem 6.9(v) (again with p and r interchanged)
guarantees that there exists a Σ-measurable function g > 0 (μ-a.e.) and a μ-
determined operator S ∈ L(Lq/r(μ), E) for which the continuous linear extension
T[r] =

(
Fp,0

)
[r]

: X(μ)[r] → E is factorized as T[r] =
(
Fp,0

)
[r]

= S ◦Mgr/q . That is,
we have

X(μ) = Lp(G)
T=Fp,0 ��

i[r]

��

E = c0(Γ)

X(μ)[r] = Lp/r(G)

F(p/r),0

������������������������ M
gr/q

�� Lq/r(G)

S

��

because
(
Fp,0

)
[r]

= F(p/r), 0. However, in this particular case, it is possible to take

g := 1 = χ
G

and S := F(q/r),0 because F(q/r),0 : Lq/r(G) → c0(Γ) is a continuous
linear extension of both Fp,0 and F(p/r),0. With M1 : Lp/r(G) → Lq/r(G) denoting
the operator of multiplication by 1 (i.e., the natural inclusion of Lp/r(G) into
Lq/r(G)), we have a more “concrete” diagram:

X(μ) = Lp(G)
T=Fp,0 ��

i[r]

��

E = c0(Γ)

X(μ)[r] = Lp/r(G)

F(p/r),0

������������������������
M1 �� Lq/r(G).

F(q/r),0

��

�
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Proposition 7.3 identifies the main properties of the optimal extension of
each Fourier transform map Fp,0 : Lp(G) → c0(Γ). If we change the codomain
space from c0(Γ) to the space �p′

(Γ), that is, we consider the Fourier transform
maps Fp : Lp(G) → �p′

(Γ) for 1 ≤ p ≤ 2, then the situation changes dramat-
ically. Indeed, it turns out that the optimal domain space of Fp (equivalently,
of the Hausdorff–Young inequality (7.6)) is no longer an Lr(G)-space for any
1 ≤ r ≤ ∞. Moreover, it is possible to give alternative, concrete descriptions of
this space (other than saying that it just consists of mFp-integrable functions);
these descriptions show that the optimal domain of Fp is a genuinely new type of
B.f.s. Nevertheless, it is still “well behaved” in that it is translation invariant and
such classical operators as translations, convolutions and Fourier transforms act
continuously in it. Moreover, these optimal domains solve a problem in classical
harmonic analysis raised by R.E. Edwards some 40 years ago. It is time to be more
precise.

Fix 1 ≤ p ≤ 2 and consider the linear operator Fp : Lp(G) → �p′
(Γ). Ac-

cording to the Hausdorff–Young inequality (7.6), the finitely additive set function
mFp : B(G) → �p′

(Γ) defined by

mFp : A �→ Fp(χA
) = χ̂

A
, A ∈ B(G), (7.16)

satisfies ‖mFp(A)‖�p′ (Γ) ≤ ‖χ
A
‖Lp(G) = μ(A)1/p. Accordingly, mFp is σ-additive

and mFp � μ. The following result collects together some of the basic properties
of mFp .

Proposition 7.6. The following statements are valid.

(i) For each 1 ≤ p ≤ 2, the vector measure mFp : B(G) → �p′
(Γ) as given

by (7.16) is mutually absolutely continuous with respect to μ (i.e., mFp and
μ have the same null sets). In particular, the Fourier transform operator
Fp : Lp(G) → �p′

(Γ) is μ-determined.
(ii) For each 1 < p ≤ 2, the vector measure mFp has infinite variation.
(iii) For each 1 ≤ p ≤ 2, the vector measure mFp does not have relatively compact

range in �p′
(Γ).

Proof. (i) It is clear from (7.16) and the definition (7.4) of Fourier transforms that
if A ∈ B(G) is μ-null, then χ̂

B
= 0 for all B ∈ Σ ∩A. So, A is mFp-null.

On the other hand, suppose that A ∈ B(G) is mFp-null. In particular, we
have χ̂

A
= mFp(A) = 0 and hence, by injectivity of the Fourier transform, [76,

Theorem 31.5], [140, p. 29], χ
A

= 0 in Lp(G). That is, μ(A) = 0.
(ii) Fix 1 < p ≤ 2. Suppose that mFp has finite variation. By part (i) and the

fact that the reflexive Banach space �p′
(Γ) has the Radon–Nikodým property, [42,

p. 218], there exists a Bochner μ-integrable function H : G → �p′
(Γ) such that

χ̂
A

= mFp(A) = (B)-
∫

A

H dμ, A ∈ B(G). (7.17)
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Given γ ∈ Γ, the element χ{γ} ∈ �p(Γ) = �p′
(Γ)∗ satisfies

〈
mFp(A), χ{γ}

〉
= χ̂

A
(γ) =

∫
A

(x, γ) dμ(x), A ∈ B(G), (7.18)

with (·, γ) ∈ L1(G). On the other hand, (7.17) implies that

〈
mFp(A), χ{γ}

〉
=
∫

A

〈
H(x), χ{γ}

〉
dμ(x), A ∈ B(G), (7.19)

also with
〈
H(·), χ{γ}

〉
∈ L1(G). It follows from (7.18) and (7.19) that〈

H(x), χ{γ}
〉

= (x, γ), x ∈ G \ N(γ), (7.20)

for some μ-null set N(γ) ∈ B(G). Choose any infinite sequence of distinct elements
{γn}∞n=1 ⊆ Γ, in which case N :=

⋃∞
n=1 N(γn) is μ-null. Since H is �p′

(Γ)-valued
μ-a.e., we can select x0 ∈ G\N such that H(x0) ∈ �p′

(Γ). But, by (7.20) it follows
that ∞∑

n=1

∣∣∣〈H(x0), χ{γn}
〉∣∣∣p′

=
∞∑

n=1

∣∣ (x0, γn)
∣∣p′

= ∞

which is impossible. So, mFp must have infinite variation.
(iii) For γ ∈ Γ fixed, write

(·, γ) = [Re(·, γ)]+ − [Re(·, γ)]− + i[Im(·, γ)]+ − i[Im(·, γ)]−

and note that each of the four [0, 1]-valued functions on the right-hand side, being
bounded, is mFp-integrable. Since the closed convex hull of R(mFp) is given by

C := co R(mFp) =
{∫

G

f dmFp : 0 ≤ f ≤ 1, f ∈ L∞(mFp)
}

,

[42, p. 263], we conclude that

χ{γ} = (·, γ )̂ = Fp

(
(·, γ)

)
=
∫

G

(·, γ) dmFp ∈ C + C + iC + iC.

So, if R(mFp) is relatively compact in �p′
(Γ), then so is C+C+iC+iC and hence,

also {χ{γ} : γ ∈ Γ}. But, this is surely not the case as
∥∥χ{γ} − χ{η}

∥∥
�p′ (Γ)

= 21/p′

for all γ �= η in Γ. �
Remark 7.7. (i) For p = 1, the inequalities∥∥mF1(A)

∥∥
�∞(Γ)

= ‖χ̂
A
‖�∞(Γ) ≤ ‖χ

A
‖L1(G) = μ(A), A ∈ B(G),

show that the vector measure mF1 : B(G) → �∞(Γ) does have finite variation.
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(ii) Parts (ii) and (iii) of Proposition 7.6 should be compared with Proposi-
tion 7.3(i).

(iii) Let A ∈ B(G) satisfy μ(A) > 0. The same proof as for part (ii) of Propo-
sition 7.6 shows that mFp restricted to A∩B(G) has infinite variation. Hence, mFp

has infinite variation on every measurable subset of G with positive Haar measure.
In other words, the variation measure of mFp is totally infinite. �

Because the optimal domain spaces L1(mFp) of the continuous linear opera-
tors Fp : Lp(G) → �p′

(Γ) turn out to be of special interest in harmonic analysis,
we will adopt a special notation for them, as introduced in [113] for the case of
G = Td with d ∈ N. Namely, we will denote L1(mFp) by Fp(G) and the norm
‖ · ‖L1(mFp ) by ‖ · ‖Fp(G).

Proposition 7.8. Let 1 ≤ p ≤ 2. For each B.f.s. Fp(G) over (G,B(G), μ), neces-
sarily σ-o.c., we have that Lp(G) is a dense subspace of Fp(G) with

‖f‖Fp(G) ≤ ‖f‖Lp(G), f ∈ Lp(G), (7.21)

and Fp(G) ⊆ L1(G) with

‖f‖L1(G) ≤ ‖f‖Fp(G), f ∈ Fp(G). (7.22)

Also, Fp(G) is dense in L1(G) and the optimal extension ImFp
: Fp(G) → �p′

(Γ)
of Fp is the Fourier transform map, that is,

ImFp
(f) =

∫
G

f dmFp = f̂ , f ∈ Fp(G). (7.23)

In particular, ImFp
is injective.

Proof. As in (7.14), the unit vector χ{e} ∈ �p(Γ) = �p′
(Γ)∗ satisfies〈

mFp(A), χ{e}
〉

= μ(A),

that is,

μ(A) =
〈
mFp(A), χ{e}

〉
=
∣∣〈mFp , χ{e}

〉∣∣(A), A ∈ B(G).

So, if f ∈ Fp(G), then∫
G

|f | dμ =
∫

G

|f | d|〈mFp , χ{e}〉| ≤ ‖f‖L1(mFp ) = ‖f‖Fp(G).

This establishes Fp(G) ⊆ L1(G) with (7.22) holding.
According to Proposition 7.6(i), the B(G)-simple functions in L1(mFp) co-

incide with those in L1(G). Since simB(G) is dense in L1(G), it follows that
L1(mFp) = Fp(G) is also dense in L1(G) because of the continuous inclusions

simB(G) ⊆ Fp(G) ⊆ L1(G).
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As Fp(G) is the optimal domain for Fp : Lp(G) → �p′
(Γ), we automatically

have Lp(G) ⊆ Fp(G) with a continuous inclusion and∫
G

f dmFp = Fp(f) = f̂ , f ∈ Lp(G). (7.24)

To establish (7.21), observe that the Hausdorff–Young inequality (7.6) means that
‖Fp‖ ≤ 1. So, the natural inclusion map JFp : Lp(G) → L1(mFp) = Fp(G) satisfies
‖JFp‖ = ‖Fp‖ ≤ 1 (see Proposition 4.4(ii) with X(μ) := Lp(G), E := �p′

(Γ) and
T := Fp) and hence, (7.21) holds because

‖f‖Fp(G) =
∥∥JFp(f)

∥∥
Fp(G)

≤ ‖JFp‖ · ‖f‖Lp(G) ≤ ‖f‖Lp(G), f ∈ Lp(G).

Furthermore, recall that simB(G) is dense in L1(mFp) = Fp(G) from Theorem
3.7(ii) with ν := mFp . So, the continuous inclusions

simB(G) ⊆ Lp(G) ⊆ Fp(G)

imply that Lp(G) is dense in Fp(G).
To establish (7.23) fix f ∈ Fp(G). Choose {sn}∞n=1 ⊆ simB(G) with sn → f

in L1(mFp) = Fp(G) as n → ∞. By continuity of the associated integration
operator ImFp

: L1(mFp) → �p′
(Γ) and (7.24) we have

lim
n→∞ ŝn = lim

n→∞

∫
G

sn dmFp =
∫

G

f dmFp = ImFp
(f)

with convergence in �p′
(Γ). On the other hand, (7.22) implies that sn → f in L1(G)

as n → ∞ and so the continuity of F1 : L1(G) → �∞(Γ) yields limn→∞ ŝn = f̂
with convergence in �∞(Γ). Since �p′

(Γ) ⊆ �∞(Γ) it follows from uniqueness of
Fourier transforms that (7.23) is valid. �
Remark 7.9. (i) For p = 1, Proposition 7.8 shows that F1(G) = L1(G) with their
given (lattice) norms being equal.

For p = 2, the Plancherel Theorem, [140, Theorem 1.6.1], and (7.21) yield,
for every f ∈ L2(G),

‖f‖F2(G) ≤ ‖f‖L2(G) = ‖f̂‖�2(Γ) =
∥∥ImF2

(f)
∥∥

�2(Γ)
≤ ‖f‖F2(G),

where the last inequality follows from ‖ImF2
‖ = 1; see (3.99) with ν := mF2 . This

implies that F2(G) = L2(G) with their given norms being equal.
So, for p = 1, 2 both the Fourier transform maps F1 : L1(G) → �∞(Γ) and

F2 : L2(G) → �2(Γ) are already defined on their optimal domain; no further
extension is possible.

(ii) The reflexive spaces �p′
(Γ), for 1 < p ≤ 2, cannot contain an isomorphic

copy of c0, and so we know from the discussion immediately after Remark 3.33
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that L1
w(mFp) = L1(mFp). Since mF1 takes its values in the closed subspace c0(Γ)

and mF1 = m1 on B(G), with m1 defined by (7.13), it follows from (7.15) that
L1

w(mF1) = L1(mF1) = L1(G). Accordingly,

L1
w(mFp) = L1(mFp), 1 ≤ p ≤ 2. (7.25)

�
Proposition 7.10. Let G be a compact abelian group.

(i) The operator F1 : L1(G) → �∞(Γ) is not weakly compact whereas, for 1 < p ≤
2, each map Fp : Lp(G) → �p′

(Γ) is weakly compact. For each 1 ≤ p ≤ 2, the
same conclusion as for the operator Fp also holds for the extended operator
ImFp

: Fp(G) → �p′
(Γ).

(ii) For each 1 ≤ p ≤ 2, the Fourier transform map Fp : Lp(G) → �p′
(Γ) is

neither compact nor completely continuous. The same conclusion as for Fp

is also true of the extended operator ImFp
: Fp(G) → �p′

(Γ).

Proof. (i) Since �p′
(Γ) is reflexive whenever 1 < p ≤ 2, it follows that both the

operator Fp : Lp(G) → �p′
(Γ) and its extension ImFp

: Fp(G) → �p′
(Γ) are weakly

compact. For p = 1, we note that F1(G) = L1(G) and that ImF1
= F1 takes its

values in the closed subspace c0(Γ) of �∞(Γ), that is, it coincides with F1,0. By
Lemma 7.1 we conclude that F1 = ImF1

is not weakly compact.
(ii) Since ImF1

= F1 coincides with F1,0 we conclude from Remark 7.2 that
F1 = ImF1

is not completely continuous. Of course, not being weakly compact (by
part (i)), it is clear that F1 = ImF1

also fails to be a compact operator.
Suppose now that 1 < p ≤ 2. Fix any sequence of distinct points {γn}∞n=1 ⊆

Γ. As in the proof of Lemma 7.1 we have, for each h ∈ Lp′
(G), that

〈
(·, γn), h

〉
=

ĥ(−γn) for each n ∈ N. Since h ∈ L1(G), we have ĥ ∈ c0(Γ), from which it follows
that limn→∞ ĥ(−γn) = 0. That is,

{
(·, γn)

}∞
n=1

converges weakly to 0 in Lp(G).
Again via (7.11) it follows that∥∥(·, γk )̂ − (·, γn)̂

∥∥
�p′ (Γ)

= 21/p′
, k �= n,

and hence, that
{
Fp

(
(·, γn)

)}∞
n=1

has no convergent subsequence in �p′
(Γ). Accord-

ingly, the map Fp : Lp(G) → �p′
(Γ) is neither compact nor completely continuous.

The same is then true of its extension ImFp
: Fp(G) → �p′

(Γ). �

To describe the space L1(m), for a general vector measure m, is rather dif-
ficult. However, for the vector measures mFp , with 1 ≤ p ≤ 2, we now show that
this is possible. These alternate descriptions of mFp-integrable functions will allow
us to make a more detailed analysis of the optimal domain spaces Fp(G).

Define a vector subspace V p(G) of Lp′
(G), for 1 ≤ p ≤ 2, by

V p(G) :=
{
h ∈ Lp′

(G) : h =
∨
ϕ for some ϕ ∈ �p(Γ)

}
.
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Since �p(Γ) ⊆ �2(Γ), the inverse Fourier transform

∨
ϕ(x) :=

∑
γ∈Γ

(x, γ)ϕ(γ), x ∈ G, (7.26)

is well defined as an element of L2(G) whenever ϕ ∈ �p(Γ). The Plancherel Theo-
rem implies that V 2(G) = L2(G). For p = 1 we note that V 1(G) =

{∨
ϕ : ϕ ∈ �1(Γ)

}
and hence, V 1(G) ⊆ C(G) where C(G) is the space of all C-valued continuous func-
tions on G (a Banach space for the sup-norm ‖ · ‖C(G)). Since G is infinite, it is
known that the inclusion V 1(G) ⊆ C(G) is proper, [140, Theorem 4.6.8]. Given
1 ≤ r ≤ ∞, a subspace Y of Lr(G) is called translation invariant if τx(Y ) ⊆ Y
for every x ∈ G. For both p = 1, 2, it is clear that V p(G) is a translation in-
variant subspace of Lp′

(G) which is stable under formation of complex conjugates
and reflections. By the reflection of a function f : G → C we mean the function
RGf : x �→ f(−x) for x ∈ G. The reflection RΓξ of a function ξ : Γ → C is defined
analogously. We now show that the situation for 1 < p < 2 is similar.

Lemma 7.11. Let G be a compact abelian group.

(i) If 1 ≤ p < 2, then
V p(G) ⊆ Lp′

(G); (7.27)

the containment in (7.27) is always proper and V p(G) separates points of
Fp(G). Moreover, V 2(G) = L2(G).

(ii) For 1 ≤ p < q ≤ 2 it is the case that V p(G) ⊆ V q(G) ⊆ L2(G).
(iii) For each 1 ≤ p ≤ 2, V p(G) is a translation invariant subspace of Lp′

(G)
which contains T (G) and is stable under formation of complex conjugates
and reflections.

Proof. (i) The cases p = 1, 2 were discussed above. That the containment V p(G) ⊆
Lp′

(G) is also proper for 1 < p < 2 is known; see [76, p. 429], for example.

Since χ{γ} ∈ �p(Γ), for each γ ∈ Γ, and (·, γ) =
∨
χ{γ} (see (7.26)), it follows

that T (G) ⊆ V p(G). By Lemma 7.15 below, 〈F, H〉 :=
∫

G
FH dμ exists in C for

each F ∈ Fp(G) and H ∈ V p(G). Accordingly, if 〈f, h〉 = 0 for some f ∈ Fp(G) ⊆
L1(G) and all h ∈ V p(G), then also

〈
f, (·, γ)

〉
= f̂(−γ) = 0 for all γ ∈ Γ. By

injectivity of F1 it follows that f = 0. Hence, V p(G) separates points of Fp(G).
(ii) The condition 1 ≤ p < q ≤ 2 implies that �p(Γ) ⊆ �q(Γ). Moreover, since

then 2 ≤ q′ < p′ we also have Lp′
(G) ⊆ Lq′

(G) ⊆ L2(G). So, if h ∈ V p(G), then
surely h ∈ Lq′

(G). Moreover, h =
∨
ϕ for some ϕ ∈ �p(Γ) ⊆ �q(Γ) and so h ∈ V q(G).

(iii) Fix 1 ≤ p ≤ 2. It was already noted in the proof of part (i) that T (G) ⊆
V p(G).

Fix a ∈ G. Let h ∈ V p(G) so that ĥ = ϕ for some (unique) ϕ ∈ �p(Γ). Since
h ∈ Lp′

(G), also the translate τah ∈ Lp′
(G). Moreover, the identity

(τah)̂ (γ) = (a, γ) ĥ(γ), γ ∈ Γ, (7.28)
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shows that (τah)̂ = (a, ·)ϕ ∈ �p(Γ) and hence, τah ∈ V p(G). This shows that
V p(G) is translation invariant.

It is routine to check that h ∈ Lp′
(G) and

(h)̂ = RΓϕ = RΓĥ. (7.29)

Since both RΓ and the conjugation operator ξ �→ ξ are isometries on �p(Γ), it
follows from (7.29) that h ∈ V p(G). Hence, V p(G) is also stable under complex
conjugation.

Finally, since RGh ∈ Lp′
(G) and (RGh)̂= RΓϕ, it follows that the function

RGh ∈ V p(G). That is, V p(G) is stable under formation of reflections. �

For each f ∈ L1(G) define a linear map

Sf : L∞(G) → c0(Γ)

by the formula
Sf : h �→ (hf )̂ , h ∈ L∞(G). (7.30)

Clearly Sf ∈ L
(
L∞(G), c0(Γ)

)
with operator norm ‖Sf‖ ≤ ‖f‖L1(G). For each

1 ≤ p ≤ 2 and T ∈ L
(
L∞(G), �p′

(Γ)
)
, we denote the operator norm of T by

‖T ‖∞,p′. We note that if f ∈ L1(G) has the property that Sf

(
L∞(G)

)
⊆ �p′

(Γ),
then the Closed Graph Theorem implies that Sf ∈ L

(
L∞(G), �p′

(Γ)
)

and, in
particular, ‖Sf‖∞,p′ < ∞. Indeed, let hn → 0 in L∞(G) and Sf (hn) → ϕ in
�p′

(Γ) as n → ∞. Since �p′
(Γ) ⊆ c0(Γ) continuously, it follows that Sf (hn) → ϕ

in c0(Γ). On the other hand, hnf → 0 pointwise μ-a.e. in G and |hnf | ≤ M |f | for
n ∈ N (with M := supn∈N ‖hn‖L∞(G)). By the Dominated Convergence Theorem
‖hnf‖L1(G) → 0 as n → ∞ and hence, by continuity of the Fourier transform
map F1,0 : L1(G) → c0(Γ), we can conclude that Sf (hn) = (hnf )̂ → 0 in c0(Γ)
as n → ∞. Accordingly, ϕ = 0 and so Sf : L∞(G) → �p′

(Γ) is indeed a closed
linear operator. Moreover, the dual operator S∗

f : �p(Γ) → L∞(G)∗ turns out to
be rather “nice”.

Proposition 7.12. Let 1<p<2 and suppose that f ∈L1(G) satisfies Sf

(
L∞(G)

)
⊆

�p′
(Γ). Then the dual operator S∗

f ∈ L
(
�p(Γ), L∞(G)∗

)
actually takes its values in

the closed subspace L1(G) of L∞(G)∗ and is given by

S∗
f : ξ �→ f(·)

∑
γ∈Γ

(·, γ)ξ(γ), ξ ∈ �p(Γ). (7.31)

Proof. Observe that h ∈ L1(G) is identified with the element Fh ∈ L∞(G)∗ de-
fined by ψ �→

∫
G hψ dμ, for ψ ∈ L∞(G), which then satisfies (with ‖ · ‖∞ denoting

‖ · ‖L∞(G))

‖Fh‖L∞(G)∗ = sup
‖ψ‖∞≤1

∣∣〈ψ, Fh〉
∣∣ = sup

‖ψ‖∞≤1

∣∣∣ ∫
G

ψh dμ
∣∣∣ = ‖h‖L1(G).
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Suppose that {hn}∞n=1 ⊆ L1(G) satisfies Fhn → ρ in L∞(G)∗. Then

‖hn − hk‖L1(G) = ‖Fhn − Fhk
‖L∞(G)∗

and so {hn}∞n=1 is Cauchy in L1(G). Accordingly, there exists h ∈ L1(G) such that
‖hn − h‖L1(G) → 0 as n →∞, that is,

‖Fhn − Fh‖L∞(G)∗ = ‖hn − h‖L1(G) → 0, n →∞.

It follows that ρ = Fh and hence, that L1(G) is a closed subspace of L∞(G)∗.
Let ψ ∈ L∞(G) and ξ ∈ �p(Γ) have finite support. Then〈

Sf(ψ), ξ
〉

=
〈
f̂ψ, ξ

〉
=
∑
γ∈Γ

ξ(γ)
∫

G

(x, γ) f(x)ψ(x) dμ(x).

Since this is a finite sum, it follows that〈
Sf (ψ), ξ

〉
=
∫

G

ψ(x)
[
f(x)

∑
γ∈Γ

(x, γ) ξ(γ)
]

dμ(x) =
〈
ψ, S∗

f(ξ)
〉

with S∗
f (ξ) ∈ L1(G) as given by (7.31).

For a general element ξ ∈ �p(Γ) there is a countable set {γn : n ∈ N} ⊆ Γ
such that ξ(γ) = 0 for all γ /∈ {γn : n ∈ N}. Define the finitely supported elements
ξN :=

∑N
n=1 ξ(γn)χ{γn} of �p(Γ) for each N ∈ N, in which case ξN → ξ in �p(Γ)

as N → ∞. By continuity of S∗
f it follows that S∗

f (ξN ) → S∗
f(ξ) in L∞(G)∗ for

N → ∞. Since
{
S∗

f (ξN )
}∞

N=1
⊆ L1(G) it follows from the above discussion that

S∗
f(ξ) = Fϕξ

for some ϕξ ∈ L1(G) and that S∗
f (ξN ) → ϕξ in L1(G). By passing to

a subsequence, if necessary, we may assume that

S∗
f (ξN ) = f(·)

∑
γ∈Γ

(·, γ)ξN (γ) → ϕξ, N → ∞, (7.32)

pointwise μ-a.e. on G. Since �p(Γ) ⊆ �2(Γ) continuously and ξN → ξ in �p(Γ) as
N → ∞, it follows that also ξN → ξ in �2(Γ). By Plancherel’s Theorem we have
that (ξN )∨ → (ξ)∨ in L2(G) and hence,∑

γ∈Γ

(·, γ)ξN (γ) →
∑
γ∈Γ

(·, γ)ξ(γ), N →∞,

in L2(G). So, for some subsequence∑
γ∈Γ

(·, γ)ξN(k)(γ) →
∑
γ∈Γ

(·, γ)ξ(γ), k →∞,

pointwise μ-a.e. on G. It follows from (7.32) that

ϕξ(·) = f(·)
∑
γ∈Γ

(·, γ)ξ(γ).

In particular, S∗
f (ξ) = Fϕξ

belongs to L1(G) and the formula (7.31) is valid. �
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We can now present some alternate descriptions of L1(mFp), first formulated
in [113, Theorem 1.2] for the d-dimensional torus G = Td.

Proposition 7.13. Let 1 ≤ p ≤ 2. Each of the spaces

Δp(G) :=
{
f ∈ L1(G) :

∫
G

|f | · |h| dμ < ∞ for all h ∈ V p(G)
}
,

Φp(G) :=
{
f ∈ L1(G) : (fχ

A
)̂ ∈ �p′

(Γ) for all A ∈ B(G)
}
, (7.33)

Λp(G) :=
{
f ∈ L1(G) : Sf

(
L∞(G)

)
⊆ �p′

(Γ)
}
, (7.34)

coincides with the optimal domain Fp(G) of Fp : Lp(G) → �p′
(Γ). Moreover, in

the case of (7.34) we have

‖Sf‖∞,p′ = ‖f‖Fp(G), f ∈ Fp(G). (7.35)

Remark 7.14. (i) As noted above, for G = Td Proposition 7.13 occurs in [113,
Theorem 1.2]; our proof will, to a certain extent, follow the lines of that given
there.

(ii) It is not obvious from (7.33) that the space Φp(G) is actually an order
ideal in L0(μ). Of course, being equal to the B.f.s. Fp(G), it must have this prop-
erty. In addition to having σ-o.c. norm it will follow from Proposition 7.13 that
the optimal domain spaces Fp(G), for 1 ≤ p ≤ 2, have other desirable properties.

(iii) For G = T and 1 ≤ p ≤ 2 the following question was raised some forty
years ago by R.E. Edwards, [54, p. 206]:

What can be said about the family of functions f ∈ L1(T) having the property
that f̂χ

A
∈ �p′

(Z) for all A ∈ B(T) ?
As noted in [113, Remark 1.3(iii)], Propositions 7.8 and 7.13 provide an

exact answer: this family of functions is precisely the optimal domain Fp(T) of the
Fourier transform map Fp : Lp(T) → �p′

(Z). �

The proof of Proposition 7.13 will be via a series of lemmata.

Lemma 7.15. Let 1 ≤ p ≤ 2. A B(G)-measurable function f : G → C belongs to
Fp(G) if and only if ∫

G

|f | · |h| dμ < ∞, h ∈ V p(G). (7.36)

Proof. Let 1 < p ≤ 2. Suppose that f ∈ Fp(G), that is, f is mFp-integrable. Let

h ∈ V p(G), that is, h =
∨
ϕ for some ϕ ∈ �p(Γ). Since then ϕ ∈ �p′

(Γ)
∗
, it follows

that
∫

G
|f | d|〈mFp , ϕ〉| < ∞. Now, for A ∈ B(G), we have〈

mFp(A), ϕ
〉

=
∑
γ∈Γ

χ̂
A

(γ) ĥ(γ) =
∑
γ∈Γ

χ̂
A
(γ)(RGh)̂ (γ).
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Since χ
A
∈ L2(G) and h ∈ Lp′

(G) ⊆ L2(G) implies that RGh ∈ L2(G), it follows
from Parseval’s formula, [140, p. 27], that∑

γ∈Γ

χ̂
A
(γ)(RGh)̂ (γ) =

∫
G

χ
A
(x)RGh(x) dμ(x) =

∫
A

RGh dμ.

This establishes the formula (with h =
∨
ϕ)〈

mFp(A), ϕ
〉

=
∫

A

RGh dμ, A ∈ B(G). (7.37)

Accordingly, the variation measure of 〈mFp , ϕ〉 is given by∣∣〈mFp , ϕ
〉∣∣(A) =

∫
A

|RGh| dμ, A ∈ B(G),

and so ∫
G

|f | · |RGh| dμ =
∫

G

|f | d|〈mFp , ϕ〉| < ∞. (7.38)

Since V p(G) is invariant under formation of reflections (see Lemma 7.11(iii)), it
follows that (7.36) holds.

Conversely, suppose that the B(G)-measurable function f : G → C satisfies
(7.36). Let ϕ ∈ �p′

(Γ)
∗

= �p(Γ) be arbitrary. According to [76, p. 229] there exists
h ∈ Lp′

(G) such that ĥ = ϕ. Then h ∈ V p(G) and so
∫

G |f |·|h| dμ < ∞. Moreover,
the same calculation as above shows that the equality in (7.38) holds and hence,
is finite. That is, f ∈ L1

w(mFp) and so, by (7.25), we have f ∈ L1(mFp) = Fp(G).
For p = 1, we know that F1(G) = L1(G). Moreover, since the constant

function 1 =
∨
χ{e} (see (7.26)) belongs to V 1(G) and also V 1(G) ⊆ C(G), it

follows easily that the stated assertion holds for p = 1. �

For the diligent reader, we point out that the use of Lemma 7.11(iii) in the
above proof is logically legitimate as its proof did not use Lemma 7.11(i) (whose
proof makes use of Lemma 7.15).

Fix 1 < p ≤ 2 and let f ∈ Φp(G); see (7.33). Then the vector-valued set
function κf : B(G) → �p′

(Γ) defined by

A �→ κf (A) := (χ
A
f )̂ , A ∈ B(G), (7.39)

is surely finitely additive. Actually, more is true.

Lemma 7.16. Let 1 < p ≤ 2. Then, for each f ∈ Φp(G), the finitely additive set
function κf as defined by (7.39) is σ-additive, that is, it is an �p′

(Γ)-valued vector
measure on B(G).

Proof. Let H := {χ{γ} : γ ∈ Γ}, considered as a subset of the dual space �p′
(Γ)

∗
=

�p(Γ). Fix γ ∈ Γ. Then the set function A �→
〈
κf (A), χ{γ}

〉
on B(G) is σ-additive
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because it equals the indefinite integral of the function (·, γ)f ∈ L1(G) with respect
to μ as seen from the calculation〈
κf (A), χ{γ}

〉
=
〈
(χ

A
f )̂ , χ{γ}

〉
=
∫

G

(·, γ)fχ
A

dμ =
∫

A

(·, γ)f dμ, A ∈ B(G).

Since the reflexive space �p′
(Γ) cannot contain an isomorphic copy of the Banach

sequence space �∞ and H is a total set of functionals in �p′
(Γ)

∗
= �p(Γ), it follows

from the generalized Orlicz-Pettis Theorem (see Lemma 3.2) that κf is σ-additive.
�

Lemma 7.17. Let 1 < p ≤ 2. Then L1(mFp) = Φp(G).

Proof. By Proposition 7.8 it is clear that L1(mFp) ⊆ Φp(G).
Conversely, suppose that f ∈ Φp(G). Given h ∈ V p(G) there exists ϕ ∈ �p(Γ)

such that ĥ = ϕ and (7.37) holds. According to Lemma 7.16,

A �→
〈
κf (A), ϕ

〉
=
〈
(χ

A
f )̂ , ĥ

〉
, A ∈ B(G),

is σ-additive. Define An := |f |−1([0, n]), for n ∈ N, in which case (A∩An) ↑ A for
A ∈ B(G) fixed. By σ-additivity of 〈κf , ϕ〉 we have〈

κf (A), ϕ
〉

= lim
n→∞

〈
(χ

A∩An
f )̂ , ĥ

〉
.

Since χ
A∩An

∈ L∞(G) ⊆ L2(G) and h ∈ Lp′
(G) ⊆ L2(G) we can apply Parseval’s

formula to yield〈(
χ

A∩An
f
)̂

, ĥ
〉

=
∫

G

χ
A∩An

· f · RGh dμ, n ∈ N.

That is, 〈
κf (A), ϕ

〉
= lim

n→∞

∫
A

fn dη

where the functions fn := χ
An

f ∈ L∞(G) converge pointwise on G to f and
dη = RGh dμ is a complex measure (as RGh ∈ L1(G)). By Lemma 2.17 we
conclude that f is η-integrable (i.e., f ·RGh ∈ L1(G)) and∫

A

f · RGh dμ =
∫

A

f dη =
〈
κf (A), ϕ

〉
.

So, f ·RGh ∈ L1(G) for all h ∈ V p(G). Then Lemma 7.15 implies that the function
f ∈ L1(mFp). �

We have an immediate consequence for the spaces Λp(G) as given by (7.34).

Corollary 7.18. For each 1 < p ≤ 2 we have L1(mFp) = Λp(G).
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Proof. Let f ∈ Λp(G). Then the operator Sf (see (7.30)) maps each h ∈ L∞(G)
into �p′

(Γ). In particular, for h = χ
A

we have

Sf (χ
A
) = (fχ

A
)̂ ∈ �p′

(Γ), A ∈ B(G),

that is, f ∈ Φp(G). By Lemma 7.17 we have f ∈ L1(mFp).
Conversely, suppose that f ∈ L1(mFp). Given h ∈ L∞(G), we have that

|h| ≤
(
‖h‖L∞(G)

)
χ

G
(μ-a.e.). Since the μ-null sets and mFp-null sets coincide, it

follows that
|h| ≤

(
‖h‖L∞(G)

)
χ

G
, mFp-a.e. (7.40)

In particular, h ∈ L∞(mFp) and so hf ∈ L1(mFp) by the ideal property of the
B.f.s. L1(mFp). It follows from (7.23) that Sf (h) = (fh)̂ =

∫
G fh dmFp ∈ �p′

(Γ)
and hence, that∥∥Sf(h)

∥∥
�p′(Γ)

=
∥∥∥ ∫

G

fh dmFp

∥∥∥
�p′(Γ)

≤ ‖fh‖L1(mFp ). (7.41)

But, (7.40) yields |fh| ≤ ‖h‖L∞(G) · |f | (mFp-a.e.). Since the norm of L1(mFp) is
a lattice norm we have ‖fh‖L1(mFp ) ≤ ‖h‖L∞(G) · ‖f‖L1(mFp ). Accordingly,∥∥Sf (h)

∥∥
�p′(Γ)

≤ ‖h‖L∞(G) · ‖f‖L1(mFp ), h ∈ L∞(G).

This shows that Sf ∈ L
(
L∞(G), �p′

(Γ)
)

with ‖Sf‖∞,p′ ≤ ‖f‖L1(mFp ). In particu-
lar, f ∈ Λp(G). �
Remark 7.19. Let 1 ≤ p ≤ 2. Fix f ∈ Λp(G) = L1(mFp). It was shown in the proof
of Corollary 7.18 that ‖Sf‖∞,p′ ≤ ‖f‖L1(mFp ) for 1 < p ≤ 2; the arguments there
also apply to obtain the same inequality for p = 1. To prove the reverse inequality,
consider the indefinite integral

(mFp)f : A �→
∫

A

f dmFp , A ∈ B(G).

Then (3.2), with ν := (mFp)f , together with the definition of Sf and (7.23) imply
that ∥∥(mFp)f

∥∥(G) = sup
∥∥∥ n∑

j=1

aj

∫
Aj

f dmFp

∥∥∥
�p′ (Γ)

= sup
∥∥∥Sf

( n∑
j=1

ajχAj

)∥∥∥
�p′(Γ)

≤ ‖Sf‖∞,p′ ,

where the supremum is taken over all choices of scalars aj ∈ C with |aj | ≤ 1
(j = 1, . . . , n), Σ-partitions {Aj}n

j=1 of G, and n ∈ N. This, together with the fact
that ‖f‖L1(mFp) = ‖(mFp)f‖(G) (see (3.8) with ν := mFp), yield the inequality
‖f‖L1(mFp ) ≤ ‖Sf‖∞,p′ , which thereby establishes (7.35). �
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Proof of Proposition 7.13. Since Fp(G) = L1(mFp), it follows from Lemma 7.15
that Fp(G) = Δp(G) for all 1 ≤ p ≤ 2. For 1 < p ≤ 2, Lemma 7.17 states that
Fp(G) = Φp(G). Clearly L1(G) = Φ1(G); see (7.33). Hence, by Remark 7.9(i), also
F1(G) = Φ1(G). For 1 < p ≤ 2, Corollary 7.18 states that Fp(G) = Λp(G). Clearly
L1(G) = Λ1(G); see (7.34). Again by Remark 7.9(i) it follows that F1(G) = Λ1(G).
Finally, the equality (7.35) was established in Remark 7.19. �
Remark 7.20. (i) It follows from Lemma 7.11(ii) and the fact that Fp(G) = Δp(G)
that

L2(G) ⊆ Fq(G) ⊆ Fp(G) ⊆ L1(G), 1 ≤ p < q ≤ 2.

Moreover, the inclusions are continuous. Indeed, since ‖ξ‖�q(Γ) ≤ ‖ξ‖�p(Γ) and
〈mFp , ξ〉 = 〈mFq , ξ〉, for all ξ ∈ �p(Γ) ⊆ �q(Γ), it follows from the definition

‖f‖Fr(G) := sup
{∫

G

|f | d|〈mFr , ξ〉| : ‖ξ‖�r(Γ) ≤ 1
}

that
‖f‖Fp(G) ≤ ‖f‖Fq(G), f ∈ Fq(G).

(ii) The optimal domain spaces Fp(G), for 1 ≤ p ≤ 2, are all translation
invariant and stable under formation of reflections and complex conjugates. Indeed,
fix f ∈ Fp(G) and a ∈ G. For each h ∈ V p(G) we have, according to (7.9), that∫

G

|τaf | · |h| dμ =
∫

G

|f | · |τ−ah| dμ < ∞;

note that τ−ah ∈ V p(G) because of Lemma 7.11(iii). It then follows from Lem-
ma 7.15 that τaf ∈ Fp(G) and hence, that Fp(G) is translation invariant. Similarly,∫

G

|RGf | · |h| dμ =
∫

G

|f | · |RGh| dμ < ∞

with RGh ∈ V p(G); see Lemma 7.11(iii). Again by Lemma 7.15 it follows that
RGf ∈ Fp(G), that is, Fp(G) is reflection invariant. Finally,∫

G

|f | · |h| dμ =
∫

G

|f | · |h| dμ < ∞

together with Lemma 7.15 show that Fp(G) is also stable under formation of
complex conjugates. �

We now collect together a few Banach space properties of the optimal domain
spaces Fp(G).

Proposition 7.21. For each 1 ≤ p ≤ 2 the following statements are valid.

(i) Fp(G) is weakly sequentially complete and hence, its associate space satisfies
Fp(G)′ = Fp(G)∗.

(ii) Fp(G) has σ-o.c. norm and satisfies the σ-Fatou property.
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(iii) Fp(G) is weakly compactly generated.
(iv) Whenever G is metrizable, the space Fp(G) is separable.

Proof. By Theorem 3.7 the optimal domain space Fp(G) = L1(mFp) has σ-o.c.
norm. The equality (7.25), stating that L1

w(mFp) = L1(mFp), is equivalent to
L1(mFp) = Fp(G) being weakly sequentially complete (see Proposition 3.38(I)
with p := 1 ), which then implies that L1(mFp) has the σ-Fatou property and that
L1(mFp) = L1(mFp)′′; see (3.84) and (3.85) in Chapter 3. According to Proposition
2.16(ii) we also have Fp(G)′ = Fp(G)∗. This establishes (i) and (ii).

(iii) See Theorem 3.7(ii) with ν :=mFp , after recalling that Fp(G)=L1(mFp).
(iv) If G is metrizable (in addition to being compact), then C(G) is separable

for the sup-norm ‖ · ‖C(G), [140, Appendix A16]. As a consequence of Lusin’s
theorem it follows that Lp(G) is separable for every 1 ≤ p < ∞, [140, Appendix
E8]. But, Lp(G) is dense and continuously embedded in Fp(G), for each 1 ≤ p ≤ 2,
from which it follows that Fp(G) is also separable. �
Remark 7.22. From the viewpoint of analysis, the weak sequential completeness of
Fp(G) is difficult to use in practice since Fp(G)∗ is not explicitly known. However,
there is available a good (partial) substitute in this regard. Indeed, since Fp(G) ⊆
L1(G) and Fp(G) has the σ-Fatou property, we see that Fp(G) is also a B.f.s in
the more restricted sense of [13, p. 2]. Moreover, Fp(G) ⊆ L1(G) implies that
L∞(G) ⊆ Fp(G)∗ = Fp(G)′. Since L∞(G) is an order ideal of Fp(G)′ containing
simB(G), it follows from [13, Ch. 1, Theorem 5.2] that Fp(G) is also sequentially
σ(Fp(G), L∞(G))-complete. �

We also record some useful properties of the dual spaces Fp(G)∗.

Proposition 7.23. For each 1 < p < 2, the dual space Fp(G)∗ is a translation
invariant B.f.s. satisfying

L∞(G) ⊆ Fp(G)∗ and V p(G) ⊆ Fp(G)∗ and Fp(G)∗ ⊆ Lp′
(G). (7.42)

The first two inclusions in (7.42) are always proper, whereas the last inclusion is
proper whenever Lp(G) �= Fp(G).

Proof. It follows from Lp(G) ⊆ Fp(G) ⊆ L1(G) with continuous inclusions (see
Proposition 7.8) that

L∞(G) ⊆ Fp(G)∗ ⊆ Lp′
(G). (7.43)

Moreover, (7.36) implies that V p(G) is contained in the associate space Fp(G)′ =
Fp(G)∗. This, together with (7.43), establish all three containments in (7.42).

According to [55, p. 151], for each 1 < p < 2 there exists h ∈ C(G) ⊆ Lp′
(G)

such that ĥ /∈ �p(Γ). That is, h /∈ V p(G). Now, if it were the case that V p(G) =
Fp(G)′, then V p(G) would be a B.f.s. over (G,B(G), μ). Since χ

G
∈ V p(G) and

|h| ≤
(
‖h‖C(G)

)
χ

G
it would follow from the ideal property that h ∈ V p(G). But,

this is not the case and so V p(G) �= Fp(G)′.
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If it were the case that L∞(G) = Fp(G)′, then

L1(G) = L∞(G)′ = Fp(G)′′ = L1(mFp)′′ = L1(mFp);

see the proof of parts (i) and (ii) of Proposition 7.21 for the last equality. That is,
L1(G) = Fp(G). But, for 1 < p < 2, it is known that there always exists f ∈ L1(G)
such that f̂ /∈ �p′

(Γ), [55, p. 160]. Accordingly, f /∈ Fp(G) as the optimal extension
of Fp maps Fp(G) into �p′

(Γ). Hence, L∞(G) �= Fp(G)′. Thus we have established
that the first two inclusions in (7.42) are always proper.

If it were the case that Fp(G)′ = Lp′
(G), then also Fp(G)′′ = Lp(G). But,

as already noted above Fp(G)′′ = Fp(G) and so Fp(G) = Lp(G) would follow,
contrary to our hypothesis that the containment Lp(G) ⊆ Fp(G) is proper. So,
the last inclusion in (7.42) is proper whenever Lp(G) �= Fp(G).

Finally, to see that Fp(G)′ is translation invariant, let h ∈ Fp(G)′. By the
definition of the associate space this means that

∫
G |f | · |h| dμ < ∞ for all f ∈

Fp(G). Fix a ∈ G. Since Fp(G) is translation invariant (see Remark 7.20(ii)), it
follows that ∫

G

|f | · |τah| dμ =
∫

G

|τ−af | · |h| dμ < ∞

for all f ∈ Fp(G). Accordingly, τah also belongs to the associate space Fp(G)′.
This establishes that Fp(G)′ is translation invariant. �
Remark 7.24. The linear space V p(G) ⊆ Lp′

(G) is not an ideal in Lp′
(G). This

follows from an argument along the lines of that in proof of Proposition 7.23 where
it was established that V p(G) �= Lp′

(G). �

Is was noted in Remark 7.20(ii) that the optimal domain spaces Fp(G), for
1 ≤ p ≤ 2, are all translation invariant. From the viewpoint of harmonic analysis
they are even “nicer”.

A homogeneous Banach space on G is a linear subspace B of L1(G) having a
norm ‖ · ‖B ≥ ‖ · ‖L1(G) under which B is a Banach space satisfying the following
properties:

(H-1) If f ∈ B and a ∈ G, then τaf ∈ B and ‖τaf‖B = ‖f‖B.
(H-2) For all f ∈ B and a0 ∈ G we have

lim
a→a0

‖τaf − τa0f‖B = 0.

This notion, for G = T, was introduced by Y. Katznelson, [84, Ch. I, Defini-
tion 2.10]; see also [11] for general G. According to Sections 2 and 7 of Chapter I
in [84], formulated for G = T, such spaces are well suited to harmonic analysis.

Proposition 7.25. Let 1 ≤ p ≤ 2. The following assertions are valid.

(i) Fp(G) is a translation invariant subspace of L1(G) which is stable under
formation of reflections and complex conjugation.
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(ii) For each a ∈ G, the translation operator τa : Fp(G) → Fp(G) is a surjective
isometry. In particular, {τa : a ∈ G} ⊆ L

(
Fp(G)

)
.

(iii) For each a0 ∈ G and f ∈ Fp(G) we have lima→a0 τaf = τa0f in the norm of
Fp(G).

In particular, each Fp(G) is a homogeneous Banach space on G.

Proof. For (i) we refer to Remark 7.20(ii).
(ii) Each ϕ ∈ �p(Γ) is of the form ϕ = ĥ for some unique h ∈ V p(G). Via

(7.28) and (7.37) we see that

〈
mFp , (a, ·)ϕ

〉
(A) =

〈
χ̂

A
, (τa

∨
ϕ)̂
〉

=
∫

A

RG(τa
∨
ϕ) dμ,

for each A ∈ B(G) and a ∈ G. It then follows from this identity and (7.37) that,
for each f ∈ Fp(G), we have (with ‖ · ‖p denoting ‖ · ‖�p(Γ))

‖τaf‖Fp(G) = sup
‖ϕ‖p≤1

∫
G

|τaf | d|〈mFp , ϕ〉| = sup
‖ϕ‖p≤1

∫
G

|τaf | · |RG
∨
ϕ| dμ

= sup
‖ϕ‖p≤1

∫
G

|f | · |τ−a(RG
∨
ϕ)| dμ = sup

‖ϕ‖p≤1

∫
G

|f | · |RG(τa
∨
ϕ)| dμ

= sup
‖ϕ‖p≤1

∫
G

|f | d|〈mFp , (a, ·)ϕ〉| = sup
‖ξ‖p≤1

∫
G

|f | d|〈mFp , ξ〉| = ‖f‖Fp(G).

(iii) By part (ii) it suffices to show that lima→0 τaf = f in Fp(G). But,
{τa : a ∈ G} is uniformly bounded in L

(
Fp(G)

)
and so we only need to consider

f coming from a dense subspace of Fp(G). According to (7.21) and the density of
T (G) in Lp(G), [140, p. 24], the space T (G) is also dense in Fp(G). Since each
trigonometric polynomial is a finite linear combination of functions of the form
(·, γ), for γ ∈ Γ, it suffices to show that lima→0 τa

(
(·, γ)

)
= (·, γ) in Fp(G), for

each γ ∈ Γ. But,
(·, γ)− τa

(
(·, γ)

)
=
[
1 − (a, γ)

]
(·, γ)

with |(·, γ)| ≡ χ
G
. Since ‖ · ‖Fp(G) is a lattice norm it follows that∥∥(·, γ) − τa

(
(·, γ)

)∥∥
Fp(G)

= |1 − (a, γ)| · ‖χ
G
‖Fp(G).

Continuity of the function (·, γ) on G implies that lima→0(a, γ) = 1 and hence,
lima→0 τa

(
(·, γ)

)
= (·, γ) in Fp(G). �

As pointed out in [84, Ch. I. Sections 2 & 7], homogeneous Banach spaces B
over T always admit convolution with measures from M(T) as continuous operators
in B. An examination of the proofs given there (see pages 11 and 39) shows
that B-valued Bochner integrals are involved. For groups more general than T,
extra care needs to be taken in this regard. This we now do, with the aim of
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extending Theorem 7.7 of [84, Ch. I] to the homogeneous Banach spaces Fp(G).
To this end we require the following formula, which follows routinely from Fubini’s
Theorem and the definitions of Fourier transform and convolution. Namely, for
fixed f ∈ L1(G) and λ ∈ M(G), the element

(
χ

A
(f ∗ λ)

)̂
∈ c0(Γ) is given by

(
χ

A
(f ∗ λ)

)̂
(γ) =

∫
G

(x, γ) ·
(
fτ−x(χ

A
)
)̂(γ) dλ(x), (7.44)

for each γ ∈ Γ and A ∈ B(G).

Proposition 7.26. Let 1 ≤ p ≤ 2 and G be metrizable. For each λ ∈ M(G), the
convolution operator C

(1)
λ ∈ L

(
L1(G)

)
as given by (7.7) maps Fp(G) continuously

into itself and has operator norm, as an element of L
(
Fp(G)

)
, at most 4‖λ‖M(G).

Proof. The cases p = 1, 2 are clear; see Remark 7.9(i). So, we may assume that
1 < p < 2. Fix f ∈ Fp(G) and A ∈ B(G). Define the vector-valued function
Hf,A : G → �p′

(Γ) by

Hf,A(x) : γ �−→ (x, γ) ·
(
fτ−x(χ

A
)
)̂(γ)

dλ

d|λ| (x), γ ∈ Γ,

for |λ|-a.e. x ∈ G.

Claim 1. The function Hf,A : G → �p′
(Γ) is strongly |λ|-measurable (i.e.,

strongly B(G)-measurable).

To see this, note first that Γ is countable (by the metrizability of G, [140,
Theorem 2.2.6]) and hence, �p′

(Γ) is separable. By the Pettis Measurability The-
orem, [42, p. 42], it suffices to show that Hf,A is scalarly |λ|-measurable. So, let
ξ ∈ �p′

(Γ)
∗

= �p(Γ). Then 〈Hf,A, ξ〉 is the scalar function given by the (countable)
series

x �−→
∑
γ∈Γ

(x, γ)ξ(γ) ·
(
fτ−x(χ

A
)
)̂(γ)

dλ

d|λ| (x), (7.45)

for |λ|-a.e. x ∈ G. Since Γ is countable, the function x �→ (x, γ) is continuous,
and dλ

d|λ| is Borel measurable, it suffices to show that the C-valued function x �→(
fτ−x(χ

A
)
)̂(γ), for x ∈ G, is B(G)-measurable for each fixed γ ∈ Γ, that is,

x �−→
∫

G

(t, γ)f(t) ·
(
τ−x(χ

A
)
)
(t) dμ(t), x ∈ G,

is B(G)-measurable. Direct calculation shows that this integral equals∫
G

(t, γ)f(t)χ
A
(x + t) dμ(t) =

∫
G

(t, γ)f(t)(RGχ
A
)(−x − t) dμ(t)

= RG

(
(·, γ)f ∗ (RGχ

A
)(·)
)
(x).
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Since (·, γ)f ∈ L1(G) and (RGχ
A
)(·) ∈ L∞(G), the convolution of these two

functions is continuous, [95, p. 250, F3]. Hence, RG

(
(·, γ)f ∗ (RGχ

A
)(·)
)

is also
continuous and thus, B(G)-measurable. This establishes Claim 1.

Claim 2.
∫

G

∥∥Hf,A(x)
∥∥

�p′(Γ)
d|λ|(x) ≤ ‖λ‖M(G) ‖f‖Fp(G) < ∞.

Indeed, since |(x, γ)| = 1, for all x ∈ G and γ ∈ Γ, and
∣∣ dλ
d|λ| (x)

∣∣ = 1 for
|λ|-a.e. x ∈ G, it follows that∥∥Hf,A(x)

∥∥
�p′ (Γ)

=
∥∥ (fτ−x(χ

A
)
)̂∥∥

�p′ (Γ)
≤ sup

B∈B(G)

‖(fχ
B

)̂ ‖�p′(Γ)

= sup
B∈B(G)

∥∥∥ ∫
B

f dmFp

∥∥∥
�p′(Γ)

≤ ‖f‖L1(mFp ) = ‖f‖Fp(G).

This inequality easily implies Claim 2.
Claims 1 and 2 show that Hf,A : G → �p′

(Γ) is Bochner |λ|-integrable.
Accordingly, there exists a vector (B)-

∫
G Hf,A d|λ| ∈ �p′

(Γ) which, for each element
ξ ∈ �p(Γ), satisfies〈

(B)-
∫

G

Hf,A d|λ|, ξ
〉

=
∫

G

〈
Hf,A(x), ξ

〉
d|λ|(x).

The choice ξ = χ{γ}, for each γ ∈ Γ, yields via (7.45), that(
(B)-

∫
G

Hf,A d|λ|
)
(γ) =

〈
(B)-

∫
G

Hf,A d|λ|, χ{γ}
〉

=
∫

G

(x, γ)
(
fτ−x(χ

A
)
)̂(γ)

dλ

d|λ| (x) d|λ|(x) =
(
χ

A
(f ∗ λ)

)̂
(γ),

where the last equality follows from (7.44). Since γ ∈ Γ is arbitrary and c0(Γ) is a
space of C-valued functions on Γ, we have (B)-

∫
G

Hf,A d|λ| =
(
χ

A
(f ∗ λ)

)̂
as ele-

ments of c0(Γ). Hence, the element
(
χ

A
(f ∗λ)

)̂
of c0(Γ) actually belongs to �p′

(Γ).
But, A ∈ B(G) is arbitrary and so (f ∗λ) ∈ Φp(G) = Fp(G); see Proposition 7.13.
This establishes that C

(1)
λ

(
Fp(G)

)
⊆ Fp(G).

Finally, by (3.4) (with ν := mFp) and the inequality of Claim 2, we have

‖f ∗ λ‖Fp(G) ≤ 4 sup
A∈B(G)

∥∥∥ ∫
A

(f ∗ λ) dmFp

∥∥∥
�p′ (Γ)

= 4 sup
A∈B(G)

∥∥(χ
A
(f ∗ λ)

)̂ ∥∥
�p′(Γ)

= 4 sup
A∈B(G)

∥∥∥(B)-
∫

G

Hf,A d|λ|
∥∥∥

�p′(Γ)

≤ 4 sup
A∈B(G)

∫
G

∥∥Hf,A(x)
∥∥

�p′(Γ)
d|λ|(x) ≤ 4‖λ‖M(G) ‖f‖Fp(G).

This establishes that the norm of the operator f �→ f ∗ λ, as an element of
L
(
Fp(G)

)
, is at most 4‖λ‖M(G). �
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Remark 7.27. Let 1 ≤ p ≤ 2. Given 1 ≤ r ≤ 2 and h ∈ Fr(G) ⊆ L1(G) we can
consider the measure λ = μh as given by (7.3). It follows from Proposition 7.26 that
h convolves Fp(G) continuously into Fp(G) and that the norm of this operator,
as an element of L

(
Fp(G)

)
, is at most

4‖μh‖M(G) = 4‖h‖L1(G) ≤ 4‖h‖Fr(G). �

Finally, we come to the most delicate question: Is Fp(G) genuinely larger
than Lp(G) whenever 1 < p < 2 ? This point already occurs in Proposition 7.23.
It turns out that the question has an affirmative answer for the classical groups
Td, for d ∈ N. The proof, based on Fourier restriction theory, uses results from the
theory of Salem measures as developed in [110], [111], [143]. We formally record
the result: for the details see [113].

Proposition 7.28. Let 1 < p < 2 and d ∈ N. Then both the inclusions

Lp(Td) ⊆ Fp(Td) ⊆ L1(Td) (7.46)

are proper.

Remark 7.29. (i) The second inclusion in (7.46) is actually proper for every
G, that is, always Fp(G) � L1(G). This was already established in the proof of
Proposition 7.23. It is the strictness of the first inclusion in (7.46) which is delicate
but, of course, it is precisely this fact which shows that {Fp(G)}1<p<2 is a new
class of B.f.s.’ Moreover, the results of this section show that the properties of the
spaces Fp(G) make them of some interest for classical harmonic analysis.

(ii) For each 1 < p < 2, it turns out that

Lr(Td) � Fp(Td), 1 ≤ r < p.

This follows from the fact that f(t) = t−1/p, for |t| < π, belongs to Lr(T) \Lp(T)
for 1 ≤ r < p and satisfies f̂(n) = O(|n|−1/p′

) for |n| → ∞. The construction used
in the proof of Proposition 7.28, as given in [113], shows that

Fp(Td) � Lr(Td), 1 < r ≤ p. �

7.2 Convolution operators acting in L1(G)

In this section we make a detailed investigation of various operator theoretic,
measure theoretic and topological properties of the convolution operators

C
(1)
λ : L1(G) → L1(G)

as given by (7.7) for p = 1. We distinguish two cases, namely whether λ � μ

or not. The importance of the collection C1(G) := {C(1)
λ : λ ∈ M(G)} is that it
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coincides with the class of all S ∈ L
(
L1(G)

)
satisfying S ◦ τa = τa ◦ S for all

a ∈ G, [140, p. 75]. Since C1(G) is also an involutive semisimple commutative
Banach algebra with unit, it has received a great deal of attention from harmonic
analysts and Banach algebraists alike; see for example [73], [96], [140] and the
references therein. A point of some importance concerns the identification of its
closed subalgebra

{
C

(1)
λ : λ = μh for some h ∈ L1(G)

}
. One of our aims in this

section is to establish some characterizations of this closed subalgebra.
For λ ∈ M(G), a result of Akemann, [1, Theorem 4], states that λ � μ if

and only if C
(1)
λ ∈ L

(
L1(G)

)
is a compact operator if and only if C

(1)
λ is a weakly

compact operator. By Costé’s Theorem, [42, pp. 90–92], these three equivalent
statements are in turn equivalent to C

(1)
λ being Bochner representable. Further

additional equivalences (of a different nature) are given by the following

Theorem 7.30. For λ ∈ M(G), each of the following conditions is equivalent to λ
being absolutely continuous with respect to μ.

(i) The operator C
(1)
λ : L1(G) → L1(G) is Pettis representable.

(ii) The function Kλ : G → M(G) defined by

Kλ : x �→ δx ∗ λ, x ∈ G, (7.47)

is continuous for the norm topology in M(G).
(iii) The M(G)-valued function Kλ is weakly continuous.
(iv) The range of Kλ is norm compact in the Banach space M(G).
(v) The range of Kλ is weakly compact in M(G).
(vi) There exists A ∈ B(G) with μ(A) > 0 such that its image Kλ(A) is norm

separable in M(G).

Concerning statement (i) of Theorem 7.30 and Costé’s Theorem, it is relevant
to note that L1(G) does not have the Radon–Nikodým property, [42, p. 219].

An important subalgebra of M(G) (see [73], [96]) is

M0(G) :=
{
λ ∈ M(G) : λ̂ ∈ c0(Γ)

}
.

Since G is infinite, the inclusions

L1(G) ⊆ M0(G) ⊆ M(G)

are proper, [96, p. 422]. For an interesting history of M0(T) we refer to [103] and
the references therein. It is known that every λ = μh with h ∈ L1(G) has natural
spectrum (in the sense of Zafran [167]), meaning that the spectrum σ(C(1)

λ ) of

C
(1)
λ ∈ L

(
L1(G)

)
coincides with λ̂(Γ) = ĥ(Γ), where the bar indicates “closure

in C”. The situation for elements of the larger space M0(G) is rather different:
there always exists a measure λ ∈ M0(G) \ L1(G) without natural spectrum, that
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is, the containment λ̂(Γ) ⊆ σ(C(1)
λ ) is proper, [96, p. 422]. Let N0(G) denote the

subset of M0(G) consisting of all elements of M(G) which have natural spectrum.
Characterizations of N0(G) are known. For instance, λ ∈ N0(G) if and only if C

(1)
λ

is a decomposable operator if and only if C
(1)
λ is a Riesz operator, [96, Theorem

4.11.8]. In view of the above discussion we note that the containment N0(G) ⊆
M0(G) is proper, [96, Theorem 4.11.9]. Moreover, N0(G) itself contains L1(G) as
a proper subspace, [167, Proposition 2.9]. So, we have

L1(G) ⊆ N0(G) ⊆ M0(G) ⊆ M(G)

with all inclusions strict. Characterizations of M0(G) are also known. Define the
Fourier–Stieltjes transform map

FS : M(G) → �∞(Γ)

by λ �→ λ̂ with λ̂ as defined by (7.2). Then it is known that λ ∈ M(G) belongs to
M0(G) if and only if FS ◦Kλ : G → �∞(Γ), with Kλ as in (7.47), is continuous for
the sup-norm in �∞(Γ), [68]. Our second main aim of this section is to establish
the following result which presents some further (and diverse) characterizations of
M0(G) in terms of the operator C

(1)
λ and/or the function Kλ.

Theorem 7.31. For λ ∈ M(G), the following assertions are equivalent.

(i) The measure λ belongs to M0(G).

(ii) The vector measure m
(1)
λ : B(G) → L1(G) defined by

m
(1)
λ (A) := C

(1)
λ (χ

A
) = χ

A
∗ λ, A ∈ B(G), (7.48)

has relatively compact range in the Banach space L1(G).

(iii) The convolution operator C
(1)
λ : L1(G) → L1(G) is completely continuous.

(iv) The map F1,0 ◦ C
(1)
λ : L1(G) → c0(Γ) is completely continuous.

(v) The map F1,0 ◦ C
(1)
λ : L1(G) → c0(Γ) is compact.

(vi) The map F1,0 ◦ C
(1)
λ : L1(G) → c0(Γ) is weakly compact.

(vii) The map F1,0 ◦ C
(1)
λ : L1(G) → c0(Γ) is Bochner representable.

(viii) The map F1,0 ◦ C
(1)
λ : L1(G) → c0(Γ) is Pettis representable.

(ix) The function FS ◦ Kλ is weakly continuous in �∞(Γ).
(x) The range of FS ◦ Kλ is norm compact in �∞(Γ).
(xi) The range of FS ◦ Kλ is weakly compact in �∞(Γ).
(xii) The function FS ◦ Kλ is Bochner μ-integrable in �∞(Γ).
(xiii) The function FS ◦ Kλ is Pettis μ-integrable in �∞(Γ).

(xiv) The c0(Γ)-valued vector measure F1,0 ◦ m
(1)
λ has relatively compact range.
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(xv) There exists H ∈ P
(
μ, c0(Γ)

)
such that(

F1,0 ◦ m
(1)
λ

)
(A) = (P)-

∫
A

H dμ, A ∈ B(G).

(xvi) There exists H ∈ B
(
μ, c0(Γ)

)
such that(

F1,0 ◦ m
(1)
λ

)
(A) = (B)-

∫
A

H dμ, A ∈ B(G).

Remark 7.32. (i) In relation to (vii), (viii), (xii) and (xiii) of Theorem 7.31, we
point out that neither c0(Γ) nor �∞(Γ) has the Radon–Nikodým property, [42, p.
219]

(ii) A result of Pigno and Saeki, [128, Corollary 3], provides a connection
between Theorems 7.30 and 7.31. It states that λ ∈ M(G) belongs to L1(G) if
and only if λ ∗ M0(G) ⊆ L1(G). Equivalently, C

(1)
λ ◦ C

(1)
η is compact for every

completely continuous operator C
(1)
η ∈ C1(G) if and only if C

(1)
λ is itself a compact

operator.
(iii) Let

J : L1(G) → M(G)

be the linear map which assigns to each h ∈ L1(G) the finite measure μh as given
by (7.3). Since ‖μh‖M(G) = ‖h‖L1(G), the map J is an isometry. So, we may regard
L1(G) as a closed subspace of M(G). Let

Λ : c0(Γ) → �∞(Γ)

denote the natural inclusion. Then FS : M(G) → �∞(Γ) and F1,0 : L1(G) → c0(Γ)
satisfy

FS ◦ J = Λ ◦ F1,0, (7.49)

that is, the following diagram commutes:

L1(G)
F1,0 ��

J

��

c0(Γ)

Λ

��
M(G)

FS �� �∞(Γ).

Both F1,0 and FS are continuous, because of (7.5) and the inequality

‖λ̂‖�∞(Γ) ≤ ‖λ‖M(G), λ ∈ M(G),

[140, p. 15], respectively. In relation to various statements in Theorem 7.31 we
note that both F1,0 and FS are themselves not completely continuous and not
weakly compact. This follows from Lemma 7.1, Remark 7.2 and (7.49). �
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The proofs of both Theorem 7.30 and Theorem 7.31 will require various
preliminary results. We begin with an analysis of the vector measures m

(1)
λ , for

λ ∈ M(G), as given by (7.48). It follows from (7.48) and (7.8), for p = 1, that∥∥m(1)
λ (A)

∥∥
L1(G)

≤ ‖λ‖M(G) · ‖χA
‖L1(G) = ‖λ‖M(G) μ(A), (7.50)

for each A ∈ B(G). Accordingly, m
(1)
λ is surely σ-additive and has finite variation.

Actually, the variation measure can be precisely described.

Lemma 7.33. For each λ ∈ M(G), the variation measure
∣∣m(1)

λ

∣∣ is a multiple of
Haar measure. Namely,∣∣m(1)

λ

∣∣(A) =
∣∣m(1)

λ

∣∣(G) · μ(A), A ∈ B(G).

In particular,
∣∣m(1)

λ

∣∣ is translation invariant. Moreover, L1
(∣∣m(1)

λ

∣∣) = L1(G) when-
ever λ �= 0.

Proof. It follows from (7.50) and the definition of variation measure that∣∣m(1)
λ

∣∣(A) ≤ ‖λ‖M(G) · μ(A), A ∈ B(G).

Fix x ∈ G. For each A ∈ B(G) we have∥∥m(1)
λ (A + x)

∥∥
L1(G)

=
∥∥(δx ∗ χ

A
) ∗ λ

∥∥
L1(G)

=
∥∥δx ∗ (χ

A
∗ λ)

∥∥
L1(G)

= ‖χ
A
∗ λ‖L1(G) =

∥∥m(1)
λ (A)

∥∥
L1(G)

,
(7.51)

where we have used the identities δx ∗ χ
A

= χ
A+x

and

f ∗ δx = τxf, f ∈ L1(G).

It follows from (7.51) and the definition of the variation measure |m(1)
λ | that∣∣m(1)

λ

∣∣(A+x) =
∣∣m(1)

λ

∣∣(A) for A ∈ B(G). Since x ∈ G is arbitrary, we can conclude
that there exists a constant c ≥ 0 such that

∣∣m(1)
λ

∣∣ = cμ, [140, p. 2]. In particular,
c = cμ(G) =

∣∣m(1)
λ

∣∣(G). �

Since the m
(1)
λ -null and

∣∣m(1)
λ

∣∣-null sets coincide, it follows from Lemma 7.33
that the convolution operator C

(1)
λ ∈ L

(
L1(G)

)
is μ-determined for every λ ∈

M(G) \ {0}. To identify its optimal domain L1
(
m

(1)
λ

)
we require a further pre-

liminary result. Recall, for λ ∈ M(G) given, that its reflection Rλ ∈ M(G) is
defined by

Rλ : A �→ λ(−A), A ∈ B(G),

and satisfies both (see [140, p. 16])

(Rλ)̂ = λ̂ and (Rλ)̂ = λ̂ ◦ RΓ, λ ∈ M(G). (7.52)

Here η(A) := η(A), for A ∈ B(G), whenever η ∈ M(G).
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Lemma 7.34. Let λ ∈ M(G). Then〈
C

(1)
λ (f), ϕ

〉
=
〈
f, ϕ ∗ Rλ

〉
, f ∈ L1(G), ϕ ∈ L∞(G). (7.53)

Proof. The convolution ϕ∗Rλ belongs to L∞(G), [75, Theorem 20.13]. According
to Fubini’s Theorem and translation invariance of μ we have

〈f, ϕ ∗ Rλ〉 =
∫

G

f(t)
(∫

G

ϕ(t − z) dRλ(z)
)

dμ(t)

=
∫

G

f(t)
(∫

G

ϕ(t + s) dλ(s)
)

dμ(t) =
∫

G

(∫
G

f(t)ϕ(t + s) dμ(t)
)

dλ(s)

=
∫

G

(∫
G

f(y − s)ϕ(y) dμ(y)
)

dλ(s) =
∫

G

ϕ(y)
( ∫

G

f(y − s) dλ(s)
)

dμ(y)

=
∫

G

ϕ(y) · (f ∗ λ)(y) dμ(y) =
〈
C

(1)
λ (f), ϕ

〉
. �

Proposition 7.35. Let λ ∈ M(G) \ {0}. Then L1
(
m

(1)
λ

)
= L1(G) with their given

norms being equivalent. In particular,

L1
(∣∣m(1)

λ

∣∣) = L1
(
m

(1)
λ

)
= L1(G), (7.54)

and hence,
Lr
(∣∣m(1)

λ

∣∣) = Lr
(
m

(1)
λ

)
= Lr(G), 1 ≤ r ≤ ∞.

Proof. It follows from (7.53) with f = χ
A

that

〈
m

(1)
λ (A), ϕ

〉
=
∫

A

ϕ ∗ Rλ dμ, A ∈ B(G),

for each ϕ ∈ L∞(G) = L1(G)∗, and hence, that

∣∣〈m(1)
λ , ϕ〉

∣∣(A) =
∫

A

|ϕ ∗ Rλ| dμ, A ∈ B(G). (7.55)

For each γ ∈ Γ, the function ϕ := (·, γ) ∈ L∞(G) satisfies ‖ϕ‖L∞(G) = 1. Fix
f ∈ L1

(
m

(1)
λ

)
. Then it follows from (7.10), (7.52) and (7.55) that

|λ̂(γ)|
∫

G

|f | dμ =
∣∣λ̂(γ)

∣∣ ∫
G

|f | dμ =
∣∣(Rλ)̂ (γ)

∣∣ ∫
G

|f | dμ

=
∫

G

|f | ·
∣∣(·, γ) ∗ Rλ

∣∣ dμ =
∫

G

|f | ·
∣∣ (·, γ) ∗ Rλ

∣∣ dμ

=
∫

G

|f | d|〈m(1)
λ , (·, γ)〉| ≤ ‖f‖

L1(m
(1)
λ )

,
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where we have used h ∗ η = h ∗ η whenever h ∈ L1(G) and η ∈ M(G). Since γ ∈ Γ
is arbitrary, we can conclude that

‖λ̂‖�∞(Γ) ‖f‖L1(G) ≤ ‖f‖
L1(m

(1)
λ

)
. (7.56)

But, λ �= 0 implies that ‖λ̂‖�∞(Γ) > 0, [140, p. 29], and hence, L1
(
m

(1)
λ

)
⊆ L1(G)

continuously. Moreover. Lemma 7.33 gives L1(G) = L1
(∣∣m(1)

λ

∣∣) and we always have
L1
(∣∣m(1)

λ

∣∣) ⊆ L1
(
m

(1)
λ

)
continuously. From these comments, (7.54) is immediate.

�
Remark 7.36. (i) Since L1(G) is weakly sequentially complete, [46, Ch. IV, The-
orem 8.6], it cannot contain an isomorphic copy of c0. So, we have that

L1
w

(
m

(1)
λ

)
= L1

(
m

(1)
λ

)
= L1

(∣∣m(1)
λ

∣∣) = L1(G), λ ∈ M(G) \ {0}.

(ii) Proposition 7.35 shows that the optimal domain of C
(1)
λ is L1(G) itself,

that is, C
(1)
λ is already defined on its optimal domain with I

m
(1)
λ

= C
(1)
λ . Accord-

ingly, Theorems 7.30 and 7.31 are also statements about the integration operator
I
m

(1)
λ

corresponding to the vector measure m
(1)
λ . In particular, the discussion im-

mediately prior to Theorem 7.30 shows that I
m

(1)
λ

is compact if and only if it is
weakly compact if and only if λ � μ. Furthermore, Corollary 2.43 (applied to
T := C

(1)
λ ) and the equivalence (i) ⇔ (ii) in Theorem 7.31 show that I

m
(1)
λ

is com-
pletely continuous if and only if λ ∈ M0(G). Theorems 7.30 and 7.31 also provide
examples of bounded operators in Banach spaces which are completely continu-
ous but fail to be compact or weakly compact. Indeed, all convolution operators
C

(1)
λ ∈ L

(
L1(G)

)
with λ ∈ M0(G)\L1(G) are of this kind. For the existence of such

measures λ we refer to the discussion immediately prior to Theorem 7.31. �

It is time to prove Theorems 7.30 and 7.31. As usual, some preliminary results
are needed.

Let λ ∈ M(G). Fubini’s Theorem yields (f ∗ λ)̂ = f̂ · λ̂ (an equality of
functions on Γ) for every f ∈ L1(G). This is a special case of the general result
that the convolution λ ∗ η = η ∗ λ of any measure η ∈ M(G) with λ, as defined in
[140, Section 1.3.1], is again an element of M(G) and satisfies (λ ∗ η)̂ = λ̂ · η̂, [140,
p. 15]. For the special case of η = δx with x ∈ G we have

(δx ∗ λ)(A) =
∫

G

δx(A − y) dλ(y) = λ(A − x), A ∈ B(G), (7.57)

[140, p. 17], where we have used the identity δx(A−y) = χ
A−x

(y) for y ∈ G. That
is, δx ∗ λ is the x-translate of λ. Now, let γ ∈ Γ. In view of (7.47),

[Kλ(x)]̂ (γ) = (δx ∗ λ)̂ (γ) = δ̂x(γ)λ̂(γ) = (x, γ) λ̂(γ), (7.58)
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for every x ∈ G. So, for f ∈ L1(G), it follows that∫
G

f(x)
[
Kλ(x)

]̂
(γ) dμ(x) = f̂(γ)λ̂(γ) = (f ∗ λ)̂ (γ). (7.59)

Applying (7.59) with f := χ
A

and recalling the definition of C
(1)
λ yield∫

A

[
Kλ(x)

]̂
(γ) dμ(x) =

[
C

(1)
λ (χ

A
)
]̂

(γ), A ∈ B(G). (7.60)

Let Z be a Banach space. A function F : G → Z∗ will be called Gelfand
μ-integrable if the scalar function

〈
z, F (·)

〉
: x �→

〈
z, F (x)

〉
, for x ∈ G, is μ-

integrable for every z ∈ Z. In this case, given A ∈ B(G), there is a unique vector
(w*)-

∫
A F dμ ∈ Z∗ satisfying〈

z, (w*)-
∫

A

F dμ
〉

=
∫

A

〈
z, F (·)

〉
dμ, z ∈ Z,

[42, p. 53]. The vector (w*)-
∫

A
F dμ ∈ Z∗ is called the Gelfand integral of F over

A (with respect to μ). If a function F : G → Z∗ happens to be continuous with
respect to the weak* topology σ(Z∗, Z) on Z∗, then F is necessarily Gelfand μ-
integrable because, for each z ∈ Z, the scalar function

〈
z, F (·)

〉
is continuous on

the compact space G and hence, is bounded.

Lemma 7.37. Let Z and Y be Banach spaces and T : Z∗ → Y ∗ be a linear map
which is continuous for the weak* topologies on Z∗ and Y ∗. If F : G → Z∗ is
Gelfand μ-integrable, then so is the composition T ◦ F : G → Y ∗ and

(w*)-
∫

A

T ◦ F dμ = T

(
(w*)-

∫
A

F dμ

)
, A ∈ B(G).

Proof. According to duality theory, there exists a linear operator S : Y → Z
(continuous for σ(Y, Y ∗) on Y and σ(Z, Z∗) on Z) which satisfies S∗ = T , [88,
§20.4]. Fix y ∈ Y , in which case S(y) ∈ Z. Then〈

y, (T ◦ F )(x)
〉

=
〈
S(y), F (x)

〉
, x ∈ G.

Accordingly, the Gelfand μ-integrability of F ensures that
〈
y, (T ◦F )(·)

〉
∈ L1(G).

Moreover, for A ∈ B(G), the vector T
(
(w*)-

∫
A F dμ

)
∈ Y ∗ satisfies〈

y, T
(
(w*)-

∫
A

F dμ
)〉

=
〈
S(y), (w*)-

∫
A

F dμ
〉

=
∫

A

〈
S(y), F (·)

〉
dμ =

∫
A

〈
y, (T ◦ F )(·)

〉
dμ,

for all y ∈ Y . That is, (w*)-
∫

A T ◦ F dμ = T
(
(w*)-

∫
A F dμ

)
. �
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We point out, for a Banach space Z, that every Pettis μ-integrable func-
tion H : G → Z∗ is Gelfand μ-integrable and (P)-

∫
A

H dμ = (w*)-
∫

A
H dμ for

A ∈ B(G). Hence, if F ∈ B(μ, Z∗), then

(B)-
∫

A

F dμ = (P)-
∫

A

F dμ = (w*)-
∫

A

F dμ, A ∈ B(G).

Relevant to this section are Gelfand integrals in the particular dual spaces
M(G) = C(G)∗ and �∞(Γ) = �1(Γ)∗. The duality between C(G) and M(G) is
given by

〈ϕ, λ〉 :=
∫

G

ϕ dλ, ϕ ∈ C(G), λ ∈ M(G).

Fix γ ∈ Γ. Let πγ : �∞(Γ) → C denote the coordinate functional at γ, that
is, πγ(ξ) := ξ(γ) for ξ ∈ �∞(Γ). In terms of χ{γ} ∈ �1(Γ) ⊆ �∞(Γ)∗ we have
πγ(ξ) = 〈χ{γ}, ξ〉 for ξ ∈ �∞(Γ). Similarly, πγ ◦ FS : M(G) → C corresponds to

(·, γ) ∈ C(G) ⊆ M(G)∗ via〈
(·, γ), λ

〉
= (πγ ◦ FS)(λ) =

〈
χ{γ}, FS(λ)

〉
, λ ∈ M(G). (7.61)

The following result collects together various facts about Gelfand integrals
which are needed in the sequel.

Proposition 7.38. Let λ ∈ M(G). The following assertions hold.

(i) The function Kλ : G → M(G) defined by (7.47) is continuous when M(G)
is equipped with its weak* topology. In particular, Kλ is Gelfand μ-integrable
in M(G) = C(G)∗.

(ii) The Fourier–Stieltjes transform map FS : M(G) → �∞(Γ) is continuous
when M(G) = C(G)∗ and �∞(Γ) = �1(Γ)∗ have their weak* topologies.
Hence, FS ◦Kλ : G → �∞(Γ) is weak* continuous and, consequently, FS ◦Kλ

is Gelfand μ-integrable in �∞(Γ) = �1(Γ)∗.

(iii) Suppose that λ �= 0. For a Borel measurable function f : G → C the following
conditions are equivalent.

(a) f ∈ L1(G).
(b) The pointwise product fKλ : G → M(G) is Gelfand μ-integrable in

M(G) = C(G)∗.

(c) The pointwise product f ·(FS ◦Kλ) : G → �∞(Γ) is Gelfand μ-integrable
in �∞(Γ) = �1(Γ)∗.

In this case we have the identities(
J ◦ C

(1)
λ

)
(f) = (w*)-

∫
G

fKλ dμ and(
Λ ◦ F1,0 ◦ C

(1)
λ

)
(f) = (w*)-

∫
G

f · (FS ◦ Kλ) dμ

}
(7.62)



328 Chapter 7. Operators from Classical Harmonic Analysis

and hence, for each A ∈ B(G), also(
J ◦ m

(1)
λ

)
(A) = (w*)-

∫
A

Kλ dμ and(
Λ ◦ F1,0 ◦ m

(1)
λ

)
(A) = (w*)-

∫
A FS ◦ Kλ dμ.

}
(7.63)

Proof. (i) Observe that Kλ : G → M(G) is weak* continuous if and only if, for
each ϕ ∈ C(G), the scalar function

〈
ϕ, Kλ(·)

〉
is continuous on G. The case λ = 0

is trivial. So, assume that λ �= 0. Fix ϕ ∈ C(G). Then, (7.57) implies that

〈
ϕ, Kλ(x)

〉
=
∫

G

ϕ(t) d(δx ∗ λ)(t) =
∫

G

ϕ(x + s) dλ(s), x ∈ G.

Let ε > 0. Since ϕ is uniformly continuous on G, choose a neighbourhood V of 0
such that

∣∣ϕ(u)−ϕ(w)
∣∣ < ε/|λ|(G) whenever (u−w) ∈ V . Hence, given a ∈ G, it

follows that∣∣〈ϕ, Kλ(x)〉 − 〈ϕ, Kλ(a)〉
∣∣ ≤ ∫

G

∣∣ϕ(x + s)− ϕ(a + s)
∣∣ d|λ|(s) < ε

for x ∈ a + V . So,
〈
ϕ, Kλ(·)

〉
is continuous, that is, Kλ is weak* continuous.

(ii) Let ρ ∈ �1(Γ), in which case the support ρ−1(C\{0}) of ρ is a countable
subset of Γ. So, H(ρ) : G → C defined by x �→

∑
γ∈Γ (x, γ)ρ(γ) for x ∈ G is

continuous. It follows from (7.61) and the Dominated Convergence Theorem that〈
H(ρ), η

〉
=
〈
ρ, FS(η)

〉
for η ∈ M(G), which implies that FS : M(G) → �∞(Γ) is

continuous for the respective weak* topologies on M(G) and �∞(Γ). By this and
part (i) the composition FS ◦Kλ : G → �∞(Γ) is continuous for the weak* topology
in �∞(Γ). In particular, FS ◦ Kλ is Gelfand μ-integrable in �∞(Γ) = �1(Γ)∗.

(iii) Assume (a). For every ϕ ∈ C(G), the scalar function
〈
ϕ, Kλ(·)

〉
is

bounded and continuous on G (see the proof of part (i)) and hence, we have
that

〈
ϕ, (fKλ)(·)

〉
= f(·)

〈
ϕ, Kλ(·)

〉
∈ L1(G). So, (b) holds.

(b) ⇒ (c). This follows from part (ii) and Lemma 7.37 applied to T := FS

because FS

(
f(x)Kλ(x)

)
= f(x) · (FS ◦ Kλ)(x) for x ∈ G. Lemma 7.37 also gives

FS

(
(w*)-

∫
G

fKλ dμ
)

= (w*)-
∫

G

f · (FS ◦ Kλ) dμ. (7.64)

(c) ⇒ (a). Choose γ ∈ Γ such that λ̂(γ) �= 0. Since f · (FS ◦ Kλ) is Gelfand
μ-integrable in �∞(Γ) = �1(Γ)∗ and χ{γ} ∈ �1(Γ), we have〈

χ{γ}, f(·) · (FS ◦ Kλ)(·)
〉
∈ L1(G). (7.65)

On the other hand, for every x ∈ G, it follows from (7.58) that〈
χ{γ}, f(x) · (FS ◦ Kλ)(x)

〉
= f(x) ·

[
Kλ(x)

]̂
(γ) = (x, γ)f(x)λ̂(γ). (7.66)
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Since
∣∣(x, γ) λ̂(γ)

∣∣ = |λ̂(γ)| �= 0 for every x ∈ G, we conclude from (7.65) and
(7.66) that f ∈ L1(G). Thus (a), (b) and (c) are equivalent.

It remains to verify (7.62) and (7.63). Since
[
C

(1)
λ f

]̂
= (f ∗ λ)̂ = f̂ · λ̂, it

follows from (7.59) and (7.64) that[
(w*)-

∫
G

fKλ dμ
]̂ (γ) =

∫
G

f(x)
[
Kλ(x)

]̂
(γ) dμ(x) =

[(
J ◦ C

(1)
λ

)
(f)
]̂

(γ)

for every γ ∈ Γ.
Then the injectivity of FS , [140, p. 29], establishes that (w*)-

∫
G

fKλ dμ =(
J ◦ C

(1)
λ

)
(f) as elements of M(G), which is the first identity in (7.62). This

identity and (7.64) then give the second identity in (7.62) because FS ◦ J ◦C
(1)
λ =

Λ ◦ F1,0 ◦ C
(1)
λ (see (7.49)).

Finally, (7.63) follows from (7.62) with f := χ
A

for A ∈ B(G). �

Our final preliminary result is the following one.

Lemma 7.39. For any λ ∈ M(G), the following assertions hold.

(i) If a character γ ∈ Γ satisfies
∫

A

[
Kλ(x)

]̂
(γ) dμ(x) = 0 for every A ∈ B(G),

then λ̂(γ) = 0.

(ii) Let Q : G → �∞(Γ) be a Pettis μ-integrable function satisfying∫
A

[
Kλ(x)

]̂
(γ) dμ(x) =

∫
A

[Q(x)](γ) dμ(x), A ∈ B(G), (7.67)

for every γ ∈ Γ. Then the following statements hold.

(a) Given any countable subset Γ0 ⊆ Γ, there exists a set A0 ∈ B(G) with
μ(A0) = 1 such that

[
Kλ(x)

]̂
(γ) = [Q(x)](γ) for all x ∈ A0 and γ ∈ Γ0.

(b) If there is a countable subset Γ0 ⊆ Γ such that [Q(x)](γ) = 0 for all
x ∈ G and γ ∈ Γ \ Γ0, then (FS ◦ Kλ)(x) = Q(x) for μ-a.e. x ∈ G.

Proof. (i) The assumption implies that
[
Kλ(x)

]̂
(γ) = 0 for μ-a.e. x ∈ G. Then

(7.58) implies that λ̂(γ) = 0 because (x, γ) �= 0 for every x ∈ G.
(ii) To prove (a) we may assume that Γ0 is infinite. Let {γn : n ∈ N} be an

enumeration of Γ0. For each n ∈ N, applying (7.67) with γ := γn we can find a set
An ∈ B(G) such that μ(An) = 1 and

[
Kλ(x)

]̂
(γn) = [Q(x)](γn) for all x ∈ An.

Then the set A0 :=
⋂∞

n=1 An satisfies the requirement of (a).
To prove (b), choose any γ ∈ Γ\Γ0. For each A ∈ B(G), the identity (7.67)

gives
∫

A

[
Kλ(x)

]̂
(γ) dμ(x) = 0 because [Q(x)](γ) = 0 for all x ∈ G. Apply part

(i) to deduce that λ̂(γ) = 0 which then implies, via (7.58), that[
Kλ(x)

]̂
(γ) = (x, γ) λ̂(γ) = 0 = [Q(x)](γ)
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for all x ∈ G and γ ∈ Γ \ Γ0. Now choose any set A0 ∈ B(G) satisfying the
conclusion of part (a). The properties of A0 then imply, for every x ∈ A0, that[

(FS ◦ Kλ)(x)
]
(γ) =

[
Kλ(x)

]̂
(γ) = [Q(x)](γ), γ ∈ Γ,

so that (FS ◦Kλ)(x) = Q(x). Since μ(A0) = 1, part (b) is proved. �

Before starting the proof of Theorem 7.30, observe that the Banach space
L1(G) is generated by {χ

A
: A ∈ B(G)}, that is, the linear span of this set is dense

in L1(G). Since {χ
A

: A ∈ B(G)} is the range of the L1(G)-valued vector measure
A �→ χ

A
, for A ∈ B(G), and such a range is always relatively weakly compact (see

Lemma 3.3), we see that L1(G) is weakly compactly generated.

Proof of Theorem 7.30. By the classical equivalences mentioned immediately prior
to Theorem 7.30, it suffices to prove that (i)–(vi) are equivalent to λ � μ.

Now, by Costé’s Theorem and the fact that Bochner representability implies
Pettis representability, we see that λ � μ implies (i). Conversely, assume that (i)
holds. Let f ∈ L1(G). Then the L1(G)-valued vector measure given by the formula
A �→ C

(1)
λ (fχ

A
) = λ ∗ (fχ

A
) has finite variation, because

∥∥λ ∗ (fχ
A
)
∥∥

L1(G)
≤ ‖λ‖M(G)‖fχ

A
‖L1(G) = ‖λ‖M(G)

∫
A

|f | dμ, A ∈ B(G),

(see (7.8) with p = 1) and A �→
∫

A
|f | dμ is a finite measure. Since L1(G) is weakly

compactly generated and C
(1)
λ is Pettis representable (by hypothesis), it follows

from Proposition 3.46 with E = L1(G) that T := C
(1)
λ is Bochner representable.

By Costé’s Theorem λ � μ.
To see that λ � μ implies (ii), let h ∈ L1(G) satisfy λ = μh = J(h). The

function Fh : G → L1(G) defined by

Fh(x) := μh ∗ δx = h ∗ δx = τxh, x ∈ G, (7.68)

is continuous, [140, Theorem 1.1.5], and satisfies Kλ = J ◦ Fh. Since J : L1(G) →
M(G) is continuous (even an isometry), (ii) follows.

(ii) ⇒ (iii) and (ii) ⇒ (iv) ⇒ (vi) are clear.

To see that (iii) implies λ � μ, let A ∈ B(G). The linear functional given by
αA : η �→ η(A) for η ∈ M(G) is norm continuous and hence, belongs to M(G)∗.
So, by (iii) and (7.57) the function

αA ◦ Kλ : x �→ (λ ∗ δx)(A) = λ(A − x), x ∈ G,

is continuous. Then λ � μ follows from [139, Theorem, p. 230].

(iii) ⇔ (v). Clearly (iii) ⇒ (v). So, assume (v). Since the range Kλ(G) is then
compact for both the weak (by hypothesis) and weak* (by Proposition 7.38(i))
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topologies, these Hausdorff topologies actually coincide on Kλ(G). But, by Propo-
sition 7.38(i), Kλ : G → M(G) is weak* continuous and hence, it is weakly
continuous, that is, (iii) holds.

(vi) ⇒ (i). If λ = 0 there is nothing to prove. So, suppose that λ �= 0. Assume
that (i) fails. Then, λ = η + μh for some singular measure η ∈ M(G) and some
function h ∈ L1(G). Let Fh : G → L1(G) be the continuous function defined by
(7.68). The range of the continuous function J ◦ Fh on G is compact and hence,
separable in the metric space M(G). Since Kλ = Kη + J ◦ Fh it follows that
Kλ(A) is separable if and only if Kη(A) is separable. So, we may further assume
that h = 0, that is, λ (= η) is singular. Hence, there is a set C ∈ B(G) such that
|λ|(C) = 0 and μ(G \ C) = 0.

Since Kλ(A) is separable in M(G), there exists a sequence {xn}∞n=1 in A such
that the vectors Kλ(xn) = λ ∗ δxn , for n ∈ N, form a countable dense subset of
Kλ(A). Let B :=

⋂∞
n=1(C + xn). Then

|λ|(B − xn) ≤ |λ|
(
(C + xn) − xn

)
= |λ|(C) = 0, n ∈ N.

Given x ∈ G, there exists a subsequence Kλ(xn(k)) → Kλ(x) in M(G) as k →∞.
Since |δz ∗ λ| = δz ∗ |λ|, for z ∈ A, and∣∣ |λ1|(B) − |λ2|(B)

∣∣ ≤ |λ1 − λ2|(B), λ1, λ2 ∈ M(G),

it follows that limk→∞ |λ|(B − xn(k)) = |λ|(B − x). In particular, we have
|λ|(B − x) = 0. This and Fubini’s Theorem give

0 =
∫

A

|λ|(B − x) dμ(x) =
∫

G

μ
(
A ∩ (B − t)

)
d|λ|(t). (7.69)

On the other hand, μ(B) = 1 as μ(C + xn) = 1 for every n ∈ N. So, μ(B − t) = 1
and hence, μ

(
A ∩ (B − t)

)
= μ(A) for all t ∈ G. This and (7.69) imply that

0 = μ(A) |λ|(G), which contradicts the fact that both μ(A) > 0 and |λ|(G) =
‖λ‖M(G) > 0. So, (i) must hold.

This completes the proof of Theorem 7.30. �
Remark 7.40. (i) The equivalences (λ � μ) ⇔ (ii) ⇔ (iii) rely on Rudin, [139],
as indicated in the proof. The proof of (vi) ⇒ (i) was suggested by L. Rodŕıguez-
Piazza.

(ii) For G = Rn and λ ∈ M(Rn) it is shown in [51] that if there exists a set
A ∈ B(Rn) with μ(A) > 0 such that either, Kλ(A) is relatively compact in M(Rn)
(see Corollary 2 in [51]) or, Kλ(A) is norm separable in M(Rn) (see Corollary
1(b) in [51]), then λ � μ. It is stated that the same conclusions hold for a general
locally compact abelian group G but, no details are provided.

Let G again be a compact abelian group. A measure λ ∈ M(G) has a separable
orbit if there exists a countable set Dλ ⊆ G with the property that, for every
x ∈ G and ε > 0, there exists z ∈ Dλ such that ‖Kλ(x) − Kλ(z)‖M(G) < ε. Of
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course, in this case μ(Dλ) = 0. It is known that if λ ∈ M(G) has a separable
orbit, then Kλ : G → M(G) is norm continuous, [159, Lemma], and that λ � μ,
[159, Theorem 1]. Actually, λ � μ if and only if λ has a separable orbit, [159,
Theorem 3].

(iii) Since G is infinite, there always exists a singular measure λ ∈ M0(G),
[73, Remark 10.2.15]. Then λ /∈ L1(G) and so Kλ(G) ⊆ M(G) is non-separable
by Theorem 7.30. Hence, M0(G) is always non-separable. This is of particular
interest when G is metrizable. For, in this case, L1(G) is actually a separable closed
subspace of M0(G), [140, Appendix E8]. So, the gap between L1(G) and M0(G)
may be rather large. For metrizable G, a different proof of the non-separability of
M0(G) is also possible; this is part of Menchoff’s Theorem, [163, III.C.6].

(iv) It has already been noted that L1(G) is always weakly compactly gen-
erated. Suppose that the larger Banach space M(G) is also weakly compactly
generated. Since M(G) = C(G)∗ is a dual Banach space, Kuo’s Theorem would
imply that it has the Radon–Nikodým property, [42, Ch. III, Corollary 3.7]. It
would then follow that its closed subspace L1(G) also has the Radon–Nikodým
property, [42, Ch. III, Theorem 3.2], which is not the case, [42, p. 219]. Accord-
ingly, M(G) is neither weakly compactly generated nor has the Radon–Nikodým
property. Since separable Banach spaces are necessarily weakly compactly gen-
erated it follows that M(G) is non-separable. Of course, this also follows from
part (iii) above or, directly from the observations that ‖δx − δz‖M(G) = 2 for
distinct x, z ∈ G and that G is uncountable. Since L1(G) is a closed subspace of
M0(G) it follows, again from [42, Ch. III, Theorem 3.2], that M0(G) also fails to
have the Radon–Nikodým property.

More can be said about M(G). Indeed M(G) is closed (for the variation
norm) within the Banach space ca

(
B(G)

)
of all C-valued σ-additive measures,

[46, Ch. III, Section 7]. Let M+(G) denote the cone of all non-negative measures
λ ∈ M(G), that is, λ(A) ≥ 0 for all A ∈ B(G). Then the R-valued measures in
M(G), denoted by MR(G), can be ordered via λ1 ≥ λ2 if and only if (λ1 − λ2) ∈
M+(G). Equipped with this order, MR(G) is a Dedekind complete Banach lattice
(over R). If {λn}∞n=1 ⊆ MR(G) has the property that limn→∞ λn(A) exists in R for
each A ∈ B(G), then λ : B(G) → R defined by A �→ limn→∞ λn(A) is an element
of MR(G); see [46, Ch. III, Corollary 7.4]. It follows that if {λn}∞n=1 ⊆ M+(G)
satisfies λn ↓ 0 in the order of MR(G), then limn→∞ λn(A) = 0 for all A ∈ B(G).
In particular, for A = G, it follows that ‖λn‖MR(G) → 0 as n → ∞. Accordingly,
the Banach lattice MR(G) has σ-o.c. norm and, due to Dedekind completeness,
even o.c. norm. Hence, so does its complexification M(G) = MR(G) + iMR(G),
after noting that the variation measure |λ| of λ ∈ M(G) is exactly the modulus of
λ formed as an element of MR(G) + iMR(G) via

sup
0≤θ<2π

∣∣(cos θ)Re(λ) + (sin θ)Im(λ)
∣∣.

So, M(G) is a Dedekind complete, complex Banach lattice with o.c. norm. Since
M(G) is not weakly compactly generated, it follows that M(G) cannot have a
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weak order unit (see [108, p. 18] for the definition). This follows from Theorem 2
and Theorem 8 of [21], for example. The positive and negative parts of λ ∈ MR(G),
in the sense of Banach lattices (see [108, p. 2], for the definition), are precisely
those corresponding to the Hahn decomposition λ = λ+ − λ− of λ in the sense of
measure theory. It follows that every convolution operator C

(1)
λ , for λ ∈ M(G), is

a regular operator in L1(G); see [149, p. 233] for the definition. This remains true
for the operators C

(p)
λ (as given by (7.7)) for λ ∈ M(G) and 1 ≤ p < ∞. For more

precise details of the “lattice theoretic” aspects of the class of regular operators
C

(p)
λ acting in the complex Banach lattices Lp(G), 1 ≤ p < ∞, we refer to [4], [5],

[7], for example. �

Proof of Theorem 7.31. Since all statements are trivially true for λ = 0, we may
assume that λ �= 0.

(i) ⇒ (ii). As (i) holds, the operator Tλ : f �→ f ∗ λ is compact from L2(G)
into itself, [42, p. 93]. So, the set {Tλ(χ

A
) : A ∈ B(G)} is relatively compact in

L2(G). Since L2(G) ⊆ L1(G) continuously, this set is also relatively compact in
L1(G). So, (ii) holds because the range of m

(1)
λ equals this set in L1(G).

(ii) ⇔ (iii). This is immediate from Corollary 2.43 with T := C
(1)
λ .

(iii) ⇒ (iv) is clear.

(iv) ⇒ (i). Let {γn}∞n=1 be any sequence of distinct characters from Γ. By
the Riemann–Lebesgue Lemma, limn→∞(·, γn) = 0 weakly in L1(G). By (7.10),
with γ := γn there, we have

lim
n→∞ λ̂(γn)χ{γn} = lim

n→∞ F1,0

(
(·, γn)λ̂(γn)

)
= lim

n→∞
(
F1,0 ◦ C

(1)
λ

)
(·, γn) = 0

with convergence in the norm of c0(Γ), because of hypothesis (iv). Because∣∣λ̂(γn)
∣∣ =

∥∥λ̂(γn)χ{γn}
∥∥

�∞(Γ)
for each n ∈ N, it follows that limn→∞ λ̂(γn) = 0.

So, λ̂ ∈ �∞(Γ) has the property that limn→∞ λ̂(γn) = 0 for every sequence of dis-
tinct elements {γn}∞n=1 ⊆ Γ. This easily implies that λ̂ ∈ c0(Γ), that is, λ ∈ M0(G).

(i) ⇒ (v). For λ ∈ M0(G), the function FS ◦ Kλ : G → �∞(Γ) is norm
continuous, [68, p. 158], and so has compact range. Hence, FS ◦Kλ ∈ B

(
μ, �∞(Γ)

)
.

By Proposition 7.38(iii) we have(
Λ ◦ F1,0 ◦ C

(1)
λ

)
(f) = (w*)-

∫
G

f · (FS ◦ Kλ) dμ = (B)-
∫

G

f · (FS ◦ Kλ) dμ

for every f ∈ L1(G). It then follows from Proposition 3.47 that the linear operator
Λ ◦ (F1,0 ◦ C

(1)
λ ) : L1(G) → �∞(Γ) is compact. Consequently, so is the operator

F1,0 ◦ C
(1)
λ : L1(G) → c0(Γ) because c0(Γ) is a closed subspace of �∞(Γ) and the

operator Λ : c0(Γ) → �∞(Γ) is the natural inclusion.
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(v) ⇒ (vi) ⇒ (vii) ⇒ (viii). Clearly (v) ⇒ (vi) and (vii) ⇒ (viii). For the
implication (vi) ⇒ (vii) apply [42, Ch. III, Theorem 2.12].

(viii) ⇒ (i). Choose a μ-scalarly bounded function H ∈ P
(
μ, c0(Γ)

)
such that

(F1,0 ◦C
(1)
λ )(f) = (P)-

∫
G

fH dμ for f ∈ L1(G). Fix any γ ∈ Γ and recall the defini-
tion of the coordinate functional πγ : �∞(Γ) → C (just prior to Proposition 7.38).
It is continuous on �∞(Γ) and hence, its restriction to the closed subspace c0(Γ)
is also continuous. Since H ∈ P

(
μ, c0(Γ)

)
, it follows that

[
C

(1)
λ (χ

A
)
]̂

(γ) =
〈
(P)-

∫
A

H dμ, πγ

〉
=
∫

A

[H(x)](γ) dμ(x),

for A ∈ B(G). This and (7.60) yield∫
A

[
Kλ(x)

]̂
(γ) dμ(x) =

∫
A

[H(x)](γ) dμ(x), A ∈ B(G).

Now, let {γn}∞n=1 be any infinite sequence of distinct characters in Γ. Apply
Lemma 7.39(ii)(a) to Q := H (or, strictly speaking, to Q := Λ ◦ H) to find a
set A0 ∈ B(G) such that μ(A0) = 1 and

[
Kλ(x)

]̂
(γn) = [H(x)](γn) for all x ∈ A0

and n ∈ N. Take any point a ∈ A0. Then

|λ̂(γn)| =
∣∣(a, γn) λ̂(γn)

∣∣ =
∣∣ [Kλ(a)

]̂
(γn)

∣∣ =
∣∣ [H(a)](γn)

∣∣→ 0

as n → ∞ because H(a) ∈ c0(Γ). For the same reason as in the proof of (iv)
⇒ (i) it follows that the element λ̂ ∈ �∞(Γ) actually belongs to c0(Γ), that is,
λ ∈ M0(G).

(i) ⇒ (x) ⇒ (xi). The implication (i) ⇒ (x) has already been established in
the proof of (i) ⇒ (v) whereas (x) ⇒ (xi) is clear.

(ix) ⇔ (xi). Recalling that FS ◦ Kλ : G → �∞(Γ) is weak* continuous (see
Proposition 7.38(ii)), one can argue as in the proof of (iii) ⇔ (v) in Theorem 7.30.

(ix) ⇒ (iv). In this case FS ◦ Kλ has weakly compact range in �∞(Γ) and
hence, takes its values in a weakly compactly generated (closed) subspace of
�∞(Γ). So, it is Pettis μ-integrable by D.R. Lewis’ Theorem, [42, p. 88]. As μ
is a perfect measure (see, for example [162, Proposition A.4]), it follows by a
result of C. Stegall, [162, Proposition 5.7], that the Pettis indefinite μ-integral
A �→ (P)-

∫
A FS ◦ Kλ dμ on B(G) has relatively compact range in �∞(Γ). On the

other hand, Proposition 7.38(iii) implies that(
Λ ◦ F1,0 ◦ m

(1)
λ

)
(A) = (w*)-

∫
A

FS ◦ Kλ dμ = (P)-
∫

A

FS ◦ Kλ dμ,

for A ∈ B(G). So, the vector measure Λ◦(F1,0◦m(1)
λ ) : B(G) → �∞(Γ) has relatively

compact range. Since the range R(F1,0◦m(1)
λ ) ⊆ c0(Γ) with c0(Γ) a closed subspace

of �∞(Γ), the range of the vector measure F1,0 ◦ m
(1)
λ is relatively compact in
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c0(Γ). It follows from Corollary 2.43, with T := F1,0 ◦ C
(1)
λ : L1(G) → c0(Γ), that

F1,0 ◦ C
(1)
λ is completely continuous.

(i) ⇒ (xii). This has already been established in the proof of (i) ⇒ (v).

(xii) ⇒ (iv). The indefinite Bochner μ-integral A �→ (B)-
∫

A FS ◦ Kλ dμ on
B(G) has relatively compact range in �∞(Γ), [42, Ch. II, Corollary 3.9]. Hence,
the range of the vector measure Λ ◦ F1,0 ◦ m

(1)
λ : B(G) → �∞(Γ) is also relatively

compact because(
Λ ◦ F1,0 ◦ m

(1)
λ

)
(A) = (w*)-

∫
A

FS ◦ Kλ dμ = (B)-
∫

A

FS ◦ Kλ dμ,

for A ∈ B(G); see (7.63) in Proposition 7.38(iii). So, we can obtain (iv) as in the
proof of (ix) ⇒ (iv).

This establishes the equivalences (i)–(xii). The equivalence of these with each
of (xiii) and (xiv) has been established along the way.

(xv) ⇒ (xiv). If there exists H ∈ P
(
μ, c0(Γ)

)
as in (xv), then the argument

of (ix) ⇒ (iv) shows that F1,0 ◦ m
(1)
λ has relatively compact range in c0(Γ).

(viii) ⇒ (xv) is clear.

Finally, (xvi) ⇒ (xv) is clear, as is (vii) ⇒ (xvi).
This completes the proof of Theorem 7.31. �

Remark 7.41. As a consequence of Theorems 7.30 and 7.31 we see that every
λ ∈ M0(G) \L1(G) provides an example of a vector measure, namely the measure
m

(1)
λ : B(G) → L1(G), which has relatively compact range but, whose associated

integration operator I
m

(1)
λ

= C
(1)
λ fails to be a compact operator. �

7.3 Operators acting in Lp(G) via convolution
with functions

For λ ∈ M(G) we now consider the convolution operators C
(p)
λ ∈ L

(
Lp(G)

)
for

1 < p < ∞, as given by (7.7), from the viewpoint of their optimal domain. Of
course, the corresponding vector measure m

(p)
λ : B(G) → Lp(G) is defined by

m
(p)
λ : A �→ C

(p)
λ (χ

A
) = λ ∗ χ

A
, A ∈ B(G). (7.70)

Both the properties and the identification of the optimal domain L1(m(p)
λ ) of

the extended operator I
m

(p)
λ

: L1(m(p)
λ ) → Lp(G) of C

(p)
λ are important as well

as certain operator theoretic properties of I
m

(p)
λ

. The subclass corresponding to
λ � μ has been investigated in [123]. As will be seen, the situation for λ � μ
with 1 < p < ∞ is very different from that of p = 1 as treated in Section 7.2. The
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situation for general measures λ acting in Lp(G) (i.e., not necessarily λ ∈ L1(G)),
which is treated in [124], is quite different from that of absolutely continuous
measures. Accordingly, this case will be considered separately in Section 7.4. So,
here we will deal exclusively with the measures λ = μh (see (7.3)) for h ∈ L1(G). In
this case, we will simply write C

(p)
h for the convolution operator C

(p)
μh ∈ L

(
Lp(G)

)
and m

(p)
h for the corresponding vector measure m

(p)
μh as given by (7.70). Since the

results for 1 < p < ∞ are (mostly) already available in the literature (unlike for
p = 1 as treated in Section 7.2), we will restrict ourselves to a careful and detailed
summary of the relevant definitions and theorems, together with various remarks
and examples. So, let us begin.

Let 1 ≤ p < ∞ and fix h ∈ L1(G). Then the operator

C
(p)
h : f �→ f ∗ h, f ∈ Lp(G),

is continuous (i.e., belongs to L(Lp(G)) ) because of the inequality∥∥C(p)
h (f)

∥∥
Lp(G)

≤ ‖f‖Lp(G)‖h‖L1(G), f ∈ Lp(G); (7.71)

see (7.8) with λ := μh. Moreover, C
(p)
h is always a compact operator, [48, Corollary

6], [63, Theorem 4.2.2]. The set function m
(p)
h : B(G) → Lp(G) defined by

m
(p)
h : A �→ C

(p)
h (χ

A
) = χ

A
∗ h, A ∈ B(G), (7.72)

is surely finitely additive. Actually, the inequality∥∥m(p)
h (A)

∥∥
Lp(G)

≤ ‖χ
A
‖Lp(G) ‖h‖L1(G) =

(
μ(A)

)1/p ‖h‖L1(G), A ∈ B(G),

which follows from (7.71) and (7.72) with f := χ
A
, shows that m

(p)
h is σ-additive.

For each ϕ ∈ Lp′
(G) = Lp(G)∗ it turns out that〈
m

(p)
h , ϕ

〉
(A) =

∫
A

(ϕ ∗ RGh) dμ, A ∈ B(G); (7.73)

see [123, p. 531]. The proof is similar to that of Lemma 7.34, which is the case
p = 1. The variation measure is then given by∣∣〈m(p)

h , ϕ
〉∣∣(A) =

∫
A

|ϕ ∗ RGh| dμ, A ∈ B(G). (7.74)

It is a consequence of Hölder’s inequality, (7.71) with p′ in place of p, and
‖RGh‖L1(G) = ‖h‖L1(G) that∫

G

|f | · |ϕ ∗ RGh| dμ ≤ ‖f‖Lp(G) ‖ϕ ∗ RGh‖Lp′(G)

≤ ‖f‖Lp(G) ‖ϕ‖Lp′(G) ‖h‖L1(G) < ∞,

(7.75)

for each f ∈ Lp(G).
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The next result, [123, Lemma 2.2], collects together some basic properties
of the vector measure m

(p)
h . Part (i) relies on the compactness of the operator

C
(p)
h ∈ L

(
Lp(G)

)
. The formula (7.76) in part (ii) follows from the definition of the

semivariation of m
(p)
h and (7.74). Then (7.76), together with the inequality (for

ϕ ∈ Lp′
(G))∫

A

|ϕ ∗ RGh| dμ ≤
(
μ(A)

)1/p‖ϕ‖Lp′(G) ‖h‖L1(G), A ∈ B(G),

which is a consequence of (7.75) with f := χ
A
, form the basis of the proof of

(7.77). Part (iii) is then immediate from (7.77). For the precise details we refer to
[123].

Lemma 7.42. Let 1 ≤ p < ∞ and fix h ∈ L1(G).

(i) The range R
(
m

(p)
h

)
of m

(p)
h is a relatively compact subset of Lp(G).

(ii) Given any set A ∈ B(G), its semivariation equals∥∥m(p)
h

∥∥(A) = sup
{∫

A

|ϕ ∗ RGh| dμ : ‖ϕ‖Lp′(G) ≤ 1
}

, (7.76)

and satisfies

‖ĥ‖c0(Γ) μ(A) ≤
∥∥m(p)

h

∥∥(A) ≤ ‖h‖L1(G)

(
μ(A)

)1/p
. (7.77)

(iii) The vector measure m
(p)
h is always absolutely continuous with respect to μ.

Conversely, if h �= 0, then μ is absolutely continuous with respect to m
(p)
h .

Remark 7.43. (i) It follows from Lemma 7.42(iii) that the convolution operator
C

(p)
h ∈ L

(
Lp(G)

)
is μ-determined whenever 1 ≤ p < ∞ and h ∈ L1(G) \ {0}.

(ii) Lemma 7.42(i) should be compared with Proposition 7.6(iii). �
The following result, which is a combination of Theorem 1.1, Lemma 3.1 and

Proposition 3.4 of [123], summarizes the essential properties of the optimal domain
space L1

(
m

(p)
h

)
of C

(p)
h .

Theorem 7.44. Let 1 ≤ p < ∞ and fix h ∈ L1(G) \ {0}.

(i) A B(G)-measurable function f : G → C is m
(p)
h -integrable if and only if∫

G

|f | · |ϕ ∗ RGh| dμ < ∞, ϕ ∈ Lp′
(G) = Lp(G)∗. (7.78)

Moreover, the norm of f ∈ L1
(
m

(p)
h

)
is given by

‖f‖
L1(m

(p)
h )

= sup
{∫

G

|f | · |ϕ ∗RGh| dμ : ϕ ∈ Lp′
(G), ‖ϕ‖Lp′(G) ≤ 1

}
.
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(ii) The inclusions

Lp(G) ⊆ L1
(
m

(p)
h

)
= L1

w

(
m

(p)
h

)
⊆ L1(G) (7.79)

hold and are continuous. Indeed,

‖f‖
L1(m

(p)
h )

≤ ‖h‖L1(G) ‖f‖Lp(G), f ∈ Lp(G),

and also

‖f‖L1(G) ≤ ‖ĥ‖−1
c0(Γ) ‖f‖L1(m

(p)
h )

, f ∈ L1
(
m

(p)
h

)
. (7.80)

(iii) For each 1 ≤ q ≤ p we have L1
(
m

(p)
h

)
⊆ L1(m(q)

h ) and

‖f‖
L1(m

(q)
h )

≤ ‖f‖
L1(m

(p)
h )

, f ∈ L1
(
m

(p)
h

)
.

(iv) The subspaces T (G) and Lp(G) are both dense in L1
(
m

(p)
h

)
.

(v) L1
(
m

(p)
h

)
is a translation invariant subspace of L1(G) which is stable under

formation of reflections and complex conjugates. Moreover, for each x ∈ G,
we have (

I
m

(p)
h

◦ τx

)
(f) =

(
τx ◦ I

m
(p)
h

)
(f), f ∈ L1

(
m

(p)
h

)
,

where the equality is between elements of Lp(G). The range of I
m

(p)
h

and its
closure are both translation invariant subspaces of Lp(G).

(vi) The extension I
m

(p)
h

: L1
(
m

(p)
h

)
→ Lp(G) of C

(p)
h to its optimal domain

L1
(
m

(p)
h

)
is given by

I
m

(p)
h

(f) = h ∗ f, f ∈ L1
(
m

(p)
h

)
. (7.81)

Remark 7.45. (i) Since the weakly sequentially complete space L1(G) and the
reflexive spaces Lp(G), for 1 < p < ∞, cannot contain an isomorphic copy of c0,
the equality in (7.79) is clear. Moreover, (7.78) is based on (7.74).

(ii) The inequality (7.80) is a consequence of [123, Lemma 3.1] and (7.56) in
the proof of Proposition 7.35. Indeed, fix f ∈ L1(m(p)

h ). Then it follows from [123,
Lemma 3.1] that

‖f‖
L1(m

(1)
h )

≤ ‖f‖
L1(m

(p)
h )

.

On the other hand, (7.56) gives

‖ĥ‖c0(Γ) ‖f‖L1(G) = ‖μ̂h‖�∞(Γ) ‖f‖L1(G) ≤ ‖f‖
L1(m

(1)
μh

)
= ‖f‖

L1(m
(1)
h )

.

Therefore, (7.80) holds.
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(iii) It follows from (7.81) that
(
I
m

(p)
h

(f)
)̂

= ĥ · f̂ for all f ∈ L1
(
m

(p)
h

)
. Of

course, also
(
C

(p)
h (f)

)̂
= ĥ · f̂ for all f ∈ Lp(G). By considering the functions

f := (·, γ), for γ ∈ Γ, and (7.10) it is clear that C
(p)
h is injective if and only if its

extension I
m

(p)
h

is injective if and only if ĥ(γ) �= 0 for every γ ∈ Γ.

(iv) If h ∈ L1(G)+, then it follows from (7.78) that

L1
(
m

(p)
h

)
= M

(p)
h = N

(p)
h , (7.82)

where
M

(p)
h :=

{
f ∈ L1(G) : (fχ

A
) ∗ h ∈ Lp(G) for all A ∈ B(G)

}
and

N
(p)
h :=

{
f ∈ L1(G) : |f | ∗ h ∈ Lp(G)

}
,

[123, Proposition 3.2]. Actually, for arbitrary h ∈ L1(G),

N
(p)
|h| ⊆ L1

(
m

(p)
h

)
, (7.83)

[123, Remark 3.3(i)]. These alternate descriptions of L1
(
m

(p)
h

)
as given by (7.82),

for h ≥ 0, have some interesting consequences. Indeed, let 1 < p < ∞. For any r
satisfying 1 < r < p, choose any function h ∈ Lr(G) \ Lp(G); see the discussion
immediately after (7.1). If q ∈ (1, p) satisfies

1
r

+
1
q

=
1
p

+ 1

(i.e., q = pr/(pr− p + r)), then it follows from [75, Theorem 20.18] that |f | ∗ |h| ∈
Lp(G) for every f ∈ Lq(G). That is, Lq(G) ⊆ N

(p)
|h| . Combining this with (7.83),

we conclude that

Lp(G) ⊆ Lpr/(pr−p+r)(G) ⊆ N
(p)
|h| ⊆ L1

(
m

(p)
h

)
, 1 < r < p < ∞, (7.84)

for every h ∈ Lr(G) \ Lp(G), where the last inclusion in (7.84) is an equality
whenever h ∈ L1(G)+. Since 1 < q < p, this shows (for C

(p)
h ) that there exists

an Lq-space which is strictly larger than Lp(G) and lies between Lp(G) and the
optimal domain space L1

(
m

(p)
h

)
. This is a quite different phenomena to that for

the optimal domain space Fp(Td), for 1 < p < 2, of the Fourier transform map
Fp : Lp(G) → �p′

(Γ), where there is no strictly larger space Lq(Td) than Lp(Td)
which lies between Lp(Td) and Fp(Td); see Remark 7.29(ii).

As a consequence, we can extend Example 6.26(ii). Suppose that 1 < p < ∞
and fix 1 < r < p and h ∈ Lr(G) \ Lp(G). If q satisfies (1/r) + (1/q) = (1/p) + 1,
then (7.84) shows that Lq(G) ⊆ L1

(
m

(p)
h

)
. So, we can apply Lemma 6.24(ii) to

obtain
C

(p)
h ∈ At,v

(
Lp(G), Lp(G)

)
whenever t, v satisfy 1 ≤ q ≤ tq ≤ v ≤ p.
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(v) What about the function h ∈ L1(G) itself ? If it happens that h ∈ Lp(G),
then (7.79) implies that h ∈ L1

(
m

(p)
h

)
. It can also happen that the function

h∈L1
(
m

(p)
h

)
\Lp(G). Indeed, let 1<p<∞ and define r :=2p/(p+1), in which case

1 < r < min{2, p}. Choose any h ∈ Lr(G)\Lp(G). Since pr/(pr−p+r) now equals
r, it follows from (7.84) that h ∈ Lr(G) = Lpr/(pr−p+r)(G) ⊆ L1

(
m

(p)
h

)
. �

We record the conclusion of Remark 7.45(v) formally.

Proposition 7.46. For each 1 < p < ∞ and every h ∈ L2p/(p+1)(G) the inclusions

Lp(G) ⊆ L2p/(p+1)(G) ⊆ L1
(
m

(p)
h

)
are valid, with the first inclusion proper.

It turns out that the first equality in (7.82) is actually valid for arbitrary
h ∈ L1(G).

Proposition 7.47. Let 1 ≤ p < ∞ and h ∈ L1(G) \ {0}. Then the optimal domain
L1
(
m

(p)
h

)
of C

(p)
h is given by

L1
(
m

(p)
h

)
=
{
f ∈ L1(G) :

(
(χ

A
f) ∗ h

)
∈ Lp(G) for all A ∈ B(G)

}
.

Proof. Let f ∈ L1
(
m

(p)
h

)
. Since L1

(
m

(p)
h

)
is a B.f.s., also χ

A
f ∈ L1

(
m

(p)
h

)
for all

A ∈ B(G), that is,
(
(χ

A
f) ∗ h

)
∈ Lp(G) for all A ∈ B(G); see Theorem 7.44(vi).

Conversely, suppose that f ∈ L1(G) satisfies
(
(χ

A
f) ∗ h

)
∈ Lp(G) for all

A ∈ B(G). Then the set function ηf : B(G) → Lp(G) defined by

A �→ ηf (A) := (χ
A
f) ∗ h, A ∈ B(G),

is surely finitely additive. Let H :=
{
(·, γ) : γ ∈ Γ

}
, considered as a subset of the

dual space Lp′
(G) = Lp(G)∗. Fix γ ∈ Γ. Then〈
ηf (A), (·, γ)

〉
=
∫

G

(·, γ) ·
(
(χ

A
f) ∗ h

)
dμ

= (χ
A
f )̂ (γ) ĥ(γ) = ĥ(γ)

∫
G

(x, γ) χ
A
(x)f(x) dμ(x).

So, the C-valued set function
〈
ηf , (·, γ)

〉
�→
〈
ηf (A), (·, γ)

〉
on B(G) equals the

indefinite integral of
(
ĥ(γ)(·, γ)f

)
∈ L1(G) with respect to μ and hence, is σ-

additive. Since the weakly sequentially complete space L1(G) and the reflexive
spaces Lp(G), for 1 < p < ∞, cannot contain an isomorphic copy of �∞ and
H ⊆ Lp(G)∗ = Lp′

(G) is a total set of functionals for Lp(G), it follows from
Lemma 3.2 that ηf is σ-additive.

Let ϕ ∈ Lp′
(G). Then it was just shown that

A �→
〈
ηf (A), ϕ

〉
=
〈
(χ

A
f) ∗ h, ϕ

〉
, A ∈ B(G),
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is σ-additive. Define An := |f |−1([0, n]) for n ∈ N, in which case (A ∩An) ↑ A for
A ∈ B(G) fixed. By σ-additivity of 〈ηf , ϕ〉 we have〈

ηf (A), ϕ
〉

= lim
n→∞

〈
(χ

A∩An
f) ∗ h, ϕ

〉
.

But, χ
A∩An

f ∈ L∞(G) ⊆ L1
(
m

(p)
h

)
and so by Theorem 7.44 and (7.73) we have

〈
(χ

A∩An
f) ∗ h, ϕ

〉
=
〈
I
m

(p)
h

(
χ

A∩An
f
)
, ϕ
〉

=
∫

A

χ
An

f d〈m(p)
h , ϕ〉.

That is, 〈
ηf (A), ϕ

〉
= lim

n→∞

∫
A

fn d〈m(p)
h , ϕ〉,

where the functions fn := χ
An

f ∈ L∞(G) ⊆ L∞(〈m(p)
h , ϕ

〉
) converge pointwise on

G to f and
〈
m

(p)
h , ϕ

〉
is a complex measure. By Lemma 2.17 we conclude that f is〈

m
(p)
h , ϕ

〉
-integrable, that is,

∫
G |f | d|〈m(p)

h , ϕ〉| < ∞. Because of (7.74), it follows
from Theorem 7.44(i) that f ∈ L1

(
m

(p)
h

)
. �

The same arguments used in the proof of Proposition 7.21 and Remark 7.22
also apply to yield the following Banach space properties of the optimal domain
spaces L1

(
m

(p)
h

)
.

Proposition 7.48. Let 1 ≤ p < ∞. Each of the following assertions is valid for
every h ∈ L1(G).

(i) L1
(
m

(p)
h

)
is weakly sequentially complete and hence, its associate space

L1
(
m

(p)
h

)′ = L1
(
m

(p)
h

)∗.
(ii) L∞(G) ⊆ L1

(
m

(p)
h

)′ and L1
(
m

(p)
h

)
is also sequentially complete relative to

σ
(
L1(m(p)

h ), L∞(G)
)
.

(iii) L1
(
m

(p)
h

)
has σ-o.c. norm and satisfies the σ-Fatou property.

(iv) L1
(
m

(p)
h

)
is weakly compactly generated.

(v) Whenever G is metrizable, the Banach space L1
(
m

(p)
h

)
is separable.

Theorem 7.44(iv),(v) together with next result show that the optimal domain
spaces L1

(
m

(p)
h

)
are well suited for harmonic analysis.

Theorem 7.49. Let 1 ≤ p < ∞ and h ∈ L1(G)\{0}. For each a ∈ G the translation
operator τa : L1

(
m

(p)
h

)
→ L1

(
m

(p)
h

)
is a surjective isometry. Moreover, for each

a0 ∈ G and f ∈ L1
(
m

(p)
h

)
we have lima→a0 τaf = τa0f in the norm of L1

(
m

(p)
h

)
.

In particular, L1
(
m

(p)
h

)
is a homogeneous Banach space on G, up to an equivalent

lattice norm.
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Proof. Fix a ∈ G and f ∈ L1
(
m

(p)
h

)
. Then, for ϕ ∈ Lp′

(G),∫
G

|τaf | · |ϕ ∗ RGh| dμ =
∫

G

|f | ·
∣∣τ−a(ϕ ∗ RGh)

∣∣ dμ

=
∫

G

|f | ·
∣∣(τ−aϕ) ∗ RGh

∣∣ dμ.

Since τ−a : Lp′
(G) → Lp′

(G) is a surjective isometry, it follows from (7.74) and
the definition of the norm in L1

(
m

(p)
h

)
that

‖τaf‖
L1(m

(p)
h

)
= sup

‖ϕ‖p′≤1

∫
G

|τaf | · |ϕ ∗ RGh| dμ

= sup
‖ϕ‖p′≤1

∫
G

|f | ·
∣∣(τ−aϕ) ∗ RGh

∣∣ dμ

= sup
‖ψ‖p′≤1

∫
G

|f | · |ψ ∗ RGh| dμ = ‖f‖
L1(m

(p)
h )

,

where ‖ · ‖p′ denotes ‖ · ‖Lp′(G). Accordingly, τa ∈ L
(
L1
(
m

(p)
h

))
is a surjective

isometry.
The analogous argument as in the proof of Proposition 7.25(iii), together with

the density of T (G) in L1
(
m

(p)
h

)
(see Theorem 7.44(iv)), shows that lima→a0 τaf =

τa0f in L1
(
m

(p)
h

)
for each a0 ∈ G and f ∈ L1

(
m

(p)
h

)
. �

The reader will have noticed that, up to now, it has not been discussed
whether the inclusion L1

(
m

(p)
h

)
⊆ L1(G) is proper or not. Moreover, the variation

measure
∣∣m(p)

h

∣∣ has not been considered. We now address these topics, for which
some preparation is required.

Fix 1 ≤ p < ∞ and let h ∈ Lp(G). The “translation function”

F
(p)
h : G → Lp(G)

defined by
F

(p)
h : x �→ τxh, x ∈ G, (7.85)

is continuous, [140, Theorem 1.1.5], and so has compact range in Lp(G). Hence,
F

(p)
h assumes its values in a separable (closed) subspace of Lp(G). Moreover,∥∥F (p)

h (x)
∥∥

Lp(G)
= ‖h‖Lp(G) for each x ∈ G, that is, the scalar-valued function

x �→
∥∥F (p)

h (x)
∥∥

p
is constant on G. Hence, F

(p)
h is strongly μ-measurable by the

Pettis Measurability Theorem, [42, Ch. II, Theorem 2.2], and has bounded range.
Accordingly, F

(p)
h ∈ B

(
μ, Lp(G)

)
. For the following result we refer to [123, Theo-

rem 1.2].
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Theorem 7.50. Let 1 ≤ p < ∞ and fix h ∈ L1(G) \ {0}. Then the following
assertions are equivalent.

(i) h ∈ Lp(G).

(ii) The extended operator I
m

(p)
h

: L1
(
m

(p)
h

)
→ Lp(G) of C

(p)
h ∈ L

(
Lp(G)

)
to its

optimal domain space L1
(
m

(p)
h

)
is a compact operator.

(iii) There exists H ∈ B
(
μ, Lp(G)

)
such that

m
(p)
h (A) = (B)-

∫
A

H dμ, A ∈ B(G).

(iv) The vector measure m
(p)
h : B(G) → Lp(G) has finite variation.

(v) There exists A ∈ B(G) such that 0 <
∣∣m(p)

h

∣∣(A) < ∞.

(vi) L1
(∣∣m(p)

h

∣∣) = L1(G).

(vii) L1
(
m

(p)
h

)
= L1(G).

(viii) L1
(∣∣m(p)

h

∣∣) = L1
(
m

(p)
h

)
.

If any one of (i)–(viii) holds, then for each f ∈ L1
(
m

(p)
h

)
= L1(G) the func-

tion fF
(p)
h ∈ B(μ, Lp(G)) (with F

(p)
h as given by (7.85)) and

I
m

(p)
h

(f) = (B)-
∫

G

fF
(p)
h dμ.

Moreover,
∣∣m(p)

h

∣∣ is given by∣∣m(p)
h

∣∣(A) = ‖h‖Lp(G) μ(A), A ∈ B(G).

The following fact is an extension of Example 6.26(i).

Example 7.51. Let 1 < p < ∞ and fix 1 ≤ r < ∞ and 0 < q < ∞. Given any
h ∈ Lp(G), Theorem 7.50 implies that L1

(
m

(p)
h

)
= L1(G). Since μ is non-atomic

(see Lemma 7.97) it follows from Lemma 6.24(iii) that

C
(p)
h ∈ Ar,q

(
Lp(G), Lp(G)

)
if and only if 1 ≤ r ≤ q ≤ p. �

We have already noted that C
(p)
h : Lp(G) → Lp(G) is a compact operator for

every 1 ≤ p < ∞ and h ∈ L1(G). In particular, C
(p)
h is also completely continuous.

What about its optimal extension I
m

(p)
h

: L1
(
m

(p)
h

)
→ Lp(G)? Since the codomain

space Lp(G) is reflexive (whenever p �= 1) this extension is always weakly compact.
Moreover, Theorem 7.50 shows that the extended operator I

m
(p)
h

is compact if and
only if h ∈ Lp(G). The following result, essentially Proposition 4.1 of [123], shows
that more can be said about I

m
(p)
h

. Because the proof is quite illuminating we
reproduce it here.
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Proposition 7.52. Let 1 < p < ∞ and h ∈ L1(G) \ {0}.

(i) Whenever h /∈ Lp(G), the extended operator I
m

(p)
h

: L1
(
m

(p)
h

)
→ Lp(G) is

not compact, and both inclusions

Lp(G) ⊆ L1
(
m

(p)
h

)
⊆ L1(G) (7.86)

are proper.
(ii) The first inclusion in (7.86) is proper for arbitrary h ∈ L1(G) \ {0}. In

particular, the optimal domain space L1
(
m

(p)
h

)
of C

(p)
h is always genuinely

larger than Lp(G).
(iii) If h /∈ Lp(G), then the variation measure

∣∣m(p)
h

∣∣ : B(G) → [0,∞] is to-
tally infinite, that is,

∣∣m(p)
h

∣∣(A) ∈ {0,∞} for every A ∈ B(G). In particular,
L1
(∣∣m(p)

h

∣∣) = {0}.
(iv) There exists h ∈ L1(G) with the inclusion

⋃
1<p<∞ L1

(
m

(p)
h

)
⊆ L1(G) proper.

Proof. (i) and (ii). Suppose that h /∈ Lp(G). The non-compactness of I
m

(p)
h

is
a consequence of (i) ⇔ (ii) in Theorem 7.50. Since I

m
(p)
h

is an extension of the

compact operator C
(p)
h ∈ L

(
Lp(G)

)
and Lp(G) ⊆ L1

(
m

(p)
h

)
continuously, the

domain L1
(
m

(p)
h

)
of I

m
(p)
h

must be strictly larger than Lp(G). That L1
(
m

(p)
h

)
is a

proper subspace of L1(G) follows from (i) ⇔ (vii) in Theorem 7.50.
If h ∈ Lp(G), then L1

(
m

(p)
h

)
= L1(G) by (i) ⇔ (vii) in Theorem 7.50. Hence,

Lp(G) � L1(G) shows that the second containment in (7.86) is also proper in this
case.

(iii) This is clear from (i) ⇔ (v) in Theorem 7.50.
(iv) By [55, p. 160], there exists h ∈ L1(G) with ĥ belonging to the set

c0(Γ)\⋃1≤r<∞ �r(Γ). Consider first 1 < p ≤ 2. If it is the case that h ∈ L1
(
m

(p)
h

)
,

then I
m

(p)
h

(h) = h ∗ h ∈ Lp(G) by (7.81). Then the Hausdorff–Young inequality

(7.6) implies that (ĥ)2 = (h∗h)̂ ∈ �p′
(Γ), that is, ĥ ∈ �2p′

(Γ). This contradicts the
choice of h and so h /∈ L1

(
m

(p)
h

)
. Now let 2 < p < ∞. Assume that h ∈ L1

(
m

(p)
h

)
.

Again by (7.81) it follows that I
m

(p)
h

(h) = h ∗ h ∈ Lp(G) ⊆ L2(G) and hence,

(ĥ)2 = (h ∗ h)̂ ∈ �2(Γ). That is, ĥ ∈ �4(Γ), which again contradicts the choice of
h. So, h /∈ L1

(
m

(p)
h

)
. �

Remark 7.53. (i) In the proof of part (iv) of Proposition 7.52 it is necessary to
consider the cases 1<p≤2 and 2<p<∞ separately. Indeed, the Hausdorff–Young
inequality fails in Lp(G) for every (infinite) G and every 2 < p < ∞, [55, p. 151].

(ii) As noted immediately after Example 7.51, every convolution operator
C

(p)
h for 1≤ p <∞ and h∈L1(G) is completely continuous. According to Theo-

rem 7.50, each extended operator I
m

(p)
h

(being compact) is completely continuous
whenever h∈Lp(G).
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Question. Is I
m

(p)
h

completely continuous for all h ∈ L1(G)?

(iii) The gaps between the proper inclusions in (7.86) are rather “large”.
That is, if 1 < p < ∞ and h ∈ L1(G) \ Lp(G), then both L1

(
m

(p)
h

)
\ Lp(G)

and L1(G) \ L1
(
m

(p)
h

)
, considered as subsets of L1(G), contain infinite, linearly

independent subsets, [123, Proposition 4.2].
By Proposition 7.52(iv), there exists h ∈ L1(G) with h /∈

⋃
1<p<∞ L1

(
m

(p)
h

)
.

For such functions h, the set L1(G) \⋃1<p<∞ L1
(
m

(p)
h

)
also contains an infinite,

linearly independent subset, [123, p. 539].
(iv) Let 1 < p < ∞ and fix h ∈ L1(G) \ Lp(G). Then the compact operator

C
(p)
h ∈ L

(
Lp(G)

)
does not have any Bochner μ-integral representation, that is,

there is no H ∈ B(μ, Lp(G)) such that C
(p)
h (f) = (B)-

∫
G fH dμ for f ∈ Lp(G),

[123, Remark 4.3]. This contrasts with the fact that C
(1)
h ∈ L

(
L1(G)

)
is Bochner

representable (due to Costé’s Theorem; see Theorem 7.30).
The above example of the compact operators C

(p)
h , with h ∈ L1(G) \ Lp(G),

shows that the Dunford-Pettis Integral Representation Theorem (see Proposition
3.47), stating that every compact operator T ∈ L(L1(μ), Z) with μ a finite mea-
sure and Z a Banach space is Bochner representable, does not have any natural
extension to compact operators T ∈ L(Lp(μ), Z) for 1 < p < ∞. In fact, such
operators need not be Pettis representable either ! This follows from the facts that
the vector measure m

(p)
h fails to have σ-finite variation (see Proposition 7.52(iii))

and that vector measures arising as Pettis indefinite integrals necessarily have
σ-finite variation (see the discussion immediately prior to Example 3.45). �

Precise information about the surjectivity and injectivity of the extended
operator I

m
(p)
h

(beyond that of Remark 7.45(iii)) is also known, [123, Theorem
1.3]. Namely, we have

Proposition 7.54. Let 1 ≤ p < ∞ and h ∈ L1(G) \ {0}.

(i) The range I
m

(p)
h

(
L1(m(p)

h )
)

of the extended operator I
m

(p)
h

of C
(p)
h is always

a proper subspace of Lp(G).
(ii) The following assertions are equivalent.

(a) The range I
m

(p)
h

(
L1(m(p)

h )
)

is a dense subspace of Lp(G).

(b) ĥ(γ) �= 0 for every γ ∈ Γ.

(c) The extended operator I
m

(p)
h

: L1
(
m

(p)
h

)
→ Lp(G) is injective.

If any one of (a)–(c) holds in part (ii) and 1 < p < ∞, then the inclusion

C
(p)
h

(
Lp(G)

)
⊆ I

m
(p)
h

(
L1(m(p)

h )
)

is proper.
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Remark 7.55. If there exists h ∈ L1(G) such that I
m

(p)
h

(or C
(p)
h ) is injective,

then necessarily G is metrizable. Indeed, since ĥ ∈ c0(Γ), we have that the set
{γ ∈ Γ : ĥ(γ) �= 0} is countable. By (b) ⇔ (c) in Proposition 7.54(ii) it follows that
Γ itself is countable and hence, G is metrizable, [75, Theorem 24.15]. In particular,
if G is non-metrizable, then I

m
(p)
h

fails to be injective for every h ∈ L1(G) and
1 ≤ p < ∞. �

Let 1 ≤ p < ∞. An operator T ∈ L
(
Lp(G)

)
is called a p-multiplier operator

if it commutes with all translations, that is, τx ◦ T = T ◦ τx for all x ∈ G. In this
case, there exists a unique function ψ ∈ �∞(Γ) such that

(Tf )̂ = ψf̂ , f ∈ Lp(G);

see [16, Theorem 4.4] or [95, Corollary 4.1.2], for example. The unique function ψ is
called the p-multiplier corresponding to T ; we also denote T by T

(p)
ψ . The space of

all such p-multipliers ψ is denoted by Mp(G). It was already noted at the beginning
of Section 7.2 that M1(G) =

{
λ̂ : λ ∈ M(G)

}
and, for each λ̂ ∈M1(G), that the

corresponding 1-multiplier operator T
(1)

λ̂
equals C

(1)
λ . For p = 2 it is known that

M2(G) = �2(Γ), [95, Theorem 4.1.1]. No characterizations of Mp(G) are known
for p �= 1, 2. Of course, in this case, Mp(G) is a proper subset of �∞(Γ). Since
the p-multiplier operators form a commutative, unital subalgebra of L

(
Lp(G)

)
, a

p-multiplier operator T ∈ L
(
Lp(G)

)
is idempotent if and only if its corresponding

p-multiplier is equal to χ
A

for some subset A ⊆ Γ. In this case, A is called a
p-multiplier set.

A linear map P : Z → Z, with Z a Banach space, is a projection if P 2 = P .
Let W and Y be linear subspaces of Z satisfying W ∩ Y = {0} and Z = W + Y .
Then we say that Z admits an algebraic direct sum decomposition via W and Y ,
and write Z = W � Y . In this case there is a unique projection P : Z → Z
satisfying P (Z) = W and (I − P )(Z) = Y . If, in addition, P is continuous, we
write Z = W ⊕ Y and say that Z admits a topological direct sum decomposition
via W and Y . In this case, both W and Y are closed because Y = P−1({0}) and
W = (I − P )−1({0}). A closed subspace V of Z is said to be complemented in Z
if there exists a closed subspace U of Z satisfying Z = V ⊕ U .

Our final result of this section (see [123, Theorem 1.4]) makes an important
connection between the range of the extended operator I

m
(p)
h

: L1
(
m

(p)
h

)
→ Lp(G)

and elements of Mp(G). For any subset A ⊆ Γ, the linear span of those trigono-
metric polynomials on G whose Fourier transform has its support in A is denoted
by T (G, A). Recall, for ξ ∈ �∞(Γ), that its support is the subset of Γ given by

supp (ξ) := {γ ∈ Γ : ξ(γ) �= 0}.
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Proposition 7.56. Let 1 ≤ p < ∞ and h ∈ L1(G) \ {0}. The following assertions
are equivalent.

(i) χ
supp (ĥ)

∈Mp(G).

(ii) The Banach space Lp(G) admits the algebraic direct sum decomposition

Lp(G) = I
m

(p)
h

(
L1(m(p)

h )
)

� T
(
G, Γ \ supp(ĥ)

)
.

(iii) The Banach space Lp(G) admits the topological direct sum decomposition

Lp(G) = I
m

(p)
h

(
L1(m(p)

h )
)
⊕ T

(
G, Γ \ supp(ĥ)

)
.

For the restricted case 1 < p < ∞, any one of (i)–(iii) is equivalent to:

(iv) The closed subspace I
m

(p)
h

(
L1(m(p)

h )
)

is complemented in Lp(G).

We end with a remark concerning harmonic analysis. Given any countable set
A ⊆ Γ there always exists h ∈ L1(G) satisfying supp(ĥ) = A. Indeed, if {γn}∞n=1

is any enumeration of A, then the continuous function h :=
∑∞

n=1 n−2(·, γn) has
the required property. Restrict attention now to the circle group G := T (hence,
Γ = Z) and let 1 < p < r ≤ 2. Then there exists an r-multiplier set A ⊆ Z
which is not a p-multiplier set, [112]. Choose h ∈ L1(T) with supp(ĥ) = A. By
Proposition 7.56 we have the topological direct sum decomposition

Lr(T) = I
m

(r)
h

(
L1(m(r)

h )
)
⊕ T (T, Z \ A),

whereas such a decomposition does not hold for Lp(T).

Indeed, the space I
m

(p)
h

(
L1(m(p)

h )
)

is not complemented in Lp(T) at all !

7.4 Operators acting in Lp(G) via convolution
with measures

The aim of this section is to study the class of convolution operators C
(p)
λ ∈

L
(
Lp(G)

)
as given by (7.7), for 1 ≤ p < ∞ and arbitrary λ ∈ M(G), from the

viewpoint of their optimal domain and the extended operator I
m

(p)
λ

. For the corre-

sponding vector measure m
(p)
λ : B(G) → Lp(G) as given by (7.70), the properties

and identification of the optimal domain space L1
(
m

(p)
λ

)
are important as well as

certain operator theoretic properties of the extended operator I
m

(p)
λ

of C
(p)
λ . The

case when λ � μ was treated in Section 7.3. Here we are mainly interested in the
measures λ ∈ M(G) \ L1(G). Although there are several similar features to the
results of Section 7.3, there are also many differences, some quite surprising. For
instance, it can happen that L1

(
m

(p)
λ

)
= Lp(G) (i.e., no further extension of C

(p)
λ

is possible), a phenomenon which is impossible for λ � μ; see Proposition 7.52(ii).



348 Chapter 7. Operators from Classical Harmonic Analysis

So, some new techniques and arguments will be required. Some of the results of
this section occur in the recent paper [124] and hence, will only be (appropriately)
summarized. However, many others are new; these will (of course!) come with
complete proofs.

We begin by characterizing compactness of the convolution operators C
(p)
λ .

If p = 1, then C
(1)
λ ∈ L

(
L1(G)

)
is compact if and only if λ � μ; see the discussion

immediately prior to Theorem 7.30. For 1 < p < ∞ some preparatory facts are
needed.

For each measure λ ∈ M(G), we recall that its reflection is denoted by Rλ
and satisfies (7.52). The following result occurs as Lemma 2.2 in [124].

Lemma 7.57. Let 1 ≤ p < ∞. For each λ ∈ M(G) the following assertions hold.

(i) If ϕ ∈ Lp′
(G) = Lp(G)∗, then ϕ ∗ Rλ ∈ Lp′

(G) and〈
C

(p)
λ (f), ϕ

〉
=
〈
f, ϕ ∗ Rλ

〉
, f ∈ Lp(G). (7.87)

(ii) The dual operator
(
C

(p)
λ

)∗ of C
(p)
λ ∈ L

(
Lp(G)

)
is the convolution operator,

from Lp′
(G) into Lp′

(G), defined by ϕ �→ ϕ∗Rλ. In particular, if 1 < p < ∞,
then

(
C

(p)
λ

)∗ = C
(p′)
Rλ .

Those measures λ ∈ M(G) for which C
(p)
λ is actually compact can now be

described; see [124, Proposition 2.3] for the equivalences (i)–(iii) below, where
the given proof is based on Lemma 7.57 above and Schauder’s Theorem. Since
R
(
m

(p)
λ

)
=
{
I
m

(p)
λ

(χ
A
) : A ∈ B(G)

}
and X(μ) := L1

(
m

(p)
λ

)
is a B.f.s. over

(G,B(G), μ) (see Lemma 7.59 below) with σ-o.c. norm, the equivalence (iii) ⇔
(iv) below follows from Proposition 2.41.

Proposition 7.58. For each λ ∈ M(G), the following statements are equivalent.

(i) λ ∈ M0(G).

(ii) The convolution operator C
(p)
λ ∈ L

(
Lp(G)

)
is compact for some (every) value

of 1 < p < ∞.

(iii) The range R
(
m

(p)
λ

)
of the vector measure m

(p)
λ is a relatively compact subset

of Lp(G) for some (every) 1 < p < ∞.

(iv) I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ Lp(G) maps every bounded, uniformly μ-integrable subset

of L1
(
m

(p)
λ

)
to a relatively compact subset of Lp(G).

We point out, in particular, that C
(p)
h ∈ L

(
Lp(G)

)
is a compact operator for

every h ∈ L1(G) ⊆ M0(G). This was already noted at the beginning of Section 7.3.
Proposition 7.58 should be compared with Lemma 7.42(i).

Various properties of the vector measures m
(p)
λ , for λ ∈ M(G) and 1 ≤ p < ∞,

will also be required. The σ-additivity of m
(p)
λ is immediate from the continuity
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of C
(p)
λ (see (7.8)) and the definition of m

(p)
λ (see (7.70)). For each ϕ ∈ Lp′

(G) =
Lp(G)∗, it follows from (7.87) that〈

m
(p)
λ , ϕ

〉
(A) =

∫
A

(ϕ ∗ Rλ) dμ, A ∈ B(G), (7.88)

and hence, that ∣∣〈m(p)
λ , ϕ

〉∣∣(A) =
∫

A

|ϕ ∗ Rλ| dμ, A ∈ B(G). (7.89)

These formulae, which should be compared with (7.73) and (7.74), are crucial for
the proof of the following result (see [124, Proposition 2.4]).

Lemma 7.59. Let 1 ≤ p < ∞ and fix λ ∈ M(G).

(i) Given any set A ∈ B(G), its semivariation equals∥∥m(p)
λ

∥∥(A) = sup
{∫

A

|ϕ ∗ Rλ| dμ : ϕ ∈ Lp′
(G), ‖ϕ‖Lp′(G) ≤ 1

}
and satisfies

‖λ̂‖�∞(Γ) μ(A) ≤
∥∥m(p)

λ

∥∥(A) ≤ ‖λ‖M(G)

(
μ(A)

)1/p
.

(ii) The vector measure m
(p)
λ is always absolutely continuous with respect to μ.

Conversely, if λ �= 0, then μ is absolutely continuous with respect to m
(p)
λ .

Remark 7.60. (i) It follows from part (ii) of Lemma 7.59 that the convolution
operator C

(p)
λ ∈ L

(
Lp(G)

)
is μ-determined whenever 1 ≤ p < ∞ and the measure

λ ∈ M(G) \ {0}.
(ii) Lemma 7.59 should be compared with parts (ii) and (iii) of Lemma 7.42.

Note that part (i) of Lemma 7.42 has no analogue in Lemma 7.59, for a good
reason; see Proposition 7.58. �

The following result (see Theorem 1.1 and Corollary 3.2 of [124]) summarizes
the essential properties of the optimal domain space L1

(
m

(p)
λ

)
of C

(p)
λ . It should

be compared with Theorem 7.44 which corresponds to the case when λ � μ.

Theorem 7.61. Let 1 ≤ p < ∞ and fix λ ∈ M(G) \ {0}.

(i) A B(G)-measurable function f : G → C is m
(p)
λ -integrable if and only if∫

G

|f | · |ϕ ∗ Rλ| dμ < ∞, ϕ ∈ Lp′
(G) = Lp(G)∗.

Moreover, the norm of f ∈ L1
(
m

(p)
λ

)
is given by

‖f‖
L1(m

(p)
λ )

= sup
{∫

G

|f | · |ϕ ∗ Rλ| dμ : ϕ ∈ Lp′
(G), ‖ϕ‖Lp′(G) ≤ 1

}
.

(7.90)
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(ii) The natural inclusions

Lp(G) ⊆ L1
(
m

(p)
λ

)
= L1

w

(
m

(p)
λ

)
⊆ L1(G) (7.91)

hold and are continuous. Moreover, if

J
(p)
λ : Lp(G) → L1

(
m

(p)
λ

)
denotes the natural injection, then

‖λ̂‖�∞(Γ) ≤
∥∥J (p)

λ

∥∥ ≤ ‖λ‖M(G) (7.92)

and, if Λ(p)
λ : L1

(
m

(p)
λ

)
→ L1(G) denotes the natural injection, then[∥∥m(p)

λ

∥∥(G)
]−1

≤ ‖Λ(p)
λ ‖ ≤

[
‖λ̂‖�∞(Γ)

]−1
.

(iii) For each 1 ≤ q ≤ p we have L1
(
m

(p)
λ

)
⊆ L1(m(q)

λ ) continuously and the
natural injection Q

(q,p)
λ : L1

(
m

(p)
λ

)
→ L1(m(q)

λ ) satisfies∥∥m(q)
λ

∥∥(G) ·
[
‖λ‖M(G)

]−1 ≤
∥∥Q(q,p)

λ

∥∥ ≤ 1.

(iv) The subspaces T (G) and Lp(G) are both dense in L1
(
m

(p)
λ

)
.

(v) L1
(
m

(p)
λ

)
is a translation invariant subspace of L1(G) which is stable under

formation of reflections and complex conjugates. Moreover, for each x ∈ G,
we have (

I
m

(p)
λ

◦ τx

)
(f) =

(
τx ◦ I

m
(p)
λ

)
(f), f ∈ L1

(
m

(p)
λ

)
,

where the equality is between elements of Lp(G). The range of I
m

(p)
λ

and its
closure are both translation invariant subspaces of Lp(G).

(vi) The extension of C
(p)
λ to its optimal domain, namely the linear operator

I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ Lp(G), has operator norm precisely 1 and is given by

I
m

(p)
λ

(f) = f ∗ λ, f ∈ L1
(
m

(p)
λ

)
. (7.93)

We point out that the equality L1
(
m

(p)
λ

)
= L1

w

(
m

(p)
λ

)
in (7.91) holds for the

same reason as explained in Remark 7.45(i).
Define the spaces

M
(p)
λ :=

{
f ∈ L1(G) : (fχ

A
) ∗ λ ∈ Lp(G) for all A ∈ B(G)

}
and

N
(p)
λ :=

{
f ∈ L1(G) : |f | ∗ λ ∈ Lp(G)

}
.
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Then it turns out that L1
(
m

(p)
λ

)
= M

(p)
λ = N

(p)
λ for every non-negative measure

λ ∈ M(G) and that N
(p)
|λ| ⊆ L1

(
m

(p)
λ

)
for arbitrary measures λ ∈ M(G), [124,

Proposition 3.3]; this inclusion can be strict (see Proposition 7.105). For the case
when λ � μ we refer to Remark 7.45(iii).

An examination of the proof of Proposition 7.47 shows that if ηf as given
there is replaced with the set function

A �→ ηf (A) := (χ
A
f) ∗ λ, A ∈ B(G),

and we use (7.88) in place of (7.73), then the same argument can be adapted to
prove the following result.

Proposition 7.62. Let 1 ≤ p < ∞ and λ ∈ M(G) \ {0}. Then the optimal domain
L1
(
m

(p)
λ

)
of C

(p)
λ is given by

L1
(
m

(p)
λ

)
=
{
f ∈ L1(G) : (fχ

A
) ∗ λ ∈ Lp(G) for all A ∈ B(G)

}
.

Some further comments concerning (7.92) are worthwhile. Indeed, the follow-
ing result gives more precise details about the exact value of the operator norms∥∥J (p)

λ

∥∥.
Proposition 7.63. Let 1 ≤ p < ∞ and J

(p)
λ ∈ L

(
Lp(G), L1(m(p)

λ )
)

be the embedding
as given in the statement of Theorem 7.61(ii).

(i) For each λ ∈ M(G) we have
∥∥J (p)

λ

∥∥ =
∥∥C(p)

λ

∥∥.
(ii) If λ ≥ 0, then the second inequality in (7.92) is actually an equality, that is,

‖J (p)
λ ‖ = λ(G) = ‖λ̂‖�∞(Γ).

(iii) For each λ ∈ M(G)\{0} and 1 < p < ∞, the operator J
(p)
λ is weakly compact,

but fails to be completely continuous or compact.

Proof. (i) According to Lemma 7.57(ii) and the fact that the norm of an operator
equals the norm of its dual operator, [46, Ch. VI, Lemma 2.1], it suffices to show
that

∥∥J (p)
λ

∥∥ = ‖C(p′)
Rλ ‖. Now, with ‖ ·‖p and ‖ ·‖p′ denoting ‖ ·‖Lp(G) and ‖ ·‖Lp′(G)

respectively, we have∥∥J (p)
λ

∥∥ = sup
‖f‖p≤1

∥∥J (p)
λ (f)

∥∥
L1(m

(p)
λ )

= sup
‖f‖p≤1

sup
‖ϕ‖p′≤1

∫
G

|f | · |ϕ ∗ Rλ| dμ,

where we have used (7.90). Exchanging suprema gives∥∥J (p)
λ

∥∥ = sup
‖ϕ‖p′≤1

sup
‖f‖p≤1

∫
G

|f | · |ϕ ∗ Rλ| dμ

= sup
‖ϕ‖p′≤1

‖ϕ ∗ Rλ‖p′ =
∥∥C(p′)

Rλ

∥∥.
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(ii) For λ ≥ 0 we have ‖λ‖M(G) = λ(G) and so
∥∥J (p)

λ

∥∥ ≤ λ(G) follows from
(7.92).

On the other hand, since also Rλ ≥ 0, it is routine to check that χ
G
∗ Rλ =

(Rλ)(G)χ
G

= λ(G)χ
G

is a constant, non-negative function on G. By noting that
the constant function 1 belongs to the unit ball of Lp′

(G) = Lp(G)∗, it follows
from (7.90) that∥∥J (p)

λ

∥∥ ≥ ‖J (p)
λ (1)

∥∥
L1(m

(p)
λ )

= ‖1‖
L1(m

(p)
λ )

= sup
‖ϕ‖p′≤1

∫
G

|1| · |ϕ ∗ Rλ| dμ ≥
∫

G

1 · |χ
G
∗ Rλ| dμ = λ(G).

So, we have established the first equality
∥∥J (p)

λ

∥∥ = λ(G).

For the second equality in part (ii), it is clear from (7.2) that ‖λ̂‖�∞(Γ) ≤
|λ|(G) = λ(G). On the other hand, also

‖λ̂‖�∞(Γ) ≥ |λ̂(e)| = |λ(G)| = λ(G).

(iii) Since Lp(G) is reflexive, it is clear that J
(p)
λ is weakly compact. Also,

the reflexivity of Lp(G) implies that complete continuity and compactness of J
(p)
λ

coincide. So, it suffices to show that J
(p)
λ is not completely continuous. Assume

the contrary. Since Lp(G) ⊆ L1
(
m

(p)
λ

)
⊆ L1(G) continuously, it follows that the

natural inclusion
Wp : Lp(G) → L1(G)

is also completely continuous. Choose a distinct sequence of elements {γn}∞n=1 ⊆
Γ, in which case the sequence

{
(·, γn)

}∞
n=1

converges weakly to 0 in Lp(G) (by
the Riemann–Lebesgue Lemma). By complete continuity of Wp it follows that{
(·, γn)

}∞
n=1

is norm convergent (in L1(G)) to some h ∈ L1(G). Since
{
(·, γn)

}∞
n=1

also converges weakly to 0 in L1(G) (again by the Riemann–Lebesgue Lemma), it
follows that h = 0, that is

∥∥(·, γn)
∥∥

L1(G)
→ 0 as n →∞. This is nonsense because∥∥(·, γn)

∥∥
L1(G)

= 1 for all n ∈ N. So, Wp and hence, also J
(p)
λ , cannot be completely

continuous. �

Remark 7.64. (i) Let Mλ̂ ∈ L
(
�2(Γ)

)
denote the operator of (coordinatewise)

multiplication by λ̂ ∈ �∞(Γ), in which case ‖Mλ̂‖ = ‖λ̂‖�∞(Γ). Since the Fourier
transform map F2 : L2(G) → �2(Γ) is an isometric isomorphism and satisfies
C

(2)
λ = F−1

2 ◦ Mλ̂ ◦ F2, it follows that∥∥J (2)
λ

∥∥ =
∥∥C(2)

λ

∥∥ = ‖Mλ̂‖ = ‖λ̂‖�∞(Γ)

holds for arbitrary λ ∈ M(G), not just for λ ≥ 0.
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Consider now p = 1 and those measures λ = μh with h ∈ L1(G); see (7.3).
Then

C
(1)
h (f) : x �→

∫
G

h(y − x)f(y) dμ(y), x ∈ G,

for f ∈ L1(G), is a kernel operator. Hence, its absolute value
∣∣C(1)

h

∣∣ in the Banach
lattice of regular operators on L1(G) is precisely C

(1)
|h| , [149, pp. 282–283]. Since

L1(G) is an abstract L1-space, it has property (P) in the sense of [149, p. 251]. It
then follows from Theorem 1.5 and Corollary 2 (p. 235) of [149, Ch. IV] that∥∥C(1)

|h|
∥∥ = ‖h‖L1(G) =

∥∥ ∣∣C(1)
h

∣∣ ∥∥ =
∥∥C(1)

h

∥∥.
In particular, it follows from the previous paragraph that∥∥J (2)

μh

∥∥ =
∥∥C(2)

h

∥∥ = ‖ĥ‖�∞(Γ) ≤ ‖h‖L1(G) =
∥∥C(1)

h

∥∥ =
∥∥J (1)

μh

∥∥,
for every h ∈ L1(G). It would be interesting to know, even for those measures
λ = μh with h ∈ L1(G), what the dependence of the operator norm

∥∥C(p)
λ

∥∥ of
C

(p)
λ ∈ L

(
Lp(G)

)
is as a function of p and λ.

(ii) For each 1 < p < ∞ and λ ∈ M(G) \ {0}, the natural injection

Λ(p)
λ : L1

(
m

(p)
λ

)
→ L1(G)

fails to be completely continuous or compact. Indeed, if Λ(p)
λ is completely contin-

uous (resp. compact), then also the inclusion Wp : Lp(G) → L1(G) is completely
continuous (resp. compact), which is surely not the case (see the proof of Propo-
sition 7.63(iii)). �

The same arguments used in the proof of Proposition 7.21 and Remark 7.22
also apply to yield the following Banach space properties of the optimal domain
spaces L1

(
m

(p)
λ

)
. Note that the special case when λ � μ is precisely Proposi-

tion 7.48.

Proposition 7.65. Let 1 ≤ p < ∞. Each of the following assertions is valid for
every λ ∈ M(G).

(i) L1
(
m

(p)
λ

)
is weakly sequentially complete and hence, its associate space

L1
(
m

(p)
λ

)′ = L1
(
m

(p)
λ

)∗.
(ii) L∞(G) ⊆ L1

(
m

(p)
λ

)′ and L1
(
m

(p)
λ

)
is also sequentially complete for

σ
(
L1
(
m

(p)
λ

)
, L∞(G)

)
.

(iii) L1
(
m

(p)
λ

)
has σ-o.c. norm and satisfies the σ-Fatou property.

(iv) L1
(
m

(p)
λ

)
is weakly compactly generated.

(v) Whenever G is metrizable, the Banach space L1
(
m

(p)
λ

)
is separable.
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The following result, which shows that the spaces L1
(
m

(p)
λ

)
are well suited

for harmonic analysis, can be established by appropriately modifying the proof of
Theorem 7.49. Indeed, wherever RGh occurs in that proof simply replace it with
Rλ, and replace the use of the identity (7.74) with the identity (7.89).

Theorem 7.66. Let 1 ≤ p < ∞ and λ ∈ M(G)\{0}. For each a ∈ G the translation
operator τa : L1

(
m

(p)
λ

)
→ L1

(
m

(p)
λ

)
is a surjective isometry. Moreover, for each

a0 ∈ G and f ∈ L1
(
m

(p)
λ

)
we have lima→a0 τaf = τa0f in the norm of L1

(
m

(p)
λ

)
.

In particular, L1
(
m

(p)
λ

)
is a homogeneous Banach space on G, up to an equivalent

lattice norm.

The compactness of C
(p)
λ is completely characterized by Proposition 7.58.

The following result, which characterizes the compactness of the optimal extension
I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ Lp(G) of C

(p)
λ , is a combination of Theorem 1.2, Remark 4.2(b)

and Proposition 4.3 of [124]. The special case of λ � μ occurs in Theorem 7.50.

Theorem 7.67. Let 1 < p < ∞ and fix λ ∈ M(G) \ {0}. Then the following
assertions are equivalent.

(i) There exists h ∈ Lp(G) such that λ = μh; see (7.3).

(ii) The extension I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ Lp(G) of C

(p)
λ ∈ L

(
Lp(G)

)
to its optimal

domain space L1
(
m

(p)
λ

)
is a compact operator.

(iii) There exists H ∈ B(μ, Lp(G)) such that

m
(p)
λ (A) = (B)-

∫
A

H dμ, A ∈ B(G).

(iv) There exists A0 ∈ B(G) with μ(A0) > 0 and a Bochner integrable function
H0 : A0 → Lp(G) with respect to μ restricted to A0 such that

m
(p)
λ (A ∩A0) = (B)-

∫
A∩A0

H0 dμ, A ∈ B(G).

(v) There exists F ∈ P
(
μ, Lp(G)

)
such that

m
(p)
λ (A) = (P)-

∫
A

F dμ, A ∈ B(G).

(vi) The vector measure m
(p)
λ : B(G) → Lp(G) has finite variation.

(vii) There is a set A0 ∈ B(G) satisfying 0 <
∣∣m(p)

λ

∣∣(A0) < ∞.

(viii) L1
(∣∣m(p)

λ

∣∣) = L1(G) .

(ix) L1
(
m

(p)
λ

)
= L1(G).

(x) L1
(∣∣m(p)

λ

∣∣) = L1
(
m

(p)
λ

)
.

Moreover, for p = 1, the statements (i)–(v) are equivalent.
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Remark 7.68. (i) For p = 1, each of the statements (vi)–(x) always holds individ-
ually without assuming any extra conditions on λ; see Lemma 7.33 and Proposi-
tion 7.35.

(ii) Let 1 < p < ∞ and λ ∈ M0(G) \ Lp(G). By Proposition 7.58 the
convolution operator C

(p)
λ ∈ L

(
Lp(G)

)
is compact, but its optimal extension

I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ Lp(G) fails to be compact (cf. Theorem 7.67). However, the

composition Fp,0 ◦ I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ c0(Γ) is compact since

Fp,0 ◦ I
m

(p)
λ

= F1,0 ◦ C
(1)
λ ◦ Λ(p)

λ

and F1,0 ◦ C
(1)
λ is compact (cf. Theorem 7.31). �

We now turn our attention to a closer look at the optimal domain spaces
L1
(
m

(p)
λ

)
for arbitrary λ ∈ M(G). Some preparatory results will be required.

Lemma 7.69. Let 1 ≤ p < ∞ and λ, η ∈ M(G). Then

m
(p)
λ+η = m

(p)
λ + m(p)

η (7.94)

and
Lp(G) ⊆ L1

(
m

(p)
λ

)
∩ L1

(
m(p)

η

)
⊆ L1

(
m

(p)
λ+η

)
. (7.95)

If L1
(
m

(p)
η

)
= Lp(G) for some p ∈ (1,∞), then also

L1
(
m

(p)
λ

)
∩ L1

(
m

(p)
λ+η

)
= Lp(G). (7.96)

Proof. The identity (7.94) follows from the formula f ∗ (λ + η) = (f ∗ λ) + (f ∗ η),
valid for each f ∈ Lp(G).

The first inclusion in (7.95) is clear as Lp(G) ⊆ L1
(
m

(p)
κ

)
for all κ ∈ M(G).

The second inclusion in (7.95) is immediate from the identity

(fχ
A
) ∗ (λ + η) =

(
(fχ

A
) ∗ λ

)
+
(
(fχ

A
) ∗ η

)
, A ∈ B(G),

valid for each f ∈ L1(G), and Proposition 7.62.
Concerning (7.96), it is clear that Lp(G) ⊆ L1

(
m

(p)
λ

)
∩ L1

(
m

(p)
λ+η

)
. On the

other hand, (7.95) implies that

L1
(
m

(p)
λ

)
∩ L1

(
m

(p)
λ+η

)
= L1

(
m

(p)
−λ

)
∩ L1

(
m

(p)
λ+η

)
⊆ L1

(
m(p)

η

)
= Lp(G).

These two containments imply (7.96). �
Corollary 7.70. Let 1 ≤ p < ∞ and λ, η ∈ M(G)+. Then

L1
(
m

(p)
λ

)
∩ L1

(
m(p)

η

)
= L1

(
m

(p)
λ+η

)
. (7.97)
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Proof. Since λ + η ∈ M(G)+, it follows from the discussion immediately after
Theorem 7.61 that

L1
(
m

(p)
λ+η

)
= N

(p)
λ+η =

{
f ∈ L1(G) : |f | ∗ (λ + η) ∈ Lp(G)

}
.

So, let f ∈ L1
(
m

(p)
λ+η

)
, in which case |f |∗(λ+η) ∈ Lp(G). Since |f |∗λ ≤ |f |∗(λ+η)

and |f | ∗ η ≤ |f | ∗ (λ + η), it follows that both functions |f | ∗ λ and |f | ∗ η

belong to Lp(G) and hence, that f ∈ N
(p)
λ ∩ N

(p)
η = L1

(
m

(p)
λ

)
∩ L1

(
m

(p)
η

)
. That

is, L1
(
m

(p)
λ+η

)
⊆ L1

(
m

(p)
λ

)
∩ L1

(
m

(p)
η

)
. The equality in (7.97) then follows from

Lemma 7.69. �

Fix a ∈ G. Then C
(p)
δa

= τa is an isomorphism of Lp(G) onto itself. According
to Proposition 4.18 we have

L1
(
m

(p)
δa

)
= Lp(G), 1 ≤ p < ∞, a ∈ G. (7.98)

This phenomenon cannot occur for measures which are absolutely continuous with
respect to μ; see Proposition 7.52(ii). We will see soon that there exist many
measures, other than just Dirac measures (and not necessarily purely atomic),
which also exhibit this feature. We begin with some simple examples.

Lemma 7.71. Let 1 ≤ p < ∞. Given h ∈ L1(G) and a ∈ G, we have

L1
(
m

(p)
δa+μh

)
∩ L1

(
m

(p)
−μh

)
= Lp(G). (7.99)

If either h ∈ L1(G)+ or h ∈ Lp(G), then

L1
(
m

(p)
δa+μh

)
= Lp(G). (7.100)

Proof. Note that (δa + μh) + (−μh) = δa. So, (7.95) and (7.98) yield

Lp(G) ⊆ L1(m(p)
δa+μh

) ∩ L1(m(p)
−μh

) ⊆ L1
(
m

(p)
δa

)
= Lp(G).

This is precisely (7.99).
If h ∈ Lp(G), then Theorem 7.67 (for 1 < p < ∞) and Theorem 7.50 (for

p = 1) imply that L1(m(p)
−μh

) = L1(G). In this case, (7.91) shows that the left-hand

side of (7.99) equals L1(m(p)
δa+μh

) and hence, (7.99) reduces to (7.100).
Suppose that h ∈ L1(G)+, in which case λ := δa + μh belongs to M(G)+.

For f ∈ L1
(
m

(p)
λ

)
= N

(p)
λ we know that |f | ∗ λ ∈ Lp(G). Then the inequalities

|τaf | = |f ∗ δa| = |f | ∗ δa ≤ |f | ∗ λ (7.101)

show that τaf ∈ Lp(G) and hence, also f ∈ Lp(G). So, L1
(
m

(p)
λ

)
⊆ Lp(G) which

then implies that L1
(
m

(p)
λ

)
= Lp(G). This is precisely (7.100) again. �
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Remark 7.72. Let 1 < p < ∞ and κ ∈ M(G)+. Then, for each a ∈ G, we again
have that

L1
(
m

(p)
κ+δa

)
= Lp(G). (7.102)

This can be established as in the proof of Lemma 7.71. Indeed, now set λ := δa+κ,
in which case 0 ≤ δa ≤ λ, and again use inequality (7.101). �

The class of examples recorded in Lemma 7.71 and Remark 7.72 will shortly
be enlarged by removing the restriction that κ (or μh) is a non-negative measure.
But, the element a ∈ G will be required to lie outside the support of κ. First we
require a technical fact.

Lemma 7.73. Let K be a compact subset of G with 0 /∈ K. Then there exists an
open neighbourhood W of 0 in G satisfying W ∩ (K + W ) = ∅.

Proof. For each x ∈ K, choose an open neighbourhood Vx of 0 for which we
have Vx ∩ (x + Vx) = ∅. Since {x + Vx : x ∈ K} is an open cover of K there
exist finitely many elements x1, . . . , xn ∈ K with K ⊆

⋃n
j=1(xj + Vxj ). Then

V :=
⋂n

j=1 Vxj is an open neighbourhood of 0 satisfying V ∩ K = ∅. Now choose
an open neighbourhood W of 0 such that W −W ⊆ V . Then it is routine to check
that

W ∩
(
xj + Vxj + W

)
= ∅, 1 ≤ j ≤ n.

From these identities it follows that W ∩ (K + W ) = ∅. �

Recall that the support of λ ∈ M(G), denoted by supp (λ), is the smallest
closed set K ⊆ G with the property that |λ|(K) = |λ|(G). Its existence is a
consequence of the regularity of λ.

Proposition 7.74. Let λ ∈ M(G) satisfy 0 /∈ supp (λ). Then

L1
(
m

(p)
λ+δ0

)
= Lp(G), 1 < p < ∞. (7.103)

Proof. With K := −supp (λ), in which case 0 /∈ K, it follows from Lemma 7.73
that there exists an open neighbourhood U of 0 in G satisfying(

U − supp(λ)
)
∩ U = ∅.

We proceed by contradiction. So, suppose that there exists a function h ∈
L1
(
m

(p)
λ+δ0

)
\ Lp(G). Since {x + U : x ∈ G} is an open cover of G, there exist

finitely many elements x1, . . . , xn ∈ G satisfying G =
⋃n

j=1(xj+U). The inequality
|h| ≤∑n

j=1 |h|χxj+U
together with |h| /∈ Lp(G) implies that |h|χ

xj+U
/∈ Lp(G) for

some j ∈ {1, . . . , n} and hence, also hχ
xj+U

/∈ Lp(G). Accordingly, there exists

x ∈ G such that hχ
x+U

/∈ Lp(G). Note that hχ
x+U

= hτx(χ
U

). Define

f := τ−x

(
hχ

x+U

)
= χ

U
τ−x(h). (7.104)

Since hχ
x+U

/∈ Lp(G) also f = τ−x

(
hχ

x+U

)
/∈ Lp(G).
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Now, h∈L1
(
m

(p)
λ+δ0

)
implies that τ−x(h)∈L1

(
m

(p)
λ+δ0

)
(see Theorem 7.61(v))

and hence, by the ideal property, also χ
U

τ−x(h) ∈ L1
(
m

(p)
λ+δ0

)
. That is, the func-

tion f ∈ L1
(
m

(p)
λ+δ0

)
. It follows that

(f ∗ λ) + f = f ∗ (λ + δ0) = I
m

(p)
λ+δ0

(f) ∈ Lp(G) (7.105)

and hence, also
(
f ∗ (λ + δ0)

)
χ

U
∈ Lp(G). But, according to (7.104) and (7.105)

we have (
f ∗ (λ + δ0)

)
χ

U
= (f ∗ λ)χ

U
+ fχ

U
= (f ∗ λ)χ

U
+ f

and so (f ∗ λ)χ
U

+ f ∈ Lp(G). If we can show that

(f ∗ λ)χ
U
≡ 0, (7.106)

then f ∈ Lp(G) will follow and we have the desired contradiction. That is, no such
function h ∈ L1

(
m

(p)
λ+δ0

)
\ Lp(G) exists, from which (7.103) follows.

So, it remains to establish (7.106). Recall, for u ∈ G, that

(f ∗ λ)(u) =
∫

G

f(u − y) dλ(y) =
∫

supp (λ)

f(u − y) dλ(y). (7.107)

If u ∈ U , then
(
U − supp (λ)

)
∩U = ∅ implies that u− y /∈ U for all y ∈ supp (λ).

Accordingly, (7.104) implies that

f(u − y) = χ
U

(u − y) · (τ−xh)(u − y) = 0, u ∈ U, y ∈ supp (λ),

and so (by (7.107)) we can conclude that (f ∗ λ)(u) = 0 for all u ∈ U . It is then
immediate that (7.106) is indeed valid. �

Corollary 7.75. Let 1 < p < ∞ and n ∈ N.

(i) Given distinct elements {aj}n
j=1 ⊆ G\{0} and {βj}n

j=1 ⊆ C\{0}, the measure

λ := δ0 +
∑n

j=1 βjδaj satisfies L1
(
m

(p)
λ

)
= Lp(G).

(ii) Let h ∈ L1(G) satisfy hχ
K

= h for some compact set K ⊆ G with 0 /∈ K.

Then L1
(
m

(p)
δ0+μh

)
= Lp(G).

In order to extend Proposition 7.74 from δ0 to δa with a ∈ G arbitrary, we
require the following fact.

Lemma 7.76. Let 1 ≤ p < ∞ and λ ∈ M(G). Then

L1
(
m

(p)
λ

)
= L1

(
m

(p)
λ∗δa

)
, a ∈ G. (7.108)



7.4. Operators acting in Lp(G) via convolution with measures 359

Proof. Fix a ∈ G. It follows from (λ ∗ δa)(A) = λ(A − a) that

R(λ ∗ δa)(A) = (Rλ)(A + a), A ∈ B(G).

Direct calculation gives

ϕ ∗ R(λ ∗ δa) = (τ−aϕ) ∗ Rλ, ϕ ∈ Lp′
(G),

with equality as elements of Lp′
(G). Hence, for each Borel measurable function

f : G → C, it follows that∫
G

|f | d|ϕ ∗ R(λ ∗ δa)| < ∞ ⇐⇒
∫

G

|f | d|(τ−aϕ) ∗ Rλ| < ∞.

Since ϕ �→ τ−aϕ is an isometric isomorphism of Lp′
(G) onto itself, (7.108) follows

from Theorem 7.61(i). �
Remark 7.77. (i) Let 1 < p < ∞ and λ ∈ M(G) satisfy supp(λ) �= G. Then

L1
(
m

(p)
λ+δa

)
= Lp(G), a /∈ supp(λ).

To see this, fix a /∈ supp (λ). Let κ := λ+ δa in which case δ−a ∗κ = δ0 +(δ−a ∗λ).
Since supp (δ−a ∗λ) = supp (λ)−a and 0 /∈ supp (λ)−a (as a /∈ supp (λ)), we have
0 /∈ supp (δ−a ∗ λ). By Proposition 7.74 we can conclude that L1

(
m

(p)
δ0+(δ−a∗λ)

)
=

Lp(G). But,
L1
(
m

(p)
δ0+(δ−a∗λ)

)
= L1

(
m

(p)
δ−a∗κ

)
= L1

(
m(p)

κ

)
,

where the last equality follows from Lemma 7.76. Hence, L1
(
m

(p)
κ

)
= Lp(G) as

required.
(ii) Let {aj}∞j=1 be a sequence of distinct elements of G with limj→∞ aj = 0

and let (βj)∞j=1 ∈ �1. For η :=
∑∞

j=1 βjδaj we have

L1
(
m(p)

η

)
= Lp(G), 1 < p < ∞.

To see this, we may assume without loss of generality that a1 �= 0 and β1 �= 0,
in which case a := a1 /∈ supp (λ) where λ :=

∑∞
j=2(βj/β1)δaj . According to part

(i) above we have L1
(
m

(p)
λ+δa

)
= Lp(G). Then β1(λ + δa) = η and the identity

L1
(
m

(p)
βκ

)
= L1

(
m

(p)
κ

)
, valid for all κ ∈ M(G) and β ∈ C \ {0}, imply the stated

claim.
(iii) If λ ∈ M(G)+ satisfies λ({a}) �= 0 for some a ∈ G, then

L1
(
m

(p)
λ

)
= Lp(G), 1 < p < ∞. (7.109)

Indeed, simply note that λ = λ({a})δa + (λ − λ({a})δa) and apply (7.102). As a
special case, let {βj}∞j=1 ∈ (�1)+ and {aj}∞j=1 be any sequence of distinct elements
in G. Then (7.109) is satisfied for λ :=

∑∞
j=1 βjδaj . �
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Let Mc(G) denote the subspace of M(G) consisting of all continuous measures
λ, that is, λ({a}) = 0 for all a ∈ G. The following observation is the contrapositive
statement to (7.109).

Corollary 7.78. Let λ ∈ M(G)+ satisfy L1
(
m

(p)
λ

)
�= Lp(G) for some 1 < p < ∞.

Then λ ∈ Mc(G).

The following result follows from the same argument used to establish (7.98).

Proposition 7.79. Let a ∈ G and λ ∈ M0(G). Then

L1
(
m

(p)
λ+δa

)
= Lp(G), 1 < p < ∞. (7.110)

Proof. For each p, we note that

C
(p)
λ+δa

= C
(p)
λ + C

(p)
δa

= τa + C
(p)
λ .

The operator C
(p)
λ is compact because λ ∈ M0(G) (cf. Proposition 7.58). Conse-

quently, since τa is an isomorphism of Lp(G) onto itself, the operator τa + C
(p)
λ

is Fredholm, [150, Theorem 5.10]. Then Proposition 4.18 implies that (7.110) is
valid. �
Lemma 7.80. Let λ, η ∈ M(G). Then

L1
(
m(p)

η

)
⊆ L1

(
m

(p)
λ∗η

)
, 1 < p < ∞.

Proof. It follows from the formula

(λ ∗ η)(A) =
∫

G

∫
G

χ
A
(x + y) dλ(x)dη(y), A ∈ B(G),

[140, p. 15], that R(λ ∗ η) = (Rλ) ∗ (Rη) as measures on G. Let f ∈ L1
(
m

(p)
η

)
.

Given ψ ∈ Lp′
(G), also ϕ := ψ ∗ Rλ ∈ Lp′

(G). Accordingly,∫
G

|f | d|ϕ ∗ Rη| < ∞ (cf. Theorem 7.61(i)).

But, direct calculation yields that∫
G

|f | d|ϕ ∗ Rη| =
∫

G

|f | d|ψ ∗ Rλ ∗Rη| =
∫

G

|f | d|ψ ∗ R(λ ∗ η)|.

Hence,
∫

G
|f | d|ψ∗R(λ∗η)| < ∞ for all ψ ∈ Lp′

(G). Then Theorem 7.61(i) implies
that f ∈ L1

(
m

(p)
λ∗η

)
. �

Corollary 7.81. Let λ ∈ M(G). If there exists η ∈ M(G) satisfying λ∗η = δ0, then

L1
(
m

(p)
λ

)
= Lp(G), 1 < p < ∞.
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Proof. According to Lemma 7.80 we have

Lp(G) ⊆ L1
(
m(p)

η

)
⊆ L1

(
m

(p)
λ∗η

)
= L1

(
m

(p)
δ0

)
.

Since L1
(
m

(p)
δ0

)
= Lp(G) (see(7.98)), the desired equality follows. �

Remark 7.82. (i) If λ ∈ M0(G), then there is no solution to the equation λ∗η = δ0

for η ∈ M(G). For, any solution η must satisfy λ̂ · η̂ ≡ 1 with λ̂ ∈ c0(Γ) and
η̂ ∈ �∞(Γ), which is impossible. So, Corollary 7.81 only applies in M(G) \M0(G).

(ii) Let κ ∈ M(G) satisfy L1
(
m

(p)
κ

)
= Lp(G) for some 1 < p < ∞. Given

λ ∈ M(G), if the equation λ ∗ η = κ has a solution η ∈ M(G), then the same
argument as in the proof of Corollary 7.81 shows that L1

(
m

(p)
λ

)
= Lp(G). �

So far we have produced several results which exhibit measures λ ∈ M(G)
satisfying L1

(
m

(p)
λ

)
= Lp(G), that is, the μ-determined operator C

(p)
λ is already

defined on its optimal domain and so no further extension is possible. The following
result, [124, Proposition 4.5], which is based on Theorems 7.61 and 7.67 above,
shows that there also exist many measures λ for which the inclusion Lp(G) ⊆
L1
(
m

(p)
λ

)
is proper. �

Proposition 7.83. Let 1 < p < ∞. Then the inclusion

Lp(G) ⊆ L1
(
m

(p)
λ

)
is proper for every λ ∈ M0(G) \ {0}.

It is also possible to determine precisely when the optimal domain L1
(
m

(p)
λ

)
of C

(p)
λ is the largest possible, that is, equals L1(G). Indeed, Theorem 7.67 shows

that this is the case exactly when λ = μh for some h ∈ Lp(G). Accordingly, the
inclusion L1

(
m

(p)
λ

)
⊆ L1(G) is proper whenever λ ∈ M(G) \Lp(G). In particular,

for every λ ∈ M0(G) \ Lp(G) we can conclude that

Lp(G) � L1
(
m

(p)
λ

)
� L1(G), 1 < p < ∞.

Our final aim in this section is to investigate the injectivity and surjectivity
of the extended operator I

m
(p)
λ

, along the lines of λ = μh (with h ∈ L1(G)) as
considered in Proposition 7.54.

Lemma 7.84. Let 1 ≤ p < ∞ and λ ∈ M(G).

(i) T
(
G, supp (λ̂)

)
= C

(p)
λ

(
T (G)

)
= I

m
(p)
λ

(
T (G)

)
⊆ R

(
C

(p)
λ

)
⊆ R

(
I
m

(p)
λ

)
.

(ii) T
(
G, supp (λ̂)

)
= R

(
C

(p)
λ

)
= R

(
I
m

(p)
λ

)
, with closures in Lp(G).
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Proof. (i) For each γ ∈ Γ, it follows from (7.10) that

C
(p)
λ

(
(·, γ)

)
= I

m
(p)
λ

(
(·, γ)

)
= (·, γ) ∗ λ = λ̂(γ)(·, γ).

So,
C

(p)
λ

(
T
(
G, supp (λ̂)

))
⊆ T

(
G, supp (λ̂)

)
and

I
m

(p)
λ

(
T
(
G, supp (λ̂)

))
⊆ T

(
G, supp (λ̂)

)
.

Conversely, let γ ∈ supp (λ̂). Then

(·, γ) = λ̂(γ)−1C
(p)
λ

(
(·, γ)

)
= λ̂(γ)−1I

m
(p)
λ

(
(·, γ)

)
.

This establishes the equality in (i). The stated inclusions are obvious.
(ii) Theorem 7.61(iv) shows that T (G) is dense in L1

(
m

(p)
λ

)
, from which it

follows that
T
(
G, supp (λ̂)) ⊆ R

(
I
m

(p)
λ

)
= I

m
(p)
λ

(
T (G)

)
,

where the bar denotes “closure with respect to ‖ · ‖
L1(m

(p)
λ )

”. By continuity of the

operator I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ Lp(G) and part (i) we have

I
m

(p)
λ

(
T (G)

)
⊆ I

m
(p)
λ

(
T (G)

)
= T

(
G, supp (λ̂)

)
,

where now the bar denotes “closure in Lp(G)”. The previous two containments

give T
(
G, supp (λ̂)

)
= R

(
I
m

(p)
λ

)
. Part (i) then yields that also

R
(
C

(p)
λ

)
= T (G, supp (λ̂)). �

Lemma 7.85. Let 1 ≤ p < ∞ and λ ∈ M(G). The following assertions are equiva-
lent.

(i) dim
(
ker I

m
(p)
λ

)
< ∞.

(ii) dim
(
kerC

(p)
λ

)
< ∞.

(iii) Γ \ supp(λ̂) is a finite set.

If any one of (i)–(iii) holds, then

T
(
G, Γ \ supp (λ̂)

)
= kerC

(p)
λ = ker I

m
(p)
λ

. (7.111)

Proof. (i) ⇒ (ii) is clear.
(ii) ⇒ (iii). Suppose that Γ \ supp (λ̂) is an infinite set. Let {γn}∞n=1 be

any sequence of distinct elements in Γ \ supp (λ̂). For each ξ = (ξn)∞n=1 ∈ �1 the
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continuous function hξ :=
∑∞

n=1 ξn(·, γn) satisfies (hξ ∗ λ)̂ = ĥξλ̂ ≡ 0 on Γ. By
injectivity of FS we conclude that hξ ∈ kerC

(p)
λ . Since ξ ∈ �1 is arbitrary, this

contradicts the assumption that ker C
(p)
λ is finite-dimensional.

(iii) ⇒ (i). According to (7.93), a function f ∈ L1
(
m

(p)
λ

)
belongs to ker I

m
(p)
λ

iff f ∗ λ = 0 iff f̂ λ̂ ≡ 0 on Γ iff f̂ ≡ 0 on supp (λ̂) iff supp (f̂) ⊆ Γ \ supp (λ̂).
The same argument shows that f ∈ Lp(G) belongs to kerC

(p)
λ iff supp (f̂) ⊆

Γ \ supp (λ̂). From these two observations it is immediate that (iii) ⇒ (i) and also
that (7.111) holds whenever dim(kerC

(p)
λ ) < ∞. �

We have an immediate consequence of the previous two results.

Corollary 7.86. Let 1 ≤ p < ∞ and λ ∈ M(G). The following statements are
equivalent.

(i) supp(λ̂) = Γ.

(ii) C
(p)
λ : Lp(G) → Lp(G) is injective.

(iii) I
m

(p)
λ

: L1
(
m

(p)
λ

)
→ Lp(G) is injective.

(iv) R
(
I
m

(p)
λ

)
= R

(
C

(p)
λ

)
= Lp(G).

Proof. (i) ⇒ (iii). Let f ∈ ker I
m

(p)
λ

. Then (f ∗ λ)̂ = f̂ λ̂ = 0 on Γ and so actually

f̂ = 0 on Γ (as supp (λ̂) = Γ). Hence, also f = 0.

(iii) ⇒ (ii). This is clear as Lp(G) ⊆ L1
(
m

(p)
λ

)
.

(i) ⇔ (iv). It is clear, from Lemma 7.84(ii) and the observation that
T (G, Γ) = T (G) is dense in Lp(G), that (i) ⇒ (iv).

Suppose that supp (λ̂) �= Γ. Then there exists γ /∈ supp (λ̂). Since ϕ̂(γ) = 0
for every ϕ ∈ T

(
G, supp (λ̂)

)
but (·, γ )̂ (γ) = 1, it follows from continuity of F1,0

that (·, γ) /∈ T
(
G, supp (λ̂)

)
. According to Lemma 7.84(ii) we see that (iv) fails to

hold.
(ii) ⇒ (i). Assume to the contrary that there is γ0 ∈ Γ for which λ̂(γ0) = 0.

Then C
(p)
λ

(
(·, γ0)

)
= λ̂(γ0)(·, γ0) = 0 which contradicts (ii). �

Perhaps more interesting is the question of surjectivity. First a preliminary
result.

Lemma 7.87. Let λ ∈ M(G) \ {0}.

(i) supp(λ̂) is a finite subset of Γ if and only if λ ∈ T (G).

(ii) Suppose that λ ∈ M0(G). Then λ ∈ T (G) if and only if

βλ := inf
{
|λ̂(γ)| : γ ∈ supp(λ̂)

}
> 0. (7.112)
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Proof. (i) If λ ∈ T (G), that is, λ = μh for some h ∈ T (G), then clearly supp (λ̂) =
supp (ĥ) is a finite set. On the other hand, if supp (λ̂) = {γ1, . . . , γn} is finite, then
g :=

∑n
j=1 λ̂(γj)(·, γj) belongs to T (G) and satisfies ĝ = λ̂. By injectivity of FS

we conclude that λ = μg can be identified with g ∈ T (G).
(ii) If λ ∈ T (G), then supp (λ̂) is a non-empty finite set and so (7.112) clearly

holds.
Suppose now that λ /∈ T (G), in which case supp (λ̂) is infinite (by part (i)).

Then there exists an infinite sequence {γn}∞n=1 of distinct elements in supp (λ̂).
Since λ̂ ∈ c0(Γ), it follows that limn→∞ λ̂(γn) = 0 and so (7.112) fails to hold. �

Proposition 7.88. Let λ ∈ M(G) \ {0} satisfy

βλ := inf
{
|λ̂(γ)| : γ ∈ supp(λ̂)

}
= 0. (7.113)

(i) Let p ∈ [1,∞) be arbitrary. Then, for every 1 ≤ r < ∞, we have
Lr(m(p)

λ ) ⊆ L1(m(p)
λ ) and the range of the restricted integration operator

I
m

(p)
λ

: Lr
(
m

(p)
λ

)
→ Lp(G) is not closed.

(ii) The range of C
(p)
λ : Lp(G) → Lp(G) is not closed for every 1 ≤ p < ∞.

(iii) supp(λ̂) = Γ if and only if both R
(
C

(p)
λ

)
and R

(
I
m

(p)
λ

)
are proper dense

subspaces of Lp(G) for every 1 ≤ p < ∞.

Proof. (i) Fix r, p ∈ [1,∞) and note that always T (G) ⊆ Lr
(
m

(p)
λ

)
⊆ L1

(
m

(p)
λ

)
.

According to (7.113) there is an infinite sequence {γn}∞n=1 ⊆ supp (λ̂) such that
limn→∞ |λ̂(γn)| = 0. Since λ /∈ T (G) (by Lemma 7.87(i)) we may suppose that
|λ̂(γn)| > 0 for all n ∈ N. By passing to a subsequence, if necessary, we may
assume that 0 < |λ̂(γn)| < n−2 for all n ∈ N. Then h :=

∑∞
n=1 n−2(·, γn) belongs

to C(G) ⊆ Lp(G). Suppose that h belongs to the range of the restricted integration
operator I

m
(p)
λ

: Lr
(
m

(p)
λ

)
→ Lp(G), in which case there exists f ∈ Lr

(
m

(p)
λ

)
such

that I
m

(p)
λ

= f ∗ λ = h. Then ĥ = f̂ λ̂ and so

|f̂(γn)| = |ĥ(γn)| / |λ̂(γn)| > 1, n ∈ N.

Since, Lr
(
m

(p)
λ

)
⊆ L1

(
m

(p)
λ

)
⊆ L1(G), this contradicts f̂ ∈ c0(Γ). So, the function

h /∈ I
m

(p)
λ

(
Lr(m(p)

λ )
)
. However,

h = lim
N→∞

N∑
n=1

n−2(·, γn) = lim
N→∞

N∑
n=1

(
n2λ̂(γn)

)−1
I
m

(p)
λ

(
(·, γn)

)
, (7.114)

with convergence in Lp(G), shows that h ∈ I
m

(p)
λ

(
Lr(m(p)

λ )
)
.
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Accordingly, I
m

(p)
λ

(
Lr(m(p)

λ )
)

is not closed in Lp(G).

(ii) The element h constructed in the proof of part (i) also fails to belong
to R

(
C

(p)
λ

)
, by the same argument (as the domain space Lp(G) of C

(p)
λ is also

contained in L1(G)). Since I
m

(p)
λ

and C
(p)
λ coincide on Lp(G), the formula (7.114)

remains valid if we replace I
m

(p)
λ

with C
(p)
λ . It follows that h ∈ R

(
C

(p)
λ

)
and so

R
(
C

(p)
λ

)
is also not closed in Lp(G).

(iii) This is a combination of parts (i), (ii) and Corollary 7.86. �

Corollary 7.89. Let λ ∈ M0(G) satisfy supp (λ̂) = Γ. Then

R
(
C

(p)
λ

)
⊆ R(I

m
(p)
λ

) ⊆ Lp(G), 1 < p < ∞, (7.115)

with both inclusions proper. In particular, neither C
(p)
λ nor its optimal extension

I
m

(p)
λ

are surjective.

Proof. That the containments in (7.115) hold is obvious.

According to Corollary 7.86, both C
(p)
λ and I

m
(p)
λ

are injective. Moreover,

Proposition 7.83 ensures that Lp(G) � L1
(
m

(p)
λ

)
. Since Lp(G) is the domain of

C
(p)
λ and L1

(
m

(p)
λ

)
is the domain of the extension I

m
(p)
λ

of C
(p)
λ , it follows that the

first containment in (7.115) must be proper.
The second containment in (7.115) is proper via Proposition 7.88(iii) above,

after noting that our assumptions on λ ensure that (7.113) is valid. �

Remark 7.90. For λ ∈ M0(G), the set supp (λ̂) is necessarily countable (because
λ̂ ∈ c0(Γ)). Hence, the equality supp (λ̂) = Γ is only possible if G is metrizable. �

For the Hilbert space setting more precise information is available.

Proposition 7.91. Let λ ∈ M(G).

(i) kerC
(2)
λ = T

(
G, Γ \ supp (λ̂)

)
.

(ii) The following assertions are equivalent.

(a) R
(
I
m

(2)
λ

)
is closed in L2(G).

(b) R
(
C

(2)
λ

)
is closed in L2(G).

(c) The inequality (7.112) holds, that is, βλ > 0.

In this case,

R
(
C

(2)
λ

)
= R

(
I
m

(2)
λ

)
.
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Proof. (i) The calculation in the proof of (ii) ⇒ (i) in Corollary 7.86 shows that
C

(2)
λ

(
(·, γ)

)
= 0 for all γ ∈ Γ \ supp (λ̂). Hence, T

(
G, Γ \ supp (λ̂)

)
⊆ kerC

(2)
λ and

so also T
(
G, Γ \ supp (λ̂)

)
⊆ kerC

(2)
λ .

Given f ∈ kerC
(2)
λ we have

(
C

(2)
λ (f)

)̂
= f̂ λ̂ = 0 in �2(Γ) and so f̂(γ) =

0 for all γ ∈ supp (λ̂). So, f̂ =
∑

γ /∈supp (λ̂) f̂(γ)χ{γ} in �2(Γ), with the series

necessarily a countable sum as supp (f̂) is countable. By Plancherel’s Theorem

f =
∑

γ /∈supp (λ̂) f̂(γ)(·, γ) in L2(G). Accordingly, f ∈ T
(
G, Γ \ supp (λ̂)

)
.

(ii) Proposition 7.88(i) implies that (a) ⇒ (c) and Proposition 7.88(ii) im-
plies that (b) ⇒ (c). Since R

(
C

(2)
λ

)
⊆ R

(
I
m

(2)
λ

)
⊆ R

(
I
m

(2)
λ

)
it follows from

Lemma 7.84(ii) that (b) ⇒ (a).

(c) ⇒ (b). For h ∈ R
(
C

(2)
λ

)
we have ĥ(γ) = 0 for all γ ∈ Γ \ supp (λ̂);

see Lemma 7.84(ii). Since βλ > 0, the function ϕ := (ĥ/λ̂) χ
supp (λ̂)

∈ �2(Γ).

Moreover, f :=
∑

γ∈Γ ϕ(γ)(·, γ) ∈ L2(G) satisfies (f ∗λ)̂ = f̂ λ̂ = ϕλ̂ = ĥ, that is,

C
(2)
λ (f) = h and so actually h ∈ R

(
C

(2)
λ

)
. This establishes (b).

Finally, the identity R
(
C

(2)
λ

)
= R

(
I
m

(2)
λ

)
follows from (a), (b) and the iden-

tity R
(
C

(2)
λ

)
= R

(
I
m

(2)
λ

)
; see Lemma 7.84(ii). �

Observe that (7.113) holds, that is, βλ = 0 if and only if there exists an
infinite sequence {γn}∞n=1 ⊆ supp (λ̂) satisfying limn→∞ |λ̂(γn)| = 0. In particular,
if λ ∈ M0(G) \ T (G), then λ̂ ∈ c0(Γ) and so this is necessarily the case. However,
the following examples show that there also exist measures λ /∈ M0(G) which
satisfy βλ = 0.

Example 7.92. (i) Let G := T be the circle group, in which case Γ = Z, with
duality (z, n) = zn for all z ∈ T and n ∈ Z. Let u ∈ T be any (fixed) element of
infinite order and define λ := δ1 − δu, where 1 ∈ T is the (multiplicative) identity
element. Fix 1 ≤ p < ∞. Then C

(p)
λ = I − C

(p)
δu

= I − τu. It is known that the

spectrum of C
(p)
δu

= τu ∈ L
(
Lp(T)

)
is given by σ(C(p)

δu
) = T, [64, Theorem 1],

and so, by the Spectral Mapping Theorem, [46, Ch. VII, Theorem 3.11], we have
σ
(
C

(p)
λ

)
= {1 − z : z ∈ T}. Note that the range δ̂u(Z) = {un : n ∈ Z} and so

the range λ̂(Z) = {1 − un : n ∈ Z}. Moreover, supp (λ̂) = Z \ {0}; this follows
from the assumption that u has infinite order. Since δ̂u(Z) is known to be dense
in T (see the proof of Theorem 1 in [64]), it follows that λ̂(Z) is dense in σ

(
C

(p)
λ

)
.

As 0 ∈ σ
(
C

(p)
λ

)
, there exists a sequence from λ̂(Z \ {0}) which converges to 0.

Accordingly, βλ = 0. However, λ /∈ M0(T). To see this, observe that the element
2 ∈ σ

(
C

(p)
λ

)
can be approximated by a sequence of elements {zn}∞n=1 ⊆ λ̂(Z) and

so, for some N large enough, |zn| > 1 for all n ≥ N .
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(ii) Again let G := T and consider the Riesz product measure given by
λ :=

∏∞
j=1

(
1 + aj cos(njt)

)
as constructed in [148, Example 2, p. 310], where it is

denoted by μ. Set aj = 1 for each j ∈ N, in which case λ̂(Z) = {1}∪{2−k : k ∈ N};
see [148, p. 315]. Clearly βλ = 0. However, as noted on p. 310 of [148], the positive
non-atomic measure λ /∈ M0(T).

(iii) For a more abstract class of examples, let G1, G2 be infinite, separable,
compact abelian groups and G = G1 × G2 be the product group. Then the dual
group of G is identified with Γ = Γ1 × Γ2 in the sense that(

(x1, x2), (γ1, γ2)
)

= (x1, γ1) · (x2, γ2), (x1, x2) ∈ G, (γ1, γ2) ∈ Γ,

[140, Theorem 2.2.2]. The separability condition ensures that B(G) is precisely the
product σ-algebra B(G1)⊗B(G2). Normalized Haar measure on Gj is denoted by
μj , for j = 1, 2. Let λ1 ∈ M0(G1) \ T (G1) be arbitrary and ξ ∈ Γ2 be any fixed
element (other than the identity element). Define λ2 ∈ M0(G2) by

λ2(A) :=
∫

A

(·, ξ) dμ2, A ∈ B(G2).

Let δ
(j)
0 be the Dirac measure at 0 ∈ Gj , for j = 1, 2. Then the measure λ ∈ M(G)

defined by

λ := (λ1 × λ2) +
(
δ
(1)
0 × (δ(2)

0 − λ2)
)

satisfies

λ̂(γ1, γ2) = λ̂1(γ1) λ̂2(γ2) + (δ(1)
0 )̂ (γ1) · (δ(2)

0 − λ2 )̂ (γ2)

= λ̂1(γ1)χ{ξ}
(
γ2) + (1− χ{ξ}(γ2)

)
,

for all (γ1, γ2) ∈ Γ. That is,

λ̂(γ1, γ2) =

{
λ̂1(γ1) if γ1 ∈ Γ1 and γ2 = ξ,

1 if γ1 ∈ Γ1 and γ2 �= ξ.

Clearly λ /∈ M0(G), but βλ ≤ inf
{
|λ̂1(γ1)| : γ1 ∈ supp (λ̂1)

}
= 0, where we have

used the fact that supp (λ̂1)× {ξ} ⊆ supp (λ̂). �

7.5 p-th power factorability

Let 1 ≤ q < ∞ and λ ∈ M(G). Then λ is called Lq-improving if there exists
r ∈ (q,∞) such that

λ ∗ f ∈ Lr(G), f ∈ Lq(G), (7.116)
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briefly, λ ∗ Lq(G) ⊆ Lr(G). Such measures, introduced by E.M. Stein in [152],
have become of importance; see [12], [15], [18], [71], [72], [74], [116], [132], [133] for
example, and the references therein. The interest in this class of measures, from
the viewpoint of this monograph, lies in the fact that they lead in a very natural
way to an extensive and non-trivial collection of important operators arising in
classical harmonic analysis which are p-th power factorable (in the sense of Chapter
5). We begin by summarizing various known results about Lq-improving measures
which are relevant to this monograph.

An interpolation argument, [74, p. 295], shows that if λ is Lq-improving for
some 1 < q < ∞, then λ is Lq-improving for every 1 < q < ∞. So, when we
speak of Lq-improving measures we may not specify 1 ≤ q < ∞ explicitly. Given
1 ≤ q < r < ∞, let M q,r(G) denote the space of all measures λ ∈ M(G) such that
λ ∗ Lq(G) ⊆ Lr(G). Since Lr(G) ⊆ Lq(G) continuously, a Closed Graph Theorem
argument shows that the linear map

Cq,r
λ : Lq(G) → Lr(G)

defined by (7.116) is necessarily continuous, that is, Cq,r
λ ∈ L

(
Lq(G), Lr(G)

)
. The

M q,r(G)-norm of λ is defined to be the operator norm of Cq,r
λ . Since Lq(G) �=

Lr(G) whenever q �= r, no Dirac measure δx, for x ∈ G, can be Lq-improving.
Actually, if λ is Lq-improving, then necessarily λ ∈ Mc(G), [71, p. 80]. Examples
of Lq-improving measures are, of course, those of the form λ = μh for h ∈ Lq(G).
If λ̂ ∈ �q(Γ) and 2 ≤ q ≤ r, then λ ∈ M2,r(G), [72, p. 473]. Hare [74] characterizes
Lq-improving measures λ in terms of certain properties of λ̂. In particular, if
λ̂ ∈ �r(Γ) for some r < ∞, then λ is Lq-improving, [74, Corollary 1]. There are
also many known examples of Lq-improving measures which are μ-singular (usually
constructed via Riesz products); see [12], [15], [18], [116], [132], [133] for example.

Proposition 7.93. Let 1 < q < ∞ and λ ∈ M(G).

(i) If λ ∈ M q,r(G) for some q < r < ∞, then each translate of λ belongs to
M q,r(G) and has the same M q,r(G)-norm as λ.

(ii) If γ ∈ Γ and λ ∈ M q,r(G) for some q < r < ∞, then the measure A �→∫
A
(·, γ) dλ on B(G) belongs to M q,r(G) and has the same M q,r(G)-norm as

λ.

(iii) If 0 ≤ λ ∈ M q,r(G) for some q < r < ∞ and f : G → C is a bounded,
B(G)-measurable function, then the measure A �→

∫
A

f dλ on B(G) belongs
to M q,r(G).

(iv) If λ ∈ ⋂1<q<2 M q,2(G), then λ ∈ M0(G).

For parts (i) and (ii) we refer to [72, Theorem 0.1], for part (iii) to [72,
Corollary 1.2], and for part (iv) to [72, Corollary 3.2]. Concerning some interesting
“negative results”, we record the following facts; see Theorems 1.3 and 1.4 and
Remark (iv), p. 487, of [72].
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Proposition 7.94. Let G be a compact abelian group.

(i) There exists λ ∈ M(G) such that λ is Lq-improving but, its variation measure
|λ| is not Lq-improving.

(ii) Let λ ∈ M(G)\ {0} be Lq-improving. Then there exists a probability measure
η ∈ M(G) such that λ and η are mutually absolutely continuous and η is not
Lq-improving.

(iii) There exists λ ∈ M0(G) such that every non-zero measure η � λ fails to be
Lq-improving. In particular, λ itself is not Lq-improving.

Remark 7.95. (i) An examination of the proof of Theorem 1.3 in [72] shows that
the measure λ given in Proposition 7.94(i) can be chosen to be R-valued. Hence,
if we decompose the variation measure |λ| = λ+ + λ− according to its Hahn
decomposition, then at least one of λ+ or λ− is not Lq-improving.

(ii) Let 1 < r < ∞ and h ∈ Lr(G)+. Define λ := μh. Then λ is Lq-improving
because, for any 1 < q < r, we have

h ∗ Lq(G) ⊆ h ∗ L1(G) ⊆ Lr(G);

see (7.71). Choose η according to Proposition 7.94(ii) and write (via the Radon–
Nikodým Theorem)

η(A) =
∫

A

g dλ =
∫

A

gh dμ = μgh(A), A ∈ B(G).

This shows that there always exist measures of the form μf , for f ∈ L1(G), which
are not Lq-improving. For the circle group G := T this was noted in [72, Remark
(ii), p. 487], via a different argument. The function f ∈ L1(T) given by

f(t) =
∞∑

n=2

cos(nt)
ln(n)

, t ∈ [0, 2π],

provides a particular example, [72, Remark (i), p. 481].
Note that f /∈ ⋃1<p<∞ Lp(T); just observe that if f ∈ Lp(T) for some value

of 1 < p ≤ 2, then f̂ ∈ �p′
(Z) (by the Hausdorff–Young inequality) which is not

the case. It is also noted in [72, Remark (i), p. 481] that there exist functions
ϕ ∈ L1(T) \⋃1<p<∞ Lp(T) such that μϕ is Lq-improving. �

Concerning convolution operators which are p-th power factorable, let us be-
gin with absolutely continuous measures. We recall that all convolution operators
C

(p)
λ with 1 ≤ p < ∞ and λ ∈ M(G) \ {0} are necessarily μ-determined; see

Remark 7.60(i).

Proposition 7.96. Let 1 < r < p and u ∈ (1, p) satisfy

1
u

+
1
r

=
1
p

+ 1.

Let h ∈ Lr(G) \ Lp(G).
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(i) μh is Lq-improving and belongs to Mu,p(G).
(ii) The following inclusions hold:

Lp(G) � Lu(G) ⊆ L1
(
m

(p)
h

)
.

(iii) C
(p)
h is (p/u)-th power factorable.

Proof. (i) According to Remark 7.45(iv) we have |f |∗|h| ∈ Lp(G) for all f ∈ Lu(G).
Since |f ∗h| ≤ |f |∗|h| and Lp(G) is an order ideal it follows that also f ∗h ∈ Lp(G).
That is, h ∗ Lu(G) ⊆ Lp(G) or, equivalently, μh ∈ Mu,p(G).

(ii) The first inclusion (necessarily proper) is standard (see (7.1)) and the
second inclusion is precisely (7.84).

(iii) For X(μ) := Lp(G) and E := Lp(G) and T := C
(p)
h it follows from

Theorem 5.7 that C
(p)
h is (p/u)-th power factorable if and only if X(μ)[p/u] ⊆

L1
(
m

(p)
h

)
. But, since X(μ)[p/u] = Lp(G)[p/u] = Lu(G), we see from part (ii) that

this is indeed the case. �

In order to formulate an interesting consequence of Proposition 7.96 we need
the following fact.

Lemma 7.97. Let G be an infinite, compact abelian group with normalised Haar
measure μ. Then μ is non-atomic.

Proof. Suppose that B ∈ B(G) is an atom for μ. We claim that μ(B) = μ({w})
for some element w ∈ B. To see this, define

K :=
{
C : C ⊆ B, C compact, μ(C) = μ(B)

}
.

Then K has the finite intersection property and, by regularity of μ, we have K �=
∅. So, A :=

⋂
C∈K C is non-empty. Observe that B \ A =

⋃
C∈K(B \ C) with

μ(B \C) = 0 for all C ∈ K. By regularity, μ(B \A) = 0 and so μ(A) = μ(B) with
A compact and A ⊆ B. Choose any w ∈ A. Then μ(A \ {w}) + μ({w}) = μ(A). If
it were the case that μ({w}) = 0, then μ(A \ {w}) = μ(A) = μ(B) and so A \ {w}
is an atom for μ. By the previous argument applied to A \ {w} in place of B,
there is a compact set D ⊆ A \ {w} ⊆ B such that μ(D) = μ(A \ {w}) = μ(A).
By definition of K and A we have A ⊆ D and so w ∈ D. However, this is a
contradiction because D ⊆ A \ {w}. Therefore, μ({w}) = μ(A) and actually,
A = {w}. Moreover, μ(B) = μ({w}), that is, {w} is an atom for μ.

Now, suppose that μ did possess an atom. By the previous argument there is
an element w ∈ G such that {w} is an atom for μ. Since G is infinite, there exists
an infinite sequence {xn}∞n=1 of distinct elements in G. By translation invariance
of μ we have μ({xn}) = μ({w}) > 0 for every n ∈ N. Since the singleton sets {xn},
for n ∈ N, are pairwise disjoint, it follows that μ(G) = ∞, which is a contradiction.
Accordingly, μ has no atoms. �
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We can now formulate the consequence of Proposition 7.96 alluded to above.

Proposition 7.98. Let 1 < p < ∞.

(i) The set L(G : p−) :=
(⋂

1<r<p Lr(G)
)
\ Lp(G) is non-empty.

(ii) For each h ∈ L(G : p−), the following inclusions hold:

Lp(G) �
⋃

1<u<p

Lu(G) � L1
(
m

(p)
h

)
� L1(G).

(iii) Let h ∈ L(G :p−). Then the operator C
(p)
h ∈ L

(
Lp(G)

)
is v-th power factorable

for every v ∈ [1, p), whereas C
(p)
h is not p-th power factorable.

Proof. (i) According to Lemma 7.97, there exists a sequence
{
A(n)

}∞
n=1

⊆ B(G)
of pairwise disjoint sets satisfying μ

(
A(n)

)
= 2−n for each n ∈ N. Define the

function f :=
∑∞

n=1 αnχ
A(n)

with αn := 2n/p n−1/p for n ∈ N. Then

∫
G

|f |p dμ =
∞∑

n=1

αp
n μ
(
A(n)

)
=

∞∑
n=1

n−1 = ∞

and so f /∈ Lp(G). However, for any r ∈ (1, p) we have (1− (r/p)) > 0 and hence,∫
G

|f |r dμ =
∞∑

n=1

αr
n μ
(
A(n)

)
=

∞∑
n=1

(
1/nr/p

)
2n((r/p)−1)

<

∞∑
n=1

(
1/21−(r/p)

)n
< ∞,

that is, f ∈ Lr(G).
(ii) Given any 1 < u < p, let r ∈ (1, p) be determined by

1
u

+
1
r

=
1
p

+ 1.

Since h ∈ Lr(G) \ Lp(G), Proposition 7.96(ii) yields Lu(G) ⊆ L1
(
m

(p)
h

)
. That is,⋃

1<u<p

Lu(G) ⊆ L1
(
m

(p)
h

)
. (7.117)

To prove that this inclusion is proper, assume on the contrary that the equal-
ity holds. Select a strictly decreasing sequence {u(n)}∞n=1 in the open interval (1, p)
such that limn→∞ u(n) = 1. Then we have

∞⋃
n=1

Lu(n)(G) =
⋃

1<u<p

Lu(G) = L1
(
m

(p)
h

)
; (7.118)
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see (7.1). With Bn denoting the closed unit ball of Lu(n)(G) for n ∈ N, it follows
from (7.118) that

∞⋃
k,n=1

kBn =
∞⋃

n=1

Lu(n)(G) = L1
(
m

(p)
h

)
.

The Baire Category Theorem, [88, §4,6.(1)], applied to the Banach space L1
(
m

(p)
h

)
then yields that there exist k, n ∈ N for which the closure kBn has non-empty in-
terior in L1

(
m

(p)
h

)
. But, kBn is weakly compact in the reflexive Banach space

Lu(n)(G) and hence, also in L1
(
m

(p)
h

)
because Lu(n)(G) is continuously embedded

into L1
(
m

(p)
h

)
(see Lemma 2.7, for example) and, consequently, the natural em-

bedding is weakly continuous. In particular, kBn is closed in L1
(
m

(p)
h

)
and has

non-empty interior. So, there exist a function g ∈ kBn and a neighbourhood V of
0 in L1

(
m

(p)
h

)
such that g + V ⊆ kBn. Since V ⊆ kBn − g ⊆ 2kBn, we have

Lu(n+1)(G) ⊆ L1
(
m

(p)
h

)
= span(V ) ⊆ span(2kBn) = Lu(n)(G).

This contradicts the fact that the inclusion Lu(n)(G) ⊆ Lu(n+1)(G) is proper as
noted immediately after (7.1). Therefore, we conclude that the inclusion (7.117)
is proper.

Since h /∈ Lp(G), Theorem 7.50 gives the (proper) inclusion

L1
(
m

(p)
h

)
� L1(G).

Finally, the (proper) inclusion

Lp(G) �
⋃

1<u<p

Lu(G)

is known; see the discussion immediately after (7.1), for example.
(iii) Fix any 1 < v < p. Choose u ∈ (1, p) and r ∈ (1, p) which satisfy

(p/u) = v and (1/u) + (1/r) = (1/p) + 1. Since h ∈ Lr(G), Proposition 7.96(iii)
implies that C

(p)
h is v-th power factorable.

However, by part (ii) we have

Lp(G)[p] = L1(G) � L1
(
m

(p)
h

)
,

and so the μ-determined operator C
(p)
h is not p-th power factorable (by Theo-

rem 5.7). �

In the setting of Proposition 7.98, part (iii) shows that for h ∈ L(G : p−)
there is no largest number v0 such that the convolution operator C

(p)
h ∈ L

(
Lp(G)

)
is v0-th power factorable.
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We now turn to general measures, for which the following fact will be useful.

Proposition 7.99. Let λ ∈ M(G) be Lq-improving and 1 < u < ∞. Then, for every
u < r < ∞ such that λ ∈ Mu,r(G) we have

Lu(G) ⊆ L1
(
m

(r)
λ

)
(7.119)

with a continuous inclusion. Moreover, C
(r)
λ is p-th power factorable for every

1 ≤ p ≤ (r/u).

Proof. Observe that Lr(G) ⊆ Lu(G) continuously and the bounded linear operator
Cu,r

λ : Lu(G) → Lr(G) is an extension of the μ-determined operator C
(r)
λ . By

optimality of the space L1(m(r)
λ ) we necessarily have (7.119).

Let 1 ≤ p ≤ (r/u). Arguing as in the proof of part (iii) of Proposition 7.96
it suffices to verify that Lr(G)[p] ⊆ L1

(
m

(r)
λ

)
. But, 1 ≤ p ≤ (r/u) implies that

u ≤ (r/p) and hence, Lr(G)[p] = Lr/p(G) ⊆ Lu(G). Then (7.119) ensures that
indeed Lr(G)[p] ⊆ L1

(
m

(r)
λ

)
, as required. �

Corollary 7.100. Let λ ∈ M(G) be an Lq-improving measure and 1 < r < ∞ be
arbitrary. Then there exists 1 < s < r such that C

(r)
λ is p-th power factorable for

all 1 ≤ p ≤ s.

Proof. Let 1 < q1 < q2 < ∞ be arbitrary (but fixed). Define

pj(α) :=
qj

α + (1− α)qj
, α ∈ (0, 1),

for j = 1, 2. It is routine to check that p1(α) < p2(α) and 1 < p1(α) < q1 for all
α ∈ (0, 1). Moreover, given α ∈ (0, 1), it is clear that

q1 < p2(α) if and only if
αq1

q2
+ (1− α)q1 < 1.

The continuous function f(α) := αq1
q2

+ (1− α)q1 on [0, 1] satisfies f(1) = q1
q2

< 1.
It follows that there exists α0 ∈ (0, 1) such that f(α) < 1 for all α ∈ (α0, 1). That
is, q1 < p2(α) for all α ∈ (α0, 1). Now, for each α ∈ (α0, 1) it follows from [72,
Theorem 0.2] that

λ ∗ Lp1(α)(G) ⊆ Lp2(α)(G) ⊆ Lq1(G), (7.120)

that is, λ ∈ Mp1(α), q1(G).
Define now q1 := r > 1 and u := p1(α) for any α ∈ (α0, 1), in which case

u < r. According to (7.120) we have λ ∗ Lu(G) ⊆ Lr(G), that is, λ ∈ Mu,r(G).
Then s := (r/u) has the desired property; see Proposition 7.99. �
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Remark 7.101. Suppose that λ ∈ M(G) is not an Lq-improving measure; see
Proposition 7.94 and Remark 7.95 for the existence of such λ (also, any λ /∈
Mc(G) will do). Then, for every 1 < r < ∞ the operator C

(r)
λ fails to be p-th

power factorable for every 1 < p < r. On the contrary, suppose that C
(r)
λ ∈

F[p]

(
Lr(G), Lr(G)

)
for some 1 < p < r. Then 1 < (r/p) < r and C

(r)
λ has

a (unique) continuous Lr(G)-valued extension (C(r)
λ )[p] to Lr(G)[p] = Lr/p(G) ⊆

L1(G). So,
(
C

(r)
λ

)
[p]

(g) = C
(r)
λ (g) = λ∗g for all g ∈ Lr(G). Given any f ∈ Lr/p(G)

there exists a sequence {fn}∞n=1 ⊆ T (G) ⊆ Lr(G) such that fn → f in Lr/p(G) as
n → ∞. Since C

(r/p)
λ ∈ L

(
Lr/p(G)

)
, it follows that fn ∗ λ → f ∗ λ in Lr/p(G) as

n →∞. But,

fn ∗ λ = C
(r)
λ (fn) =

(
C

(r)
λ

)
[p]

(fn), n ∈ N,

and so the continuity of
(
C

(r)
λ

)
[p]

ensures that
(
C

(r)
λ

)
[p]

(fn) →
(
C

(r)
λ

)
[p]

(f) in

Lr(G) as n → ∞ and hence, also in Lr/p(G) as n → ∞ (since Lr(G) ⊆ Lr/p(G)
continuously). Accordingly,(

C
(r)
λ

)
[p]

(f) = f ∗ λ, f ∈ Lr/p(G), (7.121)

with the equality as elements of Lr/p(G). Since the left-hand side of (7.121) ac-
tually belongs to Lr(G) so must the right-hand side. Accordingly, the (unique)
continuous extension

(
C

(r)
λ

)
[p]

: Lr/p(G) → Lr(G) is precisely the operator of con-

volution with λ and hence, λ ∈ M (r/p), r(G). This contradicts the hypothesis that
λ is not Lq-improving. �

We record formally a fact that was just established in Remark 7.101. In a
certain sense it is a “converse” to Proposition 7.99 and Corollary 7.100.

Proposition 7.102. Let λ ∈ M(G) and 1 < r < ∞. If C
(r)
λ is p-th power factorable

for some 1 < p < r, then λ is necessarily Lq-improving and the unique continuous
extension

(
C

(r)
λ

)
[p]

: Lr(G)[p] → Lr(G) of C
(r)
λ is precisely the convolution operator

C
(r/p), r
λ ∈ L

(
Lr/p(G), Lr(G)

)
. In particular, Lr/p(G) ⊆ L1

(
m

(r)
λ

)
.

Characterizations of Lq-improving measures λ in terms of the decay of λ̂ are
well known, [74, Theorem], [132, Theorem]. The following result gives a different
kind of characterization.

Corollary 7.103. Let λ ∈ M(G). The following assertions are equivalent.

(i) λ is an Lq-improving measure.

(ii) There exists 1 < r < ∞ such that the convolution operator C
(r)
λ is p-th power

factorable for some p ∈ (1,∞).
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(iii) For every 1 < r < ∞ there exists some p ∈ (1,∞) such that the convolution
operator C

(r)
λ is p-th power factorable.

Proof. (i) ⇒ (iii). This follows from Corollary 7.100.
(ii) ⇒ (i). This is immediate from Proposition 7.102.
(iii) ⇒ (ii) is clear. �

Remark 7.104. (i) For measures λ ∈ M(G) which satisfy βλ > 0 (see (7.112) for
the definition of βλ) the following statements are known to be equivalent.

(a) λ is Lq-improving.

(b) supp (λ̂) is a finite subset of Γ.
(c) λ = μh for some h ∈ T (G).

For (a) ⇔ (b) we refer to [74, Corollary 4] and for (b) ⇔ (c) to Lemma 7.87(i).
What about measures λ for which βλ = 0? For instance, if λ ∈ M0(G), then

surely βλ = 0. In this case (b) and (c) remain equivalent (cf. Lemma 7.87(i)) and,
when satisfied, surely imply that λ is Lq-improving. However, the converse is false;
measures of the form λ = μh for suitable h ∈ L1(G) \ T (G) belong to M0(G), are
Lq-improving but, fail to satisfy (b) and (c); see Remark 7.95(ii).

The Riesz product measure λ ≥ 0 of Example 7.92(ii) satisfies λ /∈ M0(T)
and βλ = 0. Since

sup{|λ̂(n)| : n ∈ Z \ {0}} =
1
2

< 1,

it follows from [132, Theorem] that λ is necessarily Lq-improving. According to
Proposition 7.93(iv) and the fact that λ /∈ M0(T), there must exist 1 < q < 2 such
that λ /∈ M q,2(T).

(ii) The measure λ of Example 7.92(ii) also exhibits other interesting features.
According to Corollary 7.100, whenever 1 < r < ∞ is given, the operator C

(r)
λ

is p-th power factorable for some 1 < p < r. However, C
(r)
λ is not compact (by

Proposition 7.58 as λ /∈ M0(T)) and has totally infinite variation (by Theorem 7.67
as λ /∈ M0(T) implies that λ /∈ Lr(T)). Furthermore, both of the inclusions

Lr(T) ⊆ L1
(
m

(r)
λ

)
⊆ L1(T)

are necessarily proper. Indeed, since C
(r)
λ is p-th power factorable for some value

of 1 < p < r we have (by Proposition 7.102) that Lr/p(T) ⊆ L1
(
m

(r)
λ

)
with

(r/p) < r. Hence, Lr(T) � Lr/p(T) shows that the first inclusion is proper. Since
λ /∈ M0(T) implies that λ /∈ {μh : h ∈ Lr(T)}, the second inclusion is proper by
Theorem 7.67. �

Is was observed after Theorem 7.61 that

L1
(
m

(p)
λ

)
= N

(p)
λ :=

{
f ∈ L1(G) : |f | ∗ λ ∈ Lp(G)

}
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whenever λ ∈ M(G)+ and that

N
(p)
|λ| ⊆ L1

(
m

(p)
λ

)
(7.122)

for arbitrary λ ∈ M(G); see also Remark 7.45(iv). The following result shows that
the inclusion (7.122) can be strict. For the existence of Lq-improving measures λ
such that |λ| is not Lq-improving we refer to Proposition 7.94 and Remark 7.95.

Proposition 7.105. Let λ ∈ M(G) be any Lq-improving measure such that |λ| is not
Lq-improving for some (all) 1 < q < ∞. Then the containment N

(r)
|λ| ⊆ L1

(
m

(r)
λ

)
is proper for every q < r < ∞ such that λ ∗ Lq(G) ⊆ Lr(G).

Proof. On the contrary, suppose that N
(r)
|λ| = L1

(
m

(r)
λ

)
. According to Proposi-

tion 7.99 we then have

Lq(G) ⊆ L1
(
m

(r)
λ

)
= N

(r)
|λ| .

That is, for each f ∈ Lq(G), the function |f |∗|λ| ∈ Lr(G). Since
∣∣f ∗|λ| ∣∣ ≤ |f |∗|λ|,

also f ∗ |λ| ∈ Lr(G). That is, |λ| ∗Lq(G) ⊆ Lr(G), contradicting the fact that the
measure |λ| is not Lq-improving. �

Remark 7.106. (i) In the setting of Proposition 7.105 we note that Ls(G) � N
(r)
|λ|

for every q ≤ s < r. Indeed, if Ls(G) ⊆ N
(r)
|λ| for some q ≤ s < r, then the

argument used in the proof of Proposition 7.105 shows that |λ| ∗ Ls(G) ⊆ Lr(G).
This contradicts the fact that |λ| is not Lq-improving.

(ii) Suppose that λ ∈ M(G) is not an Lq-improving measure. Then, for each
1 < r < ∞, the space Lr(G) is the largest amongst the spaces {Lu(G)}1<u<∞
which is contained in L1

(
m

(r)
λ

)
. That Lr(G) ⊆ L1

(
m

(r)
λ

)
follows via optimality.

Suppose that Lu(G) ⊆ L1
(
m

(r)
λ

)
for some 1 < u < r. Then Theorem 7.61(vi)

implies that

λ ∗ Lu(G) = I
m

(r)
λ

(
Lu(G)

)
⊆ I

m
(r)
λ

(
L1(m(r)

λ )
)
⊆ Lr(G)

and hence, λ is Lq-improving, contrary to the choice of λ.
If, in addition to being not Lq-improving, also λ ∈ M0(G), then Lr(G) �

L1
(
m

(r)
λ

)
by Proposition 7.83 (for the existence of such λ we refer to Proposition

7.94(iii) and Remark 7.95(ii)). So, even though λ does not convolve Lu(G) into
Lr(G) for any u < r, it does convolve the B.f.s L1

(
m

(r)
λ

)
, which is genuinely larger

than Lr(G), into Lr(G). From this point of view, for arbitrary λ ∈ M(G), the
optimal domain space L1

(
m

(r)
λ

)
is also the largest B.f.s. X(μ) with σ-o.c. norm

which contains Lr(G) and such that λ ∗ X(μ) ⊆ Lr(G). If we call λ a B.f.s.-
improving measure whenever the inclusion Lr(G) ⊆ L1

(
m

(r)
λ

)
is proper (for some

1 < r < ∞), then an examination of the proof of Corollary 7.100 shows that every
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Lq-improving measure is necessarily B.f.s.-improving. It was just argued above that
every λ ∈ M0(G) is necessarily B.f.s.-improving but, not necessarily Lq-improving.
So, the notion of a B.f.s.-improving measure is a genuine extension of that of an
Lq-improving measure and hence, may be worthy of further investigation. For an
example of a continuous measure in Mc(G) \ M0(G) which is B.f.s.-improving we
refer to Remark 7.104(ii). Section 7.4 provides many examples of measures which
fail to be B.f.s.-improving. �

As already seen, whenever they are defined, the convolution operators Cq,r
λ

for 1 < q < r < ∞ play an important role. We note that the vector measure
mCq,r

λ
: B(G) → Lr(G) induced by Cq,r

λ : Lq(G) → Lr(G) is precisely the vector

measure m
(r)
λ . Accordingly, every operator Cq,r

λ is necessarily μ-determined (as
C

(r)
λ is) and L1

(
mq,r

λ

)
= L1

(
m

(r)
λ

)
, where mq,r

λ denotes mCq,r
λ

. So, even though

the domain space Lq(G) of Cq,r
λ is genuinely larger than that of C

(r)
λ , both C

(r)
λ

and Cq,r
λ have the same optimal domain. Of course, this is to be expected as

Cq,r
λ is an extension of C

(r)
λ . In particular, Imq,r

λ
= I

m
(r)
λ

. The following result

concerning the operators Cq,r
λ is of some interest; it shows that “Lq-improving” is

also “compact-improving”.

Proposition 7.107. Let λ ∈ M0(G) be an Lq-improving measure. Given 1 < r < ∞,
there exists 1 < u < r such that λ ∈ Mu,r(G) and Cs,r

λ : Ls(G) → Lr(G) is
compact for every u < s ≤ r.

Proof. An examination of the proof of Corollary 7.100 shows that there exists
1 < u < r such that λ ∈ Mu,r(G). Proposition 7.58 ensures that C

(r)
λ ∈ L

(
Lr(G)

)
is compact. So, Cu,r

λ : Lu(G) → Lr(G) is continuous and C
(r)
λ : Lr(G) → Lr(G)

is compact. By a standard interpolation result, [90, Theorem 3.10], it follows that
Cs,r

λ : Ls(G) → Lr(G) is compact for every u < s ≤ r. �

Remark 7.108. There is also a converse to Proposition 7.107. Namely, if we have
1 < q < r < ∞ and λ ∈ M q,r(G) has the property that Cs,r

λ is compact for some
q < s < r, then necessarily λ ∈ M0(G). Indeed, let J : Lr(G) → Ls(G) be the
natural inclusion, in which case C

(r)
λ = Cs,r

λ ◦ J . Then C
(r)
λ is compact and so

λ ∈ M0(G) by Proposition 7.58. �

In conclusion, we point out that the situation for p-th power factorability of
the Fourier transform map is quite different to that for convolution operators. We
restrict attention to G = T (also Td is allowable).

Proposition 7.109. Let 1 < r < 2. The Fourier transform map Fr : Lr(T) → �r′
(Z)

fails to be p-th power factorable for every 1 < p < ∞.

Proof. Let X(μ) := Lr(T) and T := Fr. According to Theorem 5.7 we have Fr ∈
F[p]

(
X(μ), �r′

(Z)
)

if and only if X(μ)[p] ⊆ L1(mT ), that is, if and only if Lr/p(T) ⊆
Fr(T). Since always (r/p) < r, this never happens; see Remark 7.29(ii). �
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Getting back to a general G, we may also consider the Fourier transform map
as being c0(Γ)-valued rather than �r′

(Γ)-valued. In this case we have the following

Proposition 7.110. Let 1<r<2. The Fourier transform map Fr,0 :Lr(G)→ c0(Γ)
is p-th power factorable if and only if 1 ≤ p ≤ r.

Proof. Let X(μ) := Lr(G) and T := Fr,0. According to Theorem 5.7 we have
Fr,0 ∈ F[p]

(
X(μ), c0(Γ)

)
if and only if X(μ)[p] ⊆ L1(mT ). Since L1(mT ) = L1(G)

(see Proposition 7.3(ii)), this is the case if and only if Lr/p(G) ⊆ L1(G), i.e.,
1 ≤ p ≤ r. �
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Fredholm operator, 196, 198, 360
function norm, 23, 52
fundamental function, 205

G

Gelfand integrable function, 326,
327

Gelfand integral, 326
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generalized Maurey–Rosenthal
Theorem, 248

Grothendieck’s constant, 83
Grothendieck’s Theorem, 83

H

Hölder’s inequality, 40, 49, 282, 293
Haar measure, 267, 295
Hahn decomposition, 333, 369
Hausdorff–Young inequality, 297,

301, 304, 344, 369
Hilbert space, 365
Hilbert transform, 197
homogeneous Banach space, 315,

341, 354
homogeneous function, 62

I

ideal property, 358
idempotent, 346
identity element, 296
indefinite integral, 106, 296
infinite variation, 177, 301
integrable function, 106
integration operator, 152, 172, 173,

175, 176, 285, 290
interpolation space, 202
inverse Fourier transform, 306
isomorphism, 163, 176, 285, 289

K

K-functional, 202, 204
K-method, 202
Köthe bidual, 144
Köthe dual, 35, 47, 144, 196, 214,

227
Köthe function space, 23
KB-space, 141
kernel, 196
kernel operator, 199, 282, 353
Khinchin’s inequality, 176
Krivine calculus, 62
Ky Fan’s Lemma, 251

L

Lq-improving measure, 295, 367
L-weakly compact set, 58, 137
lattice homomorphism, 30
lattice isometric, 132, 173, 221
lattice isometry, 109
lattice isomorphic, 143, 167, 173,

174
lattice isomorphism, 109, 131
lattice norm, 199, 242, 316
lattice quasi-norm, 20, 186, 245
lattice seminorm, 31
Lindelöf space, 150
linear isometry, 188, 192
locally bounded, 18, 19
Lorentz space, 93, 94, 204, 265, 271

M

M q,r(G)-norm, 368
μ-determined operator, 187, 200,

209, 212, 216, 223, 246, 248, 266,
283, 289, 299, 323, 337, 349, 361,
369, 377

μ-scalarly bounded function, 150
Maurey–Rosenthal factorization,

238
Maurey–Rosenthal Theorem, 248,

258
Maurey–Rosenthal type

factorization, 258
measure-compact, 150
metrizable, 314, 317, 332, 341, 346,

353, 365
modulus operator, 81
multiplication operator, 35, 45, 48,

88, 100, 131, 163, 167, 188, 250,
256, 268, 300

multiplier, 346
multiplier operator, 346
multiplier set, 346

N

ν-integrable function, 106, 107, 116
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ν-null function, 106
ν-null set, 106
natural spectrum, 320
|ν|-totally infinite, 121
nilpotent, left translation

semigroup, 201
non-μ-determined operator, 205
non-atomic, 19, 122, 127, 161, 185,

193, 197, 265, 343, 367, 370
non-decreasing kernel, 203
non-increasing kernel, 203
norm, 18
normable, 43
normalized Haar measure, 295
null function, 185

O

o.c., 25
operator norm, 18
optimal domain, 194, 232, 295, 337,

349
order bidual, 29
order continuous, 25
order continuous optimal domain,

194
order continuous part, 144, 183
order dual, 82
order ideal, 20, 23, 129, 309, 370
order interval, 58
orthogonality relations, 298

P

(p, q)-power-concave operator, 239,
279

p-concave operator, 283
p-concave space, 173, 221
p-concavity constant, 173
p-convex Banach lattice, 129, 145
p-convex operator, 210, 217, 234
p-convex space, 139, 173, 221, 228,

281
p-convexity constant, 139, 173
p-multiplier, 346

p-multiplier operator, 346
p-multiplier set, 346
p-th power, 17, 38
p-th power factorable operator, 210,

218, 232, 237, 268, 279, 295, 368,
371, 374, 377

Parseval’s formula, 310, 311
perfect measure, 158, 334
Pettis indefinite integral, 149, 158,

177, 334
Pettis integrable function, 149, 177,

178, 321, 327, 329, 334
Pettis integral, 149
Pettis representable operator, 150,

320, 321, 345
Plancherel’s Theorem, 304, 306, 308,

366
Poisson semigroup, 201
positive cone, 20
positive linear functional, 26, 82, 286
positive operator, 29, 79, 86, 88,

187, 210, 234, 276, 289
positive Schur property, 59
positive vector measure, 105, 112,

115, 131, 152, 156, 164, 179, 192,
286, 292

probability measure, 369
product group, 367
projection, 346
purely atomic, 19, 121, 122, 133,

137, 146, 158, 185, 190, 197, 229,
233

Q

q-concave operator, 63, 168, 172,
238, 261

q-concave space, 64, 172
q-concavity constant, 63
q-convex B.f.s., 238
q-convex operator, 63
q-convex space, 43, 64, 238, 263,

273, 276
q-convexity constant, 43, 63
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q-B.f.s., 23
quasi-Banach function space, 17, 23
quasi-Banach lattice, 17
quasi-Banach space, 17
quasi-norm, 18, 183, 245
quasi-normed function space, 20
quasi-normed space, 18
quotient space, 107, 196

R

r.i., 202
Rademacher function, 176
Radon–Nikodým derivative, 37, 149,

153, 206, 214, 227
Radon–Nikodým Theorem, 296
real Banach lattice, 24
rearrangement invariant, 202
reflection, 306, 313, 323, 338, 348,

350
reflection operator, 193
reflexive, 124, 141, 143, 161, 168,

177, 193, 230
regular Borel measure, 296
regular operator, 333, 353
relatively compact range (of a vector

measure), 149, 153, 154, 158, 162,
299, 301, 321, 334, 337, 348

relatively weakly compact range(of
a vector measure), 106, 330

Riemann–Lebesgue Lemma, 297,
352

Riemann–Liouville fractional
semigroup, 201

Riesz operator, 321
Riesz product, 367, 368, 375
Riesz–Fischer property, 52, 54, 140
Rybakov functional, 108, 120, 220,

222, 283, 290

S

σ-Fatou property, 138, 140, 143,
147, 313, 341, 353

σ-additive, 104, 108, 128, 130, 165,
183–185, 200, 201, 261, 299

σ-decomposable, 129, 177, 232, 262,
280, 292

σ-finite variation, 149, 158, 160, 177,
230, 345

σ-o.c., 25
σ-order continuous, 25
scalarly ν-integrable, 138
scalarly bounded function, 149, 150
Schur property, 123, 153, 158, 159,

162
semi-Fredholm operator, 196
semivariation, 104, 337, 349
separable, 314, 320, 331, 341, 367
separable Banach space, 353
separable orbit, 331
shift operator, 81
singular measure, 331, 332
Sobolev kernel, 201
solid, 183
spectral measure, 162, 163, 165, 167,

177, 286
spectrum, 366
strongly measurable function, 148,

281, 342
sublattice, 143
sum of sets, 61
super Dedekind complete, 19, 25
support, 346, 357
symmetric difference, 206

T

topological direct sum
decomposition, 346

topological dual space, 26
total set, 340
total variation norm, 296
totally infinite variation, 121, 124,

168, 175, 231, 303, 344, 375
translation, 295
translation function, 342
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translation invariant subspace, 306,
313, 314, 338, 350

translation operator, 196, 295, 297,
316

trigonometric polynomial, 296

U

unconditionally summable, 175, 178
uniform integrability, 56
uniformly absolutely continuous set,

56, 58–60, 133
uniformly complete, 24
uniformly integrable set, 133, 136,

159, 348

V

vanish at infinity, 296
variation, 104, 121
variation measure, 229, 232, 336
vector measure, 104
Volterra integral operator, 113, 151,

154, 184, 190, 217, 266
Volterra kernel, 201
Volterra measure, 113, 126, 144,

149, 154, 155, 159, 160, 177–179,
217, 231, 234, 291

Volterra measure νr of order r, 113

W

weak Fatou property, 52, 54, 138,
139, 143

weak order unit, 20, 108, 112, 129,
145, 333

weak* closed, 32
weak* compact, 33
weak* topology, 251, 287
weakly compact operator, 58, 59,

154, 161, 162, 166, 298, 299, 305,
320, 351

weakly compactly generated, 108,
129, 142, 150, 314, 330, 334, 341,
353

weakly null sequence, 155, 156, 166

weakly sequentially complete, 127,
140, 142, 143, 313, 325, 341, 353

X

x-translate, 325
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